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ON THE SIZE AND SMOOTHNESS OF SOLUTIONS TO
NONLINEAR HYPERBOLIC CONSERVATION LAWS*

RONALD A. DEVORE! anp BRADLEY J. LUCIER/?

Abstract. We address the question of which function spaces are invariant under the action
of scalar conservation laws in one and several space dimensions. We establish two types of results.
The first result shows that if the initial data is in a rearrangement-invariant function space, then the
solution is in the same space for all time. Secondly, we examine which smoothness spaces among
the Besov spaces are invariant for conservation laws. Previously, we showed in one dimension that
if the initial data has bounded variation and the flux is convex and smooth enough, then the Besov
spaces B(‘;“(Lq)7 a>1,qg=1/(a+1), are invariant smoothness spaces. Now, in one space dimension,
we show that no other Besov space with o > 1 is invariant. In several space dimensions, we show
that no Besov space B(‘;(Lq) with o > 1 is invariant. Combined with previous results, our theorems
completely characterize for o > 1 which Besov spaces are smoothness spaces for scalar conservation
laws.

Key words. Conservation laws, regularity, rearrangement invariant spaces, Besov spaces
AMS subject classifications. 36165, 35B65, 35D10, 46E30, 46E35

1. Introduction. We are interested in the size and smoothness, as measured in
certain function spaces, of solutions u(z,t), € R4 ¢ > 0, to the scalar hyperbolic
conservation law

w +V, flu)=0, xR >0,
u(z,0) = up(x), e R

(1.1)

Here, the flux f maps R into R and V,, - f(u) denotes the divergence of f(u(z,t))
with respect to the spatial variables € R% In general, classical solutions to (1.1) do
not exist for all time £ > 0; indeed, at some time ¢t > 0, which depends on f and wuy,
the solution u to (1.1) will generally develop discontinuities known as “shocks” even
if the flux and the initial condition are smooth. One defines weak solutions to (1.1)
as functions u(z,t) that satisfy

_/(:/Rd[U(l‘,t)f/)t(w,t)—I—f(u(x,t)).vxqs(l,’t)] da di
—I-/RdU(l‘,T)(/’(x,T) dx—/ﬂgdu(x,o)gb(x’o) de=0.

for all ¢ € CH(R¥!) with compact support. Weak solutions are not unique; however,
by imposing restrictions, known as entropy conditions, on weak solutions wu, it is
possible to select from these weak solutions the physically relevant solution to (1.1).
See [10], [15]. When we speak about the solution to (1.1) we shall mean this entropy
solution.
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We are interested in the question of which function spaces X, such as the spaces of
p-integrable functions L,(R%) or the space of functions of bounded variation BV(R?),
are invariant under the differential equation. This means that if we denote the mapping
ug — u( -, 1) for fixed t > 0 by FE(t) (i.e., E(t)ug = u(-,%)), then we are interested in
function spaces X for which there exists a constant ' such that for for all ug € X

I1E@)uol[x < Clluolx -

If the X norm (or quasi-norm, or semi-norm) in some sense measures smoothness of
functions, then we call X a regularity space for (1.1).

We first address the question of how to measure the size of solutions to (1.1). For
all convex functions n: R — R and under suitable conditions on f, entropy solutions
u(z,t) of (1.1) satisfy

/ n(u(z,t)) de §/ n(ug(x)) da

R R

for allt > 0; see, e.g., [11]. By setting n(u) = |ulf for 1 < p < o0, one sees immediately
that

(1.2) lu(-, Ol e < Muollz, we)-

One can show independently that (1.2) holds also for p = co. Thus, L,(R9), 1 <
p < oo, are invariant spaces for solutions u(x,t) of (1.1). Actually, one can prove
somewhat more, as we now discuss.

The solution operator E(t) of (1.1) is not only bounded on L;(R%), but is a
contraction in Li(R%); i.e., if ug and vy are two initial conditions for (1.1), then

(1.3) Ju(- ) = v(- Dl ey < lluo = vollpy ey, >0,

Thus, the nonlinear mapping F(t) is a contraction on X := L;(R%) and is bounded
onY := L. (R9). A simple argument, given in §4, shows that if a possibly nonlinear
mapping F(t) defined on X +Y :={f+ g | f € X, ¢ € Y} is a contraction on X
and is bounded on Y, then E(#) is a bounded mapping on all interpolation spaces
between X and Y as determined by the method of real interpolation. First results on
conservation laws show that F(t)ug is defined for each locally integrable function ug,
and, in particular, for each function ug in L;(RY) + L., (R9), if f is globally Lipschitz
continuous. In our case, this means that E(t) is bounded on all interpolation spaces
between Li(R%) and Lo, (R?), and, in particular on L,(IR9) for 1 < p < co. In addition,
many other spaces, such as the Lorentz spaces prq(}Rd), 1<p<oo,1<qg<oo,and
the Orlicz spaces defined on R% are interpolation spaces for Li(R%) and L. (R9).
Calderén [2] characterized the interpolation spaces between Li(R?) and L., (RY) as
the set of all rearrangement-invariant function spaces on R% see §4. Thus, solutions
of (1.1) are bounded on all rearrangement invariant function spaces on R

The main focus of this paper is the smoothness, or regularity, of solutions to
(1.1), which we next describe. Because of the appearance of shocks, E(t) does not
map C(R?) into itself. The question arises whether there is any other sense in which
the solution of (1.1) retains smoothness.

One should note that solutions of (1.1) are translation invariant, i.e., E(t)(ug)(x+
h) = E(t)(uo(- + h))(z) for all z and h in R Thus, from (1.3) we see that for all
heR?

(1.4) u(-+ht) = u(- OllL, ey < Muo(- +h) = wollz, ra)-
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Therefore, with the usual norm for the Lipschitz spaces Lip(«, LP(R%)) given by

WollLip(a,Legey) == sup  [R|7[Jv(- +h) = vl re, 0<a<1l, 0<p<oo,
0£hER

(1.4) implies immediately that
(- Ol Lip(a, 21 mey) < [ollLipa, 1 &)

for all 0 < o < 1. In particular, the set of functions of bounded variation on R
BV(R9), is invariant under E(t), since, by definition, Lip(1, L(R9)) = BV(R4).

The Lipschitz spaces Lip(a, LF(R9)), 0 < « < 1, are special cases of the more
general Besov spaces By(L, (R9)) (see §3 for a definition), which depend on three
parameters 0 < a < o0, 0 < p < 00, and 0 < ¢ < co. In fact, Lip(a, LP(R?)) =
B2 (Lp(R%) for 0 < @ < 1 and 0 < p < oo. For a Besov space, the parameter o
determines the order of smoothness (roughly speaking, the number of derivatives).
The second parameter p specifies the space in which smoothness is measured, namely
Ly (R9). The third parameter ¢ allows one to make subtle distinctions in smoothness.
Of special interest are the spaces B := B;(Lp(Rd)). These are sometimes called
fractional order Sobolev spaces because of their similarity to the classical Sobolev
spaces; in fact, BY is identical to the Sobolev space WJ, r = 1,2,..., consisting of
functions from Ls(R%) that have all of their r-th distributional derivatives in Lq(R9).

The main interest of the present paper is the classification of all Besov spaces
X =By,0<p< o0, 0<a< oo, for which ug € X implies u(-,t) € X for all later
time ¢ > 0. We shall determine all the regularity spaces of conservation laws among
these Besov spaces except for a certain set of values of o and p (with 0 < oo < 1). We
use the remainder of this introduction to formulate and explain our results.

We have noted that Lip(a, L}(R%)), 0 < a < 1, is a regularity space for (1.1) with
constant €' = 1. Once one knows the definitions, it is easily shown that all the Besov
spaces Bg(Ll(}Rd)), 0<a<1,0<q< oo, are regularity spaces, again with C' = 1.

Perhaps somewhat more surprising is the fact established in [6], [7], and [13] that
the spaces BVN BY .\, 7(a) := (o + 1)7!, a > 0, are regularity spaces in one space
dimension provided that the flux f is suitably smooth. In some cases, for example for
the inviscid Burgers equation, the space Bf(a) is itself a regularity space (i.e., it is not
necessary to intersect this space with BV).

