Isomorphisms of semi-direct products.

Proposition. Let H, K be groups, let ;: K — Aut(H) (i = 1,2) be homomorphisms, and
let G;:= H ¢, K be the corresponding semi-direct products. Let H; and K; be the natural
images of H and K respectively in G;. If

(C) : there exist isomorphisms a: H = H, : K = K such that Vk € K,

92(6(/{1)) = ()éoel(k) 001_1,

[that is, the following diagram commutes:

K —% . Awt(H)
5J{ lconjugation by «

K —— Aut(H) ]
2
then there exists an isomorphism ¢: G1 — Go such that ¢(Hy1) = Hs.
Conversely, if H is abelian and such a ¢ exists, then (C) holds.

Proof. 1f (C) holds, define ¢ by
¢(h, k) = (a(h), B(k)) (h€ H, k € K),

and check ...

Now suppose only that ¢ exists. let ¢: G1/H; — Go/Hs, be the induced isomorphism.
Define a and (3 to be the natural compositions

a: H =~ H, > H, =~ H,

B: K =5 Ky < Gy/Hy -2 Ga/Hy = Ko = K.
J

Unraveling the definitions, we find for all h € H, k € K that:

02 (8(k))(h) = j[(1, B(k))(h,1)(1, B(k)) "],

1
U etk oa () = jo[(L k)@~ (n), (L k)] = 5[6(L k)(h Do(L k)],

Set + = (1,6(k)) and y = ¢(1,k). These two elements of Gy have the same image

>~

in Go/Hs, so x = ya for some a € Hy; and since Hy = H is abelian we have, with

b= (h,l) EHQ,

1 1

zbr™! = yaba "ty = ybaa "ty = yby L,

so that both lines in () represent the same element, and (C) holds.



