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Introduction

We present a new proof of the existence of a desingularization for any
excellent surface (where “surface” means “two-dimensional reduced noe-
therian scheme”). The problem of resolution of singularities of surfaces has
a long history (cf. the expository article [25]). Separate proofs of resolution
for arbitrary excellent surfaces were announced by Abhyankar and Hironaka
in 1967; to date (1977) full details have not yet been published (but cf. [2],
[12], [13], [14] and [15]). Actually Hironaka’s results on “embedded” resolu-
tion are stronger than what we shall prove, viz. the following theorem
(which nevertheless suffices for many applications).

Unless otherwise indicated, all rings in this paper will be commutative
and noetherian, and all schemes will be noetherian and reduced. We say
that a point z of a scheme Z is regular if the stalk O, , of the structure
sheaf at 2z is a regular local ring, and singular otherwise; Z is non-singular
if all its points are regular.

THEOREM. For a surface Y, with normalization Y, there exists a
desingularization (i.e., @ proper birational map fi: X—Y with X non-
singular) if and only if the following conditions hold:

(a) Y is finite over Y.

(b) Y has at most finitely many singular points.

(c) For every y e Y, the completion of the local ring Oz, is normal.

(These conditions (a), (b), (¢) are of course satisfied if Y is excellent
[EGA IV, §7.8].)
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The raison d’gtre of this paper must Tie in its methods, vtfhich rely on
homology, duality, and differentials, and so differ markedly from those of
Abhyankar and Hironaka. We now describe briefly the basic ideas, assuming
for simplicity that Y is irreducible, normal, and proper over a field k.

The main point is to show that:

(*) Among all the normal surfaces proper over k and birationally equi-
valent to Y there is one—call 1t Z—whose arithmetic genus X(Z) = h*%(O,)—
h'(0,) + h*O,) is minimal.’

It was suggested by Zariski, in [35], that desingularizing such a Z
should not be too difficult. In fact the minimality of ¥(Z) is equivalent with
all the singularities of Z being pseudo-rational (cf. §(1a)) (for if g: W— Z
is a proper birational map, the Leray spectral sequence gives

XZ) — (W) = k(R'9.O)--+);
and in Section 1 we show that pseudo-rational singularities can indeed be
resolved, even by successively blowing up points. The proof uses standard
techniques; things work out pretty smoothly because of the following two
properties of pseudo-rational singularities:

) (cf. (1.5)) If X is a normal surface having only pseudo-rational singu-
larities, and X’— X is obtained by blowing up a point of X, then X’ is
normal and X’ has only pseudo-rational singularities.

(ii) (cf. (1.6)) The tangent cone of a pseudo-rational singularity is de-
fined (ideal-theoretically) in some projective space by the vanishing of certain
quadratic forms.

For surfaces ovee;‘ fields, H. Matsumu*ra has had for a logg time a proof
of () based on the theory of Picard varieties (private communication, Decem-
ber 1967). I don’t know how to generalize this proof to the case of arbitrary
surfaces.

The approach to () taken in this paper is inspired by results of Laufer
[22, Theorem 3.4]. Let f: X — Y be a birational map of normal irreducible
surfaces, both proper over a perfect field k. Let K be the field of rational
functionson X and Y. Let @, be a dualizing sheaf on X; w, can be realized
concretely as the sheaf of 2-forms (differentials) of K/k without poles on X.
Duality theory gives isomorphisms of %k-vector spaces

(H{(X, ox)) ==, H* (X, Oy) (t=0,1,2)

1 (%) can be reformulated in numerous tantalizing ways. It is equivalent, for example,
to the finite-dimensionality of H'(93) where 2 is the Zariski-Riemann space associated with
Y (cf. [17]). It can also be posed as a statement about certain Hilbert-Samuel polynomials
in a two-dimensional normal local ring (cf. Remark (B), end of Section (1a)).
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(for a k-vector space V, V' is the dual space Hom,(V, k)). Furthermore the
vanishing theorem ((2.4), and cf. (2.3)) gives R'f ,(wy) = 0, so that we have
an isomorphism

H'(Y, fuwy) ==, H(X, @) .

There is an obvious inclusion f, @, = @, whose cokernel has zero-dimen-
stonal support: for y € Y, the dimension of the stalk (@,/f,®y), is the number
of k-linearly independent 2-forms with no pole at y, but with some pole
along a component of f'(y). Dualizing the exact sequence

0 — H(f y0y) = H'(@y) — H(@y) — HY@y/f,@y) —
HY(f y0y) = H(wy) — HY(wy) — H'(0y/f@y) =0,
we obtain an exact sequence
0 «—— H*Oy) «— H*Oy) «—— Hwy/f @) «—— H'(Oy) «—— H*Oy) «—0,

which yields the key expression for “change of arithmetic genus” in terms
of differentials:

(*%) X(eY) - X(ox) = h(@y/f W) .
From (xx) we deduce:

(1) Y has only pseudo-rational singularities = for all X — Y as above,
we have Wy = f,Wy.

(ii) (x) ts true if and only if (Y being fized) the integers h (@y/f@y) are
bounded above tndependently of X.

Now wy, = (%), where Q) = A*Q},,) is the sheaf of Kahler two-forms
(over k) on Y, and for any O,-module £, £ is the sheaf Homg (£, Oy). So
there is a natural map ¢: Q} — @, whose cokernel has zero-dimensional sup-
port; and one sees easily that for any f: X — Y as above,

() S fo(@x) .
Thus an upper bound as called for in (ii) above is A%(coker ¢), Q.E.D. for (x)!

If the ground field %, of characteristic p, is not perfect then we must
use differentials over a suitable “admissible” field &, with k* Sk, Zk, [k: k,] < co.
When we consider the mixed characteristic case, we cannot use differentials
at all, but there are other effective ways to represent dualizing sheaves (cf.
Section 2, whose main purpose is to work out a suitably general form of
(%), viz. Theorem (2.2)).

The actual proof o*f reduction to ps:eudo-rational singularities is given
in Section 3. For reasons explained below, this will not be the proof of (x)
just indicated, but a variant which, if less striking, is ultimately shorter
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and has the additional advantage of applying simultaneously to the equi-
characteristic and mixed characteristic cases. This proof is based on the
existence of “good trace” maps for certain finite algebraic field extensions.
A “good trace”isa linear map closely related—in the equicharacteristic case—
to the “trace of a differential” studied by Kunz ([21, §1]). In any case, when
we deal with separable field extensions the ordinary trace map is a good
trace, and consequently Section 4, on the existence of good traces, is really
necessary only for treating surfaces over a power series ring k[[U, V']] with
k an imperfect field.

Now what is the trouble with the above-indicated proof based on the
relation w, = (Q%)"7? Since we are interested in arbitrary surfaces, we must
work with schemes of finite type over a formal power series ring k[[U, V]]
(k a field). In this case the appropriate differential modules to consider are
those of [3, § 2.8]. To proceed as above we would need a theorem for normal
surfaces on the representation of w in terms of such differentials. Such a
theorem, though true, seems to be available in the literature only for vari-
eties over fields ([19], [21]). I intend to give a proof for the general case
(i.e., schemes over power series rings) elsewhere. To do so here would have
made this paper longer than necessary, and that is why the above line of
reasoning, though perfectly justifiable, is not entirely followed.

For now, let me just state that two basic ingredients for tying together
differentials and dualizing sheaves are: (A) the correct notion of “trace of
a differential”’; and (B) the existence of “admissible” fields k, (cf. above; when
[k: k?]< oo, then k? is admissible, and there is no problem). For our purposes
we cannot avoid (B), which is treated in Section 4. (For varieties over fields,
cf. [19], [20]; over power series rings there are additional difficulties because
there are infinitely many coefficients floating around; cf. [16].) Thus Section
4 is a sort of poor man’s substitute for a complete proof of @, = (Q%)"".

The study of sarfaces Y such thaz wy = f,wy for al*l X (cf. above), as a
possible step toward resolution of singularities, was proposed to me by
Zariski for a thesis problem in 1964. At that time (x*x) was apparently not
known, nor was there available any theory of pseudo-rational singularities.
After a few weeks of fruitless effort I turned to other totally unrelated ques-
tions, which ultimately led (via the theory of complete ideals in two-dimen-
sional local rings) to an interest in rational singularities--- . The proof of
resolution outlined above (for surfaces over fields) was announced in 1973
[24]; the extension to the mixed characteristic case dates from 1974.

This introduct?on is concluded with soﬁle further remarlzs onthetheorem.
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A. If a surface Y can be desingularized at all, then there exists a
(unique) minimal desingularization f,: X,— Y; in other words, for any
desingularization f: X —Y thereis a unique map g: X — X, such that f= f o9
[RS, page 2717, Corollary (27.3)].

B. Assume that the surface Y (with normalization Y) can be desingu-
larized. Consider the sequence

Y=Y,—Y,e—Y,e— o e—Y, e—-...

where, foreachi =0, Y,,,isobtained from Y, by blowing up all the singular
points of Y, (which can be seen to be finite in number) and then normalizing
the resulting surface. Then for some m, Y, is non-singular (cf. [RS; § 2];
alternatively use [¢bid.; (26.1), (1.2), and (4.1)]).

Some further light on this result is shed by the remark at the end of
Section (1b).

(The desingularization constructed by this canonical process need not
be minimal, even for “absolutely isolated” singularities [32a, p. 346, (5.11)].

C. Iff: X— Y is a desingularization of « normal surface Y, then f
can be obtained by blowing up an Oy-ideal I such that Oy/9 has at most zero-
dimensional support.

Proof. First of all, a pasting argument reduces us to the case
Y = Spec(R), R a two-dimensional normal local ring. (Consider the finitely
many points where the rational map f~'is not defined.) Nowlet E,, ---, E,
be the irreducible components of f~'(y) (y = closed point of Y). The inter-
section matrix (E,-E;) is negative-definite (cf. [RS, § 14], where the more
efficient proof of Mumford [27, page 6] should have been adapted; cf. also
part V in the proof of Theorem (2.4) below). Hence we can find a divisor
E =3 a,E,, such that (E-E,)>0for¢=1,2, ---, r, and all the integers a,
are < 0 (cf. [RS, middle of page 238, remark (ii)]). Setting £ = Ox(E)<= Oy,
and

I=H() S HOy) =R,

we have that I is an ideal of R with R/I of dimension < 0. The restriction
of £ to f~(y) is ample (cf. e.g. [18, pages 318-319]), so £ itself is ample [EGA
III, (4.7.1)], and after replacing E by nE (n > 0), we may assume that £ is
very ample. [EGA III, (2.3.4.1)] shows then that X = Proj(@®,z, I"), the
blow-up of I.

D. Assume that a desingularization f: X — Y as in the theorem exists.
f being proper, f,0y is a coherent Oy-module, and so ¥ = Spec(f ;) is finite
over Y. The singularities of ¥ are to be found among the finitely many
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points where the rational map f': ¥ — X is not defined. Thus we have the
necessity of (a)and (b), and that of (¢c)is given by [RS, page 232, Remark (16.2)].

As for sufficiency, we can replace Y by Y, and then a simple pasting
argument shows that it is enough to prove: 7f R is a two-dimensional local
ring whose completion R is normal, then R can be desingularized by blow-
ing up en m-primary ideel (m = maximal ideal of R). Now if there exists
a desingularization f : X — Spec(R), then this desingularization can be ob-
tained by blowing up an ideal I which is primary for mR (cf. Remark C
above); if f: X — Spec(R) is obtained by blowing up the m-primary ideal
I = I'N R, then, since R is flat over R and [ = IR, we have

X =X ®RE ’

and it follows easily that f is a desingularization of Spec(R) (cf. beginning
of proof of the second Proposition in Section (1b) below; or just use [EGA
Oy, (17.3.3(1)]).

So to establish the theorem, it remains to prove:

THEOREM'. Let R be a complete two-dimensional normal local ring.
Then there exists a desingularization f: X — Spec(R).

1. Resolution of analytically normal pseudo-rational singularities

(1a) Pseudo-rational singularities ........c.ceveieeeueenenenennnnn 156
(1b) Birational stability of (analytically normal) pseudo-rationality.160
(1e) The tangent cone is an intersection of quadrics............... 161
(1d) An important subspace of N1/ . ..o iitiiiiiiiiiiiiiceaann 163
(1e) Proof of Theorem (1.2)......ciiivuiiieeeenreracocecrasanans 169
(1f) Proof of Proposition (1.28)......cccvveriiieeineneneaeannann 172
(1g) Uniformization of rank two valuations by blowing up and nor-

0 0T D1/ D P 174

(1a) Pseudo-rational singularities.

PROPOSITION-DEFINITION (1.1) (cf. [RS, page 212, §9]). Let R be a two-
dimenstonal local ring. R s said to be pseudo-rational ¢f R is normal, and
satisfies the following equivalent conditions:

(i) For any projective birational map W— Spec(R) there exists a proper
birational map Z —W such that Z 1s normal and HY(Z, O,) = 0.

(i) For any proper birational map W — Spec(R), the normalization
W is finite over W, and H(W, O3) = 0.

(ili) The completion R is reduced (i.e. has no non-zero nilpotents) and
for every proper birational map W — Spec(R) with W normal, we have
HY W, O) = 0.
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Proof. Clearly (ii) = (i). Conversely, if W -— Spec(R) is proper and
birational, then (i) together with Chow’s lemma [EGA II, (5.6.2)] gives us
a proper birational h: Z —W with Z normal and H(Z, ©,) = 0; but then
W = Spec(h,0,) is finite over W, and

H W, O5) = H(W, h,0,) € H\(Z, 0,) ;

thus (i) = (ii). The equivalence of (ii) and (iii) follows from Rees’ character-
ization of “analytically unramified” local rings [28].

Remark. A two-dimensional normal local ring R is rational if there
exists a desingularization X — Spec(R) with HY(X, O5) = 0. If Risrational
then R is pseudo-rational (cf. [RS, page 200, A) and B)]). Conversely, if R is
pseudo-rational, and ¢f R admits a desingularization W — Spec(R), then
HY W, Oy) = 0, so R is rational. (As pointed out in the introduction (Remark
D), if R admits a desingularization then the completion B remains normal;
and we are about to prove the converse.)

The present Section i is devoted to protving that one c;n resolve “ana-
lytically normal” pseudo-rational singularities by successively blowing up
isolated singular points. More precisely:

We say that a surface Y has only pseudo-rational singularities if for
each singular point ¢ of Y, the local ring O, is two-dimensional and pseudo-
rational. An iterated blow-up is a composed map Z — Y of the form

Z=Y,—8@Y,_, > e > Y, Y=Y,

where each map Y, — Y,_, (0 < ¢ < n) is obtained by blowing up a finite set
of closed points on Y,_,.

THEOREM (1.2). Let Y be a surface having only pseudo-rational singu-
larities. Assume that Y has at most finitely many singular points, and
that for each such singular point y, the completion of the local ring Oy, 18
normal. Then there exists an iterated blow-up Z — Y with Z non-singular.