With these results in hand, the question arises whether any other Besov spaces
are regularity spaces for (1.1), to which we now attend. To explain the results of the
present paper, it is useful to give a diagram that organizes our knowledge of smoothness
spaces. We identify any smoothness space with smoothness « in Lp(Rd), and in
particular the Besov space By, with the point (1/p, ) in the upper-right quadrant of
R2. The classification of Besov spaces as regularity spaces in one space dimension can
then be visualized as in Figure 1. The line segment connecting (0, 0) to (1, 0) represents
the L,(IR) spaces, or more generally the rearrangement-invariant spaces (which we
show in §4 are invariant spaces for (1.1)). The line segment with endpoints (1,0)
and (1,1) represents the regularity spaces Lip(a, L}(R)) or Bg(Ll(Rd)), 0<a<l,
0 < ¢ € co. The half-line £, with slope one emanating from (1,0) represents the
regularity spaces BY, 7 = 1(a) = (a + 1)7! already discussed. Each space to the
right of the line £, contains some functions that are not locally integrable and hence
the conservation law does not have a solution for all initial values from these spaces
(i.e., the regularity question does not have a meaning). The line £y emanating from
the origin with slope one separates spaces embedded in C'(R) (those above the line)
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L4

(L-(R)), 7=1/(a+1)

D=

Fia. 1. Smoothness spaces in one space dimension. The line segment from (1,0) o (1,1)
represents the spaces B(‘;(Ll (R)),0< a<1,0< g < oco. The Besov spaces 1n the open regions not
marked by question marks cannot be regularity spaces for (1.1).

and those not embedded in C(R)(below the line). Tt follows that any space above the
line £y cannot be a regularity space for (1.1), since in general, continuous data ug
generate solutions with shocks. We prove in the present paper that for a > 1, none of
the Besov spaces Byf(Lp(IR)) are regularity spaces except for the spaces Bf(a), which
corresponds to points on L.

In one space dimension, we have not determined whether the spaces represented
by points in the parallelogram with vertices (0, 0), (1,0), (1,1), and (2, 1) are regularity
spaces for (1.1). All the same, we conjecture that all these spaces are regularity spaces
for (1.1). We are able to use techniques from approximation theory and interpolation
of operators to prove this for certain points in this region but will not report on this
here since the results are not complete and the arguments are quite technical. One
would hope that some nonlinear interpolation argument would settle all these cases.

Our results concerning regularity in one space dimension described above are, for
the most part, negative. It is possible, however, to prove some positive results for
regularity in one space dimension. We show, using a general argument, that if f is
uniformly convex and smooth enough and if ug € BV(R)N B%(L,(R)) for o > 1 and
o> 7(a) = 1/(a+ 1), then for all ¢ > 0, u(-,t) is in every Besov space Bg(Lp(]R))
with (1/p, 7) strictly inside the quadrilateral with corners (0,0), (1,0), (1,1), and
(1/7(a), @).

The situation regarding regularity spaces in several space dimension is quite dif-
ferent. One might suspect that the Besov spaces BY, 7 := (a/d + 1)~1 are regularity
spaces for space dimension d > 1, since their one-dimensional counterparts (d = 1)
are. (These are precisely the spaces of minimal smoothness that are embedded into
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Li(R%), by a variant of the Sobolev embedding theorem.) However, we shall show in
this paper that under very general conditions on the flux f, none of the Besov spaces
Bg(Lp(Rd)) with @ > 1 are regularity spaces for (1.1). Again, we are not able to
completely settle the case 0 < a < 1. In R? the lines £y and £; are to be replaced
by £f and £}, which emanate from (0,0) and (1,0), respectively, with slope d. We
already noted that the spaces on the line segment with endpoints (1,0), (1,1) are
regularity spaces.

We feel that our negative results on regularity spaces in several space dimensions
give useful information about the structure of solutions to (1.1) and the behavior of
numerical methods for their solutions. In order to bring out this point, we first make
a few remarks about the connections between regularity and numerical methods. A
typical numerical method creates for discrete time values ¢, an approximation u,
to u(-,t,). The approximants w, will lie in certain linear or nonlinear spaces X,
associated with the numerical method. Usually, X, is a space of piecewise polynomials
with either a fixed or variable grid. The approximation power of such a method is often
(although not always) associated with the approximation power from the space X,,. In
any case, no numerical method can approximate better than the best approximation
from ¥,. The order of best approximation by elements in ¥,, is characterized by the
smoothness of the function u(-,?,) being approximated. It is therefore important
to understand when the solution u(-,?) is in the smoothness space associated with
a given order of best approximation by elements in X,,. For example, the regularity
spaces Bf(a) characterize the classes of functions that can be approximated with a
given approximation order N~% in Ly (IR) by free-knot spline functions with N knots.
This shows that numerical methods based on moving grids (in one space dimension)
should be effective in recovering solutions to scalar conservation laws. This is indeed
the case, as is shown in [12], [6], [13] where numerical methods based on moving grid
finite elements are constructed that provide approximation order « for any « > 0.

In the multivariate case, there are no regularity spaces among the Besov spaces
BY(Ly (R9)), @ > 1. The Besov spaces are homogeneous: they measure regularity the
same way in all coordinate directions. From another viewpoint, these Besov spaces
are characterized by very regular approximation processes such as approximation by
wavelets or splines with regular partitions. The elements in these spaces behave the
same in all coordinate directions. On the other hand, the “fluid transport” in conser-
vation laws can be very directionally dependent. To approximate well such a solution
at later time ¢ > 0 requires finer resolution in directions where mass is accumulating.
For example, if we were approximating by piecewise constants we would need elements
that are finer in certain directions and coarser in others. This is not possible with
splines on regular partitions or wavelets. This is reflected in the fact that their ap-
proximation spaces (the Besov spaces) are not regularity spaces for conservation laws
in several space dimensions.

2. Properties of entropy solutions to conservation laws. We begin by
recalling certain properties of the solution to (1.1) that will be used in the sequel. Let
E(t) denote the evolution operator that associates to ug the solution E()ug := u( - ,1)
of (1.1) at time ¢ > 0. Then E(¢) maps Li(R?) + Lo (R into itself. Moreover, E(t)
is a norm one, bounded operator on L;(R%) and L, (R%):

(2.1) NE( ol < ol maye p= 1,00,

Actually, E(t) is a bounded operator with norm one on each of the L,(R?) spaces
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1 < p < co. This can be derived from the study of entropy—entropy flux pairs or
proved as in §4.

The operator FE(t) is monotone in the sense that E(t)ug > F(t)vg whenever
ug > vy (see for example [3]) and preserves integrals

/E(t)uodx:/ ug dx.
R4 R4

From these properties one derives that F(t) is a contraction (see [3])
I1E(@)(u0) = E@)(vo)l| < [Juo — wol-

Here and later the unsubscripted norm || - || always denotes the L;(IR4) norm.

There is no simple description of the solution u of (1.1). However, in one space di-
mension, the following method of Lax [11] gives a useful analytic method for obtaining
u. We assume that the flux f is strictly convex. It follows that the transport velocity
a(u) := f'(u) is strictly increasing on IR and is therefore invertible (under composition
of functions) on R. We assume further that the initial condition wg is continuous with
compact support. Any initial condition can be approximated to arbitrary accuracy in
the L1(R) norm by such functions. Under these conditions, Lax [11] shows that the
solution u(x,t) of (1.1) can be described by

(2.2) u(z,t) = up(y(z, 1))
where y = y(x,t) satisfies
x

(23) — = a(un(y))

In general, there are many solutions y to (2.3). The one that satisfies (2.2) is deter-
mined as the solution to an extremal problem (c¢f. Theorem 3.1 in [11]).

Lax establishes various properties of the selection y(z,t). In particular, he shows
that for each fixed ¢ > 0,

(2.4) y(-,1) is increasing on .

