A UNIVERSAL PROPERTY FOR THE JIANG-SU ALGEBRA
MARIUS DADARLAT AND ANDREW S. TOMS

ABSTRACT. We prove that the infinite tensor power of a unital separable C*-algebra
absorbs the Jiang-Su algebra Z tensorially if and only if it contains, unitally, a subho-
mogeneous algebra without characters. This yields a succinct universal property for Z
in a category so large that there are no unital separable C*-algebras without charac-
ters known to lie outside it. This category moreover contains the vast majority of our
stock-in-trade separable amenable C*-algebras, and is closed under passage to separable
superalgebras and quotients, and hence to unital tensor products, unital direct limits, and
crossed products by countable discrete groups.

One consequence of our main result is that strongly self-absorbing ASH algebras are
Z-stable, and therefore satisfy the hypotheses of a recent classification theorem of W.
Winter. One concludes that Z is the only projectionless strongly self-absorbing ASH
algebra, completing the classification of strongly self-absorbing ASH algebras.

1. INTRODUCTION

The Jiang-Su algebra Z is one of the most important simple separable amenable C*-
algebras. It has become apparent in recent years that the property of absorbing the Jiang-Su
algebra tensorially—being Z-stable—is the essential property which allows one to analyse
the fine structure of a simple separable amenable C*-algebra using Banach algebra K-
theory and traces. Instances of this phenomenon can be found in the classification theory
of amenable C*-algebras (see [13] for an introduction to this subject, and [6] for a recent
survey), and more recently in parameterisations of unitary orbits of self-adjoint operators
on Hilbert space relative to an ambient amenable C*-algebra (see [2] and [1]). In spite of
this, Z has only had an ad hoc description since its discovery in 1997. The best result
concerning the uniqueness of Z has been that it is determined up to isomorphism by its
K-theory and tracial simplex in a very restricted class of inductive limit C*-algebras. The
main result of this article concerns the Z-stability of the infinite tensor power of a unital
separable C*-algebra. This result has several consequences for the theory of strongly-
self absorbing C*-algebras. In particular it shows that the Jiang-Su algebra satisfies an
attractive universal property.
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Let C be a class of unital C*-algebras. For A € C, we let A®> denote the infinite
minimal tensor product of countably many copies of A. (All C*-algebra tensor products in
the sequel are assumed to be minimal.) The following pair of conditions on a C*-algebra
B € C constitute a universal property, which we will denote by (UP) (cf. [16]):

() B> = B;
(i) B® A®>® = A®>® VA e C.
It is easy to see that if By, Ba € C satisfy properties (i) and (ii), then they are isomorphic.

To wit,
(%) (47) (@) (i) (4)
B = BP™ = BP* @ By = B1 ® BY™ = BY™ = B;.
The question, of course, is whether a given class C contains an algebra B satisfying (i) and
(ii) at all. Recall that a C*-algebra is subhomogeneous if all of its irreducible representations
are finite-dimensional, and also that 29> =~ Z ([7]). Our main result is the following
theorem.

Theorem 1.1. Let A be a unital separable C*-algebra. Suppose that A®> contains, uni-
tally, a subhomogeneous algebra without characters. It follows that

A®oo ®Z A®O°,
In particular, Z satisfies (UP) in the class C consisting of all such A.

The necessity of taking the infinite (as opposed to some finite) tensor power of A in Theorem
1.1 is evident from the fact that A itself may be subhomogeneous without characters:
any finite tensor power of such an algebra is again subhomogenous, but no C*-algebra
which absorbs Z tensorially can have finite-dimensional representations. This necessity also
persists in the case that A is simple and infinite-dimensional: [16] contains an example of a
simple unital separable infinite-dimensional C*-algebra A with the property that A®"® Z 2
A®" for each n € N and yet A9® @ Z =2 A9,

The bulk of the difficulty in establishing Theorem 1.1 is overcome by Theorem 5.3, which
states that the space of unital x-homomorphisms

Hom; (I, 4; Mix(C(X)) = C(X; Homy(I,4; Mg))

is path connected whenever k is large relative to dim(X); in particular, the homotopy groups
of F* := Hom; (I, 4; M) vanish in dimensions < ck where ¢ € (0,1) depends only on p, q.
We prove this result by filtering the non-manifold F* so that the successive differences in
the filtration are smooth manifolds, applying Thom’s transversality theorem to perturb
maps into the said differences, applying a continuous selection argument to semicontinuous
fields of representations of I, 4, and finally appealing to Kasparov’s KK-theory. (Here I,
denotes the prime dimension drop algebra associated to the relatively prime integers p and
g—see Section 2 for its definition—and My, denotes the set of k x k matrices with complex
entries.)
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The subalgebra hypothesis of Theorem 1.1 is not only necessary (Z contains, unitally,

a subhomogeneous algebra without characters), but also extremely weak. Indeed, it is
potentially vacuous for unital separable C*-algebras without characters. Examples of unital
separable C*-algebras known to lie in C include the following (we explain why in Section
6):

(a) simple exact C*-algebras containing an infinite projection;

(b) inductive limits of subhomogeneous algebras (ASH algebras) without characters;
(¢c) properly infinite C*-algebras;
(d)
(¢)

(f) algebras considered pathological with respect to the strong form of Elliott’s classi-

real rank zero C*-algebras without characters;
C*-algebras arising from minimal dynamics on a compact infinite Hausdorff space;

fication conjecture for separable amenable C*-algebras ([14], [17], [18]).

The question of whether (a) and (b) together encompass the class of simple unital separable
amenable C*-algebras entire is an outstanding open problem. Note that the hypotheses of
Theorem 1.1 imply immediately that C is closed under passage to unital separable super-
algebras and quotients. In particular, C is closed under arbitrary unital tensor products,
unital direct limits and crossed products by countable discrete groups.

The Jiang-Su algebra is an example of a strongly self-absorbing C*-algebra, i.e., a unital
separable C*-algebra D 2 C such that the factor inclusion D®1p — DD is approximately
unitarily equivalent to a x-isomorphism ([19]). Such algebras are automatically simple and
amenable. They also rare, and connected deeply to the classification theory of separable
amenable C*-algebras. Among Kirchberg algebras—simple separable amenable purely in-
finite C*-algebras satisfying the UCT—there are only Oy, O, and tensor products of Oy
with UHF algebras of “infinite type” (tensor products of countably many copies of a single
UHF algebra); among ASH algebras containing a non-trivial projection, we have only the
UHF algebras of infinite type. It has been conjectured that Z is the only strongly-self
absorbing ASH algebra without non-trivial projections.

Recently, W. Winter proved that simple separable unital ASH algebras which are Z-
stable and in which projections separate traces satisfy the classification conjecture of G.
Elliott ([20]). Explicitly, isomorphisms between the graded ordered K-groups of such C*-
algebras can be lifted to isomorphisms between the C*-algebras. It is known that a strongly-
self absorbing C*-algebra is always infinitely self-absorbing, and that it has a unique tracial
state whenever it is stably finite. Thus, using Theorem 1.1 and the fact that projections
trivially separate traces in a unique trace C*-algebra, we see that Winter’s result applies to
strongly self-absorbing ASH algebras. Such an algebra, when projectionless, has the same
K-theory as Z, and so is isomorphic to Z by Winter’s theorem. In other words, Z is, as
conjectured, the only strongly self-absorbing ASH algebra without non-trivial projections,
and this completes the classification of strongly self-absorbing ASH algebras. We note, lest
the reader find this last result too specialised, that there are no known examples of simple
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unital separable amenable stably finite C*-algebras which are not ASH, and that every
stably finite strongly self-absorbing C*-algebra is simple, separable, unital, and amenable.

