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REGULARITY THROUGH APPROXIMATION FOR
SCALAR CONSERVATION LAWS*

BRADLEY J. LUCIERT

Abstract. In this paper it is shown that recent approximation results for scalar conservation
laws in one space dimension imply that solutions of these equations with smooth, convex fluxes
have more regularity than previously believed. Regularity is measured in spaces determined by
quasinorms related to the solution’s approximation properties in Ll(R) by discontinuous, piecewise
linear functions. Using a previous characterization of these approximation spaces in terms of Besov
spaces, it is shown that there is a one-parameter family of Besov spaces that are invariant under
the differential equation. An intriguing feature of this investigation is that regularity is measured
quite naturally in smoothness classes that are not locally convex—they are similar to LP spaces for
0 < p < 1. Extensions to Hamilton-Jacobi equations are mentioned.
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1. Introduction. It is well known that discontinuities may form in the solution
u(z, t) of the hyperbolic conservation law

us + f(u), =0, zeR, t>0,

(C) u(;zj, O) = UO(CC), z €R,

even if the flux f and the initial data uo are smooth. (In gas dynamics these discon-
tinuities represent shocks.) Hence, classical solutions of (C) do not generally exist.
Weak solutions of (C) are not unique, but both existence and uniqueness of weak so-
lutions that satisfy an auxiliary “entropy” condition were shown by Vol'pert [22] and
Kruzkov [15]. The regularity of these weak solutions is the topic of this paper.

There have been two different approaches to studying the regularity of solutions of
hyperbolic conservation laws of one or more independent variables. Both approaches
are “structural” in that they describe properties of the solution without quantifying
a norm, seminorm, or quasinorm that says, for example, that one function is twice
as smooth as another. The first approach is to show that “generic” solutions of the
scalar equation (C) with C'*° initial data are piecewise C*°. This approach has been
followed, for example, by Schaeffer [21], Guckenheimer [13], and Dafermos [5], [6]. A
typical result is that except for a set of first Baire category in the Schwartz class S,
initial data in S results in piecewise C'* solutions u(x,t). (Various assumptions are
made on the flux f, typically that it is convex or has isolated points of inflection.)

The second, more measure-theoretic, approach is to show that the set of singu-
larities of a solution u(z,t) is more restricted than those of an arbitrary function of
bounded variation in R x RT. Consider the following definitions. If u(z,t) € BV(R?),
then it is known [11], [22] that for every point (z,t) outside of a set of one-dimensional
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Hausdorff measure zero (called the set of singular points), there exist numbers 4+ and
u~ and a direction v € R? such that

lim — // lu(y, 7) — u*|dydr = 0.
T S ) (F) 2000 B (@) )

If wt =w™, then (z,t) is a point of approximate continuity; if u™ # u™, then (z,t) is
a point of approximate discontinuity (a jump point). Furthermore, the set of regular
points consisting of the jump points is at most a countable union of rectifiable sets
of dimension n — 1. DiPerna [9], [10] showed for genuinely nonlinear systems of two
equations that the singular set of any solution u constructed by the random choice
method of Glimm [12] is in fact at most countable, and that at each regular point of u,
u has true one-sided limits that satisfy the Rankine-Hugoniot conditions. Furthermore,
the shock set of w has “nice” structure.

In a similar vein, Oleinik [18] has shown that if f is convex, then u is continu-
ous except on the union of a countable set of Lipschitz continuous curves (shocks).
Dafermos [6] and Liu [16] establish similar results.

Rather than considering structural properties of solutions, either of the solution
values (e.g., smoothness) or solution singularities (e.g., shocks), I consider smoothness
in certain approximation spaces that are closely related to Besov spaces. I show that
if ug is in one of these approximation spaces, then u(-,t) is in the same space for all
later time if f is convex and smooth enough. (Of course, the results in this paper also
hold if f is concave.) These function spaces are not Banach spaces, and are not even
locally convex topological vector spaces, but they are composed of functions that are,
in some sense, smoother than arbitrary functions in BV, or even arbitrary piecewise
C functions (see §6). In §2 I rationalize this approach by arguing that BV(R) is the
wrong space in which to measure smoothness, precisely because it is a locally convex
topological vector space. The convexity of the “unit ball” of BV(R) allows only coarse
measurement of the smoothness of functions that are discontinuous.