Theorem (1.2) reduces Theorem’ at the end of the introduction to the
following:

THEOREM*. Let R be a complete two-dimensional normal local ring.
Then there exists a proper birational map W — Spec(R) such that W has
only pseudo-rational singularities.

(Any W asin Theorem* is a normal surface (use the “dimension formula”
[EGA 1V, (5.5.8)]), and W has only finitely many singularities [EGA IV,
(6.12.2)]; furthermore, since R is complete, therefore W is excellent, so all
the local rings O, (w € W) have normal completion.)
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Theorem* will be proved in Sections 2-4. The following observations
will help to bring the problem into focus.

Let R be a two-dimensional normal local ring whose completion R is
reduced. For any proper birational map Z — Spec(R) with Z normal, let ),
be the (finite) length of the R-module H'(Z, O,). We set

H(R) = sup,(x;) (=20,

the “sup” being taken over all Z as above. (1.1) (iii) states that R ¢s pseudo-
rational < H(R) = 0.

LEMMA (1.3). For a proper birational map g: W — Spec(R) (R as above)
with W normal, the following conditions are equivalent:

(i) W has only pseudo-rational singularities (necessarily finite in
number, see above).

(i) ny = H(R).

(iii) For any proper birational map h: Z —W with Z normal, the
canonical map

HW, h,0;) = H(W, Oy) — HY(Z, Oy)
18 bijective; equivalently, R'h,0, = 0.

Remark. Clearly a W satisfying these conditions exists if and only if
H(R) < e=. So Theorem* states that H(R) < o if R is complete. (Actually
I don’t know any example of an R with H(R) = <-.)

Proof of (1.3). W being a normal surface (see above), R'h.0; has sup-
port of dimension < 0, and so “equivalently” in (iii) follows from the canonical
exact sequence

(1.8a) 0 — HYW, Oy) — HY(Z, O;) — H(R'h,C,) — H*(W, Oy) = 0

(Where H? vanishes because the fibres of g have dimension < 1: cf. [EGA III,
(4.2.2)]; or else cover Wby two affine open subsets and use Cech cohomology).
Similarly, for any proper birational maps Z — Z’ — Spec(R) with Z and
Z' normal, H(Z', ©,) & H'(Z, 9,), and hence (ii) = (iii).
(iii) = (ii). For any proper birational Z’' — Spec(R), there exists a com-
mutative diagram of proper birational maps
ZH
<N
w Z'
NS
Spec(R)

where Z" is the reduced closed image in W X , Z’ of the generic point of
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Spec(R) (Z" is the “birational join” of W and Z’). The normalization Z of
Z" is finite over Z” (since R is reduced, cf. [28]); so by (iil) Ay = Mz = gy
and (ii) follows.

(iii) follows easily from (i), because two-dimensional regular local rings
are rational, hence pseudo-rational (preceding remark).

(iii) = (i). Let S be the local ring of a singular point on W; S is two-
dimensional and normal. Let g’: W’ — Spec(S) be a projective birational
map. There exists a projective birational map g*: W* — W such that
g = g* Xy Spec(S) (cf. e.g. [EGA III, (2.3.5)]). R being reduced, the normal-
ization Z of W* is finite over W*, so we have a proper birational map h: Z—W.
By (iii), R'A,9, = 0, and so H(Z’, O;.) = 0, where Z’' = Z X 4 Spec(S) is the
normalization of W’. Thus by (1.1)(i), S is pseudo-rational. Q.E.D.

COROLLARY (1.4). Let R be a two-dimensional pseudo-rational local
ring with maximal ideal m and fraction field K. Let S be a normal local
ring with maximal ideal n, such that RS SC K, m<n, S/n 18 an algebraic
field extension of R/m, and such that S is essentially of finite type over R
(i.e., S 18 a localization of a finitely generated R-algebra). Then S is two-
dimensional and pseudo-rational.

Proof. The dimension formula [EGA 1YV, (5.5.8)] gives dim.(S) < 2, while
Zariski’s “main theorem” gives dim(S/mS)= 1 (unless S= R); thus dim(S) = 2.

Clearly there exists a proper birational map W — Spec(R) such that
S = Oy, for some w € W; and (1.1)(ii) allows us to assume that W is normal.
Then N\, = H(R) = 0, and the conclusion follows from (1.3).

The following*two remarks, due*essentially to Reeg [29, page 21], will
not really be needed elsewhere in this paper.

(A) (1.3) can be sharpened:

Let R be as in (1.3), and let W — Spec(R) be a proper birational map
with W normal. For each closed point w € W, let ¢, be the degree of the
residue field of O, over that of R. Then
€3] HR) =g + X ,.w €HOp,.) .

w closed

(Proof. If H(R) < oo, choose h: Z — W with A, = H(R), cf. proof of
(iii) = (ii) in (1.3); then Z has only pseudo-rational singularities, and the
result is given by the exact sequence (1.3a). If H(R) = «, a similar argu-
ment shows that H(Oy,,) = o for some w € W.)

(%) shows that singularities have a tendency to become pseudo-rational,
in the following sense: if 0 < H(R) < o, then either H(Oy, ) < H(R) for all
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w € W; or there is just one w for which H(O,, ,) = H(R), and thene, = 1, all
other singularities on W are pseudo-rational, and H (W, O,,) = 0.

(B) Here is another interpretation of H(R).

We consider ideals I in R such that R/I is zero-dimensional, and such
that for all n>0 the ideal I" is integrally closed. For all large n, the length
of the R-module R/I" is given by a polynomial

;e0<1>(’;> + (D + p(I)

with integers p;(I). In fact, ,(I) = Ay, where W is the (normal) surface
obtained by blowing up I [RS, (5.2) and (23.2)]. From this it can be shown
that

H(R) = sup((1)) -
Thus, Theorem* says: +f R is complete, then

SuDI(ﬁz(I)) <o,

(1b) Birational stability of (analytically normal) pseudo-rationality.

This part (1b) and the next part (1c¢) bring out properties of pseudo-rationa-
lity which make a relatively simple proof of Theorem (1.2) possible.

Let (R, m) be a local ring. (The notation signifies that m is the unique
maximal ideal of R.) A quadratic transform of R is an R-algebra which is
R-isomorphic to the local ring O, ,, for some closed point w € W=Proj(@,,m")
(the R-scheme obtained by blowing up m).

For later application, the principal result of (1b) is:

PROPOSITION (1.5). Let (R, m) be a pseudo-rational two-dimensional
local ring. Then any quadratic transform Sof R is again a pseudo-rational
two-dimensional local ring. Furthermore, if the completion R is normal,
then so is S.

Proof. Let W be the normalization of W = Proj(@.-, m"). Then W is
finite over W, and H'(O5) = 0, and so by [RS, (7.2)] we have m" = H°(m"Oy)
for all » > 0. This implies that m" is integrally closed (cf. e.g. [¢bid., proof
of (6.2)]), and hence [ibid., (5.2)] W is already normal (i.e., W= W). So (1.5)
is a consequence of Corollary (1.4) and the following:

PROPOSITION. Let (R, m) be a two-dimensional normal local ring with
field of fractions K. Let (S, 1) be @ normal local ring with RESS K, mCn,
and such that S is essentially of finite type over R (i.e., S is a ring of
fractions of a finitely generated R-algebra). If R is normal, then so is S.
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Proof. Let S* = S@: R. For any ¢t > 0,
S*m'S* = (S, B = (S/n*) @p/m(B/m'R) = S,

and so nS* is a maximal ideal such that the canonical map of S into the local-
ization T = (S*),,. induces an isomorphism of completions S~ 7. Since R
is excellent and T is essentially of finite type over R, for T = S to be normal
it is enough that T be normal [EGA IV, (7.8.3) (ii), (iii), (V)].

Since S is normal, and dim(S) < 2 (by the dimension formula [EGA IV,
(5.5.8)]), therefore S is Cohen-Macaulay, and hence so is T' (since S = T, for
example). It will suffice therefore to show that T is regular for each height-
one prime P of T.

Note that if K is the fraction field of &, then S* C K ®; R < &, so that
TC K. If PN R+ mR, then

K 272 ﬁpnﬁ ’
since R, 3 is a discrete valuation ring, therefore T, = R rap and Trisregular.
If PNR = mR, then @ = PN S is a prime ideal of S, with Q N R = m.
So the domain S/Q is essentially of finite type over the field RB/m, and there-
fore the completion S/QS is reduced. We have

P2QT=QTnT=@QSNT

so T/QT (=8/QS) is reduced, P/QT is a minimal prime of T/QT, and hence
QT is the maximal ideal of T,. Since the maximal ideal nT & P, therefore
Q # 1, so S, is a discrete valuation ring, and the maximal ideal (@S,) T of
T, is principal; thus T, is regular. Q.E.D.

Remark (not used elsewhere). In view of Remark (A) at the end of
Section (1a), the first part of the proof of (1.5) implies that in the process of
desingularizing Spec(R) (R as (1.8)) by successively blowing up and normal-
1zing, at most H(R) normalizations are actually necessary.

(1c) The tangent cone is an intersection of quadrics.

PROPOSITION (1.6). Let (R, m) be a two-dimensional normal local ring.
Assume that there exists a proper birational map f: W — Spec(R) such that

m0Oy, 18 invertible and H (W, Oy) = 0 (an assumption which certainly holds
if R is pseudo-rational). Let (z, 2, ++-, 2,) beaminimal basis of m, and let

0: S = k[ZOJ ZU M) Zv] — ano mn/mn+1 = Gm
(k = R/m; Z,, ---, Z, indeterminates)
be the homomorphism of graded k-algebras for which

6(Z,) = canonical image of z; in m/m’ 0=1=5y).



162 JOSEPH LIPMAN

Then the kermel of 0 is gemerated by v(v — 1)/2 k-linearly independent
quadratic forms Q. (1 Sa=syly— 1)/2); moreover, if v = 3 then the k-vector
space generated by the linear forms

0Q./0Z; (l=a=yy-—1)20=<j=<v)
has dimension =y — 1.
Remark. More information about the kernel of # and its syzygies can
be found in Wahl’s paper [33].

Proof of (1.6). Simple considerations show that it is permissible to
replace R by the localization of the polynomial ring R[U] at the prime ideal
mR[U]; so we may assume that B/m is infinite. Then there exist elements
x,y € mand an integer ¢>0 such that m**'=(x, y)m* (cf. [30, pages 153-154]).

Remarks. 1 (cf. [31]). If R has multiplicity e, then the m-primary
ideal (x, ¥) also has multiplicity e [30, page 154, Theorem 2]. R being a
Cohen-Macaulay local ring, we have

e = Ne(R/(z, ¥)) (Mg = length of an R-module) ,

and 2 = Ng((, ¥)/m(z, y)) (Nakayama’s lemma) ,
whence
1.7 e + 1 = Ag(m/(z, y)m) = Np(m/m?) = v + 1.

2. (x, y) is part of a minimal basis of m (otherwise, say, xem® + yR,
whence

ma+1 — (x, y)mu ;mu+2 + yma,

so that (Nakayama’s lemma) m** = ym* C yR, which is absurd). The con-
clusions of (1.6) clearly do not depend on the choice of the minimal basis
(%4 **+, 2,), SO We may assume x = z,_,, ¥ = 2,, and correspondingly set
X=2Z,,Y=12,.

Now the basic point (to be proved below) is that in fact
(1.8) m: = (x, y)nt.
This implies that the kernel of @ contains v(v — 1)/2 elements Q,;
0=1=7=v—2)of the form

Q“‘ = Z,,Z] -+ E:;j (a/“‘LZlX =+ b’liLZl Y) + einz -+ f‘”XY =+ g”},2

(with a,j;, biji, €:5, fiiy 9:5€ k). The Q,; are linearly independent, and if v = 3,
then so are the v — 1 partial derivatives 0Q,;/0Z, (1 < j < v — 2) and 0Q,,/0Z,.
Let us show then that the ideal I generated by the Q,; is the entire kernel
of 0, i.e., the map §: S/I — G, induced by 0 is injective.

Let S’ = @.x, S, be the graded k[X, Y ]-submodule of S generated by
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the v homogeneous elements 1, Z,, Z,, ---, Z,_,. Clearly the canonical map
S — S/I restricts to a surjection 4': 8'— S/I. So we need only check that
Goq': S'— G, is injective. But if §o+' had a non-zero element of degree
(say) ¢ in its kernel, then an easy calculation would give, for » = ¢:
dim,(m"/m"*") < dim,(S;) — (n — ¢ + 1)
=@wn+1)—(n—q+1)
=w—1n+agq,
so that ¢ <y — 1, contradicting (1.7).
It remains to prove (1.8).
Let J be the invertible O,-ideal mO,. Since m**! = (z, y)m*, therefore
gt = (z, ¥)9°, and multiplying by 9~ gives
9= (x, YOy .
Note also that
mS H'Y)S HOy) = R
and 1 ¢ H(J), so that H(J) = m.
Now we have an exact sequence of Oy-modules

0— 0y > 9@ I g —0
where @ and B are given locally by
a(t) = te P (—ty) ,
B, Dt,) =ty + tx .
Since the fibres of fhave dimension <1, H?vanishes on coherent O,-modules
([EGA III, (4.2.2)]; or note that W can be covered by two affine open sub-

sets - - ) 9 = (z, ¥)Oy is a homomorphic image of ©%, therefore H'(J) is a
homomorphic image of H(O%) = 0, whence H(B) is surjective, i.e.,

H9?) = (x, H"I) = (2, y)m .

Since m* < H(J?), we conclude that m* = (x, y)m. Q.E.D.
Remark. The bijectivity of G0+ (see above) implies that for all n > 0
1.9) dim,(m*/m**) = vn + 1

(whence, in particular, H(W, Oy) = 0 for W = Proj(@.=, m") [RS, page 253,
(23.2)]). (1.9) could also be proved along the lines of [ibid., page 254, (23.3)];
since (1.9) = (¢ = v) = (1.8) (cf. (1.7)) and (1.9) = (6 o 4" bijective), this would
give another proof of Proposition (1.6).

(1d) An important subspace of m/m*, We now review, in a decidedly
ad hoc way, some techniques of Hironaka insofar as they are required for
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proving (1.2). In this context, Corollary (1.21) gives another consequence of
pseudo-rationality which simplifies the resolution process.

We begin with some preliminary remarks on quadratic transforms and
embedding dimension. Let (R, m) be a local ring with residue field & = R/m,
and let R’ be a quadratic transform of R (cf. (1b)). Then mR’ is invertible,
say mR’' = tR' (tem). R'[tR’is the local ring of a closed point on the closed
fibre Cr = Proj(@,s, m*/m"**). Let v + 1 be the embedding dimension of R
(i.e., the dimension of the k-vector space m/m?), in symbol:

emdim(R) =y + 1.

