THE HOMOTOPY GROUPS OF THE AUTOMORPHISM GROUP OF
KIRCHBERG ALGEBRAS

MARIUS DADARLAT

ABSTRACT. We compute the homotopy groups of the automorphism group of Kirchberg
algebras. More generally, we calculate the homotopy classes [X, Aut(A)] for a Kirch-
berg algebra A and a path connected metrizable compact space X satisfying a natural

continuity property.

1. INTRODUCTION

Kirchberg C*-algebras appear naturally in a variety of contexts [18]. They include the
simple Cuntz-Krieger algebras associated to Markov chains [8], [5] or more generally the
Ruelle algebras associated to hyperbolic homeomorphisms of compact spaces [17] as well
as C*-algebras associated to boundary actions of certain groups and to a large class of
groupoids [1], [14]. Remarkably, the action of any lattice of a real connected semisimple
Lie group G without compact factors and with trivial centre on the Furstenberg boundary
of G gives rise to a Kirchberg algebra [1]. The topological invariants of these algebras
may reflect interesting geometric properties of the underlying dynamical systems. For
instance the K-theory groups of the Cuntz-Krieger algebras O 4 turned out to be exactly
the invariants of flow equivalence for the matrix A discovered by R. Bowen and J. Franks
[4].

The homotopy groups of the endomorphism space of the stable Cuntz-Krieger algebras
were computed by Cuntz in [7]. In the early 80’s, Cuntz asked for a computation of the
homotopy groups of the automorphism groups of O 4. Here we answer Cuntz’s question by
computing the homotopy groups of the automorphism group of an arbitrary Kirchberg al-
gebra, see Corollary 5.10 and 5.11. The interest in this question has been renewed in view
of our recent paper [9] which gives a simple KK-theoretical criterion for local triviality of a
separable continuous field of Kirchberg algebras and which proves automatic local trivial-
ity of separable unital continuous fields of Cuntz algebras over finite dimensional compact

Hausdorff spaces. These results reduce the study of many continuous fields to questions in
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homotopy theory. Indeed, if Aut(A) denotes the automorphism group of a Kirchberg alge-
bra A endowed with the point-norm topology, the isomorphism classes of continuous fields
over a compact Hausdorff space which are locally isomorphic to C'(X) ® A are parame-
terized by the homotopy classes [ X, BAut(A)] of maps into the classifying space for prin-
cipal Aut(A)-bundles. In view of the bijection [SX, BAut(A)] = [X, Aut(A)]/mo(Aut(A))
(where SX is the unreduced suspension of X), the question of computing [X, Aut(A)]
becomes quite interesting. Let us mention that this is a nontrivial question even when
X is a point. While mg(Aut(A4)) was computed in [16, Thm. 4.1.4] under the assumption
that K;(A) = 0, the general case has remained open.

Naturally our calculations rely on the fundamental work of Kirchberg [11], [12] and
Phillips [16] on the classification of Kirchberg algebras. We were inspired by the work
of Nistor on the homotopy theory of the automorphism group of AF-algebras [15] which
illustrates the key role of the mapping cone C}, A of the unital map v : C — A. Related
ideas have appeared earlier in unpublished work of Skandalis [20] on the strong Ext-group.

Let us give an overview of the paper. With an eye on future applications we choose
to work in a setup which is more general that what would be strictly required for this
paper. Thus we consider homotopy classes of *-homomorphisms from a separable unital
exact C*-algebra A to a separable unital properly infinite C*-algebra B. Section 2 recasts
the classification results of Kirchberg and Phillips using the notion of nuclear absorbing
x-homomorphisms. Section 3 investigates the natural action of K;(B) on [A, Blyna, the
homotopy classes of unital absorbing x-homomorphisms from A to B. Inspired by [15] we
establish a bijection x : [A, Blunae — K Knpuc(Cy,A, SB), where C, A denotes the mapping
cone of the unital map v : C — A. The proof that the map x is bijective in our setting
does not rely on the universal coefficient theorem for KK-theory, unlike [15]. Section 4
considers possible group structures on [A, Blyn,. In particular it shows that if X is a path
connected H’-space with nondegenerate base point g, then the map x : [X, End(A)Y] —
KK(C,A,SC(X,z0) ® A] is an isomorphism of abelian groups. Here End(A)? stands for
the path-component of id4 of the space of the unital endomorphisms End(A) of a unital
Kirchberg algebra A. Section 5 determines the image of the natural map [X, Aut(A)] —
[X,End(A)] and establishes a bijection [X,Aut(A4)°] = [X,End(A)°] under a suitable
continuity condition on the pair X, A. This condition is automatically satisfied if X is
locally contractible or if A is KK-semiprojective and hence it leads to the computation of
the homotopy groups of Aut(A). Section 6 gives a description up to an extension of the
(not necessarily abelian) group [X, Aut(A)].

The author is indebted to Larry Brown for providing him with a copy of [20].
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2. KK-THEORY AND *-HOMOMORPHISMS

If a separable C*-algebra B has a full properly infinite projection, then Ky(B) =
KK (C, B) has a simple realization due to Cuntz [6], see Proposition 2.1. In this section we
reformulate results of Kirchberg and Phillips giving a similar realization for K K,,.(A, B)
when A is a separable unital exact C*-algebra, see Proposition 2.8 and Theorem 2.9.

Two projections p, ¢ in a C*-algebra A are Murray-Von Neumann equivalent, written
p ~ q, if there is v € A such that v*v = p and vv* = ¢q. A projection p € A is called
properly infinite if there are mutually orthogonal nonzero projections py,p2 € A such that
p1+p2 < pand p ~ p; ~ pa. A unital C*-algebra A is called properly infinite if its
unit 14 is a properly infinite projection. A simple C*-algebra A is called purely infinite
if A is not isomorphic to C and for any two positive nonzero elements a,b € A, there is
¢ € A such that a = ¢bc*. A simple purely infinite nuclear separable C*-algebra is called
a Kirchberg algebra [18]. Any nonunital Kirchberg algebra is of the form A ® K for some
unital Kirchberg algebra A, see [23]. An element in a C*-algebra B is full if it is not
contained in any proper two-sided closed ideal of B. A #-homomorphism ¢ : A — B is full

if ¢(a) is full in B for any nonzero element a € A. The following result is due to Cuntz [6].

