Name:

MA 266, Fall 2009, Quiz 4

(1) (10 points) Use Euler’s method with stepsize h = 1 to approximate the value of y(1) if
y(t) satisfies

V) = Sy + 11 y(0) =1

You may wish to use the following table to organize your computations.

k ty Yk f(tes yr) Yr+1 = Yk +h f(te, yx)
0 0 1 3/2 7/4

1 1/2 7/4 11/8 39/16

2 1 39/16

Solution: We have y' = f(t,y) with f(t,y) = %y + 1 —t. The stepsize h is 1/2, so
tr = kh in general, and ¢ty = 0, t; = 1/2, and t2 = 1 in particular. Thus y(1) = y(t2), so
we want to approximate y(1) by ys.

So we fill in the table. We already said what the tys are, and we have yo=1.

The k£ =0 line: t5 =0 and yg = 1 and

The k=1 line: t; = 1/2 and

Yy = Z (copied from the k = 0 line);
1 1 7 1 11
t = - 1—t = - _ 1— _—_—= —
f( 172/1) 2y1+ 1 2X4+ 2 87
7 1 11 39
ya =y1+h f(t1,y1) 4+2>< 3 16

And finally, on the k& = 2 line: 5 = 1, and

Y2 = % (copied from the k =1 line)

So we have y(1) = y(t2) ~ y2 = 39/16.




(2) (10 points) What are the equilibrium solutions of

y'(t) = y(t)° — y(t)7
Classify each equilibrium solution as stable, unstable, or semi-stable.

Solution: We have i/ = f(y) =y —y =y(y*> —1) = y(y — 1)(y + 1) so the equilibrium
solutions are y =0, y = 1, and y = —1. We have

>0 forl<uz,
<0 for0<z<1,

"= is
v =10 >0 for —1<z<0,
<0 forzx<—1.
Therefore, the solutions y = 1 and y = —1 are unstable, and the solution y = 0 is stable.

(3) (10 points) Determine the general solution of the differential equation
Yy _
(£+62)do+ (nw—2)dy =0.
x
Solution: The equation can be written
M (z,y) dx + N(z,y)dy =0,

with
M(z,y) = (% + 6:B) and N(z,y) = (Inz — 2),

so we have to assume that > 0 for N(z,y) to be defined. We see that

oM 1 _ON

oy =« Oz’
so the equation is exact. So there exists a function ¢ (z,y) such that 9¢/0x = M and
oY /0y = N. We calculate

U(x,y) :/M(az,y)daz—i—h(y) :/(%+6x) dx + h(y) = ylnz + 32% + h(y).

Using N (z,y) = 0v/0y gives

(Inz —2) = g_¢ =Inz+ h'(y),

Y

so h'(y) = —2 and h(y) = —2y. So the general solution is

Y(z,y) =ylnz + 322 — 2y = C.