A minimal basis (z,, 2,, - -, 2,) of m defines a homomorphism of graded
k-algebras

0:klZ] = k[ Zy, Z,, -, Z,) — @pzo m"[m" ™

where the Z, are indeterminates, and 6(Z;) is the canonical image of z; in
m/m? (0 < ¢ £ v). Corresponding to 6, we get a closed immersion of C; into
the projective space P* = Proj(k[Z]). So R'/tR’is a homomorphic image of
the local ring of a closed point of P, i.e., of a regular local ring of dimension
y; thus emdim(R'/tR’) < v, and we conclude that

(1.10) emdim(R") < v + 1 = emdim(R) .

The following simple observation gives a useful sufficient condition for
strict inequality in (1.10).

LEMMA (1.11). With preceding notation, let h € k| Z] be a homogeneous
polynomial with 6(h) = 0, and let HZ P* be the subscheme h = 0 of P* (so
that Cr & H=Proj(k[Z]/R)). Let¢& e Cybethe pointwhoselocal ring is R'/mR'.
If & is a regular point of H then

emdim(R’) < emdim(R) .

Proof. R'/mR’ = R'/tR’ is a homomorphic image of the regular local
ring O, whose dimension is <y; thus emdim(R'/tR’) <v, and so
emdim(R') <y -+ 1. Q.E.D.

In attempting to resolve pseudo-rational singularities by blowing up,
we will naturally be most interested in the quadratic transforms R’ for
which emdim(R’) = emdim(R). We can gain some control over these R’ by
means of a certain k-vector subspace of m/m? which corresponds to some bad
singularities of the tangent cone.

Let (R, m), k[Z], 6, be as above. For any homogeneous heck[Z] let
3, S P’ be the set of singular (i.e., non-regular) points of the scheme
Proj(k[Z]/h); and set
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S =3 (6(r) = 0) .
Note that 8 restricts to an isomorphism
6,: (linear forms in k[Z]) ==, m/m*.
We define a k-vector subspace Vi of m/m?:
Vz = {v e m/m*| the linear form 6;'(v) vanishes everwhere on Z,} .

It is easily checked that V, depends only on R, and not on any choice
of basis for m.

Say that an element v € m/m® vanishes at the quadratic transform R’ of
R if the linear form 6;'(v) vanishes at the point ¢ € Cr S P* whose local ring
is R'/mR’ (cf. preceding remarks). Anequivalent and more intrinsic condition
is the following (proof left to the reader): if v is the natural image of, say,
7 em, then v vanishes at R’ if and only if mR' < TR'.

Now, as an immediate corollary of (1.11) we have:

COROLLARY (1.12). If R’ is a quadratic tramnsform of R such that
emdim(R’) = emdim(R) then all the elements of Vi vanish at R'. In parti-
cular, if Vi = m/m® (i.e., X, 18 empty) then for all quadratic transforms R’
of R we have emdim(R’) < emdim(R).

Let 7 be the*codimension of Vyin t;t/mz. From (1.12) it ;ppears that
as far as resolution is concerned, the smaller 7 is, the better. We will see
below ((1.19) and (1.20)) that for pseudo-rational two-dimensional R, 7, is
always <2, and almost always <1. For this purpose, and for other valuable
information about V, we need the following very special case of Hironaka’s
results in [15].

LemMA (1.13). Let k[Z] = k| Z,, -+, Z,] be a polynomial ring over a
field k, k[ Z], = linear forms in k[Z], P* = Proj(k|Z]). Let Qek[Z] be a
non-zero quadratic form, andlet X, = P” be the set of singular points of the
scheme Proj(k[Z]/Q). Let T be a subset of X, and let V, (resp. Vs) be the
k-vector subspace of k[Z], consisting of those linear forms which vanish
everywhere on X, (resp. X). Then:

(i) If V is a k-vector subspace of k| Z], such that Q € k[ V] (the k-sub-
algebra of k[ Z] generated by V), then V2V,

(ii) Conversely, if the characteristic of k (char k) is 2, then Q e k[ V],
and

(iii) 4f char k = 2 and the dimension dim,(Vs) = v — 2, then Q € k[ Vx].

Proof. (i) If Q €k[V], then clearly any point &+ (0,0, ---, 0) of k***
where all the forms in V vanish represents a point of X, so that L(¢) =0
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for all L € V,. Consequently V2 V,.

(ii), (iii). Let (X,, ---, X,) be a (vector space) basis of V5, and expand
it to a basis (X;, +++, X, Y,, -+, Y,) of k[Z], (0 = v — ¢ — 1). Expressing @
as a form of degree 2 in the X’s and Y’s and using the fact that

0Q/0X; e Vs 0=1=p), 0Q/0Y;eVs 0=7=p),

we find that
(1.14) Q=QX)+Q"(Y)
where

Q(X)ek[X,, -+, Xu] = K[ V5],

Q"(Y) ek[Yo’ *t %y Yp] ’
and where furthermore
(1.15) 0Q"/0Y; =0 O=s5=0.
If char & = 2, then (1.15) forces Q” = 0, and (ii) follows (take X = X,).

If char k& = 2, then (by(1.15)) Q" must be of the form
(1.16) Q' =aY;+ - +a,Y; (a;€k) .

Identify the linear space A & P* defined by X, = X, =---= X, = 0 with
P’ = Proj(k[Y,, Y}, -+, Y,]) = Proj(k[Y]). Suppose Q" 0. I claim that:

1.17) If a linear form L ck|Y | vanishes everywhere on the singular
locus of Proj(k[Y']/Q"), then L = 0.

For, if L = 0, then L cannot lie in Vy (which is generated by the X'’s),
so L(¢) # 0 for some e Z. But all the X’s do vanish at &, and Q(&) = 0, so
Q"(&) = 0(cf. (1.14)); and since L(¢) 0, & must be regular on Proj(k[ Y 1/Q")=
A N (Q = 0); hence ¢ ¢ I,, contradiction.

Now one checks (keeping in mind (1.16)) that if

y—2=<dim(Ve) =p+1 (e, p=2),

then (1.17) is false. (In fact, using Zariski’s mixed Jacobian criterion [34a,
page 39, Theorem 11]—or otherwise—one finds that the singular locus of
Proj(k[Y]/Q") is a proper linear subvariety of P».) Hence Q" = 0 in this case
too, and (iii) is proved. Q.E.D.
COROLLARY (1.18). Let (R, m), 6 be asin (1.6), let K, be the setof quadratic

forms tn the kernel of 6, and let
2 = Neex, Zo (notation as in (1.13)) .

Then
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and consequently dimy(Vs) =y — 1. Furthermore, if V is any k-vector
subspace of k[Z], such that K, k[ V'], then V2 V5.

Proof. For K,< k[ V5] it suffices, by (1.13), that dim,(Vs) = v — 2; but
this inequality is trivial if ¥ <2, and if v = 3 the last assertion of (1.6) even
gives dim (V) =v — 1.

Since K, S k[ V5] and dim,(K,) = v — 1)/2 (cf. (1.6)), we must in fact
have dim,(Vs) = v — 1 for any v.

The proof of the last assertion is similar to the proof of (i) in (1.13).

With the notatcion and assumptions gf (1.18), since K, geantes the
kernel of 4 (1.6), it is clear from the definition of V that
(1.18a) Vs=0(Vs) = Vz.

As before, we set
Tr = codimension of V; in m/m?.
(1.18) and (1.12) now give:

COROLLARY (1.19). Let R be as in (1.6). Then t, < 2. If7;= 0, then
for every quadratic transform R’ of R, we have emdim(R’) < emdim(R).

Under suitable conditions the inequality 7, < 2 of (1.19) can be improved:
the following generalizes somewhat a remark of Hironaka communicated to
me by Wahl.

PROPOSITION (1.20). Let (R, m) be a two-dimensional normal local ring
of embedding dimension v + 1=4, let W be the normalization of W=
Proj(@.z. m"), and assume that W is finite over W and that H'(Oz) = 0
(assumptions which certainly hold if R is pseudo-rational®). Then t, < 1.

Before proving (1.20) we note:

COROLLARY (1.21). With assumptions as in (1.20), there ©s at most one
quadratic transform R' of R such that emdim(R’) = emdim(R). If such an
R’ exists, then it has the same residue field as R.

Proof of (1.21). If 7, = 0 use (1.19). If 7, =1 (i.e., dimy(V;) = v) let
(x, 2, -+, 2,) be a generating set of msuch that V; is generated (as a k-vector
space) by theimagesof z,, - - -, 2z, inm/m?. By (1.12), if emdim(R’) =emdim(R),
then mR’ = xR’ and z;/x is a non-unit in R’ (1 < 7 < v); hence R’ must be the
localization of RJ[z/x, ---, 2z,/x] at the maximal ideal generated by
x, 2,/x, -+, 2,/x, and our assertion follows.

Proof of (1.20). To begin with, our assumptions imply that W is

@ or even if R is reduced and H(OW,») = H(R) <o for some we W (§(1a), Remark (A)).



168 JOSEPH LIPMAN

normal (cf. proof of (1.5)).

Next, if 7, > 1, then by (1.19) 7, = 2, i.e., dim,(V;) = v —1. Choose a
generating set (z,, 2, * -, 2,) of m such that the k-vector space V; is gen-
erated by the images of 2, z,, ---, 2,_, in m/m?. Since the kernel of 4 is
generated by v(v — 1)/2 independent quadratic forms Q. €k[Vs] (cf. (1.6)
and (1.18)), and dim,(Vs) = dim,(Vj) = v — 1 (remark preceding (1.19)), we
must in fact have
(1.22) kernel of 0 = (Z,Z))k|Z,, ---, Z,] =i <v—2)

= (Zo’ ) Zv—z)zk[Zoy M) Zv] .
Thus in R we have z;z; e m?®, i.e., withI = (2, -+, 2,_,)R,and 2,_, = x, 2, = ¥,
we have relations
(1.23) z:z; — Gz, y) € Im? 0=it=sj=v—2)
where G,;(U,, U,) € R[U,, U,] (U,, U, indeterminates) is a cubic form.

Now, fixing 7 and 7, since v = 3 we can choose l # i with0 Iy — 2,
and then, by (1.23),

2Gii(x, ¥) — 2,Gy(x, y) e "M S
so if G is the natural image of G in k[U,, U,], we have
Z2Gi( 2., Z,) — Z.Gi(Z,_,, Z,) ckernel of 0,
and since I # 4 it follows at once from (1.22) that G,; = 0, i.e., all the coef-
ficients of G;; lie tm m. This implies that W is not normal (contradiction),
as follows:

Let R’ be a quadratic transform of R. Then R’/mR’ is the local ring of
a point of the subscheme of P* defined by the ideal (Z,, ---, Z,_,)*. Hence
the images of the z; (0 =7 <y — 2) in m/m® vanish at R’, so the principal
ideal mR’ is generated either by x or by %, say mR = zR’; and if
I' = (zfz, - -+, 2,_,/x)R’, then
(1.23a) VaR = (I', zR') # 2R’ .

From (1.23) we get
(#:/x)(25/x) — 2Gi5(1, y/x) e xl’ .
Since all the coefficients of G;; lie in m E xR’, we deduce that
Il + 2*R' .
It follows that for any valuation ring R,2 R’, we have I'R, Z zR,, and so
(I'/Jx)< integral closure of R'.
Since I' £ xR’ (1.23a), R’ cannot be normal.
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(1e) Proof of Theorem (1.2). We are now ready to prove Theorem (1.2).
With Y as in (1.2), let y,, ¥,, - -+, ¥, be all the singular points of Y, and

set
v(Y) = max, ..., ) (=1if Y is non-singular) .
Assume that v(Y) > 1. Choose % such that v, = v(Y), and let Y’ — Y be
obtained by blowing up y,. Then (1.5) implies that for each singular point
y of Y’, the local ring O, , is two-dimensional and pseudo-rational. Y’ has

at most finitely many singular points (use [EGA IV, (6.12.2)] and the fact
that Y’ is a normal surface). Furthermore,

(Y =w(Y) (cf. (1.10)) .
Now repeat the procedure with Y’ in place of Y, to get Y” — Y, etec.
Theorem (1.25) below obviously implies that after a finite number of steps
we obtain a surface Y * with ¥(Y*) < v(Y), and from this Theorem (1.2) fol-
lows at once.
A quadratic sequence is a sequence (finite or infinite) of homomorphisms
of local rings
(1.24) R — R — R,— -

such that for each ¢ > 0, R, isa quadratic transformof R, ,, R,_, — R, being
the canonical map. (Often, but not always, the maps will just be inclusions.)

THEOREM (1.25). Let (R, m) be & mon-regular two-dimensional pseudo-
rational local ring with mormal completion R. Then there exist only
Jfinitely many quadratic sequences (1.24) for which R = R,, R, is an R-sub-
algebra of the fraction field of R for all 1 =0, and

emdim(R,) = emdim(R,) = emdim(R,) = --- .

(In particular, the number of members of such a sequence is bounded above
by an integer depending only on R.)

Proof. Keep in mind that for any quadratic sequence as in (1.25), all
the R, (1 = 0) are two-dimensional pseudo-rational local rings with normal
completions (cf. (1.5)).

We have 7, < 2 (1.19). If 7, = 0 then the assertion is trivial (1.19).

Suppose next that 7, = 1. Then if R, exists at all, it is uniquely de-
termined by R (proof of (1.21)). Set R, = R’ (assuming that B, exists). Let
k = R/m, and let (x, z,, -- -, 2,) be a minimal generating set of m such that
the k-vector space V; is generated by the images of (z,, - - -, 2,) in m/m?® then
we have (cf. proof of (1.21)) mR’ = xR’, the maximal ideal m’ of R’ is gen-
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erated by (x, 2i, ---, z,) where z; = z,/r (1 £¢=<v), and the residue field
R'/w' = k.
Let
0: kX, Z,, +++, 4,] — @,z m"/m" "

be as usual, and let Q be a quadratic form in the kernel of . By (1.18a) we
have

(1.26) Vs=kZ, +kZ,+ -+ + kZ,,
and by (1.18),
Q=QZ, -+, Z,)eklZ, ---, Z)].
Since 6(Q) = 0, there is a relation in R of the form
Q*(zy «++, 2,)eut

where Q*eR|Z,, -+, Z,] is a quadratic form whose natural image in
klZ, -+, Z,] is Q. Dividing by «?, we see that in R’,

Q*(2l, +++, z)€xR’ .
Since emdim(R’) = emdim(R) = v + 1, therefore z¢(z, ---, 2,)R’, so we
must in fact have

Q*(z1, +++, z)eaxm’ .
Hence if

0" kX, Z,, +++, Z,] — @pzo (W')"/(mt')" "

is as usual, then the kernel of ¢’ contains a quadratic form Q'(X, Z,, -+-, Z,)
such that

(1-27) Q’(O’ Zu ) Zv) = Q(Zu M) Zv) .
I claim that 7, < 1. For, by (1.18)
Q ek Vs] (self-evident notation)

whence, by (1.27),
Qek[V']

where V'istheimage of V5, under the k.-homomorphism : k[ X, Z,, «-+, Z,]—
k[ Z, ---, Z,] for which y(X) = 0 and ¥(Z,) = Z, (1 =< ¢ = v). Since Q is an
arbitrary member of K, (notation of (1.18)) we have K,Zk[V'], so by
(1.18) V' 2 V5. Hence (cf. (1.26))

v = dim(V3) < dimy(V’) £ dimy(Vz) = dimy (V)
(the last equality by (1.18a)), so that
7z = emdim(R') — dim,(Vy) =v + 1 — dim,(Vz) < 1.
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Furthermore f the image of x in (w')/(n’)* 18 in Vy, then 7, = 0. For
then X' lies in the hyperplane X = 0, and hence is contained in X,, the inter-
section of the singular sets of the schemes

(@ = 0)N (X = 0) = Proj(k[Z,, ---, Z,]/Q) (0#QeK,).