Proposition 2.1. Let B be a C*-algebra which contains a full properly infinite projection.
For any x € Ko(B) there is a full properly infinite projection p € B such that x = [p]. If
p,q € B are two full properly infinite projections such that [p] = [q] then p ~ q. Moreover,
if we also assume that B is unital and that both 1g — p and 1 — q are full and properly

infinite, then upu* = q for some unitary u € U(B).

Two #-homomorphisms ¢,% : A — B are asymptotically unitarily equivalent, written
© Ry 1, if there is a norm continuous unitary valued map t — u; € BT, t € [0,1),
such that lim; 1 |lugp(a)uf — ¥ (a)|| = 0 for all @ € A. By definition we set BT = B if
B is unital and BT = C1 + B otherwise. If ¢,7 : A — B are two maps we denote by
pla) 0

0 (a)

Definition 2.2. Let A and B be separable C*-algebras. A nuclear *-homomorphism ¢ :

p@Y: A— My(B) the map a — (

A — B ® K is called absorbing if for any nuclear *-homomorphism ¢ : A — B ® K there
is a nuclear *-homomorphism 1’ : A — B ® K such that ¢ &0 ~,, ¥ ® .

A x-homomorphism 6 : A — B is called Os-factorable if there are *-homomorphisms
a: A — Oy and B : Oy — B such that § = fa. Let us note that if A and B are
nonzero, then @ is full if and only if « is injective and (1) is a full projection. If A is

exact and B has a full properly infinite projection, then there is always a full Os-factorable
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*-homomorphism from A to B. Indeed, any separable exact C*-algebra embeds in O3 by
a theorem of Kirchberg [18, Thm. 6.3.11] and Oy admits a full embedding in B by [18,
4.1.4 and 4.2.3], since B has a full properly infinite projection. We shall need the following
results of Kirchberg and Phillips, (see [18, Thm. 8.3.3] and [16, Thm. 4.1.1]). In order to
ease notation, we will write K K () for the class of x-homomorphism ¢ : A — B in the
group K Kyyc(A, B) of [21].

Theorem 2.3 (Kirchberg’s Classification Theorem). Let A be a separable exact unital C*-
algebra and let B be a separable unital properly infinite C*-algebra. Fix a full Os-factorable
x-homomorphism 6 : A — B.

(i) For every a € KKpy.(A, B) there is a full nuclear x-homomorphism ¢ : A — B
such that KK (p) = a.

(ii) Let p,vp : A — B be two unital nuclear x-homomorphisms. Then ¢ @ 0 ~up 1 & 0
if and only if KK(p) = KK (1).

(iii) Assume that B is purely infinite and simple and let v, : A — B be two unital
nuclear injective x-homomorphisms. Then ¢ /=y, ¥ if and only if KK (p) = KK (v).

Theorem 2.4 (Phillips’ Classification Theorem). Let A be a separable nuclear simple
unital C*-algebra and let B be a separable unital C*-algebra that satisfies B~ B ® Ox.
(i) For every a € KK(A, B) there is a full x-homomorphism ¢ : A — B ® K such that
KK(p) = a.
(ii) Let ¢,1p : A — B ® K be two full x-homomorphisms. Then ¢ ~u; ¢ if and only if
KK(¢) = KK ().

Lemma 2.5. Let A and B be as in Theorem 2.3.
(i) If 0,0' : A — B ® K are two full Oz-factorable x-homomorphisms, then 0 ~,, 6.
(ii) Let p, 1) : A — BRK be two nuclear x-homomorphisms such that KK (¢) = KK ().
Then @O ==yp YD®O for any x-homomorphism 0 : A — B®K that is full and Oz-factorable.

Proof. (i) Write § = fBa and ¢ = ['a’ where as in Definition 2.2 o,/ : A — Oy are
injective *-homomorphisms (which we may assume to be unital) and 3,43 : O - B K
are full x-homomorphisms. We have « &, o’ by Theorem 2.3(iii) and 8 =~ 5 by [3,
Lemma 5.4]. Tt follows that 0 =, 0'.

(ii) This is just a nonunital version of Theorem 2.3(ii). Set ® = @6 and ¥ = & 6. By
(1) it suffices to prove that ® @60 ~,;, ¥ d 6 for some full Os-factorable x-homomorphism
0 A— B®K. Since ®(14) and ¥(14) are full properly infinite projections in B ® K
which have the same Ky-class, by Proposition 2.1 there is a unitary w € (B ® K)* such
that ®(14) = w¥(la)w*. Set e = ®(14) and fix a full O-factorable *-homomorphism
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0 : A — e(B®K)e. By Theorem 2.3(ii) applied to ® and wPw* : A — ¢(B® K)e we
have ® @ ' ~,;, wPw* ® 0 and hence ® B O ~,;, UV p o' O

Proposition 2.6. Let A and B be as in Theorem 2.3. A nuclear x-homomorphism ¢ :
A — B ® K is absorbing if and only if ¢ =~yun © ® 0 for some full Os-factorable -
homomorphism 6 : A — B® K.