The sequel is organised as follows: Section 2 introduces some notation pertaining to
finite-dimensional representations of dimension drop algebras; Section 3 examines the ho-
motopy groups of finite-dimensional representations of dimension drop algebras; Section 4
provides a continuous selection theorem for sub-representations of a semi-continuous field
of representations of a dimension drop algebra over a compact Hausdorff space; in Section
5 we prove an extension theorem for certains maps out of dimension drop algebras; Section
6 combines our technical results to prove Theorem 1.1; in Section 7 we make some final
remarks.

2. PRELIMINARIES AND NOTATION.

2.1. Basic assumptions. Unless otherwise noted, all morphisms in this paper are -
preserving algebra homomorphisms. We use My, to denote the C*-algebra of k x k& matrices
with complex entries. If X is a compact Hausdorff space, then C(X) denotes the C*-algebra
of continuous complex-valued functions on X. If A is a unital C*-algebra, then U(A) is its
unitary group.

2.2. Finite-dimensional representations of dimension drop algebras. We assume
throughout that p and q are relatively prime integers strictly greater than one. The prime
dimension drop algebra I, , is defined as follows:

g ={f € C([0,1]; M, ® My) | f(0) € My ® 14, f(1) € 1, ® My},
with the usual pointwise operations.

For any t € [0, 1], we define a *-homomorphism ev; : I, ; — My, = M,, ® M, by setting
ev(f) = f(t). If t € (0,1), then we will refer to ev; as a generic evaluation. Now suppose
that f(0) = a® 1, and f(1) = 1, ® b. Define maps ey : I,; — M, and ey : I,, — M,
by eo(f) = a and e1(f) = b. We will refer to ey and e; as endpoint evaluations. Set
F* = Hom, (Ip,g; My). It is known that every integer k > pg — p — ¢ can be written as a
nonnegative integral linear combination of p and ¢, whence F* is not empty in that case.
Each ¢ € F* is unitarily equivalent to

ag be €
5 (@) o (@) o (@ew ).
i=1 k=1 j=1
where z; € (0,1). Let us denote by sp(¢) the multiset consisting of the z;s.

2.3. Spectral multiplicity. Let X be a compact Hausdorff space, and let
¢:1,, — C(X) @M

be a unital *-homomorphism. If Y C X, then ¢|y will denote the restriction of ¢ to Y.
This restriction is actually a *-homomorphism into C(Y') ® My whenever Y is closed, and is
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always at least a x-preserving algebra homomorphism into the set of continuous Mg-valued
functions on Y.

We define Ng) : X — Z7T (resp. NfS : X — Z7) to be the upper semicontinuous function
which, at x € X, returns the number of eps (resp. e;s) occurring as direct summands of
qﬁ]{x}. Similarly, we define Ng : X — Z™ to be the lower semicontinuous function which, at
r € X, returns the number of generic evaluations occurring as direct summands of ¢|,y.
These functions are related as follows:

(1) k = pNg (z) + gNy (z) + pgN¢ (z), Yz € X.

3. REDUCING THE NUMBER OF GENERIC REPRESENTATIONS

Let Flk denote the subset of F* consisting of those ¢ for which sp(¢) contains at most
points, counted with multiplicity. It follows that the difference F/“\Flk_ , consists of those
¢ for which sp(¢) contains exactly [ points, counted with multiplicity. Let a and b be
nonnegative integers satisfying

ap +bq+lpg = k.
Let F*(a,b,1) denote the set of ¢ € FF\EFF | which, up to unitary equivalence, contain
exactly a direct summands of the form ey and b direct summands of the form e;. For a
fixed [, the various F*(a,b,1) are clopen subsets of Fl’“\l*ﬂ/l“_1 Finally, let S¥(a,b,1) denote
the subset of F*(a,b,1) consisting of those ¢ which contain exactly I summands of the form

evy /a.
Lemma 3.1. The inclusion

FF, - FF L UF*(a,b,1)\S*(a,b,1)
s a deformation retract.

Proof. Define a family {h¢};c(0,1/2) of continuous self-maps of [0, 1] as follows:

0, x € [0,¢]
hi(z) = ¢ (z—1t)/(1—2t), z€(t,1-1)
1, zel—t1]

Note that (z,t) — h¢(z) is continuous in both variables. Since h; fixes 0 and 1, it induces
an endomorphism n; of I, ;, by acting on Spec(I, 4) = [0, 1].
Let us now define a continuous map

d: FF U F*a,b,1)\S*(a,b,1) — [0,1/2).

On FF,, set d = 0. On F¥(a,b,1)\S*(a,b,1), d is the Hausdorff distance between the
following two subsets of [0, 1]: first, the (nonempty) set of points in sp(¢) which also lie in
(0,1/2) U (1/2,1); second, the set {0, 1}.
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Define a homotopy H (t) of self-maps of F* | U F¥(a,b,1)\S*(a,b,1) by
H(t)(¢) = ¢ © Nya(e)-
Since d(¢) = 0 on F}¥ ; and 79 = idy, ,, we have
HO)lg = idpy
and
H(0) = idpk Gpk(abin\s(abl)
Since ¢ o n4(¢) € FF | whenever ¢ € F¥(a,b,1)\S*(a,b,1), ¢ is a deformation retract. O

Proposition 3.2. The topological space Fk(a, b,l) can be endowed with the structure of a
smooth manifold; the subspace S*(a,b,1) is then a compact submanifold of codimension 2.

Proof. Note that M = {¢ : Hom(C[0, 1], M;) : Sp(¢) C (0,1)} can be naturally identified
with the set of all selfadjoint matrices in M; having all their eigenvalues in (0, 1) and hence
M is homemomorphic to R,

We are going to exhibit a free, proper and smooth right action of the compact Lie group
G = U(a) xU(b) xU(1) on the manifold X = M xU (k) = R” x U(k), such that the quotient
space is homeomorphic to F¥(a,b,1). Then we invoke a result from [15] to conclude that
X/G and hence F k (a,b,1) admits a unique smooth structure for which the quotient map
is a submersion. The uniqueness part of the same result shows that if Y is a G-invariant
submanifold of X, then Y/G is a submanifold of X/G.

If p € M, then ¢ ® idy, : C[0,1] ® Mp; — M; ® M,, defines by restriction a morphism
on I, C C[0,1] ® M. Let us define a continuous map P : M x U(k) — F¥(a,b,l) by

P(p,u)(f) = ul(eo(f) ©1a) © (e1(f) @ 1) © (¢ © idpg) (f)]u”,
where for f € I 4, f(0) =eo(f) ® 1, € M, ® My and f(1) =1, ® e1(f) € Mp ® M,.