Shocks occur in the solution to (1.1) at points where y( -, ) discontinuous. This can
occur when there is more than one solution y to (2.3) and we jump down from one
piece of the graph of uy to another.

3. Besov spaces. In this section we give the definition of Besov spaces and
several equivalent norms for these spaces, which will be used in the sequel. For o > 0
and 0 < p, ¢ < oo, the Besov space B (L, (R4) is a space of functions with smoothness
a in L,. The secondary parameter ¢ gives a finer gradation of these spaces that is
important in many applications.

To describe these spaces, we use the difference operators A}, r = 1,2,..., with
step h € RY These are defined inductively with Ay(v,z) := v(z + k) — v(z) and
A% = AR AL Tt follows that

(3.1) Af (v, ) = (=1)7H C) v(z + jh).
j=0
With these differences, we can define the moduli of smoothness

wy (v, 8)p := 0<s|1]11|p< ||A2(v)||Lp(]Rd), s> 0,
< _S
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foreach » = 1,2, .... The rate at which w,(v,t), tends to zero gives information about
the smoothness of v in L,(IR9).

The Besov spaces are defined for 0 < o < r and 0 < p,q < oo as the set of all
functions v € L, (R?) for which

00 d H
(/ [s_awr(v, s)p]q —5) , 0<qg< oo,
(3.2) |U|Bg(Lp(1Rd)) = 0 5
sg;o)s_awT(v,s)p, q = oo,

is finite. The conditions (3.2) require that w,(v, s), behave like O(s%) as s — 0; the
exact requirement on w,(v, s), varies with ¢ and becomes stronger as ¢ gets smaller.
We define the following “norm” for By (L, (RY):

lvllBe(r,®a) = vl @e) + oL, ®e))-

Because we allow p and ¢ to be less than 1, this “norm” does not always satisfy the
triangle inequality, but it is always a quasi-norm, i.e., there exists a constant ' such
that for all v and v in Bg(Lp(}Rd)),

lu+ vllps (@) < CUlullpsz,®e) + 1B, ®a))-

It can be shown that the above definition of Besov spaces does not depend on
the choice of r, since all values of r > « give rise to equivalent norms and hence
the same space. We note that since w;(v,t), < 2"[|v||r (re), 1 < p < oo (the same
inequality holds with 2" replaced by 2'/P when p < 1), we obtain an equivalent norm
for BY(Ly (R9)) if we take the integral or supremum in (3.2) over only the interval
[0,1]. Thus, membership of v in Bg(Lp(Rd)) is determined only by the integral or
supremum on [0, 1].

For certain values of the parameters, the Besov spaces are identical with other
smoothness spaces. For example, if 0 < p < co and 0 < « is not an integer, then
B2 (Lp,(R%) = Lip(a, L,(RY)) are the classical Lipschitz spaces. When o = k is an
integer we obtain the generalized Lipschitz spaces, for which w, (v, s),, 7 > k is used in
place of wg(v, 5)p in the definition of the usual Lipschitz spaces. For p = 2 and o > 0,
the Besov spaces BS(Lz(R%)) = W*(Ly(IRY)) are the Sobolev spaces. The Besov
spaces with ¢ = p, which we shall denote by By := B;(Lp(Rd)), are of particular
interest. These are sometimes called generalized Sobolev spaces.

The application of Besov spaces to approximation theory and interpolation of
linear operators leads to alternate characterizations of these spaces. We shall mention
two of these alternate characterizations that hold in the univariate case.

The first characterization describes the Besov spaces in terms of approximation
by linear spaces of spline functions. Let S, , denote the set of all univariate piecewise
polynomials of degree < r that have global smoothness C"=2) and have break points
only at the dyadic integers j277, j € Z. For each f € L,(IR), we define

Sn(f)p = Sn,r(f)p = SEH‘Sl‘f ||f_ SHLP(]R)~

Then, (see [8]), for 0 < a < r, a function f is in By (L,(IR)) if and only if

00 1/q
(3.3) (Z[2n%n<f>p]q) < oo,

n=0
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with the usual change to a supremum when ¢ = oco. Moreover, (3.3) gives an equiv-
alent semi-norm for BY(L,(R)). It follows directly from (3.3) that BZ(L,(IR)) is
continuously embedded in BY(L,(R))if « > fora =B and o < 7.

Our second characterization describes the Besov spaces in terms of univariate
nonlinear approximation. For this, we let X, := 3, , denote the collection of all
piecewise polynomial functions of degree < r on IR that consist of at most n+ 1 pieces.
Thus S € X, if and only if there exist n breakpoints #1 < x5 < --- < @, such that
with zg := —00, p41 1= 00, the function S is a polynomial of degree < r on each of
the intervals (z;_1,;), ¢ = 1,...,n. No assumption is made about the smoothness
of S at the breakpoints. The set X, is not a linear space, but it can be considered
a nonlinear manifold parameterized by the breakpoints and the coefficients of the
polynomial pieces.

We can describe certain Besov spaces in terms of their approximation by the
elements of X,,. For this, we define for f € L,(R), 0 < p < o0,

4 n =0 ;= Inf — ,

(3.0 7P = onr Py = Jnf (1 = Sl o)

which is the error in approximating f in the L,(R) norm by the elements of X,,.
Nonlinear spline approximation can be used to characterize certain of the spaces

B& (see [14] and [9]). If » > o > 0 and 7 > 0 are given, and if there is a p with

0 < p < oo such that 7 = 7(a, p) := (o + 1/p)~L, then f € B¥(L,(R)) if and only if

0o 1/7
(3.5) (Z[zmaznmpr) <o

n=1
and (3.5) when added to || - ||z, (&) gives an equivalent norm for By:
00 1/7
(3.6) IABe L @)~ Iflle. &)+ (2[2”“0271(1’),9]7) :
n=1

Furthermore, (3.6) implies that Bf(a ) is continuously embedded in Bf(@

Indeed, Bf(a,p)
B

f(a ) lies on the half-line with slope one emanating from the point (1/p, 0) in Figure

) if a > 3.
is continuously embedded in L,(IR) (see [8]), and the family of spaces

)

It may be useful to say a few words about the differences in the two character-
izations (3.3) and (3.5). The characterization (3.3) describes the space Bg(Lp(Rd))
in terms of approximation in L, (R9). Thus the approximation is taking place in the
same space (L,(R%)) in which the smoothness is measured. In contrast, in (3.5) the
approximation takes place in the space L, (R9) but the smoothness is measured in the
space L,(IR9); this is characteristic of nonlinear approximation. Since 7 < p, the class
of functions that can be approximated by the nonlinear family ¥, is larger than the
class that is approximated by the linear spaces &, .

4. Rearrangement invariant spaces. In this section, we shall give an ele-
mentary approach to finding invariant spaces based on interpolation of operators. We
begin by recalling some basic facts about the K-functional and its application to the
theory of interpolation of operators.

If (Xo, X1) is a pair of complete, quasi-normed spaces embedded in a Hausdorff
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space X, then for each v € Xy 4+ X, we form the K-functional

v=

K(v,s) := K(v,8; Xg, X1) := %nfl_v lvollxe + sllvillx,}, s >0,

where the infimum is taken over all decompositions v = vy + v with v; € X;, ¢ =0, 1.
It is easy to see that for fixed s > 0, K( -, s) is a quasi-norm and for fixed v, K(v, -)
is an increasing concave function on R .

The K-functional was introduced by Peetre as a tool for obtaining interpolation
spaces X for the pair (X, X1). We recall that a complete quasi-normed space X
contained in Xy 4+ X5 is called an interpolation space for the pair (Xo, X;) if each
linear operator 71" that boundedly maps X, and X into themselves also maps X
boundedly into itself. For such a T', it follows that

K(Tv,s; X0, X1) <M K(v,5;X0,X1), s>0,

with M the maximum of the norm of 7" on the two spaces Xy, X;.

