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NONRADIATING SOURCES OF THE BIHARMONIC WAVE EQUATION

PEIJUN LI AND JUE WANG

Abstract. This paper offers an extensive exploration of nonradiating sources for the two- and three-
dimensional biharmonic wave equations. Various equivalent characterizations are derived to reveal
the nature of a nonradiating source. Additionally, we establish the connection between nonradiating
sources in the biharmonic wave equation and those in the Helmholtz equation as well as the modified
Helmholtz equation. Several illustrative examples are explicitly constructed to showcase the existence
of nonradiating sources. One significant implication of the existence of nonradiating sources is that
it undermines the uniqueness of the inverse source problem when utilizing boundary data at a fixed
frequency.

1. Introduction

In the study of wave propagation, two distinct types of wave sources come to light: radiating and
nonradiating. Radiating sources emit waves that disperse into free space and can travel indefinitely.
In contrast, nonradiating sources generate waves within a specific medium, which remain confined
to a particular region in space without extending into free space. The exploration of nonradiating
sources holds considerable importance across multiple domains of physics and engineering, such as
geological exploration, electromagnetic detection, and stealth technology. Moreover, it plays an
important role in tackling challenges posed by the inverse source problem.

Extensive research efforts have been devoted to exploring the mathematical and computational
aspects of the inverse source problem concerning acoustic, electromagnetic, and elastic wave phenom-
ena. From a mathematical perspective, the matter of uniqueness represents a substantial challenge
when addressing inverse source problems. It is essential to emphasize that the inverse source prob-
lem at a specific frequency is inherently ill-posed, primarily due to the existence of nonradiating
sources. Consequently, attempting to deduce the wave source uniquely based solely on a single
far-field pattern or boundary data at a fixed frequency becomes an infeasible endeavor [11]. The
issue of nonuniqueness was explored in [6] with regard to the inverse source problem in the fields of
acoustics and electromagnetics. This work notably introduced the concept of nonradiating sources.
The work presented in [1] addressed the inverse source problem associated with Maxwell’s equations.
The study demonstrated that the inverse problem of determining a volume current density from sur-
face measurements lacks a unique solution. This nonuniqueness in solutions was clarified through
the variational approach. In [7, 8], nonradiating sources were investigated under a fixed frequency
condition for both the acoustic and elastic wave equations, utilizing the enclosure method. The find-
ings of the study established that nonradiating sources exhibiting a convex or non-convex corner or
edge along their boundary are required to undergo vanishing behavior in those regions. In order to
address the challenge posed by nonuniqueness, the work presented in [3] provides a comprehensive
review of the subject matter concerning inverse scattering problems, centering on the utilization
of multi-frequency boundary measurements as a strategic approach. Moreover, originating from
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the work in [5], the investigation into stability has received substantial attention in inverse source
problems, particularly when considering multiple frequency data [4,9,20,21]. Recently, research has
undertaken the exploration of the more intricate inverse source problems associated with stochastic
wave equations, as exemplified by [2, 15] and the references cited therein.

The examination of scattering problems associated with biharmonic waves has attracted sub-
stantial interest, largely attributed to their essential applications in the field of thin plate elastic-
ity [12, 23]. Nevertheless, it is worth highlighting that the inverse source problems for biharmonic
wave equations demonstrate limited findings in contrast to the more extensively studied acoustic,
elastic, and electromagnetic wave equations. This limitation arises due to the complex nature of
solutions inherent to biharmonic equations. As a result, certain methodologies that have proven
effective for second-order wave equations are rendered inadequate in this context [14,22,26]. For the
latest advancements within this research domain, we direct attention to [13, 16–19], as well as the
related references presented therein.

Inspired by the research conducted by [6], the present paper aims to explore the detailed character-
izations of nonradiating sources for the biharmonic wave equation in both two and three dimensions.
We establish a set of necessary and sufficient conditions that determine the nonradiating character-
istic of a source. This is achieved by employing the integral representation of the field and expanding
the fundamental solution in special functions. Additionally, we deduce a fundamental identity that
establishes a direct connection between the integral transform of the source distribution and the
ensuing near-field data. This outcome provides us with the capability to extract the integral trans-
form of the source distribution by utilizing near-field data acquired from the boundary. Moreover,
we conduct an extensive discussion concerning the integral equation inherent to the problem and
examine the nonuniqueness associated with the inverse source problem. Our investigation reveals
the presence of a nontrivial null space within the integral operator, thereby illuminating the ill-posed
nature of the inverse source problem. This result offers invaluable insights for future research en-
deavors and practical applications. Finally, we construct several illustrative examples explicitly to
demonstrate the existence of nonradiating sources.

The structure of this paper is outlined as follows. Section 2 introduces the biharmonic wave
equation and the problem formulation. Sections 3 and 4 establish distinct yet equivalent charac-
terizations for the identification of nonradiating sources in two and three dimensions, respectively.
In Section 5, various instances of nonradiating sources are presented through illustrative examples.
The conclusion and broader insights are offered in Section 6.

2. The biharmonic wave equation

The biharmonic wave equation characterizes wave behavior by considering both the curvature and
deflection of the wavefront. Mathematically, the time-harmonic biharmonic wave equation can be
expressed as

∆2u− κ4u = −f in R
d, (2.1)

where the spatial dimension is denoted as d = 2 or d = 3, the operator ∆2 stands for the bihar-
monic operator, capturing effects of curvature and deformation, the scalar function u describes the
displacement amplitude of the wave, the parameter κ > 0 denotes the wavenumber, related to os-
cillation frequency and wave propagation speed, the term f represents the source function, which is
assumed to have a compact support D contained in the ball BR = {x ∈ R

d : |x| < R}. To ensure
the well-posedness of the problem, the Sommerfeld radiation condition is imposed on both the wave
field u and its Laplacian ∆u (cf. [24]):

lim
r→∞

r
d−1

2 (∂ru− iκu) = 0, lim
r→∞

r
d−1

2 (∂r∆u− iκ∆u) = 0, r = |x|, (2.2)

uniformly in all directions x̂ = x/|x|.
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The analysis of far-field patterns has received significant emphasis in the field of inverse scattering
theory. Considering a solution u of (2.1)–(2.2), it has the asymptotic behavior

u(x) = − µd

8κ2
eiκ|x|

(π|x|) d−1

2

[

u∞(x̂) +O

(

1

|x|

)]

, |x| → ∞,

where u∞ is called the far-field pattern of the wave field u and

µd =











(

2

κ

)1/2

ei
π

4 if d = 2,

1 if d = 3.

Let G(x, y) be the Green’s function of the biharmonic wave equation, which satisfies

∆2G(x, y)− κ4G(x, y) = −δ(x− y), x, y ∈ R
d, x 6= y. (2.3)

It can be verified that G(x, y) is given by

G(x, y) = − 1

2κ2
(ΦH(x, y)− ΦM(x, y)) , (2.4)

where ΦH(x, y) and ΦM(x, y) represent the Green’s functions corresponding to the Helmholtz equa-
tion and the modified Helmholtz equation, respectively, and they satisfy

∆ΦH(x, y) + κ2ΦH(x, y) = −δ(x− y), ∆ΦM(x, y)− κ2ΦM(x, y) = −δ(x− y). (2.5)

Using (2.1) and (2.3), and noting that the source has a compact support D contained in BR, we
obtain that the solution to (2.1)–(2.2) can be written as

u(x) =

∫

BR

G(x, y)f(y)dy, x ∈ R
d. (2.6)

Nonradiating sources, referring to sources where the field remains consistently zero beyond a
finite region, have a strong association with the nonuniqueness issues encountered in the inverse
source problems. The inverse source problem aims to determine the source function f by utilizing
measurements associated with the wave field u on the boundary ∂BR. Moving forward, our focus
is directed towards the introduction and subsequent examination of nonradiating sources for the
biharmonic wave equation.

Let us present a formal definition of a nonradiating source in the context of the biharmonic wave
equation.

Definition 2.1. Consider a source denoted as f , having a compact support designated as D, which

is entirely confined within the ball BR. A source is classified as nonradiating if the solution u to

equation (2.6) is identically zero outside of the ball BR.

In the following two sections, we examine the two- and three-dimensional problems, respectively.
In each scenario, we provide distinct yet equivalent characterizations of nonradiating sources. We
then proceed to investigate these characterizations utilizing near-field data, which is followed by a
discussion of the nonuniqueness inherent in the inverse source problem. Our analysis relies on the
utilization of expansions involving Bessel functions of various types within the framework of the
fundamental solutions for the Helmholtz and modified Helmholtz equations. This method finds its
roots in the work conducted by [6], where it was employed to analyze nonradiating sources within
the context of the three-dimensional Helmholtz equation.

3. The two-dimensional problem

In this section, we discuss different characterizations of nonradiating sources for the two-dimensional
biharmonic wave equation.
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3.1. Characterizations of nonradiating sources. In two dimensions, the explicit expressions for
the Green’s functions corresponding to the Helmholtz and modified Helmholtz equations, as defined
in (2.5), are given by

ΦH(x, y) =
i

4
H

(1)
0 (κ|x− y|), ΦM(x, y) =

i

4
H

(1)
0 (iκ|x − y|),

where H
(1)
0 is the Hankel function of the first kind with order 0.