One verifies that the map P is surjective and that P(p,u) = P(1,v) if and only if there
is W = (wp,w1,w) € G such that ¢ = w*pw and v = wj(W) where j : G — U(k) is the
injective morphism

(o, w1, w) = (1, ® wo) @ (1, ® w1) & (0 ® Lpg),
induced by the embedding of C*-algebras
B= (1,0 M,)® (1,® M) & (M; ® 1pg) C M.
This shows that if we define a right action of G on X = M x U(k) by
(o, W)W = (w*pw, vj(W)),

where W = (wo, w1, w) € U(a) x U(b) x U(l) = G, then P induces a continuous bijection
X/G — F*(a,b,1). This induced map is actually a homeomorphism since one can verify
that P is an open map as follows. Fix (¢,u) in X and let V' be a neighborhood of (¢, u).
We need to show that if P(¢,v) is sufficiently close to P(¢,u), then there is (¢1,v1) in V
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such that P(11,v1) = P(1,v). Fix a metric d for the point-norm topology of F*. Suppose
that d(P(p,u), P(1,v)) < ¢ for some § > 0 to be specified later. Then v*u approximately
commutes with the unit ball of the subalgebra A = (M, ® 1,) & (M, @ 1) & (M; & 1p4)
of M. By a classical perturbation result for finite dimensional C*-algebras, there is a
unitary z in the relative commutant of A in My, 2 € U(A' N M) = U(B) such that
|lv*u — z|| < g(d), where g is a universal positive map with converges to 0 when § — 0.
We can write z = j(W) where W = (wg, w1, w) € U(a) x U(b) x U(l), as above. Let us
set Y1 = w*pw and vy = vj(W). Then P(¢1,v1) = P(,v) and if § is chosen sufficiently
small, then (¢1,v1) is in V since ||lu — vj(W)|| < ¢g(d) and since d(w*w,p) — 0 as 6 — 0,
because d(P(p, 1), P(¢,u*v)) < 9.

Having established the homeomorphim F*(a,b,1) = X/G, we need to argue that X/G is
a smooth manifold. To this purpose we apply Proposition 5.2 on page 38 of [15], according
to which X/G is a manifold provided that X is a manifold and the action of the Lie group
G on X is proper, free and smooth. Recall that a free right action G x X — X is proper if

(1) The set C = {(z,zg9) : x € X,g € G} is closed in X x X and

(2) The map ¢ : C — G, t(x,zg) = g is continuous.
The first condition is easily verified if G is compact as shown in the last part of the proof of
Proposition 3.1 on page 23 of [15]. To verify the second condition suppose that (x,,x,g)
converges to (x,zg) in X x X. Then z,, converges to 2 and hence dist(zgn, zngn) = d(z, z,,)
converges to zero. It follows that xg, converges to xg. If u is the component of z in U (k),
then wj(gy) converges to uj(g) in U(k). Therefore g, must converge to g.

In conclusion F*(a,b,1) is a manifold of dimension equal to dim(X) — dim(G) = 1 +
k? — (a® + 0% +12).

On the other hand, S*(a, b, ) is the image in the quotient space X/G of the G-invariant
submanifold {u} x U(k) of X = M x U(k), where u(f) = f(1/2) ® 1;. By applying [15,
Prop. 5.2] once more we deduce that S¥(a,b,1) is a submanifold of F*(a,b,1) of dimension
k% — (a? 4+ b* + 1%) and hence of codimension I2. O

Proposition 3.3. The inclusion Flk_1 — Flk is an (1> — 1)-equivalence.

Proof. All manifolds in this proof are assumed to be metrisable and separable. Let Slk be
the union of all S¥(a,b,1). Let X be a smooth manifold of dimension < /2 — 1 and let YV’
be a compact subset of X. Let f: X — F/’C be a continuous map such that f(Y) N S’lk =0
and let € > 0. We are going to show that there is a continuous map g : X — Flk such that

(i) d(f(z),g9(x)) <e¢, for all z € X,

(iil) g=fonY,

(iii) g(X) N SF=0.
We shall apply this perturbation result in the realm of cellular maps from a pair of CW-
complexes, (X,Y) = (8™, %) or (X,Y) = (S™ x [0,1],{*} x [0,1]) to the the CW-complex
Flk. This implies that f is homotopic to g via a homotopy that is constant on Y, assuming
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that € was chosen sufficiently small. Consequently, the inclusion
Ff\ S; < Ff

is an [? — 1 equivalence. One concludes the proof by combining this fact with Lemma 3.1

Let us turn to the proof of the pertubation result. Note that Slk is a compact submanifold
of Flk \ Flk_1 and the latter is an open subset of Flk We may assume that ffl(Slk) # (), for
otherwise there is nothing to prove. By a classical approximation result, we may assume
that f is smooth on the pre-image f~1(U) of some open neighborhood U of SF in FF\ Ff .
After shinking U, if necessary, we can arrange that U N f(Y) = 0 since f(Y) N SF = 0.
Choose a smaller open neighborhood V' of Slk such that V C U.

Let f1 : f~5(U) — U be the restriction of f to the manifold f~!(U). Note that fi(f~1(U\
V) is disjoint from SF by construction. By Thom’s transversality theorem [5, p. 557],
since dim(f~1(U)) < 12 — 1 and SF has codimension [? in U, there is a smooth map
g1: f~YU) — U such that the image of g; is disjoint from Slk and g; = f1 on the closed
subset f~1(U \ V) of f~Y(U) and d(f1(x),g1(x)) < ¢ for all x € f~1(U). Then, the map g
obtained by gluing g; with the restriction of f to f~1(FF\ V) along f~1(U \ V) satisfies
the conditions (i)-(iii) from above. O

4. SELECTIONS UP TO HOMOTOPY

Let ¢ : I, , — C(X) ® My, be a unital *-homomorphism. Let us abuse notation slightly
and write ¢, for ¥, Set

Vi={ze X | N/(z) =i}

and

(]
Oj={zeX|N(z)<i+1} =]V
j=1
(We will write V; 4 and O; 4 for V; and O;, respectively, whenever it is not clear that v is
the *-homomorphism with respect to which V; and O; have been defined.) Note that O; is
open for each 1.
Each v, has the form
Nf) x)
ul~y @ GB er | u*
i=1
for some u € U(My). Set
NY (2)
Pl = @ e | u*.
i=1
In words, 9} is the largest direct summand of 1, which factors through e;. We may view
1 as a unital *-homomorphism from M, to ¥1(1)Mgl(1). If Y C X is closed, then we
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define 1/)31, ) Map(Y'; M;) by
Ui (a)(z) = ¥i(a), Yz €Y.

Lemma 4.1. Let ¢ : I, ; — C(X) ® My, be a unital x-homomorphism, and let Y C X be
closed. If N{p s constant on Y, then %1/ is a x-homomorphism from 1, , into C(Y) @ My, =
C(Y; M) which factors through e;.

Proof. Since d)%/ preserves pointwise operations by definition, we need only check that
Y3-(a) € C(Y) ® My, for each a € I,,. Using the fact that N{z’ is constant on Y and a
compactness argument, we can find some 0 < § < 1/2 such that if ev; is, up to unitary
equivalence, a summand of ¢, and z € Y, then ¢t € (0,1 —6). Let a € I, ; be an element
which is equal to a at 1 € Spec(l,, ;) and which vanishes on [0,1 — ) C Spec(I,,). Since
both 93 (a) and 1(a@)|y depend only on the value of a at 1, we conclude that they are equal.
Since ¢ (a)ly € C(Y') ® My, this completes the proof. O

Let {eij}7;—; be a set of matrix units for Mg, so that {4 (e;;)}{,_; is a set of matrix

units for the image of 9. Given a subprojection r of 11(e11), we can generate a direct
summand of ¢} as follows: for each i,j € {1,...,q}, set f;; = ¥1(ei1)rvk(e1;); notice that
the f;; form a set of matrix units, so that

vy =1 © Y
with 97 (e;;) := fi;. We will refer to the map 97, as the direct summand of L generated by r.

If Y C X is closed and 7 : Y — My, is a projection-valued function such that r(z) < 1 (e11)
for every « € Y, then we define ¢y, : My — Map(Y'; My,) by

Yy (a) () = 93 (a).