In view of (4.1), we can obtain interpolation spaces for (Xy, X1) by applying
to K (v, -) a quasi-norm defined for functions on Ry. We mention in particular the
(6,¢) norms, 0 < 8 < 1, 0 < ¢ < oo, which give the spaces Xy, that consist of all
v € Xg + X for which

1) lvlxs,, = (/()w[s_el((v,s)]qﬁ)l/q

S

is finite (with the usual change to a supremum when ¢ = o0). Tt follows from (4.1)
that 7" maps Xy 4 into itself for each 0 < ¢ < 1, 0 < ¢ < oo, with a norm not exceeding
M.

It is not possible to apply this interpolation directly to the operator E(t) asso-
ciated with (1.1) since it is not linear. However, the following simple remark can be
used in place of linearity. We say that an operator 7" is Xy-Lipschitz on Xy + X5 if

1T (vo) — T'(v1)llx, < Mollvo — v1llx,

for each vg, vy € Xg + X3 for which v1 — vg € Xj.
LEMMA 4.1. If T is a (possibly nonlinear) operator that is Xy-Lipschitz with
constant Mg on Xo + X1 and s bounded with norm My on Xy, then T satisfies

(4.2) K(Tv,s) < M K(v,s), ve&Xog+X1, s>0.

with M := max( My, My).

Proof. The proof is almost a triviality. Let s > 0. For a given € > 0, let v =
vg + v1 be a decomposition of v that satisfies ||vg|x, + s[|v1]|x, < K(v,s) + €. Then
Tv=(Tv—Tvy)+Tv; and v — v; = vy € Xp. Hence,

170 = Torllx, + sl Torllx, < Mollo = vallx, + sMalloallx, < M(K(f.5) + o).

Since € > 0 is arbitrary, (4.2) follows from the definition of the K-functional. 0

We now apply this lemma to the solution operator E := E(t) for the conservation
law (1.1). The contractivity of the operator £ on L;(IR%) has a local variant. For this,
we assume that the flux f is in Lip 1. It follows that the transport velocity vector
F/(u) satisfies

A= sup ||/ (w)||e, < o0,
u€eR
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where |||, = Zle |#;]. Under this assumption, we have ([10]) for any locally
integrable functions ug, vp and any ball B(x, R) of radius R > 0 centered at the point

Ty

(43) | 1B - Bl < T—

B(z,R) B(z,R+At)
In particular, if ug, vg € Ll(}Rd) + Loo(Rd) and ug — vg € Ll(Rd), then taking a limit
as R — oo in (4.3) shows that £ is L;-Lipschitz on Ly + Lo, with constant 1. Since
FE is a norm-one operator on L, we can apply Lemma 4.1 and find

(4.4) K(E(uo),s; L1(RY), Loo (RY)) < K (ug, 55 L1(RY), Loo (RY)

The K-functional for the pair (Li(R9Y), Loo(R%)) can be described in terms of
rearrangements of functions. We refer the reader to the book of Bennett and Sharpley
[1] and Calderén’s paper [2] for a discussion of rearrangements and the material that
follows in this section. The rearrangement v* of a function v € Ly (R9) 4+ L., (R9) is a
non-increasing function defined on R that is equimeasurable with v, i.e,

meas(z € B[ [o(x)| > y} = meas{ z € By | [o*(2)] > v}
for all y > 0. Tt follows that the rearrangement v* of any v € L,(R9) is in L, (IR ;) and

(4.5) ol s = 10"llz,@y, 1<p< oo

It can readily be verified that the K-functional for (L1, L) is

(4.6) K(v,8; Li(RY), Lo (RY) = /0 v*(y) dy.

*

The Hardy-Littlewood maximal function »** of v* is related to the K-functional

K(v,s;L1(RY), Low(RY) in the following way:

*k 1 : * 1 -

v (s) = g/ v (y)dy = g[& (v,8; L1(RY), Loo (RY)).
0

Using the functions v**, Calderén defines a normed space X C L*(R?) + L>°(R?) as

rearrangement mvariant if

FeXand ¢"(s) < f(s), s> 0, = g€ X and |lg||x < ||f]lx-

Calderén showed that the interpolation spaces for the pair (Li(R9), L, (R9)) consist
precisely of the set of rearrangement-invariant spaces.

As a consequence, from Lemma 4.1 we obtain the following.

THEOREM 4.2. Ifthe fluz f isin Lip 1, then for anyt > 0, the evolution operator
E = E(t) for the conservation law (1.1) when applied to an arbitrary function uy €
Li(RY) + Lo (RY) satisfies

(4.7) E(ug)™(s) < uy™(s) s> 0.

In particular, E maps every rearrangement-invariant space X on R? into itself with
norm 1.

Inequality (4.7) gives precise information about the relative sizes of ug and Fug.
For example, if we let d = 1, f(u) = u?, ug equal the characteristic function of [0, 1],
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Uo E(ug) :=u(-,1/2)
0 1 z 0 1 z
up E(ug)”
0 1 z 0 1 z
0 1 z 0 1 z

Fia. 2. For these figures, the fluz is f(u) = w?. The initial data ug = X[0,1]+ its monincreasing
rearrangement ul, and ul*, the mazimal function of ul. Similarly for E(ug) := u(-,1/2).

and ¢t = 1/2, then ug = uf,

0’ l‘SO, 0, l‘<0,
l‘, 0<l‘<1, 1’ 0<l‘<1/2,
B — - - d F * = -
(uo)(x) | 1<z<3pm (o) (2) 3/2—x, 1/2<x<3/2,
0, 1<u 0, 3/2< .

Note that for 1 < # < 3/2, ui(x) < E(ug)*(z), yet, by Theorem 4.2 (or an easy direct
calculation) we have that

(4.8) E(uo)™ () < i (x)

for all x > 0. See Figure 2.
Some examples of rearrangement-invariant spaces are the L,(R ) spaces, 1 <p <
o0, and the Lorentz spaces prq(}Rd), 1<p<oo,1<qg<oo;forp>1, these consist
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of all v € L1 (RY) + L. (R?) for which

* *k ds e
el o= [l o)

is finite. Other rearrangement-invariant function spaces include Llog L and Orlicz
spaces.

5. Regularity in Besov spaces. Part I: Positive results. The remainder
of this paper concerns itself with the regularity of the solution u(-,?) of (1.1) as
measured in Besov spaces. We continue to use the notation 7(«a,p) := (o + 1/p)~!
and B® := B¥(L,(RY)).

It 1s well known that if the initial data wug is of bounded variation, then the
solution u( -,) of (1.1) is of bounded variation for all positive time ¢ and

(5.1) lu( -, t)|Bv < JuolBv

for all ¢ > 0. In addition, we showed in one space dimension [6], [13] that if f € C"+!
is globally Lipschitz continuous and uniformly convex, and uy € BVﬂBf(a 1) for some

1 < a < r, then for all ¢t > 0, u(~,t)EBVﬂBf(a 1), and

(5.2) lu(-, Olle, ) < Cluollse

7(a,1) — 7(a,1)

+1)

where C' depends only on 7, ¢, || f 1|z, and |uo|pv; i.e., BVﬂBf(a 1) is a regularity
space for (1.1). (For the inviscid Burgers equation

lu(-, DllBe,, ,, < Clluollpe

(1) — (1)’

where (' depends only on a.) One can ask whether any other spaces By (L, (R))N
BV(IR) are also regularity spaces for (1.1). As we have explained in the introduction,
this cannot hold for Besov spaces that correspond to points above the line £y or below
the line £1 of Figure 1. Thus we can restrict our attention to spaces corresponding
to points in the region bounded by L, £1, and the z-axis. Each Besov space in this
region is of the form Bg(LT(a,p)) for some p between 1 and infinity, 0 < ¢ < oo, and
a > 0.