Define a pair of auxiliary functions

fH(x) = −
∫

BR

ΦH(x, y)f(y)dy, fM(x) = −
∫

BR

ΦM(x, y)f(y)dy, x ∈ R
2. (3.1)

It is clear to note that fH and fM are the radiation solutions to the Helmholtz and modified Helmholtz
equations, respectively, i.e., they satisfy

∆fH + κ2fH = f, ∆fM − κ2fM = f.

Furthermore, both solutions satisfy the Sommerfeld radiation condition.
Combining (2.4), (2.6), and (3.1), we obtain

u(x) =

∫

BR

G(x, y)f(y)dy = − 1

2κ2

∫

BR

(

ΦH(x, y)− ΦM(x, y)
)

f(y)dy

=
1

2κ2
(

fH(x)− fM(x)
)

. (3.2)

First, we establish the connection between a nonradiating source associated with the biharmonic
wave equation and a nonradiating source related to both the Helmholtz equation and the modified
Helmholtz equation through the subsequent theorem.

Theorem 3.1. The source f is nonradiating for the biharmonic wave equation if and only if f is

nonradiating for both the Helmholtz equation and the modified Helmholtz equation, i.e., fH and fM
defined in (3.1) are identically zero outside of the ball BR.

Proof. If f is nonradiating for both the Helmholtz equation and the modified Helmholtz equation,
then we have from (3.1) that fH(x) = fM(x) = 0 for |x| > R. It follows from (3.2) that u(x) = 0 for
|x| > R, which shows that f is radiating for the biharmonic wave equation.

Conversely, if the source f is nonradiating concerning the biharmonic wave equation, then based
on (3.2), it can be deduced that u(x) = 0 for |x| > R. Upon considering (3.2), two scenarios emerge:
(1) where fH(x) and fM(x) are both non-zero for |x| > R, yet satisfy fH(x) = fM(x) for all x
satisfying |x| > R; and (2) where fH(x) = fM(x) = 0 for all |x| > R. We demonstrate that the
former scenario is impossible, while the latter scenario indicates that f is nonradiating in relation
to both the Helmholtz equation and the modified Helmholtz equation.

When fH(x) 6= 0, fM(x) 6= 0 for |x| > R, it is clear to note that the source f(x) does not qualify
as a nonradiating source for either the Helmholtz equation or the modified Helmholtz equation. By
the asymptotic expansion

|x− y| = |x| − x̂ · y +O

(

1

|x|

)

, |x| > |y|, |x| → ∞, (3.3)

it can be verified for |x| > |y|, |x| → ∞ that the Green’s functions ΦH and ΦM admit the asymptotic
expansions

ΦH(x, y) =
1

4

(

2

πκ|x|

)1/2

ei(κ|x|+
π

4
)

[

e−iκx̂·y +O

(

1

|x|

)]

(3.4)

and

ΦM(x, y) =
1

4

(

2

iπκ|x|

)1/2

e(−κ|x|+iπ
4
)

[

eκx̂·y +O

(

1

|x|

)]

. (3.5)



NONRADIATING SOURCES 5

Hence, we have

G(x, y) = − 1

8κ2
ei(κ|x|+

π

4
)

(

2

πκ|x|

)1/2 [

e−iκx̂·y +O

(

1

|x|

)]

, |x| > |y|, |x| → ∞. (3.6)

Combining (3.2) and (3.6) yields

u(x) = − 1

8κ2
ei(κ|x|+

π

4
)

(

2

πκ|x|

)1/2 [ ∫

BR

e−iκx̂·yf(y)dy +O

(

1

|x|

)]

, |x| → ∞,

which implies that u(x) 6≡ 0 for |x| > R. Consequently, the first scenario is thereby eliminated,
leading to the conclusion of the proof. �

In order to gain a more comprehensive understanding of the nonradiating source, we undertake
an additional analysis, exploring how its reliance on the projection of specific coefficients influences
the nonradiating source.

Let H
(1)
n = Jn + iYn be the Hankel function of the first kind with order n, where Jn and Yn

are the Bessel and Neumann functions of order n, respectively. When |x| > |y|, we utilize Graf’s
addition theorem (cf. [10, (3.65)]) to express the functions ΦH(x, y) and ΦM(x, y) as a combination
of multipolar sources centered at the origin:

ΦH(x, y) =
i

4
H

(1)
0 (κ|x− y|) = i

4

∞
∑

n=−∞

H(1)
n (κ|x|)einarg(x)Jn(κ|y|)e−inarg(y), (3.7)

ΦM(x, y) =
i

4
H

(1)
0 (iκ|x− y|) = i

4

∞
∑

n=−∞

H(1)
n (iκ|x|)einarg(x)Jn(iκ|y|)e−inarg(y), (3.8)

where arg(x) represents the counterclockwise oriented angle formed by the vector (1, 0) and the

vector x. It is noteworthy to mention that in (3.8), the Hankel function H
(1)
n and the Bessel function

Jn with purely imaginary arguments can be substituted with the modified Hankel functions Kn and
In.

Assume f ∈ L2(BR) and let

fn(r) =
1

2π

∫ 2π

0
f(x)e−inθdθ.

It is evident that the coefficients fn represent the Fourier coefficients of the function f in the following
expansion:

f(x) =

∞
∑

n=−∞

fn(r)e
inθ, |x| < R.

By employing the Fourier coefficients fn, we define the parameters αn and βn as follows:

αn =

∫ R

0
fn(r)Jn(κr)rdr, βn =

∫ R

0
fn(r)Jn(iκr)rdr. (3.9)

Presented below is an alternative characterization of nonradiating sources.

Theorem 3.2. Assume that f ∈ L2(BR). Then the source f is nonradiating if and only if αn =
βn = 0 for all n ∈ Z.
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Proof. Combining (3.1) and (3.7), we obtain

fH(x) = −
∫

BR

ΦH(x, y)f(y)dy = − i

4

∞
∑

n=−∞

H(1)
n (κ|x|)einarg(x)

∫

BR

f(y)Jn(κ|y|)e−inarg(y)dy

= − i

4

∞
∑

n=−∞

H(1)
n (κ|x|)einarg(x)

∫ R

0

∫ 2π

0
f(y)Jn(κr)e

−inθrdθdr

= − iπ

2

∞
∑

n=−∞

αnH
(1)
n (κ|x|)einarg(x), |x| > R. (3.10)

Similarly, we have from (3.1) and (3.8) that

fM(x) = −
∫

BR

ΦM(x, y)f(y)dy = − i

4

∞
∑

n=−∞

H(1)
n (iκ|x|)einarg(x)

∫

BR

f(y)Jn(iκ|y|)e−inarg(y)dy

= − i

4

∞
∑

n=−∞

H(1)
n (iκ|x|)einarg(x)

∫ R

0

∫ 2π

0
f(y)Jn(iκr)e

−inθrdθdr

= − iπ

2

∞
∑

n=−∞

βnH
(1)
n (iκ|x|)einarg(x), |x| > R. (3.11)

The proof is completed by noting Theorem 3.1 in conjunction with (3.10)–(3.11). �

If f ∈ L2(BR), we can deduce from [10, Theorem 8.2] and (3.1) that both fH and fM belong to
the space H2

loc(R
2). Consequently, the traces of the functions fH|∂BR

and fM|∂BR
can be found in

the space H
3

2 (∂BR), and their respective normal derivatives, ∂νfH|∂BR
and ∂νfM|∂BR

, are contained

in H
1

2 (∂BR).

Proposition 3.3. Assume that f ∈ L2(BR). Then fM(x)|∂BR
= 0 if and only if βn = 0 for all

n ∈ Z.

Proof. Given that the source f has a compact support D confined within BR, the function fM
satisfies the equation ∆fM − κ2fM = 0 in R

2 \ BR. By (3.1) and (3.5), it becomes evident that
fM satisfies the Sommerfeld radiation condition. With the information that fM(x)|∂BR

= 0 and
considering the Sommerfeld radiation condition, we conclude that fM(x) = 0 for |x| > R. It follows
from (3.11) that βn = 0 holds true for all n ∈ Z.

Conversely, based on the fact that βn = 0 for all n ∈ Z and (3.11), it can be deduced that

fM(x) = 0 when |x| > R, which, with the information that fM|∂BR
∈ H

3

2 (∂BR), leads us to the
conclusion that fM|∂BR

= 0. �

Similarly, the following proposition can be demonstrated.

Proposition 3.4. Assume that f(x) ∈ L2(BR). Then fH(x)|∂BR
= 0 if and only if αn = 0 for all

n ∈ Z.

By combining Theorem 3.2 with Propositions 3.3 and 3.4, we formulate an equivalent characteri-
zation of nonradiating sources.

Corollary 3.5. The source f ∈ L2(BR) is nonradiating if and only if fH(x)|∂BR
= fM(x)|∂BR

= 0.

Subsequently, we move forward to establish an alternative characterization of nonradiating sources
from the perspective of integral transforms.

First, we consider the Fourier transform of the source, i.e.,

f̂(ξ) =

∫

BR

f(x)e−iξ·xdx, (3.12)
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where ξ ∈ R
2 is the spatial frequency. Recall the Jacobi–Anger expansion for the plane wave

(cf. [10, (3.89)]):

eiκx·d =

+∞
∑

n=−∞

ine−inarg(d)Jn(κ|x|)einarg(x), x ∈ R
2, (3.13)

where d ∈ R
2 is the unit vector of propagation direction.