Proof. Assume that ¢ is absorbing and fix a full Os-factorable x-homomorphism 6 : A —
B ® K. By definition of absorption there is a nuclear *-homomorphism ¢’ : A — B® K
such that ¢ ~2,p, 0’ @ 0. In particular, by using Lemma 2.5(i), we have

CBO 0 DODO Ry, 0 B O~y o

Conversely, assume that ¢ ~,, ¢ @0 and let ¢ : A — B ® K. By Theorem 2.3(i) there
is a nuclear *-homomorphism ¢’ : A — B ® K such that KK (¢ & v¢') = 0. We also have
KK (#) = 0 as 0 factors through Os. By Lemma 2.5(ii) ¥ &' @60 ~,p, 0660 and 050 ~,, 0
by Lemma 2.5(1). Thus ¢ &, ¢ B0 ~up @Y &Y' @ 6. This shows that ¢ absorbs ¢. [

Corollary 2.7. Let A, A’ be separable exact unital C*-algebras and let B, B’ be sepa-
rable unital properly infinite C*-algebras. If ¢ : A — B ® K is a nuclear absorbing *-
homomorphism, then Bpa: A" — B'® K is nuclear and absorbing whenever a: A — A
is an injective x-homomorphism and 3 : B @ K — B’ ® K is a x-homomorphism which

maps full projections to full projections.
Proof. This is an immediate consequence of Proposition 2.6. O

Proposition 2.8. Let A be a separable exact unital C*-algebra and let B be a separable
unital properly infinite C*-algebra. Let p : A — B be a unital x-homomorphism. Then ¢
is automatically absorbing in each of the following cases:

(i) A is nuclear purely infinite and simple.

(ii) A is nuclear and simple and B~ B ® Ox.

(i1i) B is purely infinite and simple and ¢ : A — B is nuclear and injective.

Proof. (i) If A is nuclear purely infinite and simple, then id4 is absorbing by Theo-
rem 2.3(iii) and so ¢ = ¢ oidy is absorbing by Corollary 2.7. (ii) If A is nuclear and
simple and B = B ® O, then we see that ¢ is absorbing by applying Theorem 2.4(ii) to
@ @0 and ¢. (iii) Similarly, if B is purely infinite and simple and if ¢ : A — B is nuclear
and injective, then we verify that ¢ is absorbing by applying Theorem 2.3(iii) to v(¢ @ 6)v*
and o, where v is a unitary in (B ® K)* such that v(lB &) 9(1A))v* =1p®eq1. O

Our interest in absorbing x-homomorphisms stems from the following consequence of

Theorem 2.3 which can be viewed as a far reaching generalization of Proposition 2.1. (Note



6 MARIUS DADARLAT

that a projection p in a unital C*-algebra B is full and properly infinite if and only if the
s-homomorphism ¢ : C — B, ¢(\) = Ap is absorbing.)

Theorem 2.9. Let A be a separable exact unital C*-algebra and let B be a separable unital
properly infinite C*-algebra.

(i) For any o € K Kpyc(A, B) there is a nuclear absorbing *-homomorphism ¢ : A — B
such that KK(p) = a. If Ko(a)[1a] = [1B] then we can arrange that p(14) = 1p.

(i) If o, : A — B ® K are two nuclear absorbing x-homomorphisms such that
KK(p) = KK(¢) then ¢ mun . If o(14) = ¥(14) = e, then we can arrange that the
asymptotic unitary equivalence is induced by a continuous family of unitaries in U(e(B ®

K)e).

Proof. This follows from Proposition 2.1, Theorem 2.3, Lemma 2.5, Proposition 2.6 and
from the observation that if p,1 : A — B ® K are such that ¢(14) = ¥(14) = e and
© Ayup ¥, then there is a continuous map ¢ — w; € U(e(B ® K)e), t € [0,1), with the
property that lim; 1 ||usp(a)uf —(a)|| = 0 for all a € A (as explained in the proof of [16,
Thm. 4.1.4]). O

The set of nuclear absorbing *-homomorphisms from A® K to B&K is denoted Hom(A®
K, B® K)pq. It is nonempty whenever A is separable and exact and B has a full properly
infinite projection. The (possibly empty) set of nuclear unital absorbing *-homomorphisms
from A to B is denoted Hom(A, B)yne. These two spaces of homomorphisms are given
the point-norm topology. The path components of Hom(A, B)yna, also called homotopy
classes, are denoted by [A, Blyne. The homotopy class of ¢ € Hom(A, B)yun, is denoted by
[¢]. One defines similarly the set homotopy classes of nuclear absorbing *-homomorphism
from A ® K to B ® K denoted by [A ® K, B ® K],,. Since the unitary group of the
multiplier algebra of a stable C*-algebra is path-connected one has the following immediate

consequence of Theorem 2.9.

Proposition 2.10. Let A be a separable exact unital C*-algebra and let B be a separable
unital properly infinite C*-algebra. The map k : [A @ K,B ® Klpa — KKpuc(4, B),
klp] = KK(p) is an isomorphism of rings.

The question of calculating [A, Blyn, is addressed in the next section.

3. THE ACTION OF K;(B) ON [A, Blyna

The main results of this section are Theorems 3.6 and 3.9. Throughout this section
A is a separable exact unital C*-algebra and B is a separable unital properly infinite
C*-algebra such that the natural map U(B)/U(B)y — Ki(B) is bijective. This is always
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the case if we assume that B =2 B ® O by [16, Lemma 2.1.7]. Here U(B)y denotes the
path component of 15 in the unitary group U(B). Since Hom(A, B)yn, can be the empty
set we will have to assume that Hom(A, B)yn, contains at least one element j which we
use as a base-point. Let us note that it suffices to assume that there is a unital nuclear
s-homomorphism j : A — B. Indeed, by replacing j by vj(—)v* + 6 where v € B is a
nonunitary isometry such that the projection p = 1 — vv* is full and properly infinite
and 6 : A — pBp is a full unital Os-factorable x-homomorphism, we may arrange that j
is nuclear unital and absorbing.

Let us recall from [2] and [21] that if J is a separable C*-algebra, then each element
of the Kasparov group K K,,.(A,J) can be represented by a strictly nuclear Cuntz pair,
i.e. by a pair of strictly nuclear *-homomorphisms ®, ¥ : A — M(J ® K) such that
®(a) — V(a) € J® K for all @ € A. The set of strictly nuclear Cuntz pairs is denoted
by Enuc(A,J). We reserve the notation (®, V) for the KK-theory class of the Cuntz pair
(®,9) in KKpyuelA,J).