In this section, we show that if ug € BV N Bf(a oy o> land 1 < p < 0,

then u(-,¢)is in BV N Bf(@ 2 foralll <g<ooand g <1+ %(a —1). The points
(1/7(8,9),8), =1+ %(a — 1), lie on the line segment joining the points (1,1) and
(1/7(a, 1), @) in Figure 1; i.e., these spaces are intermediate to BV and Bf(a 1) In

T

the next two sections we show that, in general, u( -,¢) may not be in BV N Bﬁ(ﬁ,q) for
g(a,p)’
a > 1, are not regularity spaces for (1.1) for any values of p # 1. As in [7], we can
remove the restriction of BV functions if f(u) = u?.

We first prove the following lemma, which holds for general functions v, not
necessarily solution of (1.1).

LeMMA 5.1, Ifv € BVABY, ), a > 1, thenv € By (L)) for = 1+ (a—1),
l<p<oo, and 0 = pr(a, 1).

Proof. The proof will be based on a standard interpolation argument. We take
as the BV-seminorm

1 < ¢ < 0o whenever § > 1+ %(a — 1). In particular, we can say that the B

ol = sup 22291
s>0 S
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Since for any r > 1, w,(v,s); < 2"~ twi(v, s)1, we have
wr(v,5)1 < Cwi(v,s); < Cslolpy

with C' depending only on 7.
We now assume that 1 < o < r; and we write p := 7(ev, 1) and A := 7(3, p), i.e.,

1 1 1
—:Oz—I—land—:ﬁ—l——:g—l—l.
n A P p
Notice that ) L1 )
—,BI——,O[—F 1—- 1a1a
(59 = Sra)+ (1= (L)

that is, (1/A,3) is a convex combination of (1/u, ) and (1,1). We shall estimate
wy(v,5)x. We use the abbreviated notation A(z) := |A}(v,z)|. We let p’ be the
conjugate exponent to p, 1.e., zl? + 1% = 1. It follows from Holder’s inequality that

/RA(QL‘)AC”‘:/RA(JL‘)I%A(x)%dxg (/RA(x)dx)’%URA(x)%ﬁ/p' dx)l_’%

s H(1= 5r)
< Clolgyh]P wr (v, [h]),
since y = %ﬁ/p,.

By taking a supremum for |h| < s, we can replace the left side by w, (v, s)3 and
raise both sides to the power 1/ to obtain

1 1 1
(5.3) wr(v,8)x < ClolEysP we(v,s)k,

where we have used the fact that (; — Z%)u = zlf Therefore
* d T [ _por 2 =
| el T iy [ T e
0 s 0

g %]
! —
=Cllfy [ bt T
0

since g = (e, 1) = o/p and ap = fo — o/p’. Raising both sides of this inequality to
the power 1/0 shows that
11

e
bz, @y < Clolavlvlpe - O

In the next theorem, we apply Lemma 5.1 to solutions of (1.1).
THEOREM 5.2. Let the fluz f be strictly convex and in C™11. If uy is a function

of compact support in Bf(a ) NBV(R) for some a > 1 and 1 < p < oo, then for any

later time t the solution u(-,t) to (1.1) is in every Besov space Bf(ﬁ,q) NBV(R) for
all<g<ooand0< < l+(a—1)/q.

Proof. Tt may help the reader to refer to Figure 3 during the course of this proof.
We first assume that 1 < ¢ < ooand 1 <8< 14 (a—1)/q, and we choose auxiliary
parameters o', 3, and s that satisfy 1 < o' <o, § < <14+ (' = 1)/q, 7(a/,1) <
(o, p) and
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1
P

Fia. 3. The parameters and spaces of Theorem 5.2. The points and the spaces are
. 1 . . 1 . . 1 . .
A: (‘r(a,p)’a)’ Bf(a,p)(LT(o‘vp)(R))’ B: (‘r(a’,l)’a)’ Bf(a,p)(LT(alvl)(R))’ & (‘r(a,l)’a)’ D:

(T(a1/71)7a/)f Bf(lalyl)(Lr(a’,l)(R)% E: (Wvﬁ/) = (mvﬁ/)f Bf-,—(alﬂ)([’r(ﬁ’,r)(R))? F:
(T(é,q)’ﬁ)’ Bf(ﬁyq)(LT(ﬁyq)(R)); and G: (1,1), BV(R)). The lines Lo and L1 are as in Figure
1.

ie, 7(8,q) = 7(#,s). Note that it is always possible to choose these parameters by
first choosing o’ close enough to . It follows that 1 < s < co.

We note that because ug has compact support, ug € Bg(ayp)(LT(a,p)(R)) (Point
A) implies that ug € Bg(ayp)(LT(a’,l)(R)) (Point B), since (o, 1) < 7(a,p). Now,
by the embedding theorems mentioned in §3, ug is in Bf(la,yl)(LT(azyl)(}R)) (Point D),
since o' < a.

Inequalities (5.1) and (5.2) and the fact that ug € Bf(la,yl)(LT(azyl)(}R)) NBV(R)
imply that w(-,?) is in the same space for all ¢ > 0. We can apply Lemma 5.1 to

see that wu(-,t) is in BfT(a,yl)(LT(@lys)(]R)) = Bfr(a',l)(LT(ﬁVQ)(R)) (Point F). Fi-
nally, because 8 < §’, a standard embedding theorem implies that u(-,t) is in
Bf(@yq)(LT(ﬁ,q)(R)) (Point F'), as required.

When ¢ = 1 or § < 1, the theorem follows from what we have already shown and

the fact that Bf - 1s embedded in Bf for any 5 < 5 0

(8,9) (8,9)

6. Regularity in Besov spaces. Part II: Limits on regularity. Recall that
a smoothness space X is a regularity space for (1.1) if ugp € X — wu(-,t) € X for
all £ > 0. We have remarked that the spaces BV(R)N Bg(oz,l) are regularity spaces
for (1.1), and we gave simple arguments in the introduction to show that spaces on
or above the line £y with o > 1 or below the line £; cannot be regularity spaces for
X. We went on to show that if ug is in any space X = Bf(ayp) NBV(R) for & > 1 and
1 < p < oo (i.e., between the lines £y and £1), then the solutions u( -, ) remained in
Bf(ﬁ,q) for 1 < ¢ < ooand f < 14+(a—1)/g for all time; we now show that the solution
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of (1.1) is, in general, not in any space Bf(ﬁ,q) withl <¢g<ooand §>14+(a—1)/q.
In particular, no Besov space BY for o > 1 and any o # 7(«, 1) is a regularity space
for the one-dimensional conservation law (1.1). In this section, we analyze the inviscid
Burgers equation, and in the next section we treat general strictly convex fluxes f. In
§8, we generalize these results to multivariate problems.

So we consider in this section only f(u) = u?/2, o > 1, and 7 = 7(a,p) :=
(a+1/p)~Lfor1 < p < co. For any o and p we construct initial data ug € BV ﬁBf(CY )

such that the solution u(z, 1) of (1.1) at time 1 is not in any space Bf(ﬁ,q) forl <g < oo
and 3> 1+ (a—1)/q.

It is perhaps easier to first describe the solution u(z, 1) that we want to achieve
at time 1 and then explain how to find suitable initial data ug that yields it. We
construct a set of functions ¢, k = 1,2,..., each of compact support on intervals I,
such that >, |I;| is finite; our solution will be u(-,1) = w1 := >, ¢(- — 2), where
the increasing sequence of points zy is chosen such that u(z, 1) has bounded support
and the supports of ¢5(- — xz) and ¢; (- — z;) don’t overlap if j # k. The graph of
¢p(x — 1) is given in Figure 4. The right-most portion of its graph has Ny, steps
with height Hj, := 27% and width W}, := 27%%; on the left, a linear piece with slope %
connects the top of the steps with the » axis. Precisely,

; v < —2NpHy,

#+ NpHy, —2NyHp < <0,

Ny —n)Hp, nWiy<az<(n+ 1)W, 0<n < Ny,
, Ny Wy < z.