If Y satisfies the hypotheses of Lemma 4.1 and r is continuous, then 1){- defines a unital
s-homomorphism from M, into a corner of (C(Y) ® My,).

Let h; be the continuous self-map of [0, 1] introduced in the proof of Lemma 3.1, and
let n; be the induced endomorphism of I,,. Observe that (¢ o 7;), has fewer generic
representations than 1,. Alternatively,

NY°"(z) > NY(z), Yz € X, t €[0,1/2), i € {0,1}.
Also note that 1 o n; is homotopic to ¢ for each ¢ € [0,1/2). Since h; fixes 1, we have that
(2) (¥ on)z = Yus ® Yy,

for some suitable *-homomorphism 11};:715 which factors through e;. Also, for any 0 < t <
s < 1/2 we have that

(3) Oions) & Oiom)-
Inspection of the definition of h; shows that h; o hy = h for some s €10,1/2).



10 MARIUS DADARLAT AND ANDREW S. TOMS

Lemma 4.2. Let ¢ : I, — C(X) ® My be a unital *-homomorphism, and let i €
{1,...,|k/q| — 1} be given. Suppose that the following statements hold:

(i) there is a continuous and constant rank projection-valued map
Q: Oiyp — My
corresponding to a trivial vector bundle (O; is assumed to be nonempty);
(ii) for each x € O;y,
Q(z) < z(en)
and
rank(Q()) + 2dim(X) < rank(¢; (e11));
(iii) the map ¢%Z) defines a x-homomorphism from My to C(O; ) @ M.
Then, there is a unital *-homomorphism ~y : I, ; — C(X) ® My, homotopic to ¢ such that
the following statements hold:

(i) there is a continuous and constant rank projection-valued map
Q: 0i41,0UO;y — My
which corresponds to a trivial vector bundle and extends the function @ above;
(ii) for each x € Oi+1”y U Oiﬂ/),

Q(z) < vzlen)
and
rank(Q(x)) 4+ 2dim(X) < rank(v.(e11));
(iti) the map ¢ : My — Map(Oj41., U Oi 3 My) which agrees with ngz) on O; and is
equal to %? (@)

into C(Oi-&-lﬁ U Omz,) ® M.

Q(x)
i+1,7UO0q

otherwise is in fact equal to 7 , and is a x-homomorphism

Proof. Choose t € (0,1/2), and set v = ¢ o 1. This ensures that ¢ and « are homotopic.
Note that A := m\OW, is closed in X, and that @ is already defined on O; .. The task
of extending Q to @ is thus reduced to the problem of extending Q| ANO,, to all of A and
proving that our extension satisfies (i), (ii), and (iii) in the conclusion of the lemma.

Any constant rank extension of Q)| ANOL to all of A will automatically satisfy the rank
requirement in conclusion (ii). So, to begin, let us extend Q)| ANO,, to a trivial constant
rank projection Q defined on all of A and subordinate to vL(e11) at each x € A. For each
x € A, we have that

(4) rank (vl (e11)) > rank(yl(e11)) > 2dim(X) + rank(Q).

By (3), A is a closed subset of Vi1 = O;414\O; . In particular, the rank of Vl(err)
is constant on A, and x +— 1l(e11) is a continuous and constant rank projection valued
function on A, call it R(z). Moreover, Q(z) < R(z) < vl(e11) for each x € AN O;y. It
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is a general fact that Q| Ano;, can be extended to a trivial projection defined on A and
subordinate to R, as desired—all that is required for this is the rank inequality of (4). Our
Q thus satisfies parts (i) and (ii) in the conclusion of the lemma.

Let us now establish part (iii) in the conclusion of the lemma. Observe that at each point
in X, . decomposes as the direct sum of 1)1 and a second morphism, say X (cf. (2) above).
Also recall that Q(z) = Q(z) for each 2 € AN Oy y). It follows that for any 2 € AN Oy
and 7,5 € {1,...,q}, we have

19 (e5) = alen)Q@)valer)
= (Vr(en) ® Men))Q(x) (Y (e1s) @ Alery))
= Up(en)Q(2) Yy (er))
= P2 (ey),
and so
v (z)—’yx wQ , Vo € AN O y.
Q

Our problem is thus reduced to proving that ~ is a *-homomorphism from M, into C(A)®
Mg. In a near repeat of our calculation above we have

¥ (ei;) = valen)Q@)vi(e))
= (¢r(en) ® Men))Q(x) (¥ (e15) ® Alery))
= r(en)Qx)Y)(e1))
= 90 (ey);

z/;?(x) (e17) is defined because Q(x) < R(x) = 1l(e11) by construction. We conclude that
@Dg = vg. Since A C Vj41, the function Nf’ is constant on A. It now follows from Lemma
4.1 that wg is a *-homomorphism, completing the proof. O

Proposition 4.3. Let X be a compact metric space of covering dimension d < oo, and
let v : I, — C(X)® My be a unital x-homomorphism. Suppose that N{p(x) > 2d for
each x € X, and let m be the miminum value taken by Nf’ on X. Then, v is homotopic
to a unital *-homomorphism v : I, ; — C(X) ® My, with the following property: ~ can be
decomposed as a direct sum 1 ® ¢, where ¢ is unitarily equivalent to

m—2d

@ o

j=1
inside C(X) @ My.

Proof. We will proceed by iterating Lemma 4.2. First, we require some initial data satis-
fying the hypotheses of the said lemma. Suppose that O;, is empty for 0 < j < 4, and
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that O;11. is not empty. It follows that for some choice of ¢ € (0,1/2), the morphism
A :=1pon has O;41,A nonempty. Since O is empty, we have that

Vit = Oig1p 2 Oy A
1

Oit1,a
x + 9l(e11) is continuous and projection-valued on O;;1 a. Using the stability properties

In particular, Nf’ is constant on O;41 A, and so 1 is a *-homomorphism. The map

of vector bundles, we may find a continuous and projection-valued map @ : O;41,A — My,
which is subordinate to gb}c(en) at each x € O;41,A, has constant rank equal to m — 2d,

and corresponds to a trivial vector bundle. The maps A, @, and A thus constitute

i+1,A
acceptable initial data for Lemma 4.2.

Notice that in part (iii) of the conclusion of Lemma 4.2, we may replace the set mu
O, with the smaller set O;11.. Beginning with the initial data constructed above, we
iterate this modified version of Lemma 4.2 as many times as is necessary in order to arrive
at a *-homomorphism ~, homotopic to 3 by construction, which has the property that
Oi+1, = X. This map has the desired direct summand ¢ upon restriction to m, as
provided by part (iii) in the conclusion of Lemma 4.2. In order to extend ¢ to all of X,
simply follow the proof of Lemma 4.2 with A := O;41,\O14 = Vi41~. The proof works
because this choice of A is closed.

The unitary equivalence of ¢ with
m—2d

D «
i=1

follows from two facts: first, the images of the projections e, €22, . .. under ¢ all correspond
to trivial vector bundles by construction; second, the complement of the sum of these images
has rank larger than d and the same Kg-class as a trivial vector bundle, whence it is unitarily
equivalent to any projection corresponding to a trivial vector bundle of the same rank. [

Remark 4.4. By replacing 1 with 0 and p with ¢ in this subsection, Proposition 4.3 can
be restated with Nép substituted for N;/’ and eq substituted for e;. This fact will be used
in the proof of the Lemma 4.5 below.

