On Approximately Inner Automor phisms of Certain Crossed Product C # -
Algebras

Marius D#d#rlat; Cornel Pasnicu

Proceedings of the American Mathematical Society, Vol. 110, No. 2. (Oct., 1990), pp. 383-385.

Stable URL:
http:/links.jstor.org/sici ?sici=0002-9939%28199010%29110%3A 2%3C383%3A OAIAOC%3E2.0.CO%3B2-J

Proceedings of the American Mathematical Society is currently published by American Mathematical Society.

Y our use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of ajournal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journal s/'ams.html.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

The JSTOR Archiveisatrusted digita repository providing for long-term preservation and access to leading academic
journals and scholarly literature from around the world. The Archive is supported by libraries, scholarly societies, publishers,
and foundations. It isan initiative of JSTOR, a not-for-profit organization with a mission to help the scholarly community take
advantage of advancesin technology. For more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Sat Nov 17 18:20:14 2007


http://links.jstor.org/sici?sici=0002-9939%28199010%29110%3A2%3C383%3AOAIAOC%3E2.0.CO%3B2-J
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/ams.html

PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 110, Number 2, October 1990

ON APPROXIMATELY INNER AUTOMORPHISMS
OF CERTAIN CROSSED PRODUCT C*-ALGEBRAS

MARIUS DADARLAT AND CORNEL PASNICU

(Communicated by Paul S. Muhly)

ABSTRACT. Let G be a compact connected topological group having a dense
subgroup isomorphic to Z. Let C(G)xZ be the crossed product C*-algebra of
o

C(G) with Z, where Z actson G by rotations. Automorphisms of C(G)xZ
(e

leaving invariant the canonical copy of C(G) are shown to be approximately
inner iff they act trivially on K, (C(G) x Z).
o

Let G be a compact abelian topological group. An element s € G is called a
generator if the group algebraically generated by s is dense in G. G is called
monothetic if it has at least one generator. If in addition G is connected, this
is equivalent to saying that the topology of G has a base of cardinality < c.
Moreover if G is second countable then the set of generators is measurable and
its Haar measure equals 1. (See [4], Theorems 24.15, 24.27.)

From now on, G is a monothetic compact connected infinite topological
group and s € G is a fixed generator. Let 4 = C(G) be the C*-algebra
of all complex-valued continuous functions on G. We consider the action
oc: Z — Aut(A4) given by

(ocp (@)(x) =a(s "x), foraced, xeG

and the corresponding crossed product C*-algebra 4 x Z (see [5, 8]). Denote
[e g
by Aut, (4 x Z) the closed subgroup
e

{B € Aut(4 X Z): (A) = A}

where Aut(A4 x Z) has the topology of pointwise norm convergence. Note that
Aut (A4 X Z) z {B € Aut(4 X Z): B(A) C A}, since A is a maximal abelian
self-adjoint subalgebra in 4 x Z (see [8], Proposition 4.14). We prove the
following. =
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1. Theorem. An automorphism B € Aut (A xZ) is approximately inner iff B
[e g
induces the identity automorphism of K (AxZ).
e

For G isomorphic to the one-dimensional torus T, the corresponding result
is due to Brenken [2].
The proof uses the description of Aut,(4 x Z) which follows from more
[e g
general results [3, Theorem 2.8].
Let u be the generatorof Z in 4 x Z,ie. AXZ=C"(4, u) with uau” =

e e
o, (a) for a € A. Then each B € Aut, (4 x Z) is given by a unique triplet
[e g
(b,x,q) € UA) x Gx{-1, 1} such that B(u) = bu? and B(a)(y) = a(xy?)
for a € A, y € G. Here U(A) denotes the unitary group of 4 (with the
norm topology) and the correspondence S < (b, x, g) is a homeomorphism.
It follows by ([3], Lemma 2.4) that such an automorphism is inner iff ¢ = 1,
x =s* forsome k € Z and b has the form w(-)w*(s"l-) for some w € U(A).
In this case f(t) = wu ¥t w*, 1 € 4% Z. Therefore if BeAut, (AXZ) is
[e g e
given by (b, x, q) then B is approximately inner provided that ¢ = 1 and
that b is in the closure of the set
{wHw* ™) we UM}

Indeed, if wn(~)w;(s_'~) converges to b in U(A4) and st converges to x in
G then, ad(wnu_k") converges to B in Aut, (4 xZ).
e

2. Lemma. Let f € Aut, (4 xZ) be given by (b, x,q). If B induces the
oC

identity automorphism of K,(AXZ)) then g =1 and b € Uy(A) (the connected
o

component of the identity in U(A)).

Proof. Since G is connected it follows that oc, induces the identity automor-

phism of K,(4). Using the Pimsner-Voiculescu exact sequence [6] one sees

that the canonical map K,(4) — K(4 x Z) is injective. The obvious map
[eg

nl(G) =[G, T] — K,(A) is also injective (use for instance the determinant
map). Consequently, if a € U(4) then a € Uy(A4) iff [a] =0 in K, (A% Z).
[eg

For y € G (the Pontrjagin dual of G) we have B(y) = y(x)y?. Therefore
[yI =107 in K (A4 % Z) and by the above remarks y is homotopic to y? as
e

maps G — T. By a result of Scheffer [7] this is possible only if ¢ = 1. The
equation f(u) = bu implies that [B(u)] = [b]+ [u] in K (A4 x Z) hence using
o«

the hypothesis on f and the above remarks we find that b € Uy(4).

3. Lemma. Themap w — w(-)w*(s™") from U(A) to U,(A4) has dense range
(compare with Theorem 4 in [2]).

Proof. Let A, = {a(-) —a(s—") , a € A} . Our first aim is to prove that 4 +C.1

is a dense (linear, self-adjoint) subspace of 4. This is accomplished by showing
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that it contains the *-subalgebra of C(G) generated by the characters of G
(which is dense in C(G) by the Stone-Weierstrass Theorem). We use the fact
that

S ={x(s), x € G\{1}}
is a dense subset of T and 1 ¢ S (see [4], Theorem 25.11). Thusif y € G\{l}
then a = (1 - y(s_l))_ly is such that y = a(-) — a(s_l-) €4,.
Any v € Uy(A4) has the form v = exp(ih) for some 4 € C(G, R). By the
above discussion we can find a € C(G, R) and 4 € R such that a(~)—a(s_'-)+1

is arbitrarily close to /4 in norm. Also there is y € @\{1} such that |e’"I —y(s)|
is arbitrarily small. Then for w = yexp(ia),

L) = p(s) -expi(a() — a(s” "))

will approximate v as well as we want.

w(-)yw" (s

Proof of the theorem. If B € Aut, (4 x Z) given by (b, x, g) induces the
: e
identity automorphism of K (4xZ) then by Lemma 2, b € Uy(4) and g = 1.
e

Using Lemma 3 we can find a sequence w, € U(4) such that wn(-)w; (s_l-)
converges to b in Uy(A4). The discussion before Lemma 2 shows that g is
approximately inner. The reverse implication is a general fact.
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