= O

dp(x) =

o~

We choose Ny as the greatest integer such that Ny Hy < k~7. If Nj is zero then ¢y is
defined to be zero. If N, > 0 then

1
(61) §]€_T < NpyHp <k77.
The integer r will be given later. We have

bl

s0 » ;. |[Ix] < oo as claimed, and a set of points {x}}32, can easily be chosen with the
required properties.
We obtain ug(x) by solving the associated backward problem

1
vy — (zv?), = 0, reRY >0,

v(,0) = vo(x) == u(z, 1), e R4

Then we take ug := v(-,1). Each jump in vy smooths into a linear rarefaction wave
with slope —1, and the linear piece on the left of each ¢ evolves into a steeper profile
with slope 1, but not yet a shock, at time 1. Thus, ug(z) :=v(x,1) = 3", ¥p(x — 1),
where the continuous function ), takes the values

0, r = —2Nka,

(Nr, —n)Hy, «=nW; — (N —n)H} and

x:(n—I—l)Wk—(Nk—n)Hk, 0<n< Ng,
Oa T = Nk‘ Wk‘a
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—2N.Hy + 3 x, — Ny Hy, NiWi + xp
Yr(x — o)
Wy = g-ak
Hy, = 92—k
—2N.Hy + 3 rp NeWp 4z
or(x — 1)

Fic. 4. The functions ¢p(x — wy) and iz — xy), from which uo(x) = 3, Yr(z — zx) and
w(z,1) = >, dx(z — x). The dashed line indicates the linear approzimation to iz — xy) in
Theorem 6.1.

is linear between these values, and is zero outside the interval [-2Ny Hy, Ny W;]. Thus,
on the right, v consists of linear pieces with slopes alternating between 0 and —1.
See Figure 4. Note that ¢, has 2N, + 1 linear pieces and ¢ has N 4+ 1 linear pieces.

It is easy to justify that uy is the solution to (1.1) when ¢ = 1 with initial data
ug. For example, in the description of the solution given by Lax (see our §2), for ¢ < 1
there is a unique solution y(x,t) to (2.3). When ¢ = 1 there is a unique solution to
(2.3) except at breakpoints of uy. These correspond to the jumps in u;.

We fix @ > 1 and 1 < p < oo and let r be the smallest integer that satisfies
(r— Dr(e,p)/p > 1, or, equivalently, r > ap + 2.

THEOREM 6.1. Let 1 < p < 0o and o > 1 be fired. The function uy defined
above 1is in Bf(ayp), Jor 7(a,p) := (o + 1/p)~1 while the function uy = u( -, 1) with u

the solution to (1.1) for this ug and f(u) := u?/2 is not in any space Bf(ﬁ 0 Jor any
l<g<ooand any f> 14+ (e —1)/q.

Proof. (1) We first show that up € Bf(a o) For this purpose, we use the semi-
norm (3.5) for Bf(a . that is defined using the approximation errors ¢ai(up),. We

fix a value of n > 1 such that 2" > n” and we bound o, (ug) for m = 2"+3 by
constructing a piecewise linear approximant S to ug as follows.

Recall that

supp(¢r) = supp(¥p) = Iy = [-2Np Hy, Np W],
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Outside of |, (xx + I1), we define S to be zero. Let z, := xp + N W} be the right
endpoint of the support interval #j + I, of ¢ (2 — 21). On each x4+ I for 1 < k < n
(i.e., where g is largest), we define S(x) := ug(x) = ¥p(x — 2). Then S has at most
Z?;E(?Ni +2) < 27T 4 2p < 27*+2 linear pieces to the left of the point z,_1. To the
right of z,_1 we define S as follows. On any interval xy + Iy, with n < k < 2" (where
ug is of moderate size), we define S to be the continuous, piecewise linear function that
passes through the points (z — 2N, Hy,, 0), (v, — NpHy, N Hy), and (2 + Ny Wy, 0)
(the dashed line in Figure 4). To the right of z3» (where ug is smallest), we define S
to be identically zero; we call this semi-infinite interval I,. Then S has at most 3 - 27
breakpoints to the right of z,_; and hence at most m = 2713 breakpoints in all.

We consider next the error E(z) := |ug(x) — S(x)| at points where E is not
identically zero. On any interval zy + I, k = n,...,2", the error is no greater than
W (since the slope of the dashed line in Figure 4 is greater than —1) and F is nonzero
on a set of measure at most Ni(Wy, + Hy) < 2N Hp, < 2k7". Hence

(6.3) / E(x)f de < 2WEPk™" < 2. 27Forg=r,
e+

On the other hand, on I, F(2) < NanHar < 27" and E is nonzero on a set of
measure not exceeding

S <3y <oy,

k=27 k=27
(see (6.2)) with C' (here and later in this proof) depending only on r, since r > 1.
This gives
(6.4) / E(2)P de < ¢27nmPo—nir=1),
I

Adding the estimates (6.3) and (6.4), we obtain for m = 2"*3 and n sufficiently
large,

9n
Tm(uo)l < |lug — S|Ip < €277P270m 42y " froRer
k=n
< 2—n7‘p2—n(r—1) 4 9 nepy T

< o2TnePpTr

bl

since r > o and r > 1. This inequality also holds (trivially) for all n by simply
adjusting the constant C. Using this and the monotonicity of ;(ug),, we obtain that

S 12" (o), 7 < O3 n TR < oo
n=1 n=1
since r7(a,p)/p > 1 by our definition of ». This shows that wg is in Bf(a ) and

completes the proof of (i).
(ii) We show next that w3 = u(-,1) ¢ Bf(@ 2 for any 1 < ¢ < co and G >
1+ (a — 1)/q by giving a lower bound on wy(u1,t)-(g,4) for any fixed # > 3. We

consider any k for which ¢ 1s not identically zero, and we examine Azl(qbk, z) for
h:=hg =W/ and vWi —h < e <vWp,v=1,... N, ie. just to the left of each
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jump of height Hp in ¢y. Since Azl(g, z) = 0 for any constant function g, we have for
I/Wk—h<l‘<I/Wk,

(6.5) AL (fr,x) = A} (¢ — (Ng — v)Hy,2) = (=1) Hy, = (—=1)7 27

since all values of ¢y (x + jh) — (N, — v)Hp = 0 in (3.1) except for j = 0. This holds
for z on a set of measure Nyh = N Wy /r' > C28k—"2-%F = Ck—ro—(a=bk,
From (6.5), we derive for 7:= 7(3,¢) := (B +1/¢)7%,

(6.6) wpi(uy, hi)T > |Hy|Tk="27 (@ Dk = gobi=r=a)p =1

for all k sufficiently large, say k& > ky. Using the monotonicity of wy/(uy,t), in ¢,
dividing the interval of integration in (3.2) into intervals [hj41, hy) and discretizing
the integral yields

(o]
lurlfs > ¢ Z by 77w, (uy, )T

(6.7) F=ko
> C Z k—r2k(ﬁ7'oz+1—7'—oz) = 0o,

k=ko

because
q q Bg+l—gq—«a
+1l—7—a= +1-— —a=———>10.
Bra T—« 66(]‘1‘1& G+l o Gerl

Hence u; ¢ B” 0

(80
The previous theorem can be used together with embedding theorems for Besov

spaces to show that none of the Besov spaces BZ(L,) with (o +1)7! < 7 < a7!
are regularity spaces. That is, we can allow any value of s. A modification of the
construction of the theorem allows this conclusion for 7 = a~'. We already remarked
that no such space with 7 > 1/ or 7 < 1/(ar + 1) is a regularity space. We leave
these details to the reader.

7. More general fluxes. We shall next show that the results of the previous
section are valid for more general fluxes f. We shall assume in this section that f is
a strictly convex function on R. Then a(w) := f'(u) is strictly increasing and has an
inverse b := a~! under composition of functions. We shall assume that ¢(0) = 0 and
therefore 6(0) = 0 (this assumption could be removed with a suitable change in the
construction below).

If « > 1, let r, up, and u; be defined as in the previous section. We consider the
solution v(z,t) to (1.1) for the flux f and the initial condition

(7.1) vo(®) := blug(®)), z€R.

The same argument we have given in §6 can be applied here to show that the solution
v(a,t) of (1.1) for ¢t < 1 with data vg is the same as b(u(z,t)), where u(x,1) is defined
in the previous section.