Lemma 3.1. If p,v € Hom(A, B)una, then KK(p) = KK(¢) in KKpu.(A, B) if and
only if [vpv*] = [Y] in [A, Bluna for some v € U(B).

Proof. Suppose that [vpv*] = [¢)]. Then KK(y¢) = KK(¢) since the KK-functor is
invariant under homotopy and unitary equivalence.

Conversely, suppose now that KK (p) = KK(1). By Theorem 2.9 there is a norm
continuous unitary valued map ¢t — w; € U(B), t € [0,1), such that lim; .1 ||ure(d)u; —
Y(d)|| = 0 for all d € A. This shows that [vp v*] = [¢)] for v = uyg. O

Proposition 3.2. Let A be a separable exact unital C*-algebra and let B be a sep-
arable unital properly infinite C*-algebra. For any ¢ € Hom(A, B)yn, and any z €
KKpyu(A, SB) there is a nuclear absorbing x-homomorphism ¥ : A — My(C10,1] ® B),

wo O

U = (Vt)sepo,1), such that Vo = ¥y, x = (V, V) and Vg is of the form ¥o = 0 o

where po € Hom(A, B)yna and [po] = [¢] € [A, Bluna-
Proof. Fix an element x € K K,,.(A,SB). Using the split exact sequence
0 — KKpuc(A,SB) — KKpu(A,C(SY) ® B) — KKpyc(A,B) —= 0

we can regard z as an element of K K,,(A4, C(S') ® B). We identify S' with [0,1]/0 ~ 1.
By Theorem 2.9 there is a nuclear absorbing #-homomorphism v : A — C(S!) ® B,
¥ = (M)tefo,1]> Yo = 71 such that KK (y) = x. We may also arrange that the projection
1 —0(14) is full and properly infinite. Since the image of = in K K,,.(A, B) vanishes,
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we deduce that KK (7p) = 0. The *-homomorphisms

_ (¢ O _ (e 9.,
O P R —

are nuclear, absorbing and KK(a) = KK(f). By Proposition 2.1 there is a unitary
w € Usz(B) such that wa(la)w* = (14). By compressing both waw* and (§ by the

1p

projection e = and setting 1) = ewa(—)w*e, we deduce that ¢ € Hom(A, B)yna

and
KK(¢) = KK(wow*) = KK (a) = KK(p) + KK (y) = KK (p).
By Lemma 3.1 there is a unitary ug € U(B) such that [ugy uf] = [p]. Let us set pg =

0
uopp u§ and u = <%0 ) ) € Uz(B). We define ¥ : A — My(C[0,1]® B), ¥ = (V4)sc(0,1),
B

0
U = uw 14 w*u*.
0 %

Then (U, V) € Epuc(A, SB) and

-6 )
Uy = uw wu = = — )
0 7 0 1 0 0 0 1 0 0 0 O

We conclude the proof by observing that

\Ifl = \I/() by

(W, Wo) = <<f) 0) , (W 0>> — (1,70) = KK(7) — KK(70) = & € KKpo(A, SB).
vy 0 7

0

Since K (B) is isomorphic to U(B)/U(B)o we can define an action of K;(B) on [A, Bluna
by setting [v] - [¢] = [vpv*] for v € U(B) and ¢ € Hom(A, B)una-

Having fixed a base point j € Hom(A, B)yne we define a map I : K1(B) — [A, Bluna
by I[v] = [v] - [j] = [vjv*]. Let v : C — A be defined by v(A) = Al4. We consider the
following sequence of pointed sets and maps

K KA, SB) —*> K1(B) —> [A, Bluna —-> K Knue(A, B) -~ KK(C, B)

where T is defined by T'[¢] = KK (¢) — KK(j) and @ is the composition

KKpuo(A, SB) 2~ KK(C,SB) > K\(B) .

Here 0 stands for the index map 0 : K1(B) — Ky(SB) =2 KK(C,SB). The index map

0 can be described as follows. Given v € U(B) there is a continuous path of unitaries
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0

/

w: [0,1] — Ua(B), t — wy, with endpoints wy = (S
v

> and w; = 1y where v' € U(B)

1g 0O
is some unitary and 1o denotes the unit of My(B). Then p = w ( (;3 0> w* and py =

1p
0
n(A\) = Ap and 19(A) = Apo, then (n,19) € E(C, SB). It is well-known that (see [2]):

are projections in My(C|0,1] ® B). If we let n,n9 : C — Ma(B) be defined by

(1) Ilv] = (n,m0) € KK(C,SB).

It will be useful for us to use the following description of =1 : KK (C, SB) — K1(B).
By Proposition 3.2 any given element x € KK (C,SB) is represented by a Cuntz pair
(n,m0) € E(C,SB) where n: C — M(C0,1] ® B) is a *-homomorphism, 7 = (7:):c[0,1],

1 0

such that 71 = no and (1) = py = 0 o) The equation p; = (1) defines a

continuous loop of projections in Ma(B). Let w : [0,1] — Uz(B) be a continuous path
of unitaries with w; = 1y and such that p; = wypowy for all t € [0,1]. Then wp must

. | where v,v" are unitaries in U(B). By the previous

. v
commute with pg and so wg = <O
v

discussion d[v] = (n,np) and hence

(2) 0~ (n,m) = [v] € K1(B).

Lemma 3.3. With notation as above, Image(T") = Ker(v*).

Proof. If ¢ € Hom(A, B)yna, then after identifying K K(C, B) with Ky(B) we have
VTl = v (KK(p) - KK(j)) = [p(18)] = [i(1)] = 0.

Thus the image of T" is contained in the kernel of v*.