If V,is the space of linear forms in k[Z, ---, Z,] vanishing on X, then
K,Sk[V,] {(cf. proof of (1.18)), so V,2V5 (1.18), and therefore all the
Z,(l=<i1=v)arein V,, i.e., I, is empty. Thus X’ is empty, and

dim(Vy) = dimy(Vs) =v + 1 (cf. (1.18a))

i.e., 7z = 0.

If 7. = 0, then we are done (1.19). Otherwise, we can repeat the whole
preceding argument with R, in place of R and R, in place of R’, but with
the same x. If (1.25) is false, then continuing in this manner, we find a
quadratic sequence whose existence contradicts the following proposition:

PROPOSITION (1.28). Let R,be any (noetherian)local ring of dimension >0
whose completion R, has an isolated singularity (i-e., for any non-mazimal
prime ideal p in R,, the localization (R,), is regular). Let Ry— R,— R,—---
be an infinite quadratic sequence satisfying:

(i) there is an element x in R, such that for all n =0, m,R, ., = 2R, ,,
(m, ts the maximal ideal of R,), and

(ii) for all n=0, R, ., has the same residue field as R, (i.e., the natural
wnclusion R,/m,= R, /m,., 18 an isomorphism).

Then for all sufficiently large N the local ring Ry is regular.

Before proving (1.28), let us consider the case 7, = 2. In this case, v = 2
(1.20). A discussion of this case, with many more details than we need here,
is given in [RS, pages 264-268]. (N.B. The integer 7 of loc. cit.is 3 —75.) A
perusal of this discussion shows that we need only consider the case where,
for a suitable basis (z, ¥, 2) of m, we have a relation of the form

(1.29) Z—xyfezm® + (x, y)m.

Setting R, = (R', '), we have two possibilities (cf. [bid., page 266]): either
R' is the unique quadratic transform of R such that m' is generated by
(¥, /Y, #/¥), in which case 7, = 0, and R, does not exist (1.19); or R’ is the
localization of k[x, y/x, z/x] at the maximal ideal generated by z, ¥’ = y/x,
Z' = z/x (so that R’/m’ = k). In this latter case, we have (after dividing
(1.29) by 2?) a relation

()Y —x@y)YexR + 2*R’ .

If 7, < 2, then we have a previously considered case. If tp = 2, then either
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we have case (ITI b) or (ITL ¢) of |loc. ctt., page 265], in which case there are at
most three possibilities for R, and none for R,; or we have, after replacing
2 by 2 + ax and ¥’ by ¥’ + Bx for suitable @, 8¢ R’, a relation

(@) — 2@y yeZ@') + (z, y')nr’ .
Now we can repeat the argument with R, in place of R and R, in place of

R'. Continuing in this way, we obtain, as before, a contradiction with (1.28).
It remains to prove (1.28).

(1f) Proof of Proposition (1.28).

(I) To begin with, we can reduce to the case where R, is complete, as
follows: Let ¢: (R, m) — (B,, m,) be a homomorphism of local rings with
#(m) C (m,), such that the induced map of completions ¢: R— ﬁ* is an iso-
morphism; in particular, R, is flat over R, via ¢. Let (R’, m’) be a quadratic
transform of R. Then n = m'(R’' @, R,) is a maximal ideal of B’ @y R,; the
localization R, = (R’ @r R,). is a quadratic transform of R,; and the natural
map ¢': R' — R’ induces an isomorphism of completions. (The proofs of these
statements, and the consequent reduction to the case where R, is complete,

are left to the reader.) Assume then that R, is complete, and has an isolated
singularity.

(IT) Note that x is not a zero-divisor in R, for n > 0, since 2R, = m,_,R,
is tnvertible. In particular, x ¢ x*R, = m:R,, so x ¢ m?, and we can extend x
to a minimal generating set (z, %, *--, ¥,) of m,.

I claim that there exist elements p; th Ry (1 =1,2, «++, ;0= 5 < =)
such that, for each j =0, m; is generated tn R; by the elements x, y,;
(t=1,2, «--,v) where

Yi; = ¢j(x)_j¢j(yi — Ou — Pu — pizxg — s = (Oi:ixj) ’

¢; being the composed map R,— R, — -+ — R;. (From now on, to avoid
cluttering up formulas, we treat only the case where all the maps ¢; are
inclusions. So for example, we can write

Yij = x_j(yi — O — Pnt — =+ — ‘oi’_xi) .
To obtain the proof for the general case, the concerned reader can insert
#;’s in the following arguments as required.) The assertion is clear for j =0,

with o, = 0 for all 7. We proceed by induction from jtoj + 1. By assump-
tion, R;,, is the localization R}, where

R — Rj[ﬂ, . h];Rm
X X

and
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q=m,;,, NR*.
Since R;,, has the same residue field as R,, we can find o, ;,, € R, such that
Yo Os,541 €My
x
Then the canonical map
Rijm; — R*/<-’U, i 01541 *°° Yoi &Ou,m)
x x
is bijective, so that (x, - -+, (¥,;/x) — Ps,j41 *-+)Is a maximal ideal, necessari-
ly equal to q. The assertion for 5 + 1 follows.
(III) Next, we define elements z, € R,:
B = Yy — Do Piid (t=1,2 «++,v).
Then
a7z, = y,; (mod xR;) (0=j<e)

and so m; is generated by (x, 2772,, - - -, #772,). It follows that for any 7 =0,
xj € (zu *t %y zv)Ro = po (Say) .

So R,/p, has dimension = 1, and since its maximal ideal is generated by the
image of x, R,/p,is a discrete valuation ring; thus p,is a prime ideal. Similarly
for any j = 0, the ideal

p; = (772, -+, 2792,)R;
is prime, R;/b; being a discrete valuation ring with maximal ideal generated
by the image of z.
For j < 5/, wehave b;C);,, x € p;,; o p; is the contraction (inverse image)
of p;, in R;. Hence, since blowing up a point induces an isomorphism outside
the point in question, we have isomorphisms

(Ro)yy == (R)y, == (Ry)y, =, -

Note that by assumption (R,),, is a regular local ring, of dimension, say,
d. Sothe same is true of (R;),; (=0), and therefore R; has Krull dimension
>d + 1. We will show: for all sufficiently large N, py is generated by d
elements (whence my is generated by d + 1elements). For such N, therefore,
R, is regular, of dimension d + 1, as desired.

(IV) Fix an integer j, set R = R;, p = p;, 2; = v z,. After rearrang-
ing, we may assume that (z;, - - -, 2;.) (#=v) is a minimal basis of p. Clearly
for N =0, p;.y is generated by vz, - -+, x7"z,. It will therefore suffice to
show that if st > d, then for all sufficiently large N, p;, 5 is generated by a
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proper subset of {x Yz, -+ -, 2.}

Recall that R, is regular, of dimension d, and that R/p is a discrete
valuation ring, with maximal ideal x(R/p). We may therefore assume that
21, -+, 2, generate pR,, whence (¢ being > d) there is a relation

(1.30) WE = Y e WRl (wa €9) ;

furthermore, for suitable units ¢, in R, and suitable ¢, with 0 < ¢, < «, we
have

w, = gx" (mod p) (t=12 ---,d, 1t)
(by convention z~ = 0), so that (1.30) gives
(1.31) ez, =Y 0 ex"z; (mod p?) (@u < ) .
Let
q = min(qy, **+, 94, ¢x)
so that ¢ < q, <<o. Dividing (1.31) by z**, we obtain, in R;,,,
g () = Y0 " T (v2)) (mod §2,,) .

Since one of the exponentsq, —q (t = 1, 2, -+ -, d, ££)is 0, we see (Nakayama’s
lemma) that in the basis (x7 %], - - -, 7)) of p;,,, at least one of the members
%, (t=1,2, -+, d, 1) is redundant.

This completes the proof of Proposition (1.28) and of Theorem (1.2).

(1g) Uniformization of rank two valuations by blowing up and normal-
izing. From (1.28) we can deduce a special case (needed in Section 3) of “local
uniformization.”

Let R be a noetherian local domain, and let v be a valuation of the frac-
tion field K of R, such that v dominates R (i.e., v(#) = 0 for all » € R, and
v(r)>0 if 7 is a non-unit in R). The “normal transform” of R along v is the
unique local ring R* of a point on the normalization of the blow-up of (the
closed point of) Spec(R), such that R* is dominated by ». The “normal
sequence along v determined by R” is the sequence

(1.32) R=R, <R <R, < -~
where for each 7 = 0, R,,, is the normal transform of R, along v.

PRrROPOSITION (1.33). Let R be a two-dimenstonal local ring whose com-
pletion R is normal. Let v be ¢ rank two valuation of the fraction field of
R such that v dominates R, and let (1.32) be the normal sequence along v
determined by R. Then for some N, the local ring Ry is regular.

Proof. We first remark that all the local rings R, are essentially of
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finite type over R, and have normal completions. The proof is by induction
on n: if R, is normal, then by Rees [28], R,,, is essentially of finite type over
R,, and fx’m is normal (cf. Proposition in §(1b)).

Next, we recall that the valuation ring R, of v 18 Unzo R (cf. |34,
Theorem 10, page 681] for surfaces over fields; a similar argument works in
the general case—use the following results in [38]: Corollary, page 21;
Proposition 1, page 330; Corollary 2, page 339; and the argument in the
middle of page 392).

Now v is discrete of rank two ([1, page 330, Theorem 1], or [38, page 338,
Corollary 1]), and hence the maximal ideal of R, is principal, generated, say,
by x. Furthermore, for each n = 0, the residue field %, of R, is finite algebraic
over the residue field &, of R, (loc. cit.). Hence for some m we have xr € R,,
and k, = k,. Without loss of generality assume that m = 0; then from (1.28)
it follows that v dominates a regular local ring R’ essentially of finite type
over R, (namely some member of the quadratic sequence “along v” starting
with R,).

Since R, = U.s, R,, therefore R, contains R’ for some n, and R, is
essentially of finite type over R’ (cf. beginning of this proof). From (1.4)
we get that R, is pseudo-rational. Then from (1.28) and (1.5), we conclude
that R, is regular for some N = n.

2. Duality and vanishing

(2a) The dual of H'e.vrvrireieinineeeeeeneeeeeeneneeneoeneennns 175
(2b) Proof of Theorem (2.8)...ccueeeernnreneenneneenncocooananns 178
(2¢) Proof of Theorem (2.4) ...vveeeereeeeeeneeeeeeoennoeaeanens 183
(2d) Appendix: Duality with supports .....c.covevereernnenneeneans 187

(2a) The dual of H!. The purpose of Section 2 is to establish an ap-
propriate generalization of the relation (xx) of the introduction. To state
things precisely, we need some preliminary definitions.

Let R be a two-dimensional regular local ring, with fraction field K,
and let S be a two-dimensional regular local ring with RS S< K. Then [1,
page 343, Theorem 3] there is a unique quadratic sequence

R=RCRcCc---CR,=318
(i-e., each R, (0 < ¢ =< n) is a quadratic transform (§(1b)) of R, ,). We define
a fractionary S-ideal ws =2 S by induction as follows:
w, =R,
Wp,,, = O (MR )™ (1=0)
where n1; is the maximal ideal of R, (so that ny,R,,, is an invertible R, -ideal).
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Using the fact that any proper birational map of non-singular surfaces
can be factored into a sequence of blow-ups ([36, page 46]; cf. also [RS, page
204]) we see easily that for any proper birational map f: Y — Spec(R) with
Y non-singular there is a unique tnvertible Oy-submodule wy of the constant
sheaf KOy (=sheaf of rational functions on Y) such that for any closed
point y € Y, with local ring S = Oy, the stalk wy,, coincides with ws.

Now let L be a finite algebraic field extension of K, and fix a non-zero
K-linear map T: L — K. (For example T could be “Trace” if L is separable
over K.) Let f: Y — Spec(R), wy, be as above, and for any ye Y let O, be
the integral closure in L of the local ring Oy ,. Set

Cy = {reL| T(10,) S wy, forallye Y}.

In particular, set

C = CSpec(R) .
Iclaim that C, £ C. For this, it clearly suffices to show that
2.1) R=Nyerov, (=HY, wy)) .

But if f(y) = p e Spec(R), and p is not the maximal ideal in R, then w; , = R,,
and from this (2.1) is immediate.

Here is the main result.

THEOREM (2.2). Let (R, m) be a two-dimensional regular local ring,
with fraction field K, and let L be a finite algebraic field extension of K
such that for every proper birational f: Y — Spec(R) with Y non-singular,
the normalization Y of Y in L is finite over Y.' Let I be the injective
hull of the R-module R/m. Then, with Cy < C as above, there is am iso-
morphism of R-modules

C/Cy =~ Hom(H Y, Oz), I) .

The precise role played by Theorem (2.2) in the proof of Theorem* §(1a)
is explained at the beginning of Section 3.

Theorem (2.2) is a consequence of the following two results. First there
is a “duality theorem” (2.8), which is actually a special case of a corollary
of Grothendieck’s local and global duality theorems (cf. Appendix (2d) below).
In order to make this paper independent of the massive machinery of duality
theory, I will give an ad hoc proof; it should however be said that the first
proof I had was the one presented in the appendix. The result itself was

1 It suffices for this that L ®x K be reduced, where K is the fraction field of the com-
pletion R (cf. [28] and [EGA Ouv, (23.1.7)]).
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suggested by Laufer’s use of Serre duality in [22].
Secondly there is a “vanishing theorem” (2.4) which generalizes a result
of Laufer ([22, Theorem 3.2]).!

THEOREM (2.3). Let (R, m) be a two-dimensional regular local ring and
let f: Y — Spec(R) be a proper birational map with Y non-singular. Set
© = Wy, and let E = f~({m}) be the closed fibre on Y. Then Hi(w) = I, the
wnjective hull of R/m; and for all coherent Oy-modules ¥, the Yoneda map

H3(F) — Hom(Ext}, (¥, @), Hiw))
18 an 1somorphism.
Explanation. To any element
0—mw—G—F —0
of Exty (¥, w) associate the coboundary map Hi(F) — Hi(w). This gives a
pairing
Exts, (F, w) X Hy(F) — Hi(w)
to which the map in (2.3) corresponds.