The next two theorems will show that for every 1 < p < oo and a > 1, the function
but v(-,1) = v is not in any space Bf(ﬁ,q) for any 1 < ¢ < oo and

vg 1s In B
u m(a,p)’

B> 14 (a—1)/q. We shall assume in these theorems that the flux f is in C"T1; it
follows that a and b are in C”.
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THEOREM 7.1. Let o, r, up, and 7 := 1(a,p) be defined as above, and let 1 <
p<oo. Ifbisin CT[0,1], then vy is in Bg(oz,p)’

Proof. This proof is similar to Part (i) of Theorem 6.1.

It is reasonable to expect that vy will be as smooth as ug since b is smooth but
the proof is not completely trivial. We shall estimate the error in approximating vy by
piecewise polynomials of order r with m pieces. That 1s, we shall estimate the error
om(v0)p In approximating vg by the elements of ¥, , in the L,(IR) norm. We first note
that since 6(0) = 0 and 0 < ug(x) < 1, for all x, we have 0 < vo(x) < ||V'||£[0,17u0()
for all # € R. This implies that vy € L,(IR).

We fix an integer n > 1 and we estimate oy, (vo), for m > Cy2" with Cy an
absolute constant that is specified in the course of the proof. We let ¥y := 22;11 r(-—
zy), ¥y 1= Zzln VYr(-— x), and W3 := 5 .. (- — xz). These functions have
disjoint supports. From the definition of vy, we have

Vg = b(\Ifl) + b(\Ifz) + b(\Ifg) = bl + bz + b3.

We first estimate 0,,(b1),. Recall that ¥, is a piecewise linear function on R
with no more than C2” breakpoints. We shall now show that one can add at most
an additional Cy2" breakpoints so that for any interval 7 in the resulting partition,
¥, (7) is contained in an interval of length 27". Indeed, the variation of ¢ < 2/k",
for k = 1,...,n; hence, we need only insert at most 2k~"2" 4+ 2 new breakpoints for
each k = 1,...,n—1 to obtain the desired partition. For each of these intervals I, we
let Pr be the Taylor polynomial to b of order r expanded at the center of ¥y(7). Then
Pr(W,) is a polynomial of order » on I. We define the piecewise polynomial function

Sy by Sy := Pr(¥y) for each I. Then,

161 = Sillzacry = 18(¥1) = Pr(¥ )|y < 167 oo, 27
Since b; and 57 have compact support, it follows that
(7.2) om(b1)p <C277 0 m > 2"

with C' not depending on n.
We can estimate o, (b2) in a similar way. We have shown in the proof of Theorem
6.1 that there 1s a piecewise linear function ¥y with at most 3 - 27 pieces that satisfies

[Ty — \iJZHLw(]R) <27

Moreover, Wy = Ziln 1/:;6( -— ) with each 1/~Jk( -— ) a plecewise linear function with
4 pieces and Var(d:k) = Var(y) < 2k~". Therefore, as in the previous case of ¥y, we
can add new breakpoints and obtain a partition of R into at most Cy2” intervals 7
such that \ilz 1s linear on I and \ilz(f) is contained in an interval of length < 277, If
Pr denotes the Taylor polynomial of order r of b expanded about the center of \ilz(f),
then PI(\ilz) is a polynomial of order r on I. The piecewise polynomial function S5 is
defined to be PI(\ilz) on each I. Then, for each of the intervals I, we have

(7.3) 162 = Sallre iy < [16(¥2) = b(Wo)||zo(ry + 1B(¥2) — Pr(¥2)|lr ()
<N pwo, 1127 + ||b(r)||Lw[0,1]2_m <o2Tne

with C' independent of n. Now, by (6.2), b2 and S2 vanish outside of a set of measure
at most Cn~"*! with C' depending only on r. Hence, from (7.3),

||b2 — SZHLP(JR) S Cn(—r+1)/p2—na.
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It follows that
(7.4) Tm(ba), < CntrHD/Pg=na -y > Con,
Since b(0) = 0 and [|¥3(|z_(r) = SUPgs 2 [|Vk||Lo®) < 277, we have
163l Lo ) < 11| 2octo 1151z o) < N[ L0027
Because b3 has compact support, we have
(7.5) om(bs)p <C277", m> 1.
Now, vg = by + by + b3, and therefore the estimates (7.2), (7.4), and (7.5) give
om(v0)p < Cpl=rtbipg=ra > 0y27.

From our assumption on r, we have 7(r — 1)/p > 1 and therefore

oQ

Z[Q"aazn(vo)pr < 0.
n=1
From the characterization (3.5), we obtain that vy € Bf(a ) 0

We shall next show that v; := v(-, 1) is not in any Bf(@ e for 1 < ¢ < oo and
B> (o — 1)/q+ 1. For this, we shall assume that

(7.6) V(z)>c, x€(0,1)

for some ¢ > 0.

THEOREM 7.2. Under the assumptions of Theorem 7.1 and the added assumption
(7.6), we have vy ¢ Bf(ﬁ,q) foralll<g<ooand > (a—1)/q+ 1.

Proof. The widths of the constant states in b(¢y) are the same as for ¢, and
because of assumption (7.6), the heights of the jumps are > ¢27%. Therefore, the
same argument as given in the proof of Part (ii) of Theorem 6.1 shows that (6.7) holds
with v; = b(u1) in place of u;. Hence v1 is not in Bf(ﬁ,q)' 0

In summary, Theorems 7.1 and 7.2 give

THEOREM 7.3. Given that « > 1 and 1 < p < oo and that the flux f to the
univariate conservation law (1.1) has derivative a(u) = f'(u), which is strictly in-
creasing and whose inverse function b is in C" with (r — )7(a,p)/p > 1, and also
satisfies (7.6), the initial condition vo = b(ug) is in Bf(ayp) but the solution v(-,1)
to (1.1) at time t = 1 for this initial condition is not in any Bf(ﬁyq), for 1 <q¢q <

and # > (o —1)/q+ 1. Consequently, none of the spaces B2 (L.), 7 £ 1/(ac+ 1) are
regularity spaces for (1.1).

8. Regularity in several space dimensions. We shall next consider the
regularity of the solution to the conservation law (1.1) in several space dimensions.
The proof that the spaces B, 7 = (a + 1)71, are regularity spaces for conservation
laws in one space dimension rests on the fact that they arise in the characterization
of approximation classes for methods of nonlinear approximation in L;(R) such as
wavelets and free knot splines. The Besov spaces B&(L.(R%), 7 = (a/d + 1)~}
play the analogous role in nonlinear approximation in several space dimensions. For
example, they arise in the characterization of nonlinear approximation by wavelet sums
(see [4]). One might expect therefore that they are regularity spaces for conservation
laws in several space dimensions. We shall show that this is not the case when o > 1.
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We assume that a(u) := f'(u) is a continuously differentiable mapping from

R —R%and
(1) a(0)=0

(i) d'(0) £0
A slight change in the argument given below would allow the point 0 to be replaced
by any other point z € IR.

We write a(u) =: (a1(u), ..., aq(u)). Without loss of generality, we can assume
that a}(0) # 0 and a}(u) > 0, in a half- neighborhood [0, 5] of 0. In order to utilize our
previous notation, we shall assume that a;(n) = 1. However, a simple modification
of the arguments given below would treat the general case of 1. We denote by by the
inverse function (under composition of functions) to a; on [0,7n]. Then, by is defined
on [0, 1] and satisfies condition (7.6).

THEOREM 8.1. Let > 1 and 0 < 7 < oo. If by € C7[0,1] for some sufficiently
large integer v > max(«, d) (described in Part (ii) of the proof below), then the space
B&(L.(R%) is not a regularity space for the conservation law (1.1).

Proof. We shall consider the following three cases.

(i) a<d(l/T=1)4.

In this case, the space BY(L,(R%)) contains functions that are not locally inte-
grable and hence this space cannot be a regularity space for (1.1).

(ia>1,a>dl/r—1);,and a < 1/7.