To prove the reverse inclusion, let x € Ker(v*). The K K-element x + K K (j) induces a
map Ko(A) — Ko(B) which takes [14] to [15]. By Theorem 2.9 there is ¢ € Hom(A, B)una
such that KK (p) =z + KK(j) and hence T[p] = z. O

Let us note that Lemma 3.1 shows that if ¢,1¢ € Hom(A, B)yna, then T[p] = T[] if
and only if [vpv*] = [¢] for some v € U(B). Together with Lemma 3.3 this identifies
the orbits of the action of K;(B) on [A, Blune with Ker(v*) C KKyyuc(4, B). Next we

describe the stabilizer groups of this action.

Proposition 3.4. Let v € U(B) and ¢ € Hom(A, B)una- Then [vpv*] = [¢] in [A, Bluna
if and only if [v] € Image(Q).
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Proof. Assume first that [vpv*] = [p]. This implies that there is a nuclear unital x-
homomorphism @ : A — C[0,1] ® B, ® = (®4),¢[,1), such that &g = ¢ and &1 = vpv*.
Let w and v be as in the description of the map 0 given before (1). We define a x-
homomorphism ¥ : A — M(C[0,1] ® B) C M(SB ® K), ¥ = (¥)o1}, by Vi =

D, 0
Wy ( Ot 0> w;. Let us verify that U; = W¥y. Indeed,

v 0 0\ (v* O vpv* 0
Yo = wo Rowp = (0 v’) (Sg 0) (0 v’*) N ( gz) 0> -
It follows that (¥, Vg) € Enuc(A, SB) and hence (¥, Vg) € K Kpyu(A,SB). We are going
to verify that v*(¥, Uy) = J[v] and so [v] € Image(Q). Indeed by equation (1)
v, W) = (Y, Wov) = (n,n0) = 9[v].
Assume now that v € U(B) and [v] = Q(z) for some x € K Kpye(A, SB). We shall prove

that [p] = [vpv*] for all ¢ € Hom(A, B)yne. Let ¥ : A — M>(C[0,1] ® B) be a nuclear
absorbing *-homomorphism given by Proposition 3.2 such that Ug = ¥, x = (¥, ¥j) and

Uy is of the form ¥y = 94;0 where 9 € Hom(A, B)una and [po] = [¢] € [A, Bluna-

We note that v* (U, Ug) = (A — Ap, A — Apo) € KK(C, SB) where p; = ¥(14), t € [0,1],
1 0

is a continuous loop of projections in Ma(B) and p; = pg = 89 Nk

Let (wt)iepo,1) be a continuous path of unitaries in Uz(B) such that wy = 1o and p; =

Vo 0

wipow; for all t € [0,1]. Since py = wopow(, wo = ) for some unitaries vy, v, €

0 v
U(B). By equation (2), Q(z) = 0~ v* (¥, ¥y) = 071 {p, po) = [v0].
Let us observe that if we set H; = wjVw;, then H = (Ht)te[o,l} is a continuous path of

1 0
nuclear absorbing *-homomorphisms from A to Ms(B) such that Hy(14) = po = 69 0
for all t € [0,1]. Consequently h; = poHpo is a continuous path in Hom(A, B)yne such
that ho = vipovo and h; = ¢g. In conclusion [¢] = [po] = [vipovo] = [v*pv] and hence
[p] = [vp 7] 0

Corollary 3.5. The natural map [A, Bluna — [A, Blun is injective.

Proof. Let ¢,1p € Hom(A, B)yna be such that [¢] = [¢] in [A, Blyn. By Lemma 3.1
[vpv*] = [¢] in [A, Bluna for some unitary v € U(B) and hence [vpv*| = [¢] in [A, Blyn.
By the first part of the proof of Proposition 3.4, [v] must be in the image of @ (note that

we worked there with a homotopy consisting of nuclear unital *-homomorphisms which
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were not necessarily absorbing). By applying the other implication of Proposition 3.4, we
see that [vpv*] = [p] in [A, Blune and hence [p] = [¢] in [A, Blunq- O

Proposition 3.4 shows that all the points of [A, B]une have the same stabilizer equal to
the image of the map Q. Let us set

Ky(B)/v = Ki1(B) /Image(Q) = K1 (B)/Image(9~'v").
In conjunction with Lemma 3.3 we obtain:

Theorem 3.6. The group K,(B)/v acts freely on [A, Bluna and the orbit space is identified
with Ker (v* : K Kyyue(A, B) — KK(C, B)) via the map [¢] — KK (¢) — KK(j).

Remark 3.7. There is an equally natural way to formulate Theorem 3.6. Let us set
KKpue(A,B)y ={a € KKpu(A,B) : Ko(a)[la] =[1B]}.

Then the orbit space of the free action of K1(B)/v on [A, Blyn, is in bijection to K Kpc(A, B)y.
This bijection is induced by the map « : [A, Bluna — K Knpuc(A, B)u, klp] = KK (). We
describe the situation by the following diagram, where we use a broken arrow to symbolize

a group action.
Ki(B)/v — = > [A, Bluna —— K Kpuce(A, B)..

We shall apply Theorem 3.6 to identify [A, B]yn, with a more computable object. To
this purpose we use the following map introduced by Nistor in [15]. Let C,A be the

mapping cone of the unital map v : C — A:
C,bA={feC0,1]®A: f(0) € Cly, f(1)=0}.

The mapping cone construction C, defines a functor from the category of unital C*-
algebras and unital x-homomorphisms to the category of C*-algebras. If ¢ : A — B is
a unital *-homomorphism, then ® = C,p : C,A — C, B is obtained as the restriction of
idepo, @ to CLA. If we set J = 7, then it is readily seen that (®, J) € Enuc(CLA, SB).
Therefore we have a map x : [A, Bluna — K Knuc(Cy A, SB) defined by

X[‘P] = <CV90, Cl/]> = <(I>7J>'

By functoriality, the mapping cone construction preserves homotopies and so x is well-

defined. The short exact sequence
0 —=SA—">CA-">C—=0
induces an exact sequence of abelian groups where K K stands for K K. ([2, Thm. 19.4.3]):

KK(A,SB) > KK(C,8B) —> KK(C,A,SB) —~ KK(SA,SB) "~ KK(SC, SB)
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In particular this shows that K K(C, SB) acts by translations on K K,,.(C),A, SB) and
identifies the orbit space with Ker(Sv*) and the stabilizer groups of this action with
Coker(v*).