Using (3.13), we have from a simple calculation that

e−iξ·x = eiξ·x =

+∞
∑

n=−∞

(−i)neinarg(ξ̂)Jn(|ξ||x|)e−inarg(x), (3.14)

where ξ̂ = ξ/|ξ|. Substituting (3.14) into (3.12) yields

f̂(ξ) =

∫

BR

f(x)

( +∞
∑

n=−∞

(−i)neinarg(ξ̂)Jn(|ξ||x|)e−inarg(x)

)

dx

= 2π
+∞
∑

n=−∞

(−i)neinarg(ξ̂)
∫ R

0
Jn(|ξ|r)r

(

1

2π

∫ 2π

0
f(x)e−inθdθ

)

dr

= 2π

+∞
∑

n=−∞

(−i)neinarg(ξ̂)
∫ R

0
fn(r)Jn(|ξ|r)rdr,

which implies, upon employing the definition of αn in (3.9), that

f̂(ξ) = 2π

+∞
∑

n=−∞

(−i)nαne
inarg(ξ̂), |ξ| = κ. (3.15)

It follows from (3.13) and [25, Proposition 3.1] that

e−κx·d = ei(iκ)x·d =

+∞
∑

n=−∞

ine−inarg(d)Jn(iκ|x|)einarg(x), x ∈ R
2.

Then, for |x| = r ≤ R and 0 < |s| < κ+K, where s ∈ R
2 and K > 0 is a bounded constant, we have

e−s·x = e−|x|s·x̂ = e−rs·x̂ =
+∞
∑

n=−∞

ineinarg(s)Jn(i|s|r)e−inarg(x̂). (3.16)

Define an integral transform

f̌(s) =

∫

BR

f(x)e−s·xdx, s ∈ R
2, 0 < |s| < κ+K. (3.17)

Combining (3.16) and (3.17), we obtain

f̌(s) =

∫ R

0

∫ 2π

0
rf(x)

( +∞
∑

n=−∞

ineinarg(s)Jn(i|s|r)e−inarg(x̂)

)

drdθ

= 2π

+∞
∑

n=−∞

ineinarg(s)
∫ R

0
rJn(i|s|r)

(

1

2π

∫ 2π

0
f(x)e−inθdθ

)

dr

= 2π
+∞
∑

n=−∞

ineinarg(s)
∫ R

0
fn(r)Jn(i|s|r)rdr, 0 < |s| < κ+K,
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which, together with the definition of βn as given in (3.9), results in

f̌(s) = 2π

+∞
∑

n=−∞

inβne
inarg(s), |s| = κ. (3.18)

Therefore, utilizing Theorem 3.2, along with (3.15) and (3.18), we arrive at a different yet equiv-
alent description of nonradiating sources.

Theorem 3.6. Assume that f ∈ L2(BR). Then the source f is nonradiating if and only if f̂(ξ) =
f̌(s) = 0 when |ξ| = |s| = κ.

3.2. Near-field data. We proceed to derive integral identities that establish connections between
the integral transform of the source function and the near-field data u, ∂νu, ∆u, and ∂ν∆u measured
on the boundary ∂BR.

By employing Green’s theorem to the functions u and ∆G in the domain D, with the help of
(2.3), we get

∫

∂BR

[

∆G(x, y)∂νu(y)− u(y)∂ν(y)∆G(x, y)
]

dsy

=

∫

BR

[

∆G(x, y)∆u(y) − κ4u(y)G(x, y)
]

dy +

{

u(x), x ∈ BR,
0, x ∈ R

2 \BR.
(3.19)

where ν denotes the unit normal vector to the boundary ∂BR, oriented outward from the interior of
BR. Similarly, in the case of ∆u and G, we can deduce from Green’s theorem, coupled with (2.1)
and (2.3), that

∫

∂BR

[

∆u(y)∂ν(y)G(x, y)−G(x, y)∂ν∆u(y)
]

dsy

=

∫

BR

[

∆G(x, y)∆u(y)− κ4u(y)G(x, y)
]

dy +

∫

BR

G(x, y)f(y)dy. (3.20)

Subtracting (3.20) from (3.19) leads to
∫

∂BR

[

∆G(x, y)∂νu(y)− u(y)∂ν(y)∆G(x, y)
]

dsy

−
∫

∂BR

[

∆u(y)∂ν(y)G(x, y) −G(x, y)∂ν∆u(y)
]

dsy +

∫

BR

G(x, y)f(y)dy

=

{

u(x), x ∈ BR,
0, x ∈ R

2 \BR.
(3.21)

Noting that ΦM is a real-valued function, we let

G∗(x, y) = − 1

2κ2
(Φ∗

H(x, y)− ΦM(x, y)) , (3.22)

where Φ∗
H(x, y) = − i

4H
(2)
0 (κ|x − y|), with H

(2)
0 being the Hankel function of the second kind with

order zero, satisfies

∆Φ∗
H(x, y) + κ2Φ∗

H(x, y) = −δ(x− y). (3.23)

It can be verified from (3.22)–(3.23) that

(∆2 − κ4)G∗(x, y) = −δ(x− y).
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By substituting G with G∗ in (3.21) and then subtracting the resulting equation from (3.21), we
can deduce

∫

BR

Ψ(x, y)f(y)dy =

∫

∂BR

[

∂ν(y)Ψ(x, y)∆u(y)−Ψ(x, y)∂ν∆u(y)
]

dsy

−
∫

∂BR

[

∆Ψ(x, y)∂νu(y)− ∂ν(y)∆Ψ(x, y)u(y)
]

dsy, (3.24)

where

Ψ(x, y) = G(x, y)−G∗(x, y) = − i

4κ2
J0(κ|x− y|). (3.25)

Substituting (3.25) into (3.24), we have from a straightforward calculation that
∫

BR

J0(κ|x− y|)f(y)dy =

∫

∂BR

[

∂ν(y)J0(κ|x− y|)∆u(y)− J0(κ|x − y|)∂ν∆u(y)
]

dsy

−
∫

∂BR

[

∆J0(κ|x− y|)∂νu(y)− ∂ν(y)∆J0(κ|x− y|)u(y)
]

dsy

= −
∫

∂BR

[

(ν · ∇xJ0(κ|x− y|))∆u(y) + J0(κ|x− y|)∂ν∆u(y)
]

dsy

−
∫

∂BR

[

∆J0(κ|x− y|)∂νu(y) + (ν · ∇x∆J0(κ|x− y|)) u(y)
]

dsy. (3.26)

Since f is compactly supported in BR, we let J(x) = J0(κ|x|) and obtain from taking the Fourier
transform on both sides of (3.26) that

Ĵ(ξ)f̂(ξ) = Ĵ(ξ)Û(ξ), (3.27)

where the expression for Û is given in terms of the near-field data of the wave field u as follows:

Û(ξ) =

∫

∂BR

[

(

−(iξ · ν)∆u(y)− ∂ν∆u(y) + |ξ|2∂νu(y) + |ξ|2(iξ · ν)u(y)
)

e−iξ·y
]

dsy.

As evident from (3.27), it becomes apparent that f̂(ξ) = Û(ξ) when Ĵ(ξ) 6= 0. In such cases,

the source function f can be reconstructed by performing the inverse Fourier transform on Û(ξ).

However, if Ĵ(ξ) = 0, the information about f̂(ξ) is not present. As a result, attempting to determine

f by applying the inverse Fourier transform to Û(ξ) becomes unfeasible.
Using (3.14), we deduce through a straightforward calculation that

Ĵ(ξ) =

∫

R2

J0(κ|x|)e−iξ·xdx =

∫

R2

J0(κ|x|)
(

+∞
∑

n=−∞

(−i)neinarg(ξ̂)Jn(|ξ||x|)e−inarg(x)

)

dx

=

∫ ∞

0

∫ 2π

0
J0(κr)

(

+∞
∑

n=−∞

(−i)neinarg(ξ̂)Jn(|ξ|r)e−inarg(x)

)

rdθdr

= 2π

∫ ∞

0
J0(κr)J0(|ξ|r)rdr

=
2π

κ
δ(|ξ| − κ) =

{

∞, |ξ| = κ,
0, |ξ| 6= κ,

(3.28)

where δ is the Dirac delta function. Based on (3.28), it is evident that Ĵ(ξ) = 0 for ξ ∈ R
2 except

on the circle |ξ| = κ. By (3.27), we deduce that the information regarding f̂(ξ) can be determined
only on the circle |ξ| = κ, in the following manner:

f̂(ξ) = Û(ξ), |ξ| = κ. (3.29)
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Furthermore, by applying Green’s second theorem and using (2.1) and (3.17), we derive

f̌(s) =

∫

BR

f(y)e−s·ydy = −
∫

BR

[(∆ − κ2)(∆ + κ2)u(y)]e−s·ydy

= −
∫

BR

[(∆ + κ2)u(y)][(∆ − κ2)e−s·y]dy

−
∫

∂BR

[

e−s·y∂ν
(

∆+ κ2)u(y)
)

−
(

(∆ + κ2)u(y)
)

∂νe
−s·y

]

dsy

= −
∫

BR

[(∆ + κ2)u(y)][(|s|2 − κ2)e−s·y]dy

−
∫

∂BR

[

∂ν∆u(y) + κ2∂νu(y) + (s · ν)∆u(y) + κ2(s · ν)u(y)
]

e−s·ydsy,

which implies, when considering the case |s| = κ, that

f̌(s) = V̌ (s), (3.30)

where V̂ (s) is solely based on the near-field data of the function u on the boundary ∂BR:

V̌ (s) = −
∫

∂BR

[

∂ν∆u(y) + κ2∂νu(y) + (s · ν)∆u(y) + κ2(s · ν)u(y)
]

e−s·ydsy.