In this paper I consider a function smooth if it can be approximated well in L'
by possibly discontinuous, piecewise linear functions with free knots—the better the
approximation, the better the smoothness. This notion is developed in §3, in which I
recount certain results of DeVore and Popov [7], [8], based on work by Petrushev [19],
[20], that characterize the approximation spaces used here.

In §4, results from [17] are used to show that solutions of (C) that are initially in
BV(R) preserve whatever smoothness is obtained by the initial data in the sense given
in §3. In particular, it is shown that there is a one-parameter family of Besov spaces
that are invariant under the action of (C) provided the initial data is of bounded
variation. In §5, I point out that this is indeed a new result, because BV(R) is not
contained in the approximation spaces when the order of smoothness is greater than
one.

In §6, I show that there is, in general, no smoothing by the solution operator of
(C) in the approximation spaces considered here. This result follows from the partial
reversibility in time of the equation (C). The question arises because it is known that
if f is uniformly convex, then initial data in L'(R) generate solutions that have locally
bounded variation for all positive time, so there is some smoothing action from L!(R)
to BV(R).

These ideas also have applications to regularity of solutions of Hamilton-Jacobi
equations based on approximation properties in L°°; this will be explored in a later



REGULARITY FOR CONSERVATION LAWS 3

paper. However, in §7 I present one result that follows immediately from the results
in §4.

2. Why nonconvex spaces are natural. I begin with a specific example. Let
ug be the characteristic function of [0, 1] and let f(u) = u. Then the solution u( -,t) of
(C) is the characteristic function of [¢t, 1 4 ¢]. Except for the two jumps at the points ¢
and 141¢, u(-,t) is a very smooth function of x for every ¢. If the space that one uses
to measure regularity allows any jumps at all (which it must, because solutions of (C)
can develop jumps even for smooth data when f is nonlinear), then u(-,¢) must be a
relatively smooth function in that space.

Consider the inclusion of the functions u(-,t) in BV(R), or in fact in any normed
or seminormed space whose unit ball is convex, and define the smoothness of u( -, )
to be its norm in this space. The solution u( -, t), being a translation of ug, must have
the same smoothness as ug. (Of course, I am assuming that the norm or seminorm is
translation invariant.) This implies that any convex linear combination of u(-,t) (for
0 <t <1, say) will also have the same smoothness, because the unit ball of BV(R) is
convex.

It is easily seen that convex linear combinations of u( -,t) can approximate arbi-
trarily well in L1([0, 1]) any monotone function that takes the values 0 at 0 and 1 at 1.
But, as is shown in §5 in a particular technical sense, an arbitrary monotone function
is very rough, in that one can say very little, a priori, about the size and distribution
of discontinuities in the interval [0, 1], for example, except that the sum of the jumps
is bounded.

Thus, the convex hull of the solutions u(-,t) of (C) for our chosen wuy contains
functions that are quite rough. It is shown in §4 that these rough functions cannot
arise as solutions to (C) if ug and f are smooth enough. It is in this sense that one
discards information when one concludes that the solution of (C) at any particular
time ¢ has exactly the same smoothness as all functions in the convex hull of u(-,t)
for ¢ > 0. I conclude that it is better to measure the smoothness of solutions of (C)
in spaces whose “unit balls” are not convex.

3. Approximation spaces and Besov spaces. Smoothness will be defined by
how well a function can be approximated by piecewise polynomials with free knots.
This section summarizes results in [7] and [8], which are given as general references
for this section.

Consider the approximation of functions in LP(I) for 0 < p < oo and a finite
interval I C R. For any f € LP(I) and any positive integers r and N, let

EnN(f, LP(I)) = inf |[f = dllLen),

where the infimum is taken over all discontinuous, piecewise polynomial functions ¢
defined on I of degree less than r with N — 1 free interior knots. In other words, for
each function f and number N one picks the best set of knots to minimize || f — || e (1)-

For each positive number « choose an integer r > «. For any ¢ € (0, o0], define
Ag(LP(I)) to be the set of functions for which

o0

1/q
HfHAg(LP(J)) = ||f||Lp(1) + (Z[NO‘E;V(f’ Lp(]))]qN1> < 0.

N=1

(In this and all later cases, make the usual modification when ¢ = co0.) It can be
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shown that all values of r greater than « specify the same space. Note that « is
the primary determinant of smoothness: If a3 > a9, then no matter the value of
q1 and g2, AgH(LP(I)) C Ag2(LP(I)). However, if a; = az = o and q1 > ga, then
Ag, (LP(1)) > Ag, (L (1)).