The next Proposition shows that the map x is equivariant modulo the identification of
K,(B) with KK (C, SB).

Proposition 3.8. If v € U(B) and ¢ € Hom(A, B)uyna, then x[vev*] = x[p] + 7*0v].
Proof. We have
X[vpv*] = (vdv*, J) = (vPv*,vJV*) + (vJv*, J) = (P, J) + (vJv*, J) = x[p] + (vJv*, ).

Therefore it suffices to show that 7*0[v] = (vJv*,J). It is convenient to denote by J
both the map id¢jo ® j : C0,1] ® A — C[0,1] ® B and its restriction to C, A which
was the original definition of J = C,j. Let w be as in the definition of d described just
before equation (1). We define two homotopies of Cuntz pairs (7s)scjo,1] and (Js)se[o,1] in
Enuc(CL A, SB) as follows:

51 7(f) = (w (J(fés‘” 8) o, (”f((j')) 8))
J J
s—0s(f) = (w(s,) ( (Of) 8) W) s ( i)f) 8)) .

One checks immediately that v = §; and
)
0 0 0 0
B vJ(f)v* 0 J(f) 0O
B 0 o/’\ o o))

0] = (y0) = (do) = (vJv*, J).

Consequently,

0

One may find helpful to visualize the whole setup via the following commutative diagram
where we let KK stand for K K.

K(A,SB) —%~ K\(B) L (A, Blune — > KK(A, B) KK(C, B)

. ) | |

K(A,SB) > KK(C,8B) —>= KK(C,A,SB) ——> KK(SA, SB) '~ KK(SC, SB)




HOMOTOPY GROUPS OF THE AUTOMORPHISM GROUPS 13

Here S stands for various suspension maps. The equality x I = 7*0 follows from Propo-
sition 3.8 whereas the equality ST = 1* x follows directly from the definitions of y and
T.

Theorem 3.9. Let A be a separable exact unital C*-algebra and let B be a separable
unital properly infinite C*-algebra such that the natural map U(B)/U(B)y — Ki(B) is
bijective. Suppose that there is a nuclear unital x-homomorphism j : A — B. Then the
map X : [A, Bluna — KKnuc(CL,A, SB) is a K1(B)-equivariant bijection.

Proof. We let K1(B) act by translation on K Ky,.(Cy,A, SB) by identifying K;(B) with
KK(C,SB). As explained in the beginning of the section we may assume that j is also
absorbing. The map x is Ki(B)-equivariant by Proposition 3.8. The stabilizer group of
each element [¢] is the image of @ by Proposition 3.4 and this identifies with the stabilizer
group of x[p] since O maps one-to-one the image of @ onto the image of v* and the
bottom sequence of the above commutative diagram is exact. We conclude the proof by
noting that the suspension map S : K Kyyc(A, B) — KKpyu(SA, SB) induces a bijection

Ker(v*) — Ker(Sv*) between the orbit spaces of the two actions. O

Let [A, B],, denote the homotopy classes of unital *-homomorphisms from A to B.

Corollary 3.10. Let A be a separable nuclear simple unital C*-algebra and let B be a sep-
arable unital C*-algebra such that B = B ® Ou. If there exists a unital x-homomorphism
j:A— B, then the map x : [A, B], — KK(C,A, SB) is bijective.

Proof. The map U(B)/U(B)y — Ki(B) is bijective by [16, Lemma 2.1.7] and [A, Bluna
coincides with [A, B], by Proposition 2.8(ii). The statement follows now from Theo-
rem 3.9. O

4. GROUP STRUCTURE ON HOMOTOPY CLASSES

In general there is no natural algebraic structure on the homotopy classes [A, B]. How-
ever one can introduce a multiplicative structure provided that B is an 'H-space’ in the
category of C*-algebras. While we do not investigate this notion formally, we consider
three natural classes of examples: (i) B is unital properly infinite and [15] = 0 in Ky(B),
(ii) B = C(X,x0)®D where (X, o) is an H-space (also called co-H-space) (iii) B = B®K.

Assume first that [1g] = 0 in Ky(B). Since A is exact and B is properly infinite,
there is an absorbing unital *-homomorphism 6 : A — B which factors as 8 = Sa where
a:A— Oy and B : Oy — B are unital embeddings. Let vy,vy € B be the images under
B of the canonical generators sy, s of Oy. One defines an Oz-sum on [A, B]yne by setting

(o]l +35 Y] = [p®pY] = [vigv] +v2tpv3]. So far we only know that +g is a binary operation
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on [A, Blune- However we have the following result which shows that [A, B],n, is actually
an abelian group whose isomorphism class does not depend on the choice of 8 : A — B.
Let us note that by Theorem 3.9 [A, O2]unq reduces to a point, and hence [f] depends only

on [(] and not on a.

Corollary 4.1. Let A and B be as in Theorem 3.9 and assume that [1g] = 0 in Ky(B).
Then x : [A, Bluna — KKnpuc(C,A,SB) is an isomorphism of groups. The addition on
[A, Bluna is given by the Oz-sum +5 and x is defined using 0 as a base-point.

Proof. We first show that [6] 43 [0] = [f]. Let us note that
(0 @5 0)(a) = v10(a)v] + v2b(a)vy = B(si(a)s] + s2a(a)s3) = Bla Bide, )(a).
By Theorem 3.9 [A, O2)una reduces to a point. Therefore [ @iq,, a] = [], and hence
[0] +5 6] = [0 ®p 0] = [B(a Bido, )] = [Ba] = [6].