Hence, by employing Theorem 3.6, in conjunction with (3.29) and (3.30), we are able to establish
the following alternative characterization of nonradiating sources using the near-field data.

Theorem 3.7. Assume that f ∈ L2(BR). Then the source f is nonradiating if and only if Û(ξ) =
V̌ (s) = 0 for |ξ| = |s| = κ.

3.3. Nonuniqueness. In this section, we examine the topic of nonuniqueness of the inverse source
problem. As the inverse source problem exhibits linearity, the presence of nonuniqueness indicates
that a nonzero source function has the capability to produce a localized wave field. In other words, the
nonuniqueness issue originates from the existence of nonradiating sources. We begin by introducing
the null space, a concept directly related to the nonuniqueness aspects of the inverse source problem.

Definition 3.1. The source function f ∈ L2(BR) is said to be in the null space N (R) if it satisfies
∫

BR

J0(κ|x− y|)f(y)dy = 0,

∫

BR

ΦM(x, y)f(y)dy = 0, |x| > R. (3.31)

For x, y ∈ R
2, it is noteworthy that J0 has a cylindrical harmonic expansion, expressed as

J0(κ|x − y|) =
∞
∑

n=−∞

Jn(κ|x|)einarg(x)Jn(κ|y|)e−inarg(y), |x| > |y|. (3.32)

Hence, for |x| > R, we can deduce from (3.31) and (3.32) that

∫

BR

J0(κ|x− y|)f(y)dy =

∞
∑

n=−∞

Jn(κ|x|)einarg(x)
∫

BR

Jn(κ|y|)e−inarg(y)f(y)dy

= 2π

[ ∞
∑

n=−∞

Jn(κ|x|)einarg(x)
∫ R

0
Jn(κr)r

(

1

2π

∫ 2π

0
f(y)e−inθdθ

)

dr

]

= 2π

[ ∞
∑

n=−∞

Jn(κ|x|)einarg(x)
∫ R

0
fn(r)Jn(κr)rdr

]

,
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which implies that
∫

BR

J0(κ|x− y|)f(y)dy = 2π

∞
∑

n=−∞

αnJn(κ|x|)einarg(x), |x| > R. (3.33)

Proposition 3.8. Assume that f ∈ L2(BR). Then the source f is nonradiating if and only if

f ∈ N (R).

Proof. If f ∈ L2(BR) is a nonradiating source for the biharmonic wave equation, according to
Theorem 3.2, Proposition 3.3, and (3.33), we can derive (3.31), which implies that f belongs to
N (R).

Conversely, if f ∈ L2(BR) belongs to N (R), it satisfies (3.31). By invoking (3.33) and utilizing
Proposition 3.3, we can conclude that αn = βn = 0 holds for all Z, thereby confirming that f is
indeed a nonradiating source. �

Proposition 3.8 demonstrates that the null space includes a set of nonradiating sources. In Section
5, we establish the non-emptiness of N (R) by providing explicit examples of nonradiating sources.
Consequently, the presence of nonradiating sources leads to the lack of uniqueness in the inverse
source problem.

4. The Three-Dimensional problem

This section is dedicated to examining the characterization of nonradiating sources within the
context of the three-dimensional biharmonic wave equation. The analysis presented here is analogous
to that of the two-dimensional case.

4.1. Characterizations of nonradiating sources. In three dimensions, the Green’s functions for
the Helmholtz and modified Helmholtz equations are given by

ΦH(x, y) =
eiκ|x−y|

4π|x− y| , ΦM(x, y) =
e−κ|x−y|

4π|x− y| .

By the addition theorem (cf. [10, Theorem 2.11]), they admit the following expansions for |x| > |y| :

ΦH(x, y) = iκ

∞
∑

n=0

n
∑

m=−n

h(1)n (κ|x|)Y m
n (x̂)jn(κ|y|)Y m

n (ŷ), (4.1)

ΦM(x, y) = −κ
∞
∑

n=0

n
∑

m=−n

h(1)n (iκ|x|)Y m
n (x̂)jn(iκ|y|)Y m

n (ŷ), (4.2)

where x̂ = x/|x|, ŷ = y/|y|, the spherical harmonics {Y m
n : m = −n, . . . , n, n = 0, 1, . . . } form a

complete orthonormal system in the space of square integrable functions on the unit sphere, jn
denotes spherical Bessel function of order n, and h

(1)
n stands for the spherical Hankel function of the

first kind with order n.
Let

gH(x) = −
∫

BR

ΦH(x, y)f(y)dy, gM(x) = −
∫

BR

ΦM(x, y)f(y)dy. (4.3)

We have from (2.4)–(2.6) and (4.3) that

u(x) =

∫

BR

G(x, y)f(y)dy = − 1

2κ2

(
∫

BR

ΦH(x, y)f(y)dy −
∫

BR

ΦM(x, y)f(y)dy

)

=
1

2κ2
(gH(x)− gM(x)) . (4.4)

Theorem 4.1. The source f is nonradiating if and only if gH(x) = gM(x) = 0 for |x| > R.
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Proof. It is obvious from (4.4) that f is nonradiating if gH(x) = gM(x) = 0 for |x| > R. Conversely,
if f is nonradiating, then from (4.4), it is evident that u(x) = 0 for |x| > R, and this dependence
solely relies on gH(x) and gM(x). In the scenario where gH(x) 6= 0 and gM(x) 6= 0 for |x| > R, we
can confirm, based on (3.3), that as |x| → ∞, the following asymptotic expansions hold:

ΦH(x, y) =
eiκ|x−y|

4π|x− y| =
eiκ|x|

4π|x|

[

e−iκx̂·y +O

(

1

|x|

)]

(4.5)

and

ΦM(x, y) =
e−κ|x−y|

4π|x− y| =
eiκ|x|

4π|x|

[

e−κ(i|x|+|x|−x̂·y)

(

1 +O

(

1

|x|

))]

. (4.6)

Hence, from (4.5) and (4.6), we have

G(x, y) = − 1

8πκ2
eiκ|x|

|x|

[

e−iκx̂·y +O

(

1

|x|

)]

, |x| → ∞. (4.7)

Substituting (4.7) into (4.4) yields

u(x) = − 1

8πκ2
eiκ|x|

|x|

[
∫

D
e−iκx̂·yf(y)dy +O

(

1

|x|

)]

, |x| → ∞.

which implies that u(x) 6≡ 0 for |x| > R. Therefore, ensuring u(x) = 0 for |x| > R is equivalent to
the condition gH(x) = gM(x) = 0 for |x| > R. �

According to Theorem 4.1, a source f(x) is deemed nonradiating for the biharmonic wave equation
if and only if it satisfies the condition of being a nonradiating source for both the Helmholtz equation
and the modified Helmholtz equation.

Combining (4.1)–(4.2) and (4.4), we obtain

u(x) =

∫

BR

G(x, y)f(y)dy =
1

2κ2
(gH(x)− gM(x))

= − 1

2κ2

[

iκ

∞
∑

n=0

n
∑

m=−n

h(1)n (κ|x|)Y m
n (x̂)

∫

BR

jn(κ|y|)Y m
n (ŷ)f(y)dy

+ κ

∞
∑

n=0

n
∑

m=−n

h(1)n (iκ|x|)Y m
n (x̂)

∫

BR

jn(iκ|y|)Y m
n (ŷ)f(y)dy

]

= − 1

2κ2

[

iκ

∞
∑

n=0

n
∑

m=−n

h(1)n (κ|x|)Y m
n (x̂)

∫ R

0
jn(κr)r

2

(
∫ π

0

∫ 2π

0
f(r, θ, φ)Y m

n (θ, φ) sin θdθdφ

)

dr

]

+ κ

∞
∑

n=0

n
∑

m=−n

h(1)n (iκ|x|)Y m
n (x̂)

∫ R

0
jn(iκr)r

2

(
∫ π

0

∫ 2π

0
f(r, θ, φ)Y m

n (θ, φ) sin θdθdφ

)

dr

]

= − 1

2κ2

[

iκ

∞
∑

n=0

n
∑

m=−n

h(1)n (κ|x|)Y m
n (x̂)

∫ R

0
fm
n (r)jn(κr)r

2dr

+ κ
∞
∑

n=0

n
∑

m=−n

h(1)n (iκ|x|)Y m
n (x̂)

∫ R

0
fm
n (r)jn(iκr)r

2dr

]

= − 1

2κ2

[

iκ
∞
∑

n=0

n
∑

m=−n

αm
n h(1)n (κ|x|)Y m

n (x̂) + κ
∞
∑

n=0

n
∑

m=−n

βm
n h(1)n (iκ|x|)Y m

n (x̂)

]

, (4.8)
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where

fm
n (r) =

∫ π

0

∫ 2π

0
f(r, θ, φ)Y m

n (θ, φ) sin θdθdφ,

and

αm
n =

∫ R

0
fm
n (r)jn(κr)r

2dr, βm
n =

∫ R

0
fm
n (r)jn(iκr)r

2dr.

It is evident that fm
n also represents the Fourier coefficients of f in the expansion

f(x) =

∞
∑

n=0

n
∑

m=−n

fm
n (r)Y m

n (θ, φ)

with respect to the complete set of spherical harmonics Y m
n (θ, φ).