THEOREM (2.4). Let A be a two-dimensional normal semilocal ring with

Jacobson radical n, let g: X — Spec(4) be a proper birational map with X

normal, and let E,, - - -, K, be the irreducible componentsof E = X @, (4/n).
If £ is an invertible Oy-module such that (£-E,)<0 for all i, then Hy(L)=0.

Explanation. E, is a curve which is proper over a field k¥ = A/m, m
some maximal ideal of A; (£-E,) is by definition the degree (over k) of the
invertible O,-module j*&£, where j: E; — X is the inclusion map.*?

Before proving (2.3) and (2.4), let us deduce (2.2). Let 7: Y— Y be the
canonical (finite) map. It is easily seen that

Cy = H(Y, Cy)
where C, is the O -module
Cyp = oo (1,07, ®) @=w,).

Furthermore, since Y is regular, of dimension 2, both 7,07 and C; are locally

! For Laufer’s result in any characteristic p=0, cf. [32, page 21, Prop. (2.6)]. For higher-
dimensional generalizations (in char 0), ef. [5].

2 In the proofs of (2.3) and (2.4) we will use freely the properties of intersection numbers
given in §§10-and 13 and page 221 of [RS]. Correction: In Lemma (10.1) of loc. cit., replace
FD N by FQ N, also, in the proof replace both ixi*F and i4i*8 by Ba(F)+7(8), where «, B8, r
are given by

~
F —— 141*F ——)ﬁ 1x1*8 4-—-7 8.
@
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free Oy-modules, of rank [L: K]. Hence
H(Y, O5) = H(Y, 7,O%)
= H(Y, e, (Cy, w))
= Exth, (Cy, @)
and (2.3) gives an isomorphism
Hi(Cy) ==, Homy(HY, O5), I) .
So to prove (2.2), we need an isomorphism
C/Cy =, Hy(Cy) .
Let
U=Y — E = Spec(R) — {m}.
Then we have an exact sequence
0 — Hy(Cy) — H(Y, Cy) — H(U, Cy) — Hi(Cy) — H(Y, &)
N
and we need only show that H(Y, C;) = 0. But
HY(Y, Cy) = H(Y, 5Z..(x,O5, ®))
= Exty (7,05, @)

is a finite-length R-module which is Matlis-dual (by (2.3)) to

Hi(7,O7) = Hy(Oz) (B =n&E);
and by (2.4), applied to the map ¥ — Spec(R) (B = integral closure of R in
L) we have H;(O5) = 0. Q.E.D.

(2b) Proof of Theorem (2.3).

LEMMA (2.5). @ = O(K), where X 1s the unique effective divisor sup-
ported on E such that for every effective divisor D supported on E we have

(2.6) (X-D)=—(D-D) — 2y(D)

(where (D) = B°(Op) — 1'(Op), h'(+) being the length of the R-module
Hi(Y, '))'

Proof. It is clear that w = O(X) for some effective divisor X supported
on E. If (2.6) holds for X, then the “uniqueness” statement follows from
the negative definiteness of the intersection matrix ((E;-E;)).

f: Y — Spec(R) can be realized as a succession of n blow-ups, where n
is the number of irreducible components of E. We proceed by induction on
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n. There being nothing to prove if n = 0, it suffices, then, to show that if
(2.5) holds for Y, and if g: Y’ — Y is obtained by blowing up a closed point
y € Y, then (2.5) also holds for Y.

Let E, ---, E, be the (reduced) irreducible components of E, let
E;=97'(y), and let E/ be the proper transformof E,on Y’, i.e., E; =g '(E,)—
¢,E,, where ¢; = 1 if y lies on E; and ¢, = 0 otherwise (1 <4 < n). Then
E,, E,, --+, E, are the irreducible components of E’ = (f o g)7({m}).

Setting w, = O(K), 0y = O(K'), we have (by the definition of )

X'=g"(X)+ E, .
Now ¢ %(K)-E, = 0[RS, bottom of page 227], and (E; - E,)= —x(Ey), so that
(X' Ey) = (B¢ Ey)=—(Eq; - Ey) — 2)(E) .
Furthermore, for 1 < v < n we have
(X'-E)) = (97(XK)- E;) + (B E{)
= (X-E,) + ¢(E;-E) (Lbid.]) .
The inductive hypothesis gives
(X-E,)=—(E;-E,) — 2x(E,) .
Since g maps E/ isomorphically onto E;, therefore
X(E) = y(E) .
Finally,
(E{-E)) = (g7(&,)-E}) — e(E;- E;)
= (E;-E,) — ¢(E,-E) ([ebid.]) .
Combining all these equalities, we get
(X'-E))=—(Ei-E;) — 2y(&;) .
Thus
(2.7) (X'-D")=—(D"-D") — 2x(D")
holds (on Y’) if D’ is any one of the irreducible components of E’. Since

both sides of (2.7) are additive in D’ (cf. [RS, middle of page 249]), (2.7) must
hold for any effective D’ supported on E’. Q.E.D.

LEMMA (2.8). Let X be as in (2.5). Then for any effective divisor D on
Y supported in E, the R-module H(Y, O(D)) has length

M:%m—nm.

Proof. We have an exact sequence



180 JOSEPH LIPMAN

0— Oy — (D) — O,(D) —> 0.
Since H'(Oy) = 0 (because R is rational, §(1la)), and H*Oy) = 0 (because the
fibres of f have dimension < 1), therefore we have an isomorphism
HY(O(D)) =, H(95(D)) .
Furthermore, the restrictions of O, and O(D) to U = Y — E are both equal
to Oy, and we see from the natural commutative diagram
0 = Hy(0(D)) — H(Y, O(D)) — H(U, O(D))

I |

HO( Y; GI) — HO( U; OI)
R — H(U, O,
that 7 is bijective, whence
(2.9) H(Ox(D) S H'(©Oy) =0.
It follows that
Ap=—h(On(D)) + B{(On(D))=—1(0n(D)) .
But
(D-D) = x(0n(D)) — (D)
(IRS, top of page 223]), and by (2.5)
(X-D)=—(D-D) — 2¢(D)
so that
(X — D-D)=—2[(D-D) + x(D)]
= —27(05(D))
':ZND - QoE.D.
COROLLARY (2.10). HYY, w) = 0, and hence Hi(w) = 1.
Proof. Sincew=0(X),(2.8)showsthat H'(Y, w)=0. SettingU=Y—-E=

Spec(R) — {m}, we have H'(U, O,) = I [10, Propositions 4.10 and 4.13]. Final-
ly, we have an exact sequence

0= HY(Y,w)— H'(U, w)— H}(w)— H Y, w) = 0.
HX(U, Op) Q.E.D.

We proceed now with the proof of (2.8). Since Y is obtained from Spec(R)
by a sequence of blow-ups, there is an effective divisor D on Y supported
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in E such that the invertible Op-ideal O(—D) is very ample. So, with
O(p) = O(—pD) (p = 0, =1, +2, --.), there is for any coherent Oyr-module
J an exact sequence
O(—my —2 O(— ) —2> F —0
with suitable positive integers s, ¢, m, n (m = n). Here n can be chosen as
large as we please. For any R-module M, set
M* = Homg(M, Hi(w)) = Homg(M, I) (cf. (2.10)) .
We have then a commutative diagram with exact rows
HEO(—m)*) —— HEO(—n)) —— HHF) ——0
2.11) | | |
Hom(O(—m)*, ®)* — Hom(O(—n)', ®)* — Hom(F, w)* — 0.
We want to show that
(2.12) For any sufficiently large n the natural map
8: HY(O(—mn)) — Hom(O(—n), w)*
18 bijective.
In view of (2.11), (2.12) will imply that for any coherent ¥ the natural
map
Hi(F) — Hom(¥F, w)*
is bijective. We can then prove (2.3) as follows:
If S is the kernel of B, we have a commutative diagram
HY(O(—n)) ———— Hy(F) —— HYS) ——— H3(O(—n))
ew | | ! i
Ext(O(—n), 0)* — Ext(F, 0)* — Hom(8, )* — Hom(O(—n)’, w)*
with exact rows, the last two vertical arrows being isomorphisms, and the
first two arising from Yoneda pairings. If » is sufficiently large, then
Ext(O(—n), ®) = H (0 ® O(n)): = 0.
Furthermore, for any n = 0,
(2.14) Hy(O(—n)")=0.

(This special case of Theorem (2.4) can be proved directly as follows: O(1),
being very ample, is generated by its global sections; since O(1) £ O, we
conclude that

(2.15) O(1) = nOy
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for some m-primary ideal 1t in R. Then, as in the first part of the proof of
(2.4) (§(2¢) below), we see that

Hi(O(—n) = lim HY(O(—n — £)/0y) ;
t

but, with » = n + ¢,

HY(O(—n — t)/0y) = H(O,s(rD)) = 0 (cf. (2.9)) .)
Now from (2.13) we deduce that

HL(F)— Ext'(F, 0)*
is bijective, proving (2.3).
It remains to prove (2.12). Set w(n) = ® Q O(n), so that
Hom(O(—n), ) = H(Y, @(n)) .

The restrictions of w(n) and O(—n) to U = Y — E are both equal to O,. We

have exact sequences (cf.(2.14))
0=Hx(O(—n)) — HY(Y, O(—n)) —> HYU, &(—n)) — Hi(O(—n)) — H Y, O(—n))=0

HYU, 9%)=1I (cf. proof of (2.10))
and
0 = Hy(w(n)) — H(w(n)) —— H(U, w(n)) = H(U, 0,) = R
from which we derive a commutative diagram
0 — HY(O(—n)) —> I — HE(O(—n)) — 0

| e

0 — (R/H'(®(n)))* — R* — H'(o(n))* — 0,

where I — R* is the natural isomorphism, and 6 is the map of (2.12). To
show that o is bijective, we must show that & is bijective, i.e. (since ¢’ is
clearly injective) that the R-module (R/H’(w(n)))* has the same length as

H{(O(—mn)), viz. (by (2.8))

_;_@c — nD-nD) .
Note that any finite-length R-module M has the same length as M* [26,
page 526, Theorem 4.2]. Without loss of generality, assume that = is large

enough so that
w=0CK)SO(—n) (cf. (2.15)) ;
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and that furthermore, H(Y, @(n)) = 0. Replacing Dby D, we may assume
that » = 1, so that O(—=n) = (D), w(n) = O(X — D) and

H(O(X — D)) =0.

It suffices then to show that the R-module R/H(O(X — D)) has length
1/2(X — D-D).
The exact sequences

0 — HY(OXK — D)) — HYOy) — HOp_x) — H(OK — D)) = 0

|
and
0 = HYOy) — H'Op_5) — HY(O(X — D)) =0
show that the length of R/H(O(K — D)) is x(D — X). Now, by (2.6),
XD—-X)=—D—-X-D—-X)— 2D —X),

i.e.,
29D —X)=—D—-KXD—X)— (X-D—X)=—(D-D —X)
= (X — D-D)
and the conclusion follows. Q.E.D.

(2¢) Proof of Theorem (2.4). When X is non-singular, the proof of
(2.4) is quite short (cf. [32, page 21, Prop. (2.6)]). (And the general case is
easily reduced to the non-singular case whenever there exists a desingular-
ization X’'— X!) Our proof is basically the same as that of loc. cit; its length
is due to the unavoidable technical complications resulting from the presence
of singular points on X.

(I) We first recall some terminology. (For more details cf. [4].) A
fractionary O;-ideal J is a non-zero coherent O, -submodule of the sheaf of
rational functions on X. For such an J, we set 9’ = S#..0,(9; Ox); 9" is also
a fractionary O,-ideal. We say that J is divisorial if 9 = ¢’ for some frac-
tionary ideal J, or equivalently, 9 = 9”. Note that when 9 = O, J” is locally
the intersection of those primary components of J which belong to height
one primes.

(II) We have

H(L) = lim Ext(O,/n'0, £)
t
= lim HY( &r (O /nOy, ) .
t
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(The last equality comes from the canonical exact sequence
HY(222..) — Ext' — HY &r') — H¥ Fm).)
Since
Fon(Ox0'0x, £) = 0 = Z£r'(Oy, £),
therefore
ot (01 Oy, £) = Formn('Oy, L)) H#2..(Oy, L)
= £® (J:/0x) (g: = Sl (n'Oy, Oy)) .

So it will suffice to show:

(2.16) For every divisorial fractionary ideal 92Oy such that I/Oy is
supported in E, we have

HRRYIOy)=0.

Let &, -+-, P, be the defining ideals of the irreducible components
E, .-+, E,. (The P, are locally prime, of height one.) We will show that:

(2.17) If 9+ Oy (9 as in (2.186)) then, for some 3,

E; < Supp(9/Oy)
and
H(®R® 9)(PI9)')=10.

Since I2(P,9)" 20, (2.16) follows from (2.17) by an obvious induction.

(III) Now J/(9,9)" is the extension by zero of a torsion-free rank one
Oy-module J;. Let £, be the restriction of £ @y, Oz, to E; (so that £, is an
invertible sheaf on E,). In order to prove (2.17) let us assume that whenever
E; Z Supp(9/Oy) we have

H'E, £, &®9)+0,

and then derive a contradiction.

Let w: Z — X be obtained by blowing up 9, and let § = 9O, so that

is an invertible O,-module containing ©,. Let E/, ---, E,, be the irreducible
components of 77}(&). Set §; = e}J where ¢;: E;<> Z is the inclusion, and set

L) = (mog;)*L.
Then, I claim,
H'(Ej, £;® J;) # 0
for all j such that E; = Supp(g/O;). Indeed, if =(F;) is a single point, then

the (non-zero) sheaf £; R ¢; is generated by its sections over E;. If, on the
other hand, 7(E;) = E,, then 7 induces a birational map E}— E;, and J,0,;is



DESINGULARIZATION OF TWO-DIMENSIONAL SCHEMES 185

a torsion-free rank one OEQ‘-module which is a homomorphic image of the in-
vertible sheaf J;, so that in fact J; = H‘OEQ; furthermore, E; S Supp(9/O; ), so
H(L;,®Y9,) # 0, and consequently H(L; Q ¢;) # 0.

Thus we have an exact sequence

0—0p— & ®YJ—9—0
where § has support of dimension < 0, and so
degree(£;® J;) = x(L;® J5) — 1(Oz) = h(8) 2 0.
By assumption £, has degree < 0 on E,; hence [RS, page 214, (10.2)] £} has
degree < 0 on Ej, and [¢bid.]
degree(y;) = degree(£; ® J;) — degree(L)) = 0,
i.e.,
(2.18) 19 — 1) 2 0.

Now ¢ = O(C) for some effective Cartier divisor C on Z (C # 0). From
(2.18) we will deduce that

(2.19) (C-C) = xJ/0z) — x(Oz/g™) = 0

(cf. [RS, top of page 223] for the first equality); and finally (2.19) will be
shown to be impossible.