Next we show that x([¢]+g[¥]) = x[¢]+ x[¢]. Since x is a bijection and [0]+4[0] = [0],
this will imply that x[f] = 0 and that the binary operation +3 defines a group structure
on [A, Blune- In particular yx is an isomorphism of groups. We use the notation ® = C, ¢,
U = Cuy, © = C,0, with 0 playing the role of the base-point so that x[p] = (®,©). Then

X([e] +35 [¥]) = x(¢p Dg ) = (v1PV] + v2Vv3, O) = (V1PV} + v2Vv3, v1OV] + V20v3)

where the last equality follows since vi0v] + v26v; is homotopic to 6 and x is homotopy

invariant. Using basic properties of the KK-groups we have
(01 PV} + V2 Pv5, V1OV] + V2OVS) = (V1 PV], V1OV]) + (V2 T3, V2OVS) = x[p] + Xx[¥].
This completes the proof. ]

Remark 4.2. Corollary 4.1 is nontrivial even for A = Oy when it recovers a known isomor-
phism of groups: [O2, Bluna = [O2, By = K1(B). In contrast [A, O2]una = [A, O], = {*}.

For C*-algebras A, B we endow the space Hom(A, B) of x-homomorphisms with the
point-norm topology. If X is a compact Hausdorff space, then Hom(A,C(X) ® B) is
homeomorphic to the space of continuous maps from X to Hom(A, B). We shall identify
a x-homomorphism o € Hom(A, C(X) ® B) with the corresponding continuous map X —
Hom(A, B), v — ag, az(a) = a(a)(x) forallz € X andac A. Ifa: A—-C(X)®Bisa
«-homomorphism, let us denote by a : C'(X) ® A — C(X) ® B its (unique) C(X)-linear
extension and write @ € Homg(x)(C(X) ® A,C(X) ® B). We shall make without further

comment the following identifications

(3)  Homex)(C(X)®@ A,C(X)® B) = Hom(A,C(X) ® B) = C(X,Hom(A, B)).
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Let us observe that if «, 5 € Hom(A, C(X) ® B) then a =, E if and only if o &2y (.

Remark 4.3. Here we review some basic facts from topology that will be needed in the
sequel, see [22]. Let (X,x0) and (Y,yp) be pointed topological spaces. We denote by
[X, Y] the homotopy classes of continuous maps from X to Y and by [(X, z¢), (Y, yo)] the
homotopy classes of base-point preserving continuous maps. Suppose that the point z is
nondegenerate, i.e. the inclusion map of xg in X is a cofibration. Then there is a natural
action of m1 (Y, yo) on the homotopy classes [(X, zg), (Y,y0)]. If Y is path connected, then
the orbit space of this action is identified with the base-point free homotopy classes [ X, Y].

Recall that a pointed space (Y, yp) is an H-space if there is a continuous map (multipli-
cation) m : Y XY — Y such that the maps y — m(y, yo) and y — m(yo, y) are homotopic
to idy through base-point preserving maps (Y, yo) — (Y, y0). In particular m(yo, yo) = yo.
If (Y,y0) is a an H-space, then the action of m1(Y,yo) is trivial and so the natural map
[(X,z0), (Y,y0)] — [X,Y] is bijective if Y is path connected.

If the multiplication m happens to be homotopy associative, then [(X, zo), (Y, y0)] be-
comes a monoid. In general this monoid need not to be a group. However if X is a CW
complex and if Y is path connected, then [(X,z), (Y,y0)] = [X,Y] is a group (see [22,
Thm. 2.4, p. 462]).

A pointed space (X, xp) is an H'-space if there is a continuous map (co-multiplication)
u: X — XV X such that if ¢ : X — X is the constant map that shrinks X to zg and
if pp =idx Ve, po =cVidy : X VX — X, then p; o p and py o u are both homotopic
to idx through base-point preserving maps (X, z9) — (X, zp). We do not require the
multiplication m or the co-multiplication p to be homotopy (co-)associative or have an
homotopy inverse. However we require the point xg to be nondegenerate. We also need to
consider the inclusion maps 1,42 : X — X V X, i1(x) = 2 V z¢ and is(z) = 2o V . They
verify the equations p; o041 = pg 0 iy = idx.

If (X, o) is an H'-space and if (Y, yp) is an H-space then we have two multiplications on
[(X, z0), (Y, 40)], one induced by m and the other induced by p. It is well-known that these
two operations coincide and they are commutative and associative (see [22, Thm. 5.21, p.
124]).

Fix a base-point j € Hom(A, B)yne. There is a map xx defined analogously to x such
that the following diagram is commutative:

(X, 20), (Hom(A, B)una, j)] ——> K Kpue(Cy A, C(X, 20) ® SB)

| |

[Av C(X) ® B]una KKnuc(CuAa C(X) ® SB)

Ias
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This is verified by observing that if ® = C,(¢) and J = C,(j), then ®(f) — J(f) €
C(Xo,20) ® SB for all f € C,A provided that ¢,, = j. Thus xx[¢] = (®,J) is well-
defined.

Let us note that unlike the right hand vertical map, the left hand vertical map is not in
general injective. This has to do with the distinction between the base-point preserving
homotopy classes and the free homotopy classes as discussed in Remark 4.3.

If (X, z0) is an H'-space, let [¢] x [¢] = [(¢ V ¥) o u] denote the induced multiplication
on [(X,zp),(Hom(A, B)una,Jj)]- The following two Propositions are proved similarly to
[15, Lemma 5.1].