It can be seen from (4.8) that the wave field u(x) for |x| > R relies on the coefficients αm
n and

βm
n , which represent the projections of the coefficients fm

n onto the functions jn(κr)r
2 and jn(iκr)r

2,
respectively. As a result, it becomes possible to construct a source f that does not yield any radiated
field by nullifying these projections. By closely examining the expansions (4.8) of the solution and
referring to Theorem 4.1, we are able to derive the subsequent theorem.

Theorem 4.2. The source f is nonradiating if and only if αm
n = βm

n = 0 for all n = 0, 1, . . . ,m =
−n, . . . , n.

Proposition 4.3. Assume that f ∈ L2(BR). Then gM(x)|∂BR
= 0 if and only if βm

n = 0 for all

n = 0, 1, · · · ,m = −n, · · · , n.
Proof. From (4.2)–(4.3) and (4.6), for f ∈ L2(BR), we know that gM satisfies the modified Helmholtz
equation

∆gM − κ2gM = f in R
3 (4.9)

and

gM(x) = −
∫

BR

ΦM(x, y)f(y)dy = −κ
∞
∑

n=0

n
∑

m=−n

βm
n h(1)n (iκ|x|)Y m

n (x̂), |x| > R. (4.10)

It follows from (4.9) and the boundary condition gM = 0 on ∂BR and the radiation condition, we
have gM(x) = 0 for |x| > R, which implies that βm

n = 0 for all n = 0, 1, . . . ,m = −n, · · · , n.
From βm

n = 0 for all n = 0, 1, . . . ,m = −n, · · · , n and (4.10), we have gM(x) = 0 for |x| > R.

Then, combining gM(x) = 0 for |x| > R and gM ∈ H
3

2 (∂BR), we find that gM(x) = 0 on ∂BR. �

Similarly, we may also show the following result.

Proposition 4.4. Assume that f ∈ L2(BR). Then gH(x)|∂BR
= 0 if and only if αm

n = 0 for all

n = 0, 1, . . . ,m = −n, . . . , n.

Combining Theorem 4.2, Proposition 4.3 and 4.4, we find that the source f ∈ L2(BR) is nonradi-
ating if and only if gH(x)|∂BR

= gM(x)|∂BR
= 0.

Next we derive an alternative characterization of nonradiating sources in R
3. Recall the Jacobi–

Anger expansion for the plane wave (cf. [10, Theorem 2.8 and (2.46)]):

eiκx·d = 4π
+∞
∑

n=0

n
∑

m=−n

injn(κ|x|)Y m
n (x̂)Y m

n (d), x ∈ R
3, (4.11)

where d ∈ R
3 is a unit propagation direction vector. Then, for ξ ∈ R

3, we have

e−iξ·x = 4π
+∞
∑

n=0

n
∑

m=−n

(−i)njn(|ξ||x|)Y m
n (x̂)Y m

n (ξ̂), x ∈ R
3, (4.12)
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where ξ̂ = ξ/|ξ|. Using (4.12), we obtain

f̂(ξ) =

∫

BR

f(x)e−iξ·xdx =

∫

BR

f(x)

(

4π

+∞
∑

n=0

n
∑

m=−n

(−i)njn(|ξ||x|)Y m
n (x̂)Y m

n (ξ̂)

)

dx

= 4π
+∞
∑

n=0

n
∑

m=−n

(−i)nY m
n (ξ̂)

∫ R

0
jn(|ξ|r)r2

(
∫ π

0

∫ 2π

0
f(r, θ, φ)Y m

n (θ, φ) sin θdθdφ

)

dr

= 4π

+∞
∑

n=0

n
∑

m=−n

(−i)nY m
n (ξ̂)

∫ R

0
fm
n (r)jn(|ξ|r)r2dr,

which implies

f̂(ξ) = 4π
+∞
∑

n=0

n
∑

m=−n

(−i)nαm
n Y m

n (ξ̂), |ξ| = κ. (4.13)

From (4.11) and [25, Proposition 3.1], we have

e−κx·d = ei(iκ)x·d = 4π
+∞
∑

n=0

n
∑

m=−n

injn(iκ|x|)Y m
n (x̂)Y m

n (d).

Then, for |x| = r ≤ R and 0 < |s| < κ+K, K > 0 is a bounded constant, we get

e−s·x = e−|x|s·x̂ = e−rs·x̂ = 4π
+∞
∑

n=0

n
∑

m=−n

injn(i|s|r)Y m
n (ŝ)Y m

n (x̂),

where ŝ = s/|s|.
Define

f̌(s) =

∫

BR

f(x)e−s·xdx, 0 < |s| < κ+K. (4.14)

By (4.14), we have

f̌(s) =

∫

BR

f(x)

(

4π

+∞
∑

n=0

n
∑

m=−n

injn(i|s|r)Y m
n (ŝ)Y m

n (x̂)

)

dx

= 4π

+∞
∑

n=0

n
∑

m=−n

inY m
n (ŝ)

∫ R

0
jn(i|s|r)r2

(
∫ π

0

∫ 2π

0
f(r, θ, φ)Y m

n (θ, φ) sin θdθdφ

)

dr

= 4π
+∞
∑

n=0

n
∑

m=−n

inY m
n (ŝ)

∫ R

0
fm
n (r)jn(i|s|r)r2dr, 0 < |s| < κ+K, (4.15)

which implies

f̌(s) = 4π
+∞
∑

n=0

n
∑

m=−n

inβm
n Y m

n (ŝ), |s| = κ. (4.16)

According to Theorem 4.2, together with (4.13) and (4.16), we arrive at the following conclusion.

Theorem 4.5. Assume that f ∈ L2(BR). Then the source f is nonradiating if and only if f̂(ξ) =
f̌(s) = 0 when |ξ| = |s| = κ.
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4.2. Near-field data. First, applying Green’s second theorem, from (2.1), we have

f̂(ξ) =

∫

BR

f(y)e−iξ·ydy = −
∫

BR

[(∆ + κ2)(∆ − κ2)u(y)]e−iξ·ydy

= −
∫

BR

[(∆ − κ2)u(y)][(∆ + κ2)e−iξ·y]dy

−
∫

∂BR

[

e−iξ·y∂ν
(

(∆− κ2)u(y)
)

−
(

(∆ − κ2)u(y)
)

∂νe
−iξ·y

]

dsy

= −
∫

BR

[(∆ − κ2)u(y)][(−|ξ|2 + κ2)e−iξ·y]dy

−
∫

∂BR

[

∂ν∆u(y)− κ2∂νu(y) + (iξ · ν)∆u(y)− κ2(iξ · ν)u(y)
]

e−iξ·ydsy, ξ ∈ R
3. (4.17)

By (4.17), it is evident that we can only determine f̂(ξ) on the sphere |ξ| = κ, ξ ∈ R
3 as

f̂(ξ) = Û(ξ)

: = −
∫

∂BR

[

∂ν∆u(y)− κ2∂νu(y) + (iξ · ν)∆u(y)− κ2(iξ · ν)u(y)
]

e−iξ·ydsy. (4.18)

Furthermore, applying Green’s second theorem, from (2.1) and (4.15), we get

f̌(s) =

∫

BR

f(y)e−s·ydy = −
∫

BR

[(∆− κ2)(∆ + κ2)u(y)]e−s·ydy

= −
∫

BR

[(∆ + κ2)u(y)][(∆ − κ2)e−s·y]dy

−
∫

∂BR

[

e−s·y∂ν
(

(∆ + κ2)u(y)
)

−
(

(∆ + κ2)u(y)
)

∂νe
−s·y

]

dsy

= −
∫

BR

[(∆ + κ2)u(y)][(|s|2 − κ2)e−s·y]dy

−
∫

∂BR

[

∂ν∆u(y) + κ2∂νu(y) + (s · ν)∆u(y) + κ2(s · ν)u(y)
]

e−s·ydsy, 0 < |s| < κ+K.

Hence, we can only determine f̌(s) on |s| = κ, s ∈ R
3 as

f̌(s) = V̌ (s)

:= −
∫

∂BR

[

∂ν∆u(y) + κ2∂νu(y) + (s · ν)∆u(y) + κ2(s · ν)u(y)
]

e−s·ydsy. (4.19)

By Theorem 4.5, (4.18) and (4.19), we have the following Theorem.

Theorem 4.6. Assume that f ∈ L2(BR). Then the source f is nonradiating if and only if Û(ξ) =
V̌ (s) = 0 when |ξ| = |s| = κ.

4.3. Nonuniqueness. For the three-dimensional case, we define the following null space.

Definition 4.1. The source function f ∈ L2(BR) is said to be in the null space N (R) if
∫

BR

j0(κ|x − y|)f(y)dy = 0,

∫

BR

ΦM(x, y)f(y)dy = 0, |x| > R. (4.20)

For x, y ∈ R
3, we note that j0 has the spherical harmonic expansion

j0(κ|x− y|) = 4π
∞
∑

n=0

n
∑

m=−n

jn(κ|x|)Y m
n (x̂)jn(κ|y|)Y m

n (ŷ), |x| > |y|. (4.21)
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Hence, we have from (4.20) and (4.21) that
∫

BR

j0(κ|x− y|)f(y)dy = 4π
∞
∑

n=0

n
∑

m=−n

jn(κ|x|)Y m
n (x̂)

∫

BR

jn(κ|y|)Y m
n (ŷ)f(y)dy

= 4π

∞
∑

n=0

n
∑

m=−n

jn(κ|x|)Y m
n (x̂)

∫ R

0
fm
n (r)jn(κr)r

2dr

= 4π

∞
∑

n=0

n
∑

m=−n

αm
n jn(κ|x|)Y m

n (x̂). (4.22)

By Theorem 4.1, 4.2 and (4.22), we conclude the following Theorem.