The spaces Aj(LP(I)) are not as strange as they might seem. If one denotes
by Ag(LP(I), free) the spaces described above, and by Ag (LP(I), uniform) the similar
spaces defined by considering approximation using only uniform knot sequences, then
the space A (LP(I), uniform) is the Besov space By (LP(I)) given below (cf. [7]). Also,
if o is not an integer and 1 < p < oo, then A% (LP(I), uniform) is the Sobolev space
WeP(I) (cf. [1, p. 223]). Thus, there is a strong connection between approximation
spaces and more classical function spaces.

AZ(LP(I)) can be characterized as the interpolation space of LP(I) and certain
Besov spaces using the real method of interpolation. For a € (0,00) and ¢ € (0, o0},
define the Besov space By (LP(I)) as follows. Pick any integer r > a; let A”(f, h)(z) be
the rth forward difference of f at x with interval h;' and let I, = {z € I | x+rh € I}.
Define

wr(f,t) Loy = sup [|A"(f, h)|le(r,)-
|h|<t

The Besov space Bg'(LP(I)) is defined to be the set of functions f for which

o 1/q
|flBe(Lery) = (/0 [t~ w,(f, t)Lp(I)]th/t>

is finite. Set ||fl|pg(rr(ry)) = IIfllLery + [flBo(e(r)- 1 specifically require the case
when p and ¢ are less than one.

The real method of interpolation using K-functionals can be described as follows.
For any two spaces Xy and X; contained in some larger space X, define the following
functional for all f in Xy + Xi:

K(f,t, X0, X1) = inf {[[follx, + ¢l frllx, }
f=fo+f1
where fo € Xo and f1 € X;. The new space Xgpq, = (Xo,X1)o,q (0 < 6 < 1,
0 < ¢ < 00) consists of functions f for which
1/q

||f||Xe,q=||f||Xo+X1+(/0 [t-9K<f,t,Xo,X1>]th/t) <o,

where || f||xo+x, = K(f,1, X0, X1). Using results of Petrushev [19], [20], the following
theorem is proved in [8].
THEOREM 3.1 (DeVore and Popov). When 0 < p < 00, 0 < g < 00, and 0 <
a < 3, definec =1/(8+1/p). Then
AG(LP(1) = (LP(1), BY(L(I)))a/s.q:
and if ¢ = 1/(a+1/p),
A3 (L) = By (L)

Thus, there is a two-parameter family of spaces .AJ (LP(I)) that are Besov spaces,
albeit with ¢ possibly less than 1.

ISet AY(f,h)(z) = f(x) and A7(f,h)(x) = AT (f, ) (@ + h) — AT 1(f, h)(a).
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Although there is not now an exact characterization of all the spaces A§ (LP(I))
in terms of Besov or other spaces, the above theorem allows one to make rather
precise statements about inclusions of these spaces in Besov spaces. For example, if

0<qg<1/(a+1/p),B>a, B=1/(B+1/p), and & =1/(a+ 1/p), then

BE(L7(I)) = AS(LP(I)) © Ag(LP (D)) C AZ(LP (1)) = Bg(L*(1)).

There is an atomic decomposition for functions in By (LP(I)); see [7] for details.

4. Regularity for scalar conservation laws. I modify several results in [17]
to prove Theorem 4.2, which is the major result of this paper. The definitions from §3
will be used, assuming always now that LP = L!. First, I prove the following lemma.

LEMMA 4.1. There is a constant Cy such that for all ug in BV(R) with support in
[0,1] and for any N, the best L'([0,1]), discontinuous, piecewise linear approzimation
with N — 1 free interior knots vy to ug satisfies |vo|gv(r) < C1luolv(w)-

Proof. Let {r;}N,, with 79 = 0 and 7y = 1, be the ordered set of knots of
vg. Consider now only one interval I; = (73, 741); let A7 = 7,41 — 74, and let T =
SUp,¢ g, Uo(®), u = infrer, uo(r), and Au =7 — u. Let s be the slope of vy in I;.

If |s|AT > Au, then it is easily calculated that the L'(I;) difference between ug

and vg is at least
|s| Au\’
PUIAr - 22
4 TS ’

which is simply the area of the set of points that are greater than @ but less than vy plus
those points that are less than u but greater than vg. If |s| > 2(1 4+ v/3)Au/A7, then
this error is greater than the error of the constant approximation vy = (T +u)/2 = 4,
so one must conclude that |s| < 2(1 + v/3)Au/Ar. Thus

Vary,vo = |s|AT
<2(1+V3)Au
< 2(1 4 V/3)Vary,uo.