Lemma 4.5. Let X be a compact metric space of covering dimension d < oo. Let there be
giwen a unital x-homomorphism ¢ : 1, , — C(X) ® My, with the property that Ng < L on
X for some L > 2d. Assume that k > (2L + 2d + 1)pq. It follows that ¢ is homotopic to a
second morphism 1 with the property that

N{b > {k — 2pq(L—|—d)J .
q

Proof. Since Ngb is upper semicontinuous, the set
F¢:={zeX|N(x)> 2z}

is closed for every z € ZT. We also have that F. f - ij whenever z > 2.
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Claim 1: Fj al is contained in the interior of Fz(b .

Proof of claim. Let v € F.,,1. By the upper semicontinuity of Néb and ij , there is a
neighborhood V' of x such that Ng)(a:) — Ngb(v) >0 and Nf(x) —NP(v)>0forallveV,
Using (1) and the assumption that Ngs < L we have that

p(NG () = N§(v)) < p(NS(x) — N§(v)) + q(N{ (2) — NY (v))

= pa(NZ(v) — NY()) < pgL

for all v € V. It follows that Néb(v) > Ng)(az) —qL>z+qL—qL =z and hence V C FY.
a

iJFrom the claim above we conclude that for each n € N, there is an open set U;f o © X

@ ¢
such that anL - Unq - F(n gl

Consider the following chain of inclusions:
¢ ¢
FqL U2qL 2 F2qL 2 U3qL 2 FBqL

It follows from the definition of 1, that each x E F? is an interior point of F %7 whenever
s > 0. We may thus assume, by modifying U® nqL 1S necessary, that for some sy € [0,1/2)
and each n € N we have

%o ~ 70— o
Fol 2Up, QUL DFS

Set ¢o9 = ¢pons,. Let us consider the finite set S consisting of those positive integers n such
that nL > 2d and quL # (). Since L > 2d by hypothesis, we have 1 € S whenever S is
nonempty.

Claim 2: There is a to € [0,1/2) such that the following statements hold for ¢ := ¢g o ny,:

(i) for every n € S, the restriction ¢’ |—5— has a direct summand of the form

nqL
(nL—2d)q nL—2d
Tn = @ €0 = @ €vo;
i=1 j=1

(ii) ’7n|UT is a direct summand of ,, whenever m > n.
mqL

Proof of claim. We proceed by induction on n. Let n = 1. Upon adjusting Proposition 4.3
according to Remark 4.4, we may apply it to ¢g|—5 - and find a unital *-homomorphism
qL
61 : 1, — CUS) @ My
homotopic to ¢g|— = such that ¢1 has a direct summand of the form
qL

(L—2d)q L—-2d

@ eo—@evo
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The homotopy which arises in the proof of Proposition 4.3 comes from composing ¢o|—5- v,

with a path of n:s. This homotopy may be extended to all of X by composing ¢y with the
same path of 7,8, and so we may assume that ¢; is defined on all of X.

Now let us suppose that we have found a unital *-homomorphism ¢,, : I, ; — C(X) ® My
homotopic to ¢ via composition with 7;s such that the following statements hold:

(i) for every k € {1,...,n} C S, the restriction ¢"|UT has a direct summand of the

kqL
form
(kL—2d)q kL—2d
Tk = @ €0 = EB €vo;
i=1 j=1
(ii) 'yk| is a direct summand of v, whenever m > k.
qu

Assuming that n + 1 € S, we will construct ¢,,+1, homotopic to ¢, via composition with
ms, such that the statements (i) and (ii) above hold with n replaced by n + 1. Through
successive applications of this inductive step we will arrive at the map ¢ required by the
claim.

e .

(nt1)gL = — () then we simply put ¢ = ¢,; suppose that UnJrl oL 7 (. Let p, be the

image of the unit of I, ; under v, restricted to U’ (n . Applying Proposition 4.3 to the

+1)gL
cut-down map

(1 - pn)(¢n|

we find a unital *-homomorphism

Ufsnyar "

Gnt1: Lpg — C(U(n+1)qL) @ Mg

(which, as in the establishment of the base case, arises from composing ¢, |—
(n+1)qL

with

some 7;) admitting a direct summand

Lq L
o = Peo = P
i=1 j=1

Define

Tnt1 = Qpi1 D 7n|U¢
(n4+1)qL

As before, we may extend the definition of ¢, 1 to all of X. These choices of ¢, and
Yn+1 establish the induction step of our argument, proving the claim. O

Set a; = =1. Choose, for each n € S, a continuous map g, : U;qu — [0,1] with the

property that g, is identically zero off quL and identically one on F;qu. Notice that at
any given x € X, at most one of the g,s defined at = can take a value other than one.
Define a homotopy H : [0, 1] — Hom; (I, 4; C(X) ® My) as follows:

’

(i) H(0)=¢.
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(i) For t € (0,1], n such that U, qL\U tityqr # 0, and € qu\U(‘fl 1y H(t)e differs

from qb; as follows: with ;- denoting the complement of +, inside ¢’\U¢ we have
nqL

gb; = (’77%):}0 @ @(O‘i)x

= ()e @ (B %evo) ® (B ev0) ® -+ @ (B ev0),

n—1 times

where the summands of the form EB ~_,evg correspond, in order, to the (a;),s with
1 > 1; on the other hand, modlfymg the second equation above, we set

H(t)z = (PY#,_)I' ) (@]L fdevtgl( )) ) (@leevth(I)) b---D (@]['/:]_evtgn(x)).
(iii) for ¢t € (0,1] and x ¢ 7&, we set H(t)y = ¢,,.

To see that H(t) is a homotopy, one need only check the continuity of H (t), at the boundary

of Uf:q - This amounts to checking that if z,y € X are close and = € OU, ¢ 41> then H (1), and

H(t), are close. Each y sufficiently close to z is either in U¢ L\Un+1) ,, Or U(n 3 L\ nal

n1)gr then H(t), and
H(t), are close by part (ii) of the definition of H(t) and the fact that (v;-), is continuous

by Claim 1, so we need only address this situation. If y € U ng L\U

in z on U qL\Un+1)qL (it is the complement of (7y,)s, and the latter is continuous in x on

by construction). If, on the other hand, y € U then we must

nqL\U n+1)qL (n—1 qL\ nqlL>

check that
H(t)o = ()a @ (B 7019, (2) @ (B]1€t1gy(2) & -+ B (S]1 €044, ()
is close to
H(t)y = (%Ji_—l)y S5 (@L 12devtgl(y)) 2 (@]I'lzlevtgz(y)) S R (@]L:levtgnfl(y))

Since EB 1€V, (z) 1S continuous on U’ for each k € {1,...,n—1}, we need only check

(n— 1)qL
that (y;h). @ (@leevtgn(x)) is close to (y;-_1)y. By the definition of g,,, we have g, (x) = 0,

so that
(V) @ (@JL=1€Utgn(m)) = (Y1 )e ® (@leevg) = (Yr_1)a-

Our desired conclusion now follows from the continuity of ;- ; on U(n gl
Put ¢ = H(1), so that ¢ is homotopic to ¢, as required. To complete the proof of
the lemma, we analyse the function N{ZJ . The homotopy H leaves untouched those direct

summands of ¢, of the form e;, whence N fﬁ > N f . By construction, we have that V- f (x) >
Nf’(:z) for each z € X.
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First consider the case S = (). (Note that this assumption implies F f . =10.) Tt follows
that Ng’ < qL on X. Using (1) we obtain the following for each = € X:

gN{(z) = k—pNg(z) - pgNg ()
> k—pqL —pqL >k —2pq(L + d).