Theorem 4.7. Assume that f ∈ L2(BR). Then the source f is nonradiating if and only if f ∈ N (R).

Proof. If f ∈ L2(BR) is a nonradiating source for the biharmonic wave equation, then, as a conse-
quence of Theorems 4.1 and 4.2, along with the relation (4.22), it follows that (4.20) can be derived,
which in turn implies f belongs to the set N (R).

Conversely, if f ∈ L2(BR) is an element of N (R), it satisfies (4.20). Additionally, according to
(4.8) and (4.22), the conditions αm

n = βm
n = 0 hold for all n = 0, 1, · · · ,m = −n, · · · , n. By virtue

of Theorem 4.2, it is established that f qualifies as a nonradiating source. �

5. Examples of nonradiating sources

In this section, we explicitly construct several examples of nonradiating sources to illustrate that
the null space N (R) is not empty.

5.1. General nonradiating sources. Consider a smooth function u ∈ C∞
0 (D), where D represents

a domain with compact support. By applying the operator −(∆2 − κ4) to the function u, resulting
in the function f , we obtain

f(x) = −(∆2 − κ4)u(x), x ∈ R
d. (5.1)

By Definition 2.1, it is evident that the function f given in (5.1) also belongs to the space C∞
0 (D)

and constitutes a nonradiating source for the biharmonic wave equation. Below, we demonstrate
through equivalent characterizations that the function f is a nonradiating source.

For u ∈ C∞
0 (BR), we have ∂ν

(

(∆ + κ2)u(y)
)

|∂BR
=
(

(∆ + κ2)u(y)
)

|∂BR
= 0. It follows from the

integration by parts that

fM(x) = −
∫

BR

ΦM(x, y)f(y)dy =

∫

BR

ΦM(x, y)
(

(∆− κ2)(∆ + κ2)u(y)
)

dy

=

∫

BR

(

(∆− κ2)ΦM(x, y)
)(

(∆ + κ2)u(y)
)

dy

+

∫

∂BR

[

ΦM(x, y)∂ν
(

(∆ + κ2)u(y)
)

−
(

(∆ + κ2)u(y)
)

∂ν(y)ΦM(x, y)
]

dsy

=

∫

BR

(

(∆− κ2)ΦM(x, y)
)(

(∆ + κ2)u(y)
)

dy = 0, |x| > R.

Similarly, we may show that

fH(x) = −
∫

BR

ΦH(x, y)f(y)dy = 0, |x| > R.

According to Theorem 3.1 or Theorem 4.1, the source function f is nonradiating.
Subsequently, we validate Theorem 3.2 or Theorem 4.2 by showing that αn = βn = 0 for all n ∈ Z.

For the sake of brevity and generality, we focus our attention on the case where d = 2.
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For all n ∈ Z, from (5.1), we have from the integration by parts that

αn =
1

2π

∫

BR

f(y)Jn(κ|y|)e−inarg(y)dy = − 1

2π

∫

BR

(

(∆ + κ2)(∆ − κ2)u(y)
)

Jn(κ|y|)e−inarg(y)dy

= − 1

2π

∫

BR

(

(∆− κ2)u(y)
)[

(∆ + κ2)
(

Jn(κ|y|)e−inarg(y)
)]

dy

= − 1

2π

∫ R

0

∫ 2π

0

[

1

r

(

d

dr

(

r
d

dr

)

+
1

r

d2

dθ2
− κ2r

)

u(r, θ)

]

×
[

1

r

(

d

dr

(

r
d

dr

)

+
1

r

d2

dθ2
+ κ2r

)

(

Jn(κr)e
−inθ

)

]

rdθdr

= − 1

2π

∫ R

0

∫ 2π

0

[

1

r

(

d

dr

(

r
d

dr

)

+
1

r

d2

dθ2
− κ2r

)

u(r, θ)

]

×
[(

d

dr

(

r
d

dr

)

+ κ2r − n2

r

)

Jn(κr)

]

e−inθdθdr = 0,

where we utilize the property
[

d

dr

(

r
d

dr

)

+ κ2r − n2

r

]

Jn(κr) = 0 ∀n ∈ Z.

We can similarly show that βn = 0 for all n ∈ Z by noting
[

d

dr

(

r
d

dr

)

− κ2r − n2

r

]

Jn(iκr) = 0.

5.2. A two-dimensional nonradiating source. For κ > 0 and R > 0, we consider the condition
J0(κR) = 0, indicating that κR is a root of the Bessel function of order zero. Define

fM(x) =











J3
0 (κ|x|)

∫ R
0 J4

0 (κr)rdr
− J2

0 (κ|x|)
∫ R
0 J3

0 (κr)rdr
, |x| < R,

0, |x| ≥ R.

(5.2)

It is clear to note fM(x)|∂BR
= 0. Based on the identity J ′

0(z) = −J1(z), a straightforward calculation
gives

∂νfM(y)|∂BR
= lim

h→0+
ν(y) · ∇fM(y − hν(y)) =

−3κJ2
0 (κR)J1(κR)

∫ R
0 J4

0 (κr)rdr
+

2κJ0(κR)J1(κR)
∫ R
0 J3

0 (κr)rdr
= 0,

which indicates that fM(x) ∈ C1
0 (R

2).
Consider the expression

f(x) = (∆ − κ2)fM(x), (5.3)

which is shown to be a nonradiating source for the two-dimensional biharmonic wave equation.
It follows from (5.2) and (5.3) that

f(x) = (∆− κ2)fM(x) =











(∆ − κ2)J3
0 (κ|x|)

∫ R
0 J4

0 (κr)rdr
− (∆− κ2)J2

0 (κ|x|)
∫ R
0 J3

0 (κr)rdr
, |x| < R,

0, |x| ≥ R.

=











1
r

(

d
dr

(

r d
dr

)

− κ2r
)

J3
0 (κr)

∫ R
0 J4

0 (κr)rdr
−

1
r

(

d
dr

(

r d
dr

)

− κ2r
)

J2
0 (κr)

∫ R
0 J3

0 (κr)rdr
, |x| < R,

0, |x| ≥ R.

(5.4)
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Using the integration by parts and the boundary conditions fM(x)|∂BR
= ∂νfM(x)|∂BR

= 0, we have

∫

BR

ΦH(x, y)f(y)dy =

∫

BR

ΦH(x, y)
(

(∆− κ2)fM(y)
)

dy

=

∫

BR

(

(∆− κ2)ΦH(x, y)
)

fM(y)dy +

∫

∂BR

(

ΦH(x, y)∂νfM(y)− fM(y)∂ν(y)ΦH(x, y)
)

dsy

=

∫

BR

(

(∆− κ2)ΦH(x, y)
)

fM(y)dy = −2κ2
∫

BR

ΦH(x, y)fM(y)dy, |x| > R. (5.5)

On the other hand, we have from a straightforward calculation that

∫

BR

ΦH(x, y)fM(y)dy =

∫

BR

i

4
H

(1)
0 (κ|x − y|)

(

J3
0 (κ|y|)

∫ R
0 J4

0 (κr)rdr
− J2

0 (κ|y|)
∫ R
0 J3

0 (κr)rdr

)

dy

=
i

4

∞
∑

n=−∞

H(1)
n (κ|x|)einarg(x)

∫

BR

(

J3
0 (κ|y|)

∫ R
0 J4

0 (κr)rdr
− J2

0 (κ|y|)
∫ R
0 J3

0 (κr)rdr

)

Jn(κ|y|)e−inarg(y)dy

=
i

4
H

(1)
0 (κ|x|)

(

2π
∫ R
0 J4

0 (κr)rdr
∫ R
0 J4

0 (κr)rdr
− 2π

∫ R
0 J3

0 (κr)rdr
∫ R
0 J3

0 (κr)rdr

)

= 0, |x| > R. (5.6)

Combining (5.5) and (5.6) yields

fH(x) = −
∫

BR

ΦH(x, y)f(y)dy = 0, |x| > R. (5.7)

Similarly, we obtain from the integration by parts and (2.5) that

fM(x) = −
∫

BR

ΦM(x, y)f(y)dy = −
∫

BR

ΦM(x, y)
(

(∆− κ2)fM(y)
)

dy

= −
∫

BR

(

(∆− κ2)ΦM(x, y)
)

fM(y)dy

−
∫

∂BR

(

ΦM(x, y)∂νfM(y)− fM(y)∂ν(y)ΦM(x, y)
)

dsy

= −
∫

BR

[(∆− κ2)ΦM(x, y)]fM(y)dy = 0, |x| > R. (5.8)

Combining (5.7) and (5.8) leads to

u(x) =

∫

BR

G(x, y)f(y)dy =
1

2κ2
(fH(x)− fM(x)) = 0, |x| > R.

which implies that f(x) is a nonradiating source for the two-dimensional biharmonic wave equation.
Next, we verify that αn = βn = 0 for all n ∈ Z. Noting

Jk
0 (κr)

d

dr

(

r
d

dr
J0(κr)

)