So 32, Vary,vg < 2(1 + V/3)|uo|By (r)-

Consider now the jump |vg(7;") —vo(7;")|. Subscript the quantities s, &, u, i, AT,
and Aw to indicate the interval I; to which they pertain. Without loss of generality,
assume that s;_1 > 0 and s; > 0. Then vo(7; ) < @j—1+ (1+ V3)Au,;_; and vo(rj) >

’ai — (1 + \/g)A’U,Z So
[0o(7i") = vo (7 )| < lii—1 = @il + (1 + V3)(|Aui] + [Auyl)
< Vary,_,ur,uo + (14 V3)Vary,_,ur,uo
< (2 + \/g)varlifluhuo'
So, > lvo(r;") —vo(7; )| < (4 + 2v3)|uo|py (). Adding these two constants will
give the required value of C}. 0
The previous argument can be extended to show that the ranges of uy and all

best piecewise linear approximations vy are uniformly bounded and contained in some
interval, here denoted by (2.
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THEOREM 4.1 (Approximation). Let ug € BV(R) have support in the interval
I =10,1]. Assume that f” > 0 and that ' and f"' are bounded on Q. Then u(-,t)
has support in Iy = [infeeq f/(§)t,1 + supecq f/(§)t], [u(-,t)Bvwr) < [uolpv(r), and
for any N > 1,

t
(4.1) Efvy(u(-,1), LN (1)) < ER(uo, L'(1)) + vz lwolsv 1/ |ze,

where F(N) = [ (C1|uolpy(r) +4)N +4] and Cy is given in Lemma 4.1.

Proof. 1 will not discuss the first two conclusions of the theorem, which are clas-
sical. The proof of the third part models very closely the proofs of Theorems 3 and
4 in [17]. However, for the sake of completeness, I will recall the major parts of that
paper.

Let vg be the best L!(I), discontinuous, piecewise linear approximation with N —1
free knots to ug. Then, as shown in Lemma 4.1, |vg|gy®r) < Ci|uglgyw). Consider
the C!, piecewise quadratic function g with knots at the points j/N, j € Z, that is
defined by: ¢'(j/N) = f/(j/N) and g(0) = f(0). In [17] T constructed an explicit
solution to the perturbed problem

ve+g(v)y =0, zeR, t>0,

(P) v(x,0) = vo(x), z €R,

provided that one augments the knots of vy by putting a new knot at each isolated
point z for which vg(z) = j/N for some j. (If vy is discontinuous at z, and there are
k values of j such that min(vo(z™),vo(z ")) < j/N < max(vo(z~),vo(z ")), then add
k knots at the point z.) Although these knots are not needed for the definition of vy,
the solution v( -,t) of (P) may develop discontinuities in its first derivative (“kinks”)
at these new knots for positive times.

The new knots number no more than (2 + |vo|gy(®))N + 1, by the following
argument. Let the original knots of vg be 79 = 0 < 7 < -+ <7y = 1, let 09; =
02i+1 = 7; for i = 0,..., N, and consider the B-spline basis for vy with the knots
{oi}. (See de Boor [2, Chap. 9] for this construction.) For each i, let k; denote
the number of original intervals (¢j,0j4+1) that had ¢ new knots added. The value
of >, ik; is to be bounded. Now, > . k; = 2N + 1. But if ¢ points are added in
an original interval (o;,0;11), the variation of vy in that interval must be at least
(i = 1)/N, so > (i — 1)k;/N < |wolgy(w), or > ;(1 — 1)k; < Nlvo|gy(®). Adding
these two known inequalities shows that ), ik; < (2 + |vo|gy(r))NV + 1, as claimed.
Thus, the total number of knots in vy (counting the points o; and the new points,
all of which may travel along different characteristics for ¢ positive) is bounded by
(4 4 Crluolgv(w))N + 3.

It is shown in [17] that v( -, t) is piecewise linear for all time and that the number
of knots decreases monotonically, because f” is nonnegative. Theorem 3 of [17] shows
that

u(-,t) =v(- Dl < lluo = vollprw) + tLf" = gl luolav(®)-

Because of the way g is constructed, ||’ — ¢||n < |||~ /(4N?), so (4.1) follows
immediately. 0

The proof can be easily modified to cover the case where f € C! and is piecewise
C3 on intervals I; with inf|[;| positive.