Proposition 4.4. If (X, o) is an H'-space, then xx([¢] * [¢]) = xx[p] + xx[¥]-

Proof. We begin by observing that xx is a natural transformation. Thus if & : (X, z¢) —
(Yyo) is a map of pointed spaces, which induces maps h* : C(Yyy) — C(X,x0), h* :
K Kpue(CL A, C(Yy0)@SB) — K Kpue(Cy A, C(X, 20)®SB) and h* : [(X, z0), (Hom(A, B)yna, j)] —
[(Yyo), Hom(A, B)yna,j)], then h* o xy = xx o h*. In particular the co-multiplication

e (X, z0) — (X VX, z0) induces a commutative diagram

*

[(X VX, 560)7 (HOIH(A, B)unayj)] #4> [(Xa xo), (Hom(A, B)umzyj)]

XXVX l iXX

K Kpue(Cy A, C(X V X, 20) @ SB) —> K Kpue(Cy A, C(X, 20) ® SB)

We assert that xxvx|[p V] = pixx[e] +pixx[¢]. This is verified by projecting both sides
of the equation to KK (C, A, C(X,z9) ® SB) via the maps ¢} and 5. Since py o iy = idx,
k=1,2, and (p V) oir = ¢, (V1)) ois = 1, we see that both sides are mapped to
Xxxlg] by i} and to xx[¢] by i3, so that they must be equal. Therefore
xx ([l [¥]) = xx[(e V) o pu] = xxp'le Vo] = ' xxvxle Vo] =
1 (pixx el + paxx[¥]) = (pr o p) " xx[e] 4 (p2 o 1) "xx[¥] = xx ] + xx[¥],
since p; o p and po o p are homotopic to idy by the definition of H'-spaces. O
Similarly, if xx : [(X, zo), (Hom(A® K, B ® K), j)] = KK(A,C(X,z¢) ® B) is defined
by Xx[¢] = (@, xe) = (¢, ), then we have

Proposition 4.5. If (X, zg) is an H'-space, then Xx([¢] * [¢]) = xx[¢] + Xx[¢]-

For a C*-algebra A we denote by End(A) the set of nonzero (and unital if A is unital)
s-endomorphisms of A and by End(A)? the path component of id4 in End(A).
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Theorem 4.6. Let A be a unital Kirchberg algebra and let X be a compact metrizable

space. (a) There is a bijection
X :[X,End(4)] - KK(C,A,SC(X)® A),
and an isomorphism of rings
k:[X,End(A®K)] - KK(A,C(X)® A).
(b) If X is path connected and xo € X, then there are bijections
X : [X,End(A)°] — KK(C,A,SC(X,xz0) ® A),
X:[X,End(A®K)°] = KK(A,C(X,x0) @ A).

If (X, z0) is also an H'-space, then the maps x and X are isomorphisms of abelian groups.
The group structure induced by the co-multiplication of (X, xg) coincides with the structure

induced by the composition of endomorphisms.

Proof. (a) By Proposition 2.8, if A is unital, then C'(X,End(A)) = Hom(A4, C(X)® A)una-
In other words, all unital x-homomorphisms ¢ : A — C(X) ® A are absorbing. A similar
argument shows that C'(X,End(A ® K)) 2 Hom(A® K, C(X) ® A ® K)ne. Indeed, as a
consequence of Theorem 2.4, a *-homomorphism ¢ : A® K — C(X)® A® K is absorbing
if and only if ¢, # 0 for all z € X. Therefore

(4) [X, End(A)] 2 [A,C(X) ® Alunes  [X, End(A® K)] 2 [A® K, C(X) ® A® Klpa,

so that part (a) follows from Corollary 3.10 (with j = j4 : A — C(X) ® A, ja(a) =
lox)y @ a for all @ € A) and Proposition 2.10.

(b) Since a continuous function maps a path component into a path component, we
obtain from (4):

[X, End(A)°] = {[¢] € [A,C(X) ® Aluna * [9wo] = [ida] € [A, Aluna}-
[X, End(A® K)°] = {[¢] € [A®K, C(X) ® A® Klna : [0a] = idagk] € [A®K, A®Klna}.
For the first part of (b) we use part (a) and the commutative diagram of pointed sets

(7"'3?0)*

[X,End(A)°] [A,C(X) ® Aluna (A, Aluna

N | |
(7"360)*

KK(C,A, SC(X,z0) ® A) —= KK(C, A, SC(X)® A) — KK(C,A,SA)

The vertical maps x of this diagram are bijective by Corollary 3.10. Thus x° maps
bijectively (mz,): 1 ([ida]) = [X, End(A)°] to (74,)x1(0) = KK(C,A, SC(X,z0) ® A).
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The proof for the second part (b) is similar but we use instead the diagram

(7"960)*

[ARK,C(X)@ARK|pg —= [ARK, AR K]pna

lﬁ

KK(A, A)

[X,End(4A ® K)Y]

1A+ KK(A C(X,z9)® A) KK(ACX)® A)

(ﬂ'wo)*

where the vertical maps kK = K K(—) are bijective by Proposition 2.10 and ¢4 is the KK-
class of the *-homomorphism j4. In this case the map y from the statement is defined by
Xlel = K%[p] = 1.

Finally it remains to argue that the maps x and y preserves the multiplicative structure
induced by the co-multiplication of X. This follows from Propositions 4.4 and 4.5 since
the homotopy classes [X,End(4)°] and [X,End(A ® K)Y] coincide with the base-point
preserving homotopy classes [(X,z), (End(A),id4)] and [(X, o), (End(A® K)°,idagk)]
as explained in Remark 4.3 since End(4)° and End(A ® K)® are path connected H-spaces.

O

5. FROM ENDOMORPHISMS TO AUTOMORPHISMS

In this section we relate the homotopy theory of the space of endomorphisms which
are KK-equivalences to the homotopy theory of the space of automorphisms (see Propo-
sition 5.8). This leads to two of our main results: Theorems 5.9 and 6.3.

Ifa:C(X)®A— C(X)® B is a C(X)-linear *-homomorphism, we say that a is full
if its restriction to 4, a: A — C(X) ® B, a(a) = a(lgx) ® a), is full in the usual sense.

Let A be a stable Kirchberg algebra and let X be a compact metrizable space. Let
t — @ € Endgx)(C(X) ® A), t € [0,1), be a continuous path of full C'(X)-linear *-
endomorphisms and let ¥ € End¢(x)(C(X) ® A) be a full C(X)-linear *-endomorphism.

Lemma 5.1. Suppose that KK