+ κ2rJk+1
0 (κr) =

[

d

dr

(

r
d

dr
J0(κr)

)

+ κ2rJ0(κr)

]

Jk
0 (κr)

= 0× Jk
0 (κr) = 0,
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we have for k ≥ 2 that

−
∫ R

0

[

κ2rJk
0 (κr)

]

J0(κr)dr =

∫ R

0

[(

d

dr

(

r
d

dr
J0(κr)

)]

Jk
0 (κr)dr

=

(

r
d

dr
J0(κr)

)

Jk
0 (κr)

∣

∣

∣

∣

R

0

−
∫ R

0

(

r
d

dr
J0(κr)

)(

d

dr
Jk
0 (κr)

)

dr

= −
∫ R

0

(

d

dr
J0(κr)

)(

r
d

dr
Jk
0 (κr)

)

dr

= −J0(κr)

(

r
d

dr
Jk
0 (κr)

)
∣

∣

∣

∣

R

0

+

∫ R

0
J0(κr)

[

d

dr

(

r
d

dr
Jk
0 (κr)

)]

dr

= −J0(κr)

(

rkJk−1
0 (κr)

d

dr
J0(κr)

)
∣

∣

∣

∣

R

0

+

∫ R

0
J0(κr)

[

d

dr

(

r
d

dr
Jk
0 (κr)

)]

dr

=

∫ R

0

[

d

dr

(

r
d

dr
Jk
0 (κr)

)]

J0(κr)dr,

which implies
∫ R

0

[(

d

dr

(

r
d

dr

)

− κ2r

)

Jk
0 (κr)

]

J0(κr)dr = −2κ2
∫ R

0
Jk+1
0 (κr)rdr, k ≥ 2. (5.9)

Hence, for all n ∈ Z, from (5.9) and (3.9), we get

αn =
1

2π

∫

BR

[ 1
r

[

d
dr

(

r d
dr

)

− κ2r
]

J3
0 (κr)

∫ R
0 J4

0 (κr)rdr
−

1
r

[

d
dr

(

r d
dr

)

− κ2r
]

J2
0 (κr)

∫ R
0 J3

0 (κr)rdr

]

Jn(κ|y|)e−inarg(y)dy

=
1

2π

(

∫ R
0

1
r

[(

d
dr

(

r d
dr

)

− κ2r
)

J3
0 (κr)

]

Jn(κr)rdr
∫ 2π
0 e−inθdθ

∫ R
0 J4

0 (κr)rdr

−
∫ R
0

1
r

[(

d
dr

(

r d
dr

)

− κ2r
)

J2
0 (κr)

]

Jn(κr)rdr
∫ 2π
0 e−inθdθ

∫ R
0 J3

0 (κr)rdr

)

,

which shows

αn =
1

2π

(

∫ R
0

1
r

[(

d
dr

(

r d
dr

)

− κ2r
)

J3
0 (κr)

]

Jn(κr)rdr × 0
∫ R
0 J4

0 (κr)rdr

−
∫ R
0

1
r

[(

d
dr

(

r d
dr

)

− κ2r
)

J2
0 (κr)

]

Jn(κr)rdr × 0
∫ R
0 J3

0 (κr)rdr

)

= 0, n 6= 0

and

α0 =
1

2π

(

2π
∫ R
0

[(

d
dr

(

r d
dr

)

− κ2r
)

J3
0 (κr)

]

J0(κr)dr
∫ R
0 J4

0 (κr)rdr

− 2π
∫ R
0

[(

d
dr

(

r d
dr

)

− κ2r
)

J2
0 (κr)

]

J0(κr)dr
∫ R
0 J3

0 (κr)rdr

)

=

(

(−2κ2)
∫ R
0 J4

0 (κr)rdr
∫ R
0 J4

0 (κr)rdr
− (−2κ2)

∫ R
0 J3

0 (κr)rdr
∫ R
0 J3

0 (κr)rdr

)

= 0.

Noting
[

d

dr

(

r
d

dr
J0(iκr)

)

− κ2rJ0(iκr)

]

Jk
0 (κr) = 0× Jk

0 (κr) = 0, k ≥ 2, (5.10)
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we can similarly show that
∫ R

0

(

κ2rJ0(iκr)
)

Jk
0 (κr)dr =

∫ R

0

[

J0(iκr)

(

d

dr

(

r
d

dr
Jk
0 (κr)

))]

dr. (5.11)

Combining (5.10) and (5.11) yields
∫ R

0

[(

d

dr

(

r
d

dr

)

− κ2r

)

Jk
0 (κr)

]

J0(iκr)dr

=

∫ R

0

[

d

dr

(

r
d

dr
J0(iκr)

)

− κ2rJ0(iκr)

]

Jk
0 (κr)dr = 0, k ≥ 2. (5.12)

Then, for all n ∈ Z, we obtain from (5.12) and (3.9) that

βn =
1

2π

∫

BR

[ 1
r

[

d
dr

(

r d
dr

)

− κ2r
]

J3
0 (κr)

∫ R
0 J4

0 (κr)rdr
−

1
r

[

d
dr

(

r d
dr

)

− κ2r
]

J2
0 (κr)

∫ R
0 J3

0 (κr)rdr

]

Jn(iκ|y|)e−inarg(y)dy

=
1

2π

(

∫ R
0

1
r

[(

d
dr

(

r d
dr

)

− κ2r
)

J3
0 (κr)

]

Jn(iκr)rdr
∫ 2π
0 e−inθdθ

∫ R
0 J4

0 (κr)rdr

−
∫ R
0

1
r

[(

d
dr

(

r d
dr

)

− κ2r
)

J2
0 (κr)

]

Jn(iκr)rdr
∫ 2π
0 e−inθdθ

∫ R
0 J3

0 (κr)rdr

)

=
1

2π

(

∫ R
0

[(

d
dr

(

r d
dr

)

− κ2r
)

J3
0 (κr)

]

Jn(iκr)rdr
∫ 2π
0 e−inθdθ

∫ R
0 J4

0 (κr)rdr

−
∫ R
0

[(

d
dr

(

r d
dr

)

− κ2r
)

J2
0 (κr)

]

Jn(iκr)rd
∫ 2π
0 e−inθdθ

∫ R
0 J3

0 (κr)rdr

)

=
1

2π

(

0
∫ R
0 J4

0 (κr)rdr
− 0
∫ R
0 J3

0 (κr)rdr

)

= 0.

5.3. A three-dimensional nonradiating source. Analogously, we can employ a similar approach
to construct a nonradiating source for the three-dimensional biharmonic wave equation.

For κ > 0, R > 0, let j0(κR) = 0 and

gH(x) =











jm1

0 (κ|x|)
∫ R
0 jm1

0 (κr)j0(iκr)r2dr
− jm2

0 (κ|x|)
∫ R
0 jm2

0 (κr)j0(iκr)r2dr
, |x| < R,

0, |x| ≥ R,

(5.13)

where m1,m2 are distinct positive integers greater than 2, i.e., m1 6= m2. Obviously, we have
gH(x) = ∂νgH(x) = 0 on ∂BR. Let

f(x) = (∆ + κ2)gH(x) =











(∆ + κ2)jm1

0 (κ|x|)
∫ R
0 jm1

0 (κr)j0(iκr)r2dr
− (∆ + κ2)jm2

0 (κ|x|)
∫ R
0 jm2

0 (κr)j0(iκr)r2dr
, |x| < R,

0, |x| ≥ R,

=











1
r2

(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm1

0 (κr)
∫ R
0 jm1

0 (κr)j0(iκr)r2dr
−

1
r2

(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm2

0 (κr)
∫ R
0 jm2

0 (κr)j0(iκr)r2dr
, |x| < R,

0, |x| ≥ R.

(5.14)

Subsequently, we proceed to demonstrate that the function defined in (5.14) is indeed a nonradiating
source for the three-dimensional biharmonic wave equation.
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By the boundary conditions of gH on ∂B and integration by parts, we have
∫

BR

ΦM(x, y)f(y)dy =

∫

BR

ΦM(x, y)
(

(∆ + κ2)gH(y)
)

dy

=

∫

BR

(

(∆ + κ2)ΦM(x, y)
)

gH(y)dy +

∫

∂BR

(

ΦM(x, y)∂νgH(y)− gH(y)∂ν(y)ΦM(x, y)
)

dsy

=

∫

BR

(

(∆ + κ2)ΦM(x, y)
)

gH(y)dy = 2κ2
∫

BR

ΦM(x, y)gH(y)dy, |x| > R.