Theorem 4.1 can be used to prove the following main result of this paper.
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THEOREM 4.2 (Regularity). Assume that there is an a € (0,2) and a q € (0, 0]
such that ug has support in [0,1] and uo € BV(R) N AZ(L'([0,1])). Assume that
" > 0 and that f' and f" are bounded on Q. Then u(-,t) has support in I; =
[infeeq f/(E)t, 1 +supecq f/(€)t] and u(-,t) € BV(R) N AY (L' (1;)).

Proof. Inequality (4.1) shows that the error in approximation (by piecewise linear
functions) of u(-,t) is no more than the error in approximation of ug plus something
of O(N72), and that the number of knots remains O(N) for all later times. This is
sufficient to show that u(-,t) € A (L' (1)) if v < 2. 0

By combining Theorem 4.2 and the characterization of the spaces AZ(L'(I;)) in
terms of Besov spaces, the following corollary is obtained.

COROLLARY 4.1. Let 0 < a < 2, and set ¢ = 1/(a+ 1). If ug has support
in I =[0,1] and uo € BV(R) N By (LY(I)), f” > 0 and f" and " are bounded on
Q, then u(-,t) has support in I; = [infecq f'(§)t, 1 + supeeq [/ (€)t] and u(-,t) €
BV(R) N By (L(1y))-

Thus, there is a one-parameter family of Besov spaces that are invariant under
the action of the semigroup S; that takes ug to u(-,t).

Theorem 4.2 and Corollary 4.1 are of interest only when « is greater than one,
because any function in BV([0, 1]) can be approximated to within O(N 1) in L([0, 1])
by piecewise constant functions with N — 1 uniformly spaced knots, so BV([0,1]) C
A2 (L'([0,1])) when 0 < a < 1, or when v =1 and ¢ = oc.

5. Approximation spaces and BV. In this section I give examples of the
known fact that A = AY(L'([0,1])) € BV([0,1]) and, if « is greater than one,
BV([0,1]) € A.

First, I present an increasing function ¢ in BV([0,1]) but not in A for any «
greater than one. The function ¢ will take the value 0 to the left of 0 and will take
the value 72 /6 to the right of 1. Its definition is as follows.

The jumps of ¢ will be at the points p/2% for p an odd integer between 1 and
2% — 1 with k a positive integer. For each k, the size of the jump at the point p/2F
will be 1/(k22F~1). Between the jumps, ¢ will be constant, so that if one arbitrarily
defines ¢ to be right continuous, ¢ is given by the formula

1
o(x) = Z T2k T

p/2k <x
k>0, 0<p<2®, p odd

Because for each k there are 2°~! odd integers p between 0 and 2%, ¢(1), which is the
sum of the jumps, is indeed 72 /6. Figure 1 is a graph of ¢(x)/¢(1).

Now consider the approximation of this function ¢ by possibly discontinuous
linear functions with 2% — 1 interior knots for some positive M. Because ¢ behaves
in exactly the same way on each interval (j/2, (j41)/2M), it can be shown that the
optimal placement of knots will be at the points /2 for 0 < j < 2M. Because there
is a jump of height 1/((M + 1)22M) in the center of each interval (j/2M, (j +1)/2M)
and the width of the interval is 1/2M, the best linear approximation on this interval
will have error greater than C/((M + 1)222). Summing these errors over the 2
intervals gives a global error of greater than C/((M +1)22M), or, if one sets N = 2M,
C/(log*(N)N). This quantity is asymptotically greater than C/N® for any o greater
than one, so ¢ is not in A. Thus, one can conclude that if the conditions of Theorem
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Fic. 1. A function in BV([0,1]) but not in .Ag‘(Ll([O, 1])) for any a > 1.

4.2 hold with o > 1, then this function ¢ cannot be the solution u( -,t) of (C) for any
positive time t.

It is perhaps simpler to construct a function ¢ in A that is not of bounded
variation. For z between 0 and 1, define

o(z) {O for 27V <2 <15.27N N >0,
xr) =
1 for1.5-27 N <z <2 N+l N >,

with ¢(x) = 0 for other values of z. (See Fig. 2.) It is clear that ¢(x) can be
approximated exactly by a piecewise constant function ¢ with 2N knots for 27V <
x < 1. By setting 1 (z) = 0 for = greater than 0 and less than 27V, one obtains a
global error in L*(R) of less than 2~V with O(N) knots. In other words, this ¢ can
be approximated exponentially well by piecewise constant functions, and hence is in
A for any values of o and ¢, yet ¢ is not of bounded variation.