We use our previous univariate notation r(a,p) := (e + 1/p)~!. 1In this case,
we can write 7 = 7(a, p) for some p with 1 < p < co. We shall show that there is
an initial conditions wq of compact support that is in B&(L,(R%)) but the solution
w( -, 1) = B(1)wp to (1.1) is not in BZ(L,(RY)).

We shall utilize the univariate construction of §7 with some modifications. For
our fixed values of @ and p, we assume that r is chosen as in §§6 and 7. Then, the
construction of §6 applies and we let ug be the univariate function given in that section.
Further, we let v(-,t) be the solution given in §7 to the univariate conservation law
(1.1) with initial condition vy := by(ug) and transport velocity a;. We recall that we
have shown in §7 that vp € BZ(L,(R)) but vy := v(-, 1) is not in any of the spaces
Bf(ﬁ,q) for 1 <¢<ooand §>14(a—1)/q. In particular vy is not BZ(L,(IR)).

We consider now the multivariate conservation law (1.1) with the initial condition

(8.1) wo(z) ;== vo(z1)(wa, ..., 2q), @ = (x1,...,24) € R4

with @(za,...,24) = ¢(x2)...¢(xq) and ¢ a compactly supported C*°(R) function
that is one on a sufficiently large (to be chosen momentarily) interval I centered at 0
and satisfying ||¢||L_(x) = 1. We denote by @ the cube T4, We let w = w(z,t) denote
the solution to (1.1) at time ¢ with initial condition wy.

Let £ > 1 be such that vy vanishes outside of [—£,£]. We claim that if the
sidelength of () 1s chosen sufficiently large then

(8.2) w(x,t) =v(x,t), ae x€[-20,20%0<t<1.

We now prove this claim. Since vy (and hence wy) has compact range, for any
z € RY) |a(wo(z))] < Co with Cp an absolute constant and | - | denoting Euclidean
distance. Hence, the transport velocity vector always has length bounded by Cj.

Now, given x € [—2¢,2¢] and 0 < t < 1, we consider all points y that can be
transported to x, that is, y should satisfy

(8.3) r =y +ta(wo(y)).
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If y and z are both solutions to (8.3), then when @ is large enough both points y and
z would have to come from @ (because of our estimate for the size of the transport
velocity). Then, ¢(y2,...,yq) = 1 and similarly for z. Hence the first components of
the vectors in (8.3) gives y1 +tuo(y1) = #1 = z1+tup(2z1). We have already noted in the
univariate analysis of §6, that this implies y; = z;. Hence, (8.1) gives wo(y) = wo(2)
and therefore (8.3) implies y = z. Thus, the function @ defined by

w(z,t) = woly) = vo(y1) = v(z1,1)

with y the solution to (8.3) is well defined for z € [~2¢,2(]¢ and W := w(x, ) satisfies
the implicit equation

(8.4) W = wo(x —ta(w)), = €[-20,20% 0<t<1.

A direct calculation shows that 1 is a weak solution to (1.1) on [—~2¢,2(]% x [0, 1),
and since w is continuous and piecewise C" on subdomains of [—2¢,2(]¢ x [0, 1) with
smooth boundaries, @ is an entropy solution of (1.1) in this region.

If we let t — 1 then w(-,t) converges in Li(R?) to wy := w(-,1). On the other
hand, as t — 1, w(x,t) = v(xy,t) converges to vi(z1) a.e. on [—2¢,2(]%. This shows
that wy(z) = vi(zy), a.e. ® € [-2£,2¢]¢ and verifies our claim for ¢ = 1.

To complete the proof of the theorem in this case, we shall estimate the Besov
norms of wg and w;. We first show that w; is not in B¥(L,(R%). It is enough
to consider differences A = hyey, €3 := (1,0,...,0) in the first coordinate direction,
with 0 < hy < 1/r. Then, A}(wi,z) = Azl(vl,xl) whenever Azl(vl,xl) # 0 and
r € [—2¢,2]%. Hence,

a1 r
1A% (w1, Iz, ey = (40O [[AL (o1, |z @), 0 <l <1/

It follows that w, (w1, s)r > wr(v1,8)r, 0 < s < 1/r. Now, we know from Theorem 6.3
that v1 is not in the Besov space BZ(L,(R)) and therefore, since r > «, (by an earlier

remark of §3)

1/r s
(8.5) /0 [s™%wp(v1, S)T]Td? = 00.

We can replace vy by wy in (8.5) and conclude that w; is not in B¥(L,(R9)).

Next, we show that wg is in B¥(L,(R?)). Let s > 0 and let h = (hy, ..., hy) € R?
satisfy |h| < s. We define the translation operator T'(h) by T(h)g := g(-+h), h € R%
We define the difference operator Dy by Drg := g(-+h1e1+- -+ hrer) —g(- + hier +
-+ h_1e,_1) for any function g on R<. Then, Ay = Zgzl D;,. Therefore

(8.6) F=> Di...Dg,

with the sum taken over all distinct r-tuples (k1,..., &) with k; € {1,...,d}.
We consider the effect of a general term in (8.6) on wy. Since all the operators

Dr, k=1,...,d, and T'(h) commute, we can write such a term as
(8.7) Diy ... Dy, = T(OA), , AN, .. A,

with 0 < As,...,Agand Az +---+ Ag = r — j and & some point in R?. The difference
operator A‘;Llel acts only with respect to #1, and the remaining difference operators
in (8.7) applies only to #a,...,z4. Hence

Dy .. D, (wo) = T(E)A], (vo, 21)AN, (6, 22) ... A2, (6, 24).
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Since ¢ € C*°, we have for y := min(1l, 7) and for a constant C' depending only on d,
r and p,

(8.8) wy (wy, )i < C’Z[sr_jwj(vo, s)- "

where for the purposes of this formula and the formulas below we define wy(vg, s); :=
lvolz, (&) for all s. From Marchaud’s inequality (see for example §8 of Chapter 2 in
[5]), the j-th term, j # 0,7, of the sum in (8.8) for 0 < s < 1 can be bounded by

o0 ) d 1 ) d
C’sw/ [U_]wr(vo,a)T]ufngw/ [U_JWT(UQ,O')T]NFU—I—CSTNHUQHZT(]R).

Returning to (8.8), we obtain for s < 1,
(100, )% < O™ fugll g+ (0, 5)2

(8.9) do

o

r—1 o0

+ C's™ Z/ 7 X10,1)(0)wr (vo, 0)7]*
ji=1 s

It follows therefore from Hardy’s inequality (see, e.g., §3 of Chapter 2 of [5]) that

R T dS
/ [S_QX[O,I](S)Wr(wOaS)T] —
0

S

(8.10) P e
< follf i+ S / (577" xpo.1y(8)r (00, )] L
ji=1

Since 0 < s < 1, the terms s"7/~% can each be replaced by s~%. We have remarked
earlier that in the definition of the Besov norm the integral in (3.2) can be taken over
[0,1]. Since g is in BZ(L(IR)), we conclude that the right side of (8.10) is finite, and
therefore wg is in B&(L,(R%)).

(iii) 7 > 1/a.

This case can be proved in a similar way to (ii). We let @ be the solution to
the univariate problem (1.1) with transport velocity a; for a compactly supported
univariate function ¥y in C'°°. We can choose vy so that no characteristics meet before
timet = 1 and at time¢ = 1, ¢; := 9( -, 1) has a single downward jump discontinuity at
z = 0 of size 1. Moreover, we can require that #; vanishes on (0, 00) and is continuous
on (—o0,0).

As in part (ii), we consider the initial condition wy = %y with ¢ as in (ii). Then
wo is in every space BY(L,(R%)). At time t = 1, for h > 0 sufficiently small, we have

|AL, (w1, 2)| > 1/2, &= (21,...,24) €[-1,1]%, —h <z <0.
Therefore,
(8.11) wr(wy,s)l > Cs, se][0,1].
This gives that )
w1l (r, o)) 2/0 57 ds.

Since ar > 1, the last integral diverges and shows that wy is not in B (L, (R9)). 0
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