We conclude that
NY(x) > NY (2) = N{ () > (k — 2pa(L + d))/q,

as desired.
Now suppose that S # () and write S = {1,...,n}. We have

- X\U® ¢
X =X\UgL U (U qL\ (s+1) qL> Y UngL:

Fix x € X. In light of the partition of X above, we consider two cases, depending on

whether or not x € U;)L.

First suppose that € X \UfL. In this case the definition of the homotopy H implies
that ¢, = (¢ on), for some ¢t € [0,1). By the spectral properties of 7, we conclude that
N. 1/’( ) >N d)( ). From here, one simply applies the argument from the S = {) case.

for some s € {1,...,n}, with the convention

Sewppose that = € U qL\U (s+1)qL

that U(n gL = = (). From the definition of the homotopy H we have
Yo = [0 @ (B ety () © (Bl evign(a) @ - @ (Bforevig, )]
(s—1)L—2d
= ('7;_):1: S5 @ evy | © (EBf:leng(x))
j=1

(the last line follows from the fact that gi is by definition identically one on

C F?

¢
U (s—1)qL

sqL =

whenever k < s —1). By construction we have (v&)z @ (7s)z = (¢ 0n¢), for some t € [0,1).
This, by the spectral properties of 7;, implies that

N0 (3) > N ().

All of the e; summands of (vi), @ (7s)z are contained in (y+)s, so we conclude that
1
Nl('ys e (x) > Nfs (). Combining this with our formula for v, above, we have

(5) NY(z) = N (2) + pl(s — 1)L — 2d].
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Since F(q;—i—l)qL C U(d;Jrl)qL, we have x € X\F((iJrl)qL. In particular, Ngs(:c) < (s+ 1)qL.

Combining this last fact with (1) and the inequality Ngd) < L yields

k— 2)pgL
- (s +2)pq .

¢33
Ny (z) .

Combining the inequality above with (5) then yields
k — 2)pqL k—2pq(L+d
(s +2)pg - p(sL — 2d) = pg(L + ),

NY(z) >
1 (2) . .

as desired.
O

Corollary 4.6. Let X be a compact metric space of covering dimension d < oo. Let
there be given a unital *-homomorphism ¢ : I,, — C(X) ® My, with the property that
Ng) < 2d+1 on X. Assume that k > (8d+4)pq. It follows that ¢ is homotopic to a second
x-homomorphism 1 which has a direct summand of the form

M
@ €V1/2,
i=1

where

Proof. Apply Lemma 4.5 to ¢ with L = 2d + 1. This yields a map ¢ homotopic to ¢ with
the property that

Nf)/ > V; — 2pq(3d + 1)J ‘
q

By our assumption on the size of k we have

Vz —2pq(3d+1)
m = p

J> L(2d + 2)p).

Apply Proposition 4.3 to ¢ with m as above. This yields a map ¢ homotopic to ¢ which

has a direct summand of the form @?;_120161. Straightforward calculation shows that

m— 24 > Vz—pQ(SaH—S)J _ k—=pg(8d+4) >p{k—pq(8d+4)J
q

> =pM.
q pq

The summand @fﬁel is clearly homotopic to @i]‘ilevl /2, and the corollary follows. O
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5. AN EXTENSION RESULT

We need the following corollary of [3, Cor. 4.6]

Corollary 5.1. Let B be a separable, nuclear, unital, residually finite-dimensional C*-
algebra. Let (m)72, be a sequence of unital finite dimensional representations of B which
separates the points of B and such that each representation occurs infinitely many times.
For any unital C*-algebra A and any two unital x-homomorphisms o, 3 : B — My(A) with
KK(a) = KK(B), there is a sequence of unitaries u, € My ,(n)(A), where r(n) is the
rank of the projection (11 @ --- @ my,) (1B), such that for allb € B

i [ (a(b) & i (b) @ -+ & (b)), = BO) & m(b) &+ & ()| = 0.

For a finite dimensional representation @ : B — Mj, the induced *-homomorphism
T®14: B — Mg(A), b— w(b) ® 14 was also denoted by 7 in the statement above.

Proposition 5.2. Let p and q be relatively prime integers strictly greater than one. There
exists a constant K € N such that the following holds: for any unital C*-algebra A and
unital x-homomorphisms ¢,y : I, , — A, the x-homomorphisms 1) © K evg,,y ® K evy, :
Ipg — Mipg+1(A) are homotopic for any point xo € (0,1).

Proof. Let a,b,m > 0 be integers such that ap + bg = mpq + 1. Throughout the proof
I, will be denoted by B. Define s-homomorphisms o, : B — Mype+1(B) by o =
idp@®m (evy,, ®1p) and f=a(eg®1p)Bb(e1 ®1p). Since B is semiprojective, there exist
a finite subset F C B and ¢ > 0 such that if y,v : B — A are two unital x-homomorphisms
such that ||u(f)—v(f)]] < d for all f € F, then p is homotopic to v. By Corollary 5.1 there
are points t1,...,t, € (0,1) such that if n = (evy, ® 1) ® (evy, ® 1) B -+ - B (evy, ® 1p),
then there is a unitary u € My, 1, ypq+1(B) such that

[u(a(f) ®n(f)) v = B(f) @n(f)l <o

for all f € F. By our choice of F and d, it follows that u(a @ n)u* is homotopic to
B @ n. Since the unitary group of M, ,)pe+1(B) is path connected [7] and since 7 is
homotopic to r(evy, ® 1) we deduce that a @ r(evy, ® 1p) and [ @ r(evy, ® 1p) are
homotopic as *-homomorphisms from I, ; to My, 4,)pg+1(B). Consequently, for any unital
*-homomorphism ¢ : B — A,

(id(m-l-?“)p‘I-f—l ® w) o (Oé S T‘(G’UIO ® 13)) = '[/} S (m + T) (evxo ® 1A)
is homotopic to
(id(mtrpgr1 @ V) o (BB r(evy, ® 1)) = aleg ® 14) & bler ® 14) @ revy, ® 14).

It follows that if v : B — A is any other unital *-homomorphism, and K = m + r, then
P @ K evy, is homotopic to 7@ K evy, since they are both homotopic to a(ep ®14) G b(e1 ®
1,4)@7“(61)%@1,4). O
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Theorem 5.3. There is a constant L > 0 such that the following statement holds: Let X
be a compact metric space of covering dimension d < oo, and let k > L(pq)*(d+ 1) be a
natural number. It follows that any two unital x-homomorphisms

¢, : 1,4 — C(X) @ My,
are homotopic.

Proof. Set L = 16(K + 1), where K is the constant of Proposition 5.2. We will first prove
the theorem under the assumption that X is a finite CW-complex, and requiring only that

B2 2 (pa)A(d+ 1) = 8(K +1)(pg)*(d +1).

We will then use the semiprojectivity of I, ;, to deduce the general case.

Assume that X is a finite CW-complex. Using Proposition3.3 and the fact that dim(X) =
d, we may assume that Nj, N;f < d+ 1. Since ¢ and ¥ now satisfy the hypotheses of
Corollary 4.6, we may simply assume that both ¢ and 1 have a direct summand of the
form

M
@ €v1/2;
i=1

where
k —pq(8d+4
M= { pq(8d + )J '
pq
Straightforward calculation then shows that
k —pq(8d+4)

k—MpqSk—pq{
Pq

J <k —[k—pq(8d+5)] < 8pq(d—+1).