A straightforward calculation gives
∫

BR

ΦM(x, y)gH(y)dy

=

∫

BR

e−κ|x−y|

4π|x− y|

(

jm1

0 (κ|y|)
∫ R
0 jm1

0 (κr)j0(iκr)r2dr
− jm2

0 (κ|y|)
∫ R
0 jm2

0 (κr)j0(iκr)r2dr

)

dy

= −κ
∞
∑

n=0

n
∑

m=−n

h(1)n (iκ|x|)Y m
n (x̂)

×
∫

BR

(

jm1

0 (κ|y|)
∫ R
0 jm1

0 (κr)j0(iκr)r2dr
− jm2

0 (κ|y|)
∫ R
0 jm2

0 (κr)j0(iκr)r2dr

)

jn(iκ|y|)Y m
n (ŷ)dy

= −κ
∞
∑

n=0

n
∑

m=−n

h(1)n (iκ|x|)Y m
n (x̂)

(

∫ R
0 jm1

0 (κr)jn(iκr)r
2dr
( ∫ π

0

∫ 2π
0 Y m

n (θ, φ) sin θdθdφ
)

∫ R
0 jm1

0 (κr)j0(iκr)r2dr

−
∫ R
0 jm2

0 (κr)jn(iκr)r
2dr
( ∫ π

0

∫ 2π
0 Y m

n (θ, φ) sin θdθdφ
)

∫ R
0 jm2

0 (κr)j0(iκr)r2dr

)

= −κh
(1)
0 (iκ|x|)Y 0

0 (x̂)2
√
π

(

∫ R
0 jm1

0 (κr)j0(iκr)r
2dr

∫ R
0 jm1

0 (κr)j0(iκr)r2dr
−
∫ R
0 jm2

0 (κr)j0(iκr)r
2dr

∫ R
0 jm2

0 (κr)j0(iκr)r2dr

)

= 0, |x| > R.

Then, we obtain

gM(x) = −
∫

BR

ΦM(x, y)f(y)dy = 0, |x| > R. (5.15)

Similarly, we can obtain from the integration by parts that

gH(x) = −
∫

BR

ΦH(x, y)f(y)dy = −
∫

BR

ΦH(x, y)
(

(∆ + κ2)gH(y)
)

dy

= −
∫

BR

(

(∆ + κ2)ΦH(x, y)
)

gH(y)dy

−
∫

∂BR

(

ΦH(x, y)∂νgH(y)− gH(y)∂ν(y)ΦH(x, y)
)

dsy

= −
∫

BR

(

(∆ + κ2)ΦH(x, y)
)

gH(y)dy + 0 = 0, |x| > R. (5.16)

Combining (5.15) and (5.16), we have

u(x) =
1

2κ2
(gH(x)− gM(x)) = 0, |x| > R,

which shows that f(x) = (∆+κ2)gH(x) is a nonradiating source for the three-dimensional biharmonic
wave equation.
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Next, we demonstrate that αm
n = βm

n = 0 for all n = 0, 1, . . . ,m = −n, . . . , n. Noting
[

d

dr

(

r2
d

dr
j0(κr)

)

+ κ2r2j0(κr)

]

jk0 (κr) = 0× jk0 (κr) = 0, k ≥ 2, (5.17)

we get from the integration by parts that

−
∫ R

0

(

κ2r2j0(κr)
)

jk0 (κr)dr =

∫ R

0

[(

d

dr

(

r2
dj0(κr)

dr

))

jk0 (κr)

]

dr

=

(

r2
dj0(κr)

dr

)

jk0 (κr)

∣

∣

∣

∣

R

0

−
∫ R

0

[(

r2
dj0(κr)

dr

)(

d

dr
jk0 (κr)

)]

dr

= −
∫ R

0

[(

dj0(κr)

dr

)(

r2
d

dr
jk0 (κr)

)]

dr

= −j0(κr)

(

r2
d

dr
jk0 (κr)

)
∣

∣

∣

∣

R

0

+

∫ R

0

[

j0(κr)

(

d

dr

(

r2
d

dr
jk0 (κr)

))]

dr

= −j0(κr)

(

r2kjk−1
0 (κr)

dj0(κr)

dr

)∣

∣

∣

∣

R

0

+

∫ R

0

[

j0(κr)

(

d

dr

(

r2
d

dr
jk0 (κr)

))]

dr

=

∫ R

0

[

j0(κr)

(

d

dr

(

r2
d

dr
jk0 (κr)

))]

dr. (5.18)

Combining (5.17) and (5.18) leads to

∫ R

0

[(

d

dr

(

r2
d

dr

)

+ κ2r2
)

jk0 (κr)

]

j0(κr)dr

=

∫ R

0

[

d

dr

(

r2
d

dr
j0(κr)

)

+ κ2r2j0(κr)

]

jk0 (κr)dr = 0, k ≥ 2. (5.19)

By (5.19), for all n = 0, 1, . . . ,m = −n, . . . , n, we have

αm
n =

∫ R

0

∫ π

0

∫ 2π

0

[

1
r2

(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm1

0 (κr)
∫ R
0 jm1

0 (κr)j0(iκr)r2dr
−

1
r2

(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm2

0 (κr)
∫ R
0 jm2

0 (κr)j0(iκr)r2dr

]

× Y m
n (θ, φ)jn(κr)r

2 sin θdθdφdr

=

∫ R
0

[(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm1

0 (κr)
]

jn(κr)dr
∫ π
0

∫ 2π
0 Y m

n (θ, φ) sin θdθdφ
∫ R
0 jm1

0 (κr)j0(iκr)r2dr

−
∫ R
0

[(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm2

0 (κr)
]

jn(κr)dr
∫ π
0

∫ 2π
0 Y m

n (θ, φ) sin θdθdφ
∫ R
0 jm2

0 (κr)j0(iκr)r2dr

=
0

∫ R
0 jm1

0 (κr)j0(iκr)r2dr
− 0
∫ R
0 jm2

0 (κr)j0(iκr)r2dr
= 0.

Noting
[

d

dr

(

r2
d

dr
j0(iκr)

)

− κ2r2j0(iκr)

]

jk0 (κr) = 0× jk0 (κr) = 0,

for k ≥ 2, we can similarly show
∫ R

0

(

κ2r2jk0 (κr)
)

j0(iκr)dr =

∫ R

0

[

d

dr

(

r2
d

dr
jk0 (κr)

)]

j0(iκr)dr,
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which implies
∫ R

0

[(

d

dr

(

r2
d

dr

)

+ κ2r2
)

jk0 (κr)

]

j0(iκr)dr = 2κ2
∫ R

0
jk0 (κr)j0(iκr)r

2dr. (5.20)

Then, from (5.20), we have

βm
n =

∫ R

0

∫ π

0

∫ 2π

0

[

1
r2

(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm1

0 (κr)
∫ R
0 jm1

0 (κr)j0(iκr)r2dr
−

1
r2

(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm2

0 (κr)
∫ R
0 jm2

0 (κr)j0(iκr)r2dr

]

× Y m
n (θ, φ)jn(iκr)r

2 sin θdθdφdr

=

[

∫ R
0

[

1
r2

(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm1

0 (κr)
]

jn(iκr)r
2dr

∫ R
0 jm1

0 (κr)j0(iκr)r2dr

−
∫ R
0

[

1
r2

(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm2

0 (κr)
]

jn(iκr)r
2dr

∫ R
0 jm2

0 (κr)j0(iκr)r2dr

]

∫ π

0

∫ 2π

0
Y m
n (θ, φ) sin θdθdφ,

which implies

βm
n =

[

∫ R
0

[

1
r2

(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm1

0 (κr)
]

jn(iκr)r
2dr

∫ R
0 jm1

0 (κr)j0(iκr)r2dr

−
∫ R
0

[

1
r2

(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm2

0 (κr)
]

jn(iκr)r
2dr

∫ R
0 jm2

0 (κr)j0(iκr)r2dr

]

× 0 = 0, n 6= 0, m 6= 0

and

β0
0 =

[

∫ R
0

[

1
r2

(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm1

0 (κr)
]

j0(iκr)r
2dr

∫ R
0 jm1

0 (κr)j0(iκr)r2dr

−
∫ R
0

[

1
r2

(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm2

0 (κr)
]

j0(iκr)r
2dr

∫ R
0 jm2

0 (κr)j0(iκr)r2dr

]

∫ π

0

∫ 2π

0
Y 0
0 (θ, φ) sin θdθdφ

= 2
√
π

[

∫ R
0

[(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm1

0 (κr)
]

j0(iκr)dr
∫ R
0 jm1

0 (κr)j0(iκr)r2dr

−
∫ R
0

[(

d
dr

(

r2 d
dr

)

+ κ2r2
)

jm2

0 (κr)
]

j0(iκr)dr
∫ R
0 jm2

0 (κr)j0(iκr)r2dr

]

= 2
√
π

[

2κ2
∫ R
0 jm1

0 (κr)j0(iκr)r
2dr

∫ R
0 jm1

0 (κr)j0(iκr)r2dr
− 2κ2

∫ R
0 jm2

0 (κr)j0(iκr)r
2dr

∫ R
0 jm2

0 (κr)j0(iκr)r2dr

]

= 0.

6. Conclusion

In this study, we undertake a thorough investigation on nonradiating sources of the two- and
three-dimensional biharmonic wave equation. The goal is to reveal both their existence and inher-
ent characteristics. Nonradiating sources, defined as sources that result in a field being identically
zero beyond a finite region, share a close relationship with the issue of nonuniqueness in the inverse
source problem. Specifically, we demonstrate that a source conforms to nonradiating behavior in the
biharmonic wave equation if and only if it satisfies the condition of being a nonradiating source of
both the Helmholtz equation and the modified Helmholtz equation. By utilizing the integral trans-
form and the series representation of the fundamental solution, we deduce fundamental identities,
which establish connections between the integral transform of the source and the near-field data
through the integral representation of the solution for the biharmonic wave equation. We provide
these conditions, which serve as valuable criteria for assessing the nonradiating attributes of sources,
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enabling researchers to facilitate the more efficient identification and characterization of nonradi-
ating sources. Furthermore, we demonstrate that the integral operator possesses a nontrivial null
space, constituting the collection of nonradiating sources. This observation holds implications for
the nonuniqueness inherent in the inverse source problem.
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