(IV) To deduce (2.19) from (2.18) we can use dévissage (cf. [18, page
298, Corollaries 1 and 2]); or argue explicitly as follows:
For any closed subscheme D of C, set §, = J 0,0, and
MD) = 32, M0p,,)

where « runs through all non-closed points of D, and \O,,,) is the length
of the Artin ring O,,,. We show by induction on \(D) that

X(Ip) — x(0p) = 0,

this being obvious when M(D) = 0. (For D = C we get (2.19).)

If M(D)>0, let @ be the defining ideal in O, of one of the one-dimensional
reduced irreducible subschemes E of D; and let @ = (0): . We have an
exact sequence
(2.20) 0 Q@ > Op Oz 0

where

MD) = MD) — 7

with 7 > 0 (r is the generic rank of the O;-module @). Since § is invertible,
we can tensor (2.20) with § and take Euler characteristics to conclude that
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[X(Fo) — x(0p)] — [1(I5) — x(95)] = [U(I R @) — (@] .
By the inductive assumption, x(J5)—x(05)=0, and by (2.18), x(Jz) — () =0,
so it will suffice to show that
(2.21) UI R @) — (@) = r(U(x) — x(Ox)) -

But since @ is generically (on E) isomorphic to O, [RS, page 214, Lemma
(10.1)] (cf. also footnote following Theorem (2.4) above) gives

I ® Q) — x(J ® 0F) = (@) — x(O%)
which is just a rearrangement of (2.21).
(V) It remains to be shown that (C-C) < 0 for any effective non-zero
Cartier divisor C on Z with support in Z @, (A/n). (Note that if Z is non-
singular thisis just the well-known “negative-definiteness of the intersection

matrix.”)
From [RS, page 223, Prop. (13.1), d)] we obtain

n
x(n0)=—(C-C)<2> + %(C)-m (n=0)
so we need to show that
lim L y(nC)> 0.
n—o W,

The exact sequence (for n > 0):
A

0 — HYO(—nC)) —> HOz) — H(Ono) — HY(O(—nC)) —> H(Oz) — H(Onc) — 0
shows that
1(0,0) = h'(Oy) ,
h9(O,0) = MA/H(O(—nC))
(v = length of an A-module, ki(-) = MH(+))); so it suffices to show that

lim inf ni MA/HY(O(—nC)) >0 .

Let E be an irreducible component of C, let S = O, ; (a one-dimensional
local domain whose maximal ideal contains n), let S be the integral closure
of S (so that S is a semi-local Dedekind domain [4, page 31, Cor. 2]), and let
v be a discrete valuation whose valuation ring R, is the localization of S at
one of its maximal ideals. Let

P, ={acA|v(a) = n}.
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Then P, 2 H(O(—nC)); so it will suffice to show:

(2.22) hm mf )»(A/P,,) >0.

Set P, = m (a maximal ideal in A). There exist elements «, 5 in 4 such
that v(a) = v(B) = r (say), and the image of /B in the residue field of R, is
transcendental over A/m. For any integer @ > 0, if F(U, V)e A[U, V]is a
homogeneous polynomial of degree a, whose image F(U, V) in (A/m)[U, V]
is non-zero, then

o(F(e, B)) = ar.
(Otherwise we would have v(F(a/B, 1))>0, contradicting the just-mentioned
transcendence property of a/5.) Hence
’\'(Par/Pa.r+1) 2 a + 1 M

(For, P,,/P,,., is an A/m-vector space in which the images of the elements
@B’ (i + j = a) are linearly independent.) Thus

)"(Pa'r/P(aJrl)r) 2 a + 1
and so for any integer b > 0,

_bb+1) 1)

MA/P,)Z1 + 24+ .

Hence, for any integer n = br + ¢ (b >0, r > ¢ = 0) we have

Soary> L) (- 2)

n’ 2r® n

and (2.22) is proved. Q.E.D.

(2d) Appendix: Duality with supports. We outline the proof of a
duality theorem which combines local and global Grothendieck duality.®
The theorem contains (2.3), and is given here for completeness; as indicated
in the remarks preceding (2.3), this appendix is not needed elsewhere in the
paper.

Let (A4, m) be a local ring such that X = Spec(4) admits a 7residual
complex R°. For example A could be essentially of finite type over a Goren-
stein local ring [11, pages 299, 306]. We may assume that R’ is normalized
[11, page 276]. Let f: Y — X be a proper morphism, let £ = f~*{m} be the
closed fibre, and let R; = f*R’ (so that R} is a residual complex on Y [11,
page 318]). Let » be the Krull dimension of Y, and let

Wy gy = H-”(R;’) .

L A related result is given in [11a, page 48, Prop. (5.2)].
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Remarks. 1. If all the local rings Oy, of closed points ¥ are n-dimen-
sional and Cohen-Macaulay, then Ry[—mn] (=R; shifted n places) is an in-
jective resolution of wy, ,.

2. With the notation of (2.3), we have

Wy = Wy/p .

This follows from (2.5); or it can be shown directly from the definitions
involved.

THEOREM. With the preceding notation, let I be the tnjective hull of
the A-module Ajm; and let T'; denote “sections supported in E.” Then for
any coherent Oy-module F (or, more generally, any complex in DXY) [11,
page 85]) there is an isomorphism (in the derived category of the category
of A-modules)

RI'4(F) =~ Hom,(Home (¥, Ry), I) .
Hence, if Y s locally Cohen-Macaulay, of pure dimension n, there exist
iwsomorphisms (for all )
HII:(?) -~ Hom.i(EXt 6;t(g7 wY/A)7 I) .
Proof. The duality theorem [11, page 379] gives an isomorphism
Homy (¥, Ry) ==, Homg (RS, F, R") .
The complex Rf,F may be taken to be of the form f,.(9°), where J° is a
quasicoherent injective resolution of F; since f,(9°) is quasi-coherent, with

coherent cohomology (f being proper), we can apply local duality [11, page
278] to get an isomorphism

RI(Rf,F) =~ Hom,(Home (RS, F, R), I) .
Finally, since I';, = T',,o f,,, we have
RI(RfF) = RTR(F) ,

and the assertion follows.

3. Reduction to pseudo-rational singularities

We want to prove Theorem™ of Section (la). Let us first see how
Theorem (2.2) can help us to do this.

Let R be a complete two-dimensional normal local ring. There exists a
complete two-dimensional regular local ring R < R such that R is a finite
R-module. Let K (resp. L) be the fraction field of R (resp. B). It clearly
suffices to show that there exists an iterated blow-up f: Y — Spec(R) (i.e., f
is obtained by successively blowing up closed points) such that the normal-
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ization Y of Y in L has only pseudo-rational singularities. (Note that
since R is complete, Y is finite over Y, hence proper over Spec(R).)

What we want, then, is that for any proper birational map h: Z — Y,
with Z mormal, the canonical map H(Oz) — H*(O,) should be bijective (cf.
(iii) in Lemma (1.3)). The following lemma allows us to restrict our atten-
tion to those Z which are of the form Y,, Y, — Y being an iterated blow-up.

LEMMA (3.1) (“Elimination of indeterminacies”). For any Z — Y as
above, there is an iterated blow-up Y, — Y such that the normalization Y,
of Y, in L dominates Z, i.e., there 1s a commutative diagram

. Z Y
l
Y

Me—

—_—> > s st —> ¢ —m>

(¢terated blow-up).

Proof. Note that all the maps involved are of finite type. Let E,, ---, E,
be those irreducible curves on Z whose image on Y is a single point, and let
v, *++, v, be the corresponding discrete valuations of L. Because of Zariski’s
“Main Theorem,” we need only arrange that the restriction of each v, to K
be the valuation associated to an irreducible curve on Y,; and this is possible
by [38, page 392]. Q.E.D.

Thus, we need an iterated blow-up f: Y — Spec(R) such that for every
iterated blow-up Y, — Y, we have

MHYO7)) = MH'(07,))
where “\” denotes “length” (of an R-module). But by Theorem (2.2) (and
Matlis duality [26, page 526, Theorem 4.2]),

MH'O5) = MC/Cy) .

So the problem becomes one of “maximizing” N(C/Cy).
Specifically, it suffices to show:

1

(8.2) There exists an iterated blow-up f': Y’ — Spec(R) and an integer
N such that for any iterated blow-up g: Y — Y’, and with C, Cy as in
Theorem (2.2), we have that m"C < Cy (in = maximal ideal of R).

For then the R-module C/C; has length bounded by that of C/m”C, and
the length of H'(Y, O5) is bounded by the same integer (independent of Y1).
So among all iterated blow-ups g: Y— Y’, there exists one for which
HYY, O7) has maximal length, and then, by the preceding remarks, ¥ has
only pseudo-rational singularities.
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Remark (not used hereafter). (3.2) will be proved as it stands; but ob-
serve that if Y’, N are as in (3.2), and if Y, — Spec(R) is any iterated blow-
up, then, as in (3.1), there is a commutative diagram

iterated blow-up

Y — Y’

l 1

Y,————— Spec(R),

and it follows that
m"Cc C, = Gy,
(i.e., (3.2) holds with Y’ = Spec(R)).
As a first step*toward the proof* of (3.2), we gathzr together some
elementary observations:
LeMMA (3.3). The following conditions are equivalent:
(1) There exists d + 0 in R such that dC Z Cy for all mon-singular Y
proper and birational over Spec(R).
(i) Ny Cy # 0, where the intersection is over all Y as in (i).
(iii) There exists @ non-zero K-linear map T': L — K such that for any
two-dimensional regular local ring S with R< S K, we have
T'(S) S wy
where S s the integral closure of S in L, and wg is as at the beginning of
Section 2.
Proof. (i) = (ii): Since R is a finite R-module, it is clear that C 0, so
dC += 0.
(ii) = (iii): Recall that C, C, are defined with respect to some fixed non-
zero K-linear map T: L — K (cf. Section 2). Set T = s¢T, where
0=preNyCy.
Every S is of the form O, , for some Y as in (i) and y € Y; by definition of
Cy, we have
T(#E)Y,u) ; wl’,y ’
i.e.,
T'(S) C w; .
(iii) = (i): Let T: L — K be as above. Then 7" = pT for some 0 = p € L.
If Cy is defined for 7" in the same way that C, is defined for T, then C,=pC},
and similarly C = pC’. Hence we may assume that 7" = 7.

Let (e, ¢, ---, ¢,) be a K-vector space basis of L, with each ¢; € R. Let
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d be the determinant of the matrix (T(e.¢;)). Then d 0, and d € R (since
T(R)S @z = R). Given Y as in (i), and a closed point y€ Y, set S = Oy,,.
For any s = Y a.e.eS (a,e K), we have T(se;) € wg, i.e.,

o . T(ee;) € ws (G=12+-+,m).

Then Cramer’s rule gives da; € @;, so that ds€)_,, wse,. Sincee, € R, there-
fore T(Ce,) € w, = R (definition of C), and so

T(dCS) < T(CQ, wse,) S ws .
Thus

T(dC0O,) € wy,,
for all closed points y € Y, and hence also for all ¥ € Y;i.e.,dCS Cy. Q.E.D.

A non-zero K-linear map T": L — K as in (8.3) (iii) willl be called a good
trace.

If either R has characteristic zero or R has a perfect residue field, then
by a theorem of Nagata!, R can be chosen so that L is separable over K;

and then the usual trace map Tr: L — K is a good trace, since for all S
we have

0~ TrS)SSC ws.

Thus the conditions in (8.3) hold in this case.

In the remaining case, when R contains a field and the residue field of
R is not perfect, then for any choice of R there still exists a good trace L — K;
the proof of this fact will occupy most of Section 4.

The rest of Section 3 will be devoted mainly to a proof of:

(3.4) Theequivalentconditionsin(8.3)imply(3.2)(and hence Theorem™).

To review: after proving (3.4) we will be done, except in the equichar-
acteristic, non-perfect residue field case, where we need Section 4 to ensure
that the conditions in (8.8) do indeed hold. Actually, Section 4 will provide
another proof (independent of the rest of Section 3) for (3.2) in the equi-
characteristic case. In fact if R contains a field, then for any fixed choice of
R we will show the following (cf. Corollary 4.7): for any height one prime
p in R, there exist e, €, +--, €,, and a good trace T: L — K such that

d = det(T(ee;)) e .

Since dC < Ny Cr (cf. proof of (3.3)), it follows that the annmihilator of
C/N Cy is m-primary, and so (3.2) holds with Y’ = Spec(R).

1 Cf. Mem. Coll. Sci. Univ. Kyoto, Ser. A. Math. 28 (1953), page 276, Theorem 3.
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In the equicharacteristic, perfect residue field case, we can also replace
(3.4) by the following argument:

Exercise: Assume that R contains a field, and that the residue field & of
R is perfect. Let qbe a height one prime in B. Then R can be chosen so that
R is étale over R at q (cf. [3, page 123, Satz 4.1.12] or [EGA IV, (18.11.10)]);
in other words, R is a localization of

R[UJ/P(U) = Rlu]<R

where P(U) is a monic polynomial such that P’(u) ¢ q (P’ is the derivative
dP/dU). Show that

P'(w)C < Ny Cy

(use the fact that P'(w)S < S[u] for all S). As in the preceding remark,
deduce (3.2).

Remark (not used elsewhere). The purpose of Sections 8 and 4 is to prove
Theorem™; but conversely the main results in these sections follow from
Theorem* (and Theorem (2.2)). That is, let B, K, L be as in (2.2), let R be
the integral closure of R in L, and suppose that there exists a proper bira-
tional map Z — Spec(R) such that Z has only pseudo-rational singularities.
Then there exists an iterated blow-up Y, — Spec(R) such that ¥, dominates
Z (cf. (3.1)), and ¥, has only pseudo-rational singularities (cf. (1.4)).

Furthermore, it is easily seen that there exists a non-zero K-linear map
T: L — K such that T(O3,) € w,; and this T is @ good trace. (Indeed, for any
iterated blow-up Y’ — Y,, Theorem (2.2) implies that C;, = Cy,, and since
1€ Cy,, therefore T(Or) S @y, «+-.)

We proceed now with the proof of (3.4). Let d = 0 be in R. For any

iterated blow-up Y — Spec(R), let d, be the “proper transform on Y of the
curve d = 0,” i.e.,

dy ={ye Ym0,z doy,}.

(dy is the closed subset of Y defined by the coherent O;-ideal 1/d0y: mO;.)
We shall prove below:

LEMMA (3.5). There exists an iterated blow-up Y' — Spec(R) such that,
if w: Y' — Y’ is the normalization in L, then each closed point in ' (dy)
18 a pseudo-rational singularity of Y'.

(3.4) can be deduced from (3.5) as follows: Fix a d asin (3.3) (i), and let
Y’ be as in (3.5). From the definition of d,. it follows easily that there is an
integer N such that, for all '€ Y' — dy., we have
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(3.6) m¥Oy. ,, S dOy,, .
After enlarging N if necessary, we may assume that
3.7 m¥(C/Cy) = 0.