Let us write

=1

’ M ’ M
¢=¢ & (@6111/2) ;s V=9 & (@67}1/2> :
i=1

Set | = rank(¢ (1)) = rank(¢)' (1)) < 8pq(d+1), so that ¢',9" : I, ;, — C(X) ®M; are unital
x-homomorphisms. Set

¢ =¢ ®K(lopxem @evip)i ¥ =9 & K(loxew, @ evij).
It follows from Proposition 5.2 that
¢, ¥ Tpg — C(X) © Mkpgpy
are homotopic. Straightforward calculation shows that

L(pg)*(d +1) —pq(8d+4)J < {k—pq(8d+4)J Y
pq - pq '

K1 < 8Kpq(d+1) < {
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We may therefore view (;5“ and w” as direct summands of ¢ and v, respectively:

. M—-KI . M—-KI
¢:¢@(eawm);w:¢@(eawm)
i=1 =1

The homotopy between ¢ and " now provides the desired homotopy between ¢ and .

Now suppose that X is only a metric space of finite covering dimension d. We may embed
X into a bounded subset of R24t1 and so write X = N Xy, where (X,) is a decreasing
sequence of polyhedra. By the semiprojectivity of I, , we have

g Mi(CCX))] = Tim [T, 4, Mi(C(X,0)].
We may therefore assume that the homotopy classes of our given maps ¢ and v lie in some

[Iyq: My (C(X,,))]. Having proved the theorem for finite CW-complexes, we conclude that
¢ and 1) are homotopic if

k> L (pg)2(dim(X,) + 1) >

>3 (pg)*(2d + 2) = L(pq)*(d + 1).

Sl

This proves the theorem proper. O

Corollary 5.4. Let p and q be relatively prime positive integers strictly greater than one,
and let X, L, and k be as in Theorem 5.53. Suppose that Y C X is closed, and that we
are given a unital x-homomorphism ¢ : 1, ; — C(Y') ® My. It follows that there is a unital
x-homomorphism 1 : 1, ; — C(X) ® My, such that |y = ¢.

Proof. By the semiprojectivity of I, , we can extend ¢ to the closure of some open neigh-
bourhood O of Y, i.e., we may assume that ¢ : I,, — C(O) ® My, without changing the
original definition of ¢ over Y. As explained in subsection 2.2, F* is nonempty. Choose
a point v € F*. By Theorem 5.3, ¢ and 10(5) ® «y are homotopic as maps from I, , into

C(O) ® M. Let us denote this homotopy by
H :[0,1] — Homy (I q; C(a) ® M),
where H(0) = ¢.

Find a continuous map f : X — [0, 1] which is equal to zero on Y and equal to one off
O. Define ¢ : I, ; — C(X) ® My, by the formula

) H(f(2))a, ze0
%_{7w¢0

One checks that 1 so defined has the required property. O
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6. MAPS FROM I, ;, INTO RECURSIVE SUBHOMOGENEOUS ALGEBRAS

6.1. Recursive subhomogeneous algebras. Let us recall some of the terminology and
results from [12].

Definition 6.1. (i) of X is a compact Hausdorff space and k € N, then My(C(X)) is
a recursive subhomogeneous algebra (RSH algebra);
(ii) if A is a recursive subhomogeneous algebra, X is a compact Hausdorff space, X ¢
X is closed, ¢ : A — My(C(X ) is a unital x-homomorphism, and p : My(C(X)) —
My (C(X ) is the restriction homomorphism, then the pullback

A By, cx©y) Me(C(X)) ={(a, f) € A® Mp(C(X)) | ¢(a) = p(f)}

s a recursive subhomogeneous algebra.

It is clear from the definition above that a C*-algebra R is an RSH algebra if and only if it
can be written in the form

0 R [ [[beep @ o €] s

with Cy = M,,(4,)(C(X})) for compact Hausdorff spaces X and integers n(k), with CIEO) =
M, (1) (C(X ,5,0))) for compact subsets X Igo) C X, and where the maps C}, — C}go) are always
the restriction maps. We call the C*-algebra

Ry = [ . HCQ @C{O) C'l] @Céo) Cz] } @C](CO) Ck

the k™ stage algebra of R. Let Prim, (R) denote the space of irreducible representations
of R of dimension n. We say that an RSH algebra has finite topological dimension if
dim(Prim,,(R)) is finite for each n; if R has finite topological dimension, then we call
d := max,dim(Prim, (R)) the topological dimension of R. If R is separable, then the X}
can be taken to be metrisable ([12, Proposition 2.13]). Finally, if R has no irreducible
representations of dimension less than or equal to N, then we may assume that n(k) > N.
We refer to the smallest of the n(k) as the minimum matriz size of R.

6.2. An existence theorem.

Theorem 6.2. Let R be a separable RSH algebra of finite topological dimension d and
minimum matriz size n. Let p and q be relatively prime integers strictly greater than one.
Suppose that n > L(pq)?(d + 1), where L is the constant of Theorem 5.3. It follows that
there is a unital x-homomorphism v : 1, , — R.

Proof. We proceed by induction on the index k from subsection 6.1. We have a decompo-
sition

R= [ .. HCO EBC@ Cl} @Cgo) C’Q} } @Cl(m C
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as in (6) above, where Cy = M,,(5)(C(Xo)) and n(0) > n > pg. As explained in subsec-
tion 2.2, F™9 is not empty. Choose ¢ € F™9 . It follows that o := Lo(xy) ® ¢ defines a
unital *-homomorphism from I, ;, into Cj.

Suppose k < [, and that we have found a unital *-homomorphism v;, : I, ; — Rj. We will
prove that 7, can be extended to a unital *-homomorphism 741 : I, 4 — Rpy1. Starting
with 79 and applying this inductive result repeatedly will yield the map ~ required by the
theorem. We have

Rpp1 = R @0 Chrtr-
k+1
Notice that 7 defines a unital *-homomorphism from I,, into Rj ® C’,E(jr)
way—the map into the summand Ry is simply - itself, while the map into the summand

, In a natural

C’f:_?l is the composition of ~, with the clutching map ¢ : Ry — C,g(jzl (cf. Definition 6.1).
Viewing Ry41 as a subalgebra of Rp®Cy41, we see that our task is simply to extend the map

$ovk : g — O\, to all of Cry1 = My (1) (C(XA2))). Since n(k+1) > n > L(pg)2(d+1),
the existence of the desired extension follows from Corollary 5.4. g

6.3. Proof of Theorem 1.1.

Proof. Let A be a unital separable C*-algebra. By [16, Proposition 6.3], it will suffice to
prove that for any I, 4, there is a unital *-homomorphism = : I, ; — A®>.

By hypothesis, there is a unital subalgebra S of A®> which is separable, subhomoge-
neous, and has no characters. By the main result of [10], S is the limit of an inductive
system (R;,®;), where each R; is a (unital) separable RSH algebra of finite topological
dimension and each ¢; is injective and unital. Suppose, contrary to our desire, that
X, := Prim;(R;) # 0 for each i € N.. Each ¢; : R; — R;41 induces a continuous map
qﬁg : Xi+1 — X;. Since each X; is compact, the limit of the inverse system (X;, ¢§—1) is not
empty. In other words, there is an element of X; which has a pre-image in X;, 1 under each
composed map qﬁ 0---0 gi)g. It follows that S has a character, contrary to our assumption.
We therefore conclude that R; has no characters for some ¢ € N. Since the ¢; are injective,
we have that A®>° contains, unitally, a recursive subhomogeneous algebra R := ¢;o0(R;) of
finite topological dimension which has no characters.