Thus, the class A says little about the size of the jumps by themselves, but more
about the combination of the size and distribution of the jumps in the functions. The
example of a function of bounded variation but not in A had its jumps distributed
uniformly in the interval [0, 1], thereby inhibiting good approximation by piecewise
linear functions. In contrast, the example of a function in A but not of bounded vari-
ation had its jumps concentrated in a very small region. One may conclude intuitively
that solutions of (C) that satisfy the hypotheses of Theorem 4.2 may be rough, but
they are rough only in very small regions. This intuition is quantified in the atomic
decomposition formula given in [7] for functions in Besov spaces.

6. Lack of smoothing. There is, in general, no smoothing in the spaces
A2 (L'(I;)) for solutions of (C) as t progresses, even if the flux f is uniformly convex.
This follows because of the partial reversibility of (C), as described below.

Define initial data wug as follows: Let ug(z) be zero for x less than 0 and greater
than R, and constant between 1 and R, where R is a large parameter to be chosen
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Fic. 2. A function in Ag‘(Ll([O, 1])) for all & > 1 but not in BV([0, 1]).

later. Between 0 and 1 define ug(z) by

1
’U,O(.I) = Z W’ r> O, ﬁ > 1.
p/2k<w
k>0, 0<p<2®, p odd

Then it can be shown that ug is in any space A2 (L'([0,1])) containing Af/r (L1([0,1])).
Therefore, u(-,t) € A% (L'([0, R])) for the same values of a and g.

Consider the solution u(-,t) of (C) for ¢ between 0 and T for some T when
f(u) = u?. The increasing part of uy between 0 and 1 spreads out into a series of
expansion waves, and there is a shock emanating from the point (R, 0) in (,t) space.
For a fixed T, if R is big enough then these waves will not interact. Consider now the
solution of

v+ g(v)e =0, reR, t>0,

v(z,0) = u(z,T), z €R,

with g(u) = —u?. Tt is easily seen that v(z,T) = ug(x) for x between 0 and 1, while
the rest of v(x,T) consists of constant states and a linear function representing a
rarefaction wave. It follows that v(x,0) = u(z, T) cannot have more smoothness than
up in the sense of these approximation spaces.

It is interesting to note that u( -,t) is piecewise C*° for all positive ¢ and is in the
Sobolev space W' *°([0, R]), yet it is not in the spaces A2 ([0, R]) if a is large enough.

7. Hamilton-Jacobi equations. A special Hamilton-Jacobi equation in one

space dimension is given by

wy + f(wz) =0, zeR, t>0,
. 4 )
w(z,0) = wo(x), z eR.

Problems of existence and uniqueness of solutions of (H-J) were solved in papers by M.
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G. Crandall and P. L. Lions [3], [4], in which they showed that the notion of “viscosity
solution” of (H-J) led to well-posedness. Certain “structural” regularity results are
known for solutions of (H-J); see, for example, [14].

The problem (C) can be derived formally from (H-J) by setting v = w, and
differentiating (H-J) with respect to x. This association is more than formal, however,
because Crandall and Lions showed that the viscosity solution of (H-J) is the limit
as € tends to zero of the solution of (H-J) with the right-hand side replaced by ewy,
(hence the name “viscosity solution”). The entropy solution of (C) is also the limit as
€ tends to zero of the equation with the right-hand side replaced with eu,, (see, e.g.,
[15]), so if w} is in L', then the formal calculations are in fact valid. Thus one can
immediately derive the following theorem from the results in §4.

THEOREM 7.1. Let wo have support in [0,1], and assume that there is an o €
(0,2) and a q € (0,00] such that wy € BV(R) N A% (L'([0,1])). Assume also that
f”" >0, f(0) =0, and that f' and f" are bounded on Q) (see the comment following
Lemma 4.1). Then w(-,t) has support in Iy = [infecq f'(€)t, 1 + supgeq f/(€)t] and
w,(-,t) € BV(R)NAX(LY(I})). In particular, when ¢ =1/(a+1) and wj € BV(R)N
By (L)), then we(-,t) € BV(R) N By (LI(I})).
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