(This can easily be deduced from the definition of Cy., or from Theorem
(2.2).)

Now let g: Y — Y’ be any iterated blow-up. Let us show that m"C<ZC,
(thereby proving (3.2)); in other words, for any e L, if T(wR)S R then,
forallye Y

T(m"1d,) S w,
(where O, is the integral closure of Oy, in L, and w, is the stalk w, ).

There are two cases to consider. First, if '’ = g(y) € Y’ — d; then (3.6)
implies that m" 0, C dpO,; since dy e dC < Cy, we have

T(m?* 10,) < T(Cy0,) S w, .

Second, suppose that ¥’ = g(y)ed;,.. Let g,: Z— Y’ be the iterated
blow-up obtained from the iterated blow-up g by omitting those blow-ups
for which the point blown up does not lie over y’. Then g factors as

Y—Z—Y'
ge g1

and we have
0, =0y, = ®Z,a2(11) ’

so we may as well assume that g, = g. Then, if n: Y’ — Y is the normal-
ization in L, the map of normalizations g: ¥ — Y’ induces an isomorphism

Y-g7n(y) =Y —7n7'(y),
so that R'g,.(Of) 1s concentrated on w~(y’). Since y’ €dy, all the points of
Y(y') are pseudo-rational singularities of Y’, and so R'g,(O7) = 0. This
implies that the canonical map HY(Y’, O5) — HY, Op) is bijective, whence
(Theorem (2.2)), the R-modules C/Cy. and C/Cy have the same length; since
Cy € Gy, we conclude that

Cyl = Cy .
From (3.7) we now obtain m*(C/C;) = 0, and hence, again, T(m"0,) S w,.

It remains to prove (8.5). Let p,, ---, p, be the height one primes in R
containing d, and let », (1<7=<7) be the valuation with valuation ring R, .
Each R/p, is a one-dimensional local domain whose integral closure in its
field of fractions K, is a semi-local Dedekind domain [4; page 30]; so the valu-
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ations w,; of K; whose valuation ring contains R/p, are discrete, of rank
one, and finite in number. Each of these valuations gives rise to a rank two
discrete valuation w,; composite with v,. (The valuation ring of w,; is the
inverse image of that of @,; under the natural map R,, — K,.)

LEMMA (3.8). Let Y — Spec(R) be an iterated blow-up, and let y be a
closed point of dy. Then Oy, is dominated by one of the valuations w;; (i.e.,
w,i(@) = 0 for any @ €Oy, and w, (@) > 0 if @ is @ non-unit).

Proof. One checks that y ed, if and only if Oy, S R, for some p; as
above; then R,, is actually the localization of Oy , at some height one prime
q with q N R = p,, and the conclusion follows from the fact that Oy ,/q is
dominated by some ;. Q.E.D.

Let v,;;, be the finitely many extensions of w,; to L; the v,; are rank
two discrete valuations of L. So Proposition (1.33) gives:
COROLLARY (3.9). Let
Spec(R) = Z, Z, Z,
be such that for each n =0, Z,,, is obtained from Z, by blowing wp the
centers 2., on Z, of all the valuations v,; and then normalizing (2., 18

the unique (closed) point on Z, whose local ring is dominated by v,;). Then
Jor some m, 2., 18 a regular point of Z, for all <, 7, k.

Now, by (3.1), we can find an iterated blow-up Y’ — Spec(R) such that,
7: Y’ — Y’ being the normalization in L, there is a proper birational map
h: Y'— Z,. By (8.8)and [38, page 31, Theorem 13], each closed z € 7-(dy.) is
the center on Y’ of some v,;. Hence h(x) = z;;., is regular, hence rational,

and so (Corollary (1.4)) = is pseudo-rational. Q.E.D.
4. Existence of good trace maps

(4a) Differentials and traces ...vveeierennernreennerrneeennennnns 195

(4b) Admissible base fleldS. ....ovvreiniineiiirrrenrenernneennnns 201

Let & be a field of characteristic » = 0. Let R be a formal power series
ring in two variables over k, R = k[[U,, U,]]; let K be the fraction field of
R, and let L be a finite algebraic field extension of K. In Section (4a) we
prove the existence of a “good trace” map T: L — K (cf. remarks following
(3.3)). In fact, we shall show (Corollary (4.7)) that for each height one prime
p in R, there exists such a 7' which is “unramified at p” (cf. remarks follow-
ing (3.4) for the significance of this result).

T will appear as the trace map between certain modules of differentials
over an “admissible” field k, S k. (The existence of such k, is established in
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Section (4b); difficulty occurs only when [k: k?] = <o, since otherwise k” is
admissible.) The notion of “trace of a differential” is studied extensively by
Kunz in [21];' we include in (4a) an exposition of those parts of [21] which
are needed for the desired results on good traces.

(4a) Differentials and traces. Let & be a field and let € be the category
of complete local k-algebras with residue field finite over k. Let B be the
category of reduced k-algebras B for which there exists an Re€ and a
k-algebra homomorphism R — B such that B is essentially of finite type over
R (i.e., B is R-isomorphic to a ring of fractions of some finitely-generated
R-algebra).

Let p = 0 be the characteristic of X&. When p > 0 let k” be the field con-
sisting of p™ powers of elements of &; and when » = 0 let k*» = k. We shall
say that a field k&, is a base field (under k) if k» S k, S k and [k: k,] <oo.

For any such k,, and any R €@, there is a k,-derivation d, of R into a
finitely generated R-module Q(R/k,) which is universal for k,-derivations of
R into finitely generated R-modules [3, page 47, Satz 2.1.5].

Given R — B as above, there is a “universal extension” of d, to a deri-
vation dz: B— Q(B/k,). Explicitly, if “Q,” denotes “universal module of
k.-differentials,” and I is the kernel of the natural surjection Q, R — Q(R/k,)
then we have a natural commutative diagram of B-module maps, with exact
rows and columns:

B @rl — B @:Q:,E — B @:Q(R/k;) — 0

H l l

B®yl ——— @, B——— Q(BJk,) ——— 0

“.1) | |

QB = Q.B
0 0

(QzB1is the universal module of R-differentials of B). The middle row defines
Q(B/k,), and d is the composition of ¥ with the universal derivation B— Q, B.
The last column shows that Q(B/k,) is a finitely generated B-module.

By [3, page 60, Satz 2.3.10], the pair (QB/k,), d;) depends only on the
k-algebra B (and not on the choice of B — B).

! 1 hope to present elsewhere a treatement—based on Grothendieck’s residue symbol—
which is more general (it applies to relative complete intersections, rather than just pairs of
fields) and more uniform (for example, all finite field extensions—separable or not—are dealt
with simultaneously).
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Example (4.2). Suppose p > 0, and let R — B be as above, with R the
formal power series ring k[[U, :--, U,]]. Then Q(B/k,) is the universal
module of k[[U?, ---, Ur]]-differentials of B (and d, is the universal
k[[U?, - -+, Uz]]-derivation).

Now let R = k[[U,, U.,]], let K be the fraction field of R, and let S be a
two-dimensional regular local ring with R £ S < K. Our next task is to bring
out a connection between differentials and the S-module w; (cf. Section 2).

Let k, be a base field, with [k: k,] = p° (¢ = 0 if p = 0). Then Q(R/k,) is
Jfree, of rank e + 2, with free generators, say, &, &, -+ -, &2 (cf. (4.2)). For
any B in the category 9B, and any integer n = 0, we set

Q"(Blk,) = A3Q(B/k,)

(where “A” denotes “exterior power”). Then, since (as is easily seen)
QK/k,) = K @:2R/k,) ,
therefore
Q(Kfk)) = K& N& AN =o+ Ny -
We have a canonical map of S-modules
Q% (S/ky) — QK /k,) = K @sQ°"*(S/k,)

whose image we denote by

W& NG N s A
so that w52 S is an S-submodule of K.

LEMMA (4.8). Let S, w5 be as above, and let ws be as tn Section 2. Then
w5  wg.

Proof. There is a quadratic sequence
R=R, <R, <---<R,=S8S.

For 0 = ¢ = n, let w; = w;, and w, = w;,. We proceed by induction. For
1 = 0, we have

o, = R = w,.
Now assume, for some ¢ with 0 < ¢ < %, that w; Z ®,. R,,, is a localization
of R[x/y] for suitable generators x, ¥ of the maximal ideal m, of R,; hence
(cf. (4.1)) the R, ,-module Q(R,,.,/k,) is generated by the natural image of
Q(R,/k,) and by
d(z/y) = y~(de — (x/y)dy)
(d: R, — Q(R,,./k,) being the canonical derivation). It follows that
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Wy S YRy .
By definition (Section 2)
Wy = (B ) 70, = YR, 0
and hence w;,, S w,,,. Q.E.D.

We can now describe the construction of some good traces. Once again,
let B = K[[U,, U,]], with fraction field K, and let L be a finite field extension
of K. In Section (4b) (Lemma (4.11)), we will show that for some base field
k, with, say, [k: k,] = »°, the L-vector space Q(L/k,) has dimension e + 2.
(Here ¢ = 0 when p = 0.) Such a k, is said to be admissible for L (Definition
(4'.10)). If L is separable over K, then any base field is admissible for L;
and when » > 0 and L is not necessarily separable over K, then k, is admis-
sible for L if and only if L is linearly disjoint from k3 ~[[U,, U,]] over R (cf.
(4.8) and (4.9)). (In particular, k* is admissible if [k: k”] <ec.) In any case
we see that i+f k, is admissible for L, then k, is also admissible for any
field L' with K L' Z L.

Now let K< L' S L"” < L be fields such that either

(a) L” is separable over L', or

(b) L” is purely inseparable, of degree p, over L'.

Then [(cf. [20a, pages 286—288]) there exists a surjective L'-linear “trace”
map

(4.4) T: QYL k) — QY (L' [k,)

satisfying:

(@") @f L" is separable over L', so that (as is easily checked) Q(L"/k,)=
L" @. QL'[k,), then
(4.4a) T=Tr®1: L' @, Q**L'|k,) — L' @ Q**(L'[k,)
where Tr: L" — L' is the usual trace map, and 1 is the identity map of
QL' [k);

V') if L" = L'(a), with ¢ L', a® € L', then, for any a,, :--, a.,, in L/,
and

AN=¢ + e+ o0 +cp Pt (c;e L)
we have
(4.4b) T(Ad"ad"a, - - d"a,;) = ¢, d'(@?)d'a, -- - d'a,,,

(where d' = d,: L' —Q(L'[k,) is the canonical derivation, and similarly
d" = d;.. Note that d’(a?)+0, since otherwise Q(L"[k,) would have dimension
e+ 3).

Next let
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K=LcLcLc---CcL,=01L

be fields such that L, is separable over L,, and for 1 <7 < m, L,,, is purely
inseparable, of degree p, over L, (when p = 0, we take m = 1). Let

T2 Q7 (Lufky) — Q@ (L /Ko) (0<i=m)

be as in the preceding discussion.

Choose ¥, ¥s, * * *» Yorz in B such that dy,, dys, - - -, dy,.,, generate Q(L/k,)
(d: L —Q(L/k,) being the canonical derivation). Let T: L — K be the unique
K-linear map such that for all A € L we have

(4.5) T(\)E&s + v Eoye = (0,75 ++ TWw)(NAY,AY, -+ - AY,ys) -
(Here, as before, {&, -+ -, &} is a free basis of Q(R/k,).) T + 0, since each z,
is surjective.

Claim: T is a good trace.

For justifying the claim, some more notation will be convenient. Let
A be any subring of L such that A contains R and A is essentially of finite
type over R. Let L* be the fraction field of A. We denote by Q*(A) the
image of the canonical map Q°**(A/k,) — Q°*(L#/k,).

The following key technical result (and its proof) are essentially con-
tained in [21] (Satz 2.15).

LEMMA (4.6). Let T be as in (4.4). Let A be a Dedekind domain with
fraction field L', such that RS A and A is essentially of finite type over R;
and let A be the integral closure of A in L" (A is a finite A-module, since
R is complete). Then:

(a) z'(Q*(Z)) CQ*(4).
(b) (i) If L" is purely inseparable over L', then for » € L we have
(4.6") [T(LQ*(Z)); Q*(A)] == re A

(ii) If L” is separable over L', and if Q(A/k,) is a torsion-free A-module,
then (4.6") holds for all e L".

For convenience, a proof of (4.6) is given below. But first let us see
how (4.6) (a) can be used to show that T is a good trace. If Sis any two-
dimensional regular local ring with RS S<S K, q is a height one prime ideal
in S, and S is the integral closure of S in L, then, with dy,, dy,, - -, d¥,.,
as in the definition of 7', we have

gdyldyz see dye+2 - Q*(gq) H
from (4.6)(a) and (4.3) we obtain
! In other words, r generates the A-module HomA(Q*(A), Q*(A)).
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(TiTy - Tm)Q*(Sq) S Q*(8,) = Q*(S), S (@Ws)y(&:& ++* &1s) »
and conclude that
T(S) < (ws), -
But since wy is invertible, w, is the intersection of all its localizations of the
form (wg),; so
T(S) < wy ,

and we are done.
Using 4.6(b) we can get even more: as indicated in the remarks after
(3.4), the following result can replace (3.4) in the equicharacteristic case.

COROLLARY (4.7). With previous notation, let p be a height one prime
ideal in R. Then there exist elementse,, -+, e, € R (rn=[L: K 1), and a good
trace T: L — K, such that the determinant det( T(e,-ej)) lies in B — b.

Proof. Choose a free basise;, -+, e, of the R,-module R, (integral closure
in L); and let » € R — p be such that

e, =re,c R 1gign).
Then for any K-linear map T: L — K,
det(T'(e.e;)) = r*"det(T(eie})) ;
so it will suffice to find a good trace T such that det(7(eie})) is a unit in R,.
(Recall that for a good trace 7', we have
T(ee;)e TR) S w, = R,
and hence
det(T'(eie})) e R, .)
We have first to modify the base field %,. Let
K=L<cL<-..-CL,=1L
be as before, and let R’ be the integral closure of R in L,. In Section 4b
(Proposition (4.12)) we will show that, by shrinking %, if necessary, we can
arrange that for all height one primes p in R, the R,-module Q(R;/k,) s
free (R, = R' @; R,). This extra condition on k, allows us to assume that
(4.6") holds for A = R,, A = R, (cf. (4.6)(b)(ii)).
Now let Q; = Q/(R,) be the image of the canonical map
QR k) — ULk -

Then clearly Q; is locally, hence globally, a free R,-module of rank e + 2
(R, is a semi-local Dedekind domain); and
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QX(R,) = AZXQ)) .
Choose ¥, *+, 9,4, € R such that {dy,,-- -, dy,.,} is a free R, -basis of Q;, and
let T be the corresponding good trace (cf . (4.5) and the argument following
(4.6)). Then from (4.6") it follows (by an obvious induction on m) that, for
Ne L,
(T,Ty + - rm)()\.Q*(R,)) S Q*(R,) = NE€ Rv ,
i.e. (since Q*(R,) = R,dy,dy; - -+ dy,, and Q*(R,) = R,&, -+ &,..):
TWR,)S R, — McR,.
Thus, for ¢, ¢, +--, ¢, € K, we have
T(3S:  ceie;) e R, forall j=1,2, .-+, m,
—=c,€R, forall +=1,2, ---, n.
In particular if (¢;;) is the inverse (over K) of the matrix (T(eie})), then
¢ € R, for all I, 5. Thus det(T(eie})) is a unit in R,. Q.E.D.
Finally, we outline the proof of (4.6). Localizing at the maximal ideals
of A, we reduce easily to the case where A is local. Suppose first that L”
is purely inseparable, of degree p, over L’. As in the proof of (4.7), we let
Q;(A) be the image of Q(A/k,) — Q(L'[k,), so that Q,(A) is a free A-module
of rank ¢ + 2, and
Q*(A) = A5Q,(A) .
Q/(A) is defined similarly.
Let d'a,, d'a,, - -+, d'a,,, generate Q;(A), wherea,c A(L <1 < e - 2)and
d': L' — Q(L'[k,) is the canonical derivation. It is easily seen that A = A|a],
with @? € A. Hence Q(L"/k,) is generated by d"«, d"a,, +--, d"a,.,, subject
to the single relation
d’(@”) =Y " bd"a;, = 0
where the b, € A are determined by
d@) =3, " bda, .