Let n > 1 be the minimum matrix size of R. Find a natural number m such that
n™/(md+1) > L(pq)?. Tt follows from [12, Proposition 3.4] that the topological dimension
of R®™ is at most md, while the minimum matrix size of R®™ is at least n™. Applying
Theorem 6.2 we obtain a unital x-homomorphism

v i Tpg — RO™ s (AP®)™ 2 45,
as required. O

6.4. Examples. Let us explain now why the examples (a)-(f) of the introduction satisfy
the hypotheses of Theorem 1.1
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(a) Let A be a unital simple separable exact C*-algebra containing an infinite projec-
tion. It follows from a result of Kirchberg ([8]) that A¥*—even A®?—is purely
infinite and simple, and so has real rank zero. By Proposition 5.7 of [11], there is
a unital *-homomorphism ¢ : F — A®>® where F is a finite-dimensional (hence
subhomogeneous) C*-algebra without characters.

(b) Let A be a unital separable ASH algebra without characters. Following the argu-
ments in the proof of Theorem 1.1, we see that there must be a unital subalgebra
of A which is subhomogeneous without characters.

(¢) If A is properly infinite, then there is a unital embedding of Oy into A; Oy is
Z-stable by the Kirchberg-Phillips classification, and so any I, , embeds unitally
into A.

(d) Let A be a unital separable C*-algebra of real rank zero. By Proposition 5.7 of
[11], there is a unital map ¢ : F — A, where F is a finite-dimensional C*-algebra
without characters.

(e) Let X be a compact infinite metric space, and « : X — X a minimal homeomor-
phism. It follows from Theorem 2.7 of [9] that the crossed product C*(X,Z,«)
contains a recursive subhomogeneous algebra without characters.

(f) There are several examples which show that Banach algebra K-theory and traces
do not form a complete invariant for simple unital separable amenable C*-algebras.
The first of these is due to Rgrdam, and consists of a simple unital separable
amenable C*-algebra A containing both a finite and an infinite projection. By the
theorem of Kirchberg cited in (a) we have that A ® A is purely infinite, and so
following the arguments of (a) we see that A satisfies the hypotheses of Theorem
1.1. Other examples were produced by the second name author in [17] and [18].
These algebras are ASH and non-type-I, and so satisfy the hypotheses of Theorem
1.1 by the arguments of (b) above.

7. CONCLUDING REMARKS

One consequence of Theorem 6.2 is the following:

Corollary 7.1. Let A be a simple separable unital non-type-I inductive limit of RSH alge-
bras with slow dimension growth. Given any relatively prime integers p,q > 1, there is a
unital x-homomorphism ¢ : 1, ; — A.

This result may be viewed as a step toward proving that an algebra A as in Corollary 7.1
is Z-stable. To get the stronger conclusion one needs to parlay the map ¢ into an approx-
imately central sequence of *-homomorphisms ¢, : I, , — A. This improvement, however
difficult it may be to realise technically, is at least eminently reasonable for reasons of spec-
tral multiplicity. Given an inductive sequence (A;, ;) of RSH algebras with slow dimension
growth (see [12] for the definition of this property), one knows that the commutant of the
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image of A; in A; over each point in the spectrum of A; is well-approximated by a finite-
dimensional C*-algebra F', all of whose simple summands have large dimension compared
with the dimension of the spectrum of A;. It stands to reason that one should be able to
map an RSH algebra, all of whose matrix fibres are large in comparison with its topological
dimension, into the approximate commutant of the image of a finite set /' C A; in A;. An
application of Theorem 6.2 will then provide a *-homomorphism ¢ : I, ; — A; which almost
commutes with the image of F' in A;, leading to the Z-stability of A = lim; .o (A;, 7).
Proving that A as in Corollary 7.1 is Z-stable would be an extremely important step
toward the confirmation of Elliott’s classification conjecture for simple unital separable
ASH algebras of slow dimension growth, and would, given Winter’s recent classification
theorem ([20]) and the decomposition results of Lin and Phillips ([9]), already confirm
Elliott’s conjecture for the class of all crossed product C*-algebras arising from the action
of a minimal uniquely ergodic diffeomorphism with smooth inverse on a compact manifold.

REFERENCES

[1] Brown, N. P., and Toms, A. S.: Three applications of the Cuntz semigroup, Int. Math. Res. Not., to
appear
[2] Ciuperca, A., and Elliott, G. A.: A remark on invariants for C*-algebras of stable rank one, electronic
preprint, arXiv:0707:2220 (2007)
[3] Dadarlat, M., and Eilers, S.: On the classification of nuclear C*-algebras, Proc. London Math. Soc.
(3) 85 (2002), 168-210
[4] Dadarlat, M., and Nemethi, A.: Shape theory and (connective) K-theory, J. Op. Th. 23 (1990), 207-291
[5] Dieudonne, J.: A History of Algebraic and Differential Topology. 1900-1960. Birkhaiser Boston, Inc.,
Boston MA, 1989
[6] Elliott, G. A., and Toms, A. S.: Regularity properties in the classification program for separable
amenable C*-algebras, Bull. Amer. Math. Soc., to appear
[7] Jiang, X. and Su, H.: On a simple unital projectionless C*-algebra, Amer. J. Math. 121 (1999),
359-413
[8] Kirchberg, E.: The classification of purely infinite C*-algebras using Kasparov’s theory, in preparation
[9] Lin, Q., and Phillips, N. C.: Direct limit decomposition for C*-algebras of minimal diffeomorphisms,
Operator Algebras and Applications, 107-133, Adv. Stud. Pure Math. 38, Math. Soc. Japan, 2004
[10] Ng, P. W., and Winter, W.: A note on subhomogeneous C"-algebras, electronic preprint,
arXiv:math /0601069 (2006)
[11] Perera, F., and Rgrdam, M.: AF embeddings into C*-algebras of real rank zero, J. Funct. Anal. 217
(2004), 142-170
[12] Phillips, N. C.: Recursive subhomogeneous algebras, Trans. Amer. Math. Soc., 359 (2007), 4595-4623
[13] Rgrdam, M.: Classification of Nuclear C*-algebras, Encyclopaedia of Mathematical Sciences 126,
Springer Verlag, Berlin, 2002
[14] Rgrdam, M.: A simple C"-algebra with a finite and an infinite projection, Acta Math. 191 (2003),
109-142
[15] tom Dieck, T.: Transformation Groups. de Gruyter Studies in Mathematics, 8. Walter de Gruyter &
Co., Berlin, 1987, x + 312 pp.
[16] Toms, A. S.: Dimension growth for C*-algebras, Adv. Math. 213 (2007), 820-848
[17] Toms, A. S.: On the classification probelm for nuclear C*-algebras, Ann. of Math. (2), to appear



A UNIVERSAL PROPERTY FOR THE JIANG-SU ALGEBRA 25

[18] Toms, A. S.: On the independence of K-theory and stable rank, J. reine angew. Math. 578 (2005),
185-199

[19] Toms, A. S., and Winter, W.: Strongly self-absorbing C*-algebras, Trans. Amer. Math. Soc. 359
(2007), 3999-4029

[20] Winter, W.: Localizing the Elliott conjecture at strongly self-absorbing C*-algebras, preprint (2007)

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, 150 N. UNIVERSITY ST., WEST LAFAYETTE,

IN, 47907-2067, USA
FE-mail address: mdd@math.purdue.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, YORK UNIVERSITY, 4700 KEELE ST., TORONTO,
ONTARIO, CANADA, M3J 1P3
E-mail address: atoms@mathstat.yorku.ca