Clearly Q;(A) = Q/(Al«]) is also generated (over A) by d"a, d"a,, -+, d"a,.,
subject to Y, b,d"a; = 0. Since Q,(A) is free of rank e + 2, the b, must
generate the unit ideal in A, whence some b,, say, b,, is a unit in A. Thus,
we may assume that ¢, = a?; and we have

Q*(A) = AT QA) = Ad"ad"a, -+ d"a,., .

From this and from (4.4b) we find (keeping in mind that A4 = Ale|) that
(4.6’) holds, and this proves (4.6) for the purely inseparable case.
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Assume next that L” is separable over L'. As above, let {d'a,
d'a, +--, d'a,.,} be a free basis of the A-module Q;(A/k,) and similarly let
(d"e, d"a, ---,d"e,,.} be an A-free basis of Q/(A/k,). Then

d"a; = EeH c;;d"a; (cis € A) ’

j=1
and if A is the determinant det(c;;), then A # 0, and
Q*(A) = Ad"e, - -+ d'e,,, = AT (A @, Q*(4)) 5

furthermore, AA2the Kahler different d of A over 4, and AA = dif Q(A/k,)
is torsion-free. (Indeed, if Q,(A), Q,(A4)are the torsion submodules of Q(A/k,),
Q(A/k,) respectively, and if f, is the 0** Fitting ideal of the cokernel of the
natural map 4 @,Q,(4) — Q,(A4), then one shows easily that b = Af,.)

The desired conclusions follow now from (4.4a) and the well-known
equality of Kahler and Dedekind differents, which tells us that for A € L,

Tr(\W'A) S A ——rc A
(“Tr” denoting the usual trace map L" — L’). Q.E.D.
(4b) Admissible base fields.

LEMMA (4.8). Let K< L be two fields of characteristic p > 0, with L
Sinitely generated (as a field) over K, of transcendence degree, say, t. Let
K, be a field between K* and K, such that |K: K| = p* <. Then the
dimension D of the L-vector space Qg L (Kdhler differentials of L over K,)
satisfies D =t + f, with equality if and only if K¢ and L are linearly
disjoint over K.

Proof. Let K< F< L, with F a purely transcendental field extension
of K, of transcendence degree ¢ (so that [L: F'|< < and [F: KF?] = p').

K — KF» F—1L
’ / /
7 /
K,— K,F» —— K, L”

IS

Clearly K and F'? are linearly disjoint (1.d.) over K?. So, first of all, K and
K,F? are 1.d. over K,, i.e.,

|KF?: K,F?] = [K: K,) = p*

whence
|F: K,F*| = |F: KF*||KF*. K, F*| = p**/;

and secondly, K, and F'? are 1.d. over K?, whence
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(K, and L? l.d. over K?) — (K,F'* and L” 1.d. over F'?).
Now
[K,L*: K,F*] < [L*: F*] = [L: F]
and
[L: K,L?][K,L*: K,F'*] = [L: F][F: K,F*] (=[L: K,F7))
)
[L: K, L?] = [F: K,F'*] = p**/ (see above)
with equality —— (K F'? and L* 1.d. over F'?) ;
i.e., (as above) — (K, and L” 1.d. over K?)
ie., — (K#™" and L 1.d. over K) .

But [L: K,L*] = p” (cf. [37, page 127]), so (4.8) is proved.

Now let k be a field of characteristic p = 0, and let h: R — Be B be as
before (beginning of §(4a)). By [3, page 63, Satz 2.3.13] the integral closure
R of R in B is a subring of B which depends only on B; furthermore, R is
Jfinite over R. Let n(B) be the Krull dimension of the semi-local ring R.
Note that B has a k-subalgebra R’ which is k-isomorphic to a formal power
series ring k[[U,, - -+, U,]] (» = n(B)), and over which B is essentially of
finite type. (Take R’ to be a subring of the complete local ring h(R), with
h(R) finite over R'.)

If B is a domain, let ¢(B) be the transcendence degree of B over R (or
over R') where R, R’ are as above.

COROLLARY (4.9) (cf. [3, page 87, Lemma 3.1.3]). Let Le®B be a field,
n = n(L), t = t(L). Let k, be a base field, i.e., k* S k, S k and [k: k)] = (say)
p*< o (when p=0 set e =0). Then the L-vector space Q(L/k,) has dimension
=n + t + e, with equality if k, = k* (=k when p = 0).

Proof. We have just seen that L is essentially of finite type over a
k-subalgebra R = k[[U,, ---, U,]]. When p>0, in view of example (4.2), we
can apply (4.8), with K the fraction field of R and K, the fraction field of
k[[U?, ---, U] (so that [K: K,] = p"**). (Note thatif k, = k? then K, = K?.)

Now suppose that p = 0, or, more generally, that L is separable over
the fraction field K of R. Q(R/k) is a free R-module of rank » (generated
by dU,, ---,dU,). It will suffice to show that the sequence

0 — L @ QR/k) —2> QLK) —> Qul —— 0

(cf. (4.1)) is exact, since QL has dimension ¢. We need only check that  is
injective, i.e., that the dual map
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*: Hom (Q(L/k), L) — Hom (L @ Q(R/k), L)
= Hom(Q(R/k), L)

is surjective; but this surjectivity follows easily from the fact that every
derivation of R into L extends to a derivation of L into L (because L is
separable over K). Q.E.D.

DEFINITION (4.10). Let B e B be a regular local ring, n = n(B), t = t(B),
and let &, be a base field, so that k* S k, S k, and [k: k,] < -, say [k: k,] = p°.
(When p = 0, set k, = k and ¢ = 0.) We say that k, is admissible for B if
the B-module Q(B/k,) is free of rank n + t + e.

In Section (4a), the following two results, (4.11) and its generalization
(4.12), were needed. (Note that (4.12) was used only in the proof of Corol-
lary (4.7), and hence is not required for proving the existence of a good
trace.)

LEMMA (4.11) (cf. also[EGA Oy, §(21.8)] and [16, page 96, Folgerung 3.8]).
Let R be the formal power series ring K[[U,, - - -, U,]], let K = k((U,, - - -, U,))
be the fraction field of R, and let L 2 K be a finitely generated field extension
of K. Then any base field k, contains a base field k, such that k, is admis-
sible for L.

Remark. (4.11) is trivial when [k: k?]<co (since then k” is admissible,
cf. (4.9)).

Proof of (4.11). We may assume that p > 0. For any base field k, S k,,
set G, = k"'((U,, -+, U,)). Recall (cf. (4.8) and proof of (4.9)) that Fk, is
admissible for L if and only if G, and L are linearly disjoint over K. Let F'
be a field between K and L such that F' is purely transcendental over K and
[L: F']< co; since G, and F are linearly disjoint over K, it will suffice to find
k, such that G F' and L are linearly disjoint over F'.

For any field of the form G,, set

WG, = [GL: GF| < [L: F] .

(Equality holds here if and only if G,F" and L are linearly disjoint over F.)
Clearly there exists k, such that, for all fields G, = k27'((U,, - -, U,)) with
a base field &k, < k, we have v(G,) = ¥(G,). If we can show that the inter-
section of all the fields G,F'is F), then it will follow that v = v(G,) = [L: F']
(proving (4.11)!); for, if & = (£, -+ +, &) (£, € L) is a vector-space basis of G,L
over G,F, then ¢ is a basis for G.L over G.F, whence any { € L is of the form

C:alcl—i_ i +ava (aienaGaF:F)’
and so [L: F'| £ v.
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Let us show then that N,G.F = F. Let F = K(V,, ---, V,) (V.-inde-
terminates), and let a € F'»' — F:
a=flg (7%, 9" eR[V,, -+, V.]) .

We want to find G, with a ¢ G,F. For this, we can replace a by ag?, so we
may assume that a?eR[V,, ---V,] = R[V]. Note that R[V] ' N GF is
integral over—hence equal to—

kg—l[[Un ce Un]][Vu coe, Vil = (say) R[V].
So either a ¢ G,F', in which case we are done, or a € B[V ].

If acR|V], set a = AU, ---,U,, V,, ---, V,) where A is a power
series in U and V, at least one of whose coefficients, say a,, does not lie in %
(since a ¢ F'). If {bs} is a p-basis of k, over k”(a}), and k, = k*({bs}), then
[%y: k] = D, and a, € k27, so

ae¢k2[[U, -+, UVy -++, Vil = RIV]NG.F. Q.E.D.
Let X be a reduced scheme of finite type over a power series ring
E[[U,, «--, U,]]- For any base field k', there is a coherent Or-module Q(X/k’)
whose stalk at any « € X is QO ,/k') (cf. (4.1)). Wesay that ¥’ is admissible
for X if k' is admissible for Oy, for each # € X such that O, is regular (cf.
(4.10)). For example, if X is irreducible, then %’ is admissible for X if and
only if the restriction of Q(X/k’) to X—Sing(X) (Sing(X) = singular locus
of X)is locally free of rank n + t + ¢, where
n = n(X) (=n(Oy,) for any ze X),
t=8X) (=t(Oy,) for any re X),
[k:K]=2° (e=0if p = 0).
PROPOSITION (4.12). Let X be as above, and let k, be a base field. Then
k. contains a base field k, such that k, 1s admissible for X.

Remark. For [k: k?] <<, we can take k, = k* (=k when p = 0); cf.
(4.15) below.

Proof. If a base field is admissible for X, then, by (4.13) below, so is
any smaller base field. Moreover it is clear that a base field which is admis-
sible for each irreducible component of X is also admissible for X. Hence
we may assume that X is trreducible.

For any base field k¥’ with [k: k'] = (say) »° (¢ = 0 when p = 0), let Sy(k)
be the set of points of X where Q(X/k')isnotlocally freeof rankn(X)+t(X)+e
(see above). Since Q(X/k') is a coherent Ox,-module, S (k') is closed in X. X
being noetherian, there is a base field k, = k, such that Sy(k,) is minimal
among closed sets of the form S\(k’), ¥'<k,. From (4.13) below, it follows
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then that for any base field k¥’ S k,, we have Sy(k') = Sy(k,).

This k, is admissible for X; otherwise there would be a regular point x
of X with x € S;(k,), and by (4.11), a base field ¥’ = k, such that %’ is admis-
sible for the residue field of Oy ,; but then by (4.14) below, k' would be
admissible for Oy ., i.e.,

x & Sx(k') = Sx(ko) ,

a contradiction.
It remains to prove (4.13) and (4.14).

LEMMA (4.13). Let Be B be a local domain, n = n(B), t = t(B). Let
k' Sk, be two base fields with [k: k,] = p°, [k: k'] = p**/ (e = f = 0when p = 0).
If the B-module Q(B/k,) is free of rankn + t + e, then Q(B/k') is free of rank
n + t+ e+ f. (In particular, if B is regular and k, s admissible for B,
then also k' is admissible for B.)

Proof. If p = 0 then k&' = k, = k, so assume p>0. Let B be essentially
of finite typeover k[[U,, ---, U,]]J=B. Thereexistsa p-basis& = (¢, ---, &)
of k, over k', and £ is also a p-basis of k[[U?, - -+, UZ]Jover K[[U?, ---, UZ]];
hence (cf. (4.2)) the kernel of the natural surjection Q(B/k’)— Q(BJk,) is
generated by d¢,, - -+, d&, (where d: B— Q(B/K’)is the canonical map). Since
Q(B/k,) is free of rank n + ¢ + e, therefore Q(B/k’) has a generating set
with <n + t + ¢ + f members. But Q(L/K') = L @; QB/kK') (L = fraction
field of B) has dimension=n + ¢t + ¢ + fover L (cf. (4.9)); hence Q(B/K') is
free of rank n +t + ¢ + f. Q.E.D.

LEMMA (4.14). Let Be B be a regular local ring, with residue field F.
If a base field k, s admissible for F, then k, is also admissible for B.

Proof. Let B be essentially of finite type over R = k[[U,, -+, U,]]S B
(n = n(B)). Letm be the maximal ideal of B, and let p=mnN R. Then
n, = n(F') is the dimension of R/p, and ¢, = ¢(F") is the transcendence degree
of F over R/p. By assumption, the F-vector space Q(F/k,) has dimension
n, + t, + ¢ (Where p* = [k: k,] if p > 0, and ¢ = 0 if p = 0).

t = t(B) is the transcendence degree of B over R. Let o be the Krull
dimension of B. Since R is complete, hence universally catenary, we have
the “dimension formula”

n—n,+t=0+t%,,
so that the dimension of Q(F'/k,) is
N+ t,+e=n+t+e—a.

Now 4 is the dimension of the F-vector space m/m?, and we have a canonical
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exact sequence
m/m* — Q(B/k,) @ F — Q(F/k,) — 0

(use (4.1) and the similar exact sequence for Qko). Thus Q(B/k,) @z F has

dimension <n + t + ¢, whence (Nakayama’s lemma) Q(B/k,) is generated by

<n + t + ¢ elements. But if L is the fraction field of B, then the L-vector

space Q(L/k,) = L @; Q(L/k,) has dimension =n + t + e¢(cf. (4.9)); it follows

that Q(B/k,) is a free B-module of rank » + t -+ ¢, i.e., k, is admissible for

B. Q.E.D.
From (4.9) and its proof, we deduce:

COROLLARY (4.15). With B, F' as above:

(a) If [k: k?]< oo (where k* = k if p = 0) then k* is admissible for B.

(b) If F s separable over the fraction field of some k-subalgebra
R,=k[[V,, ---, V., ,]](Vi-indeterminates; n, = n(F)), then k is admissible for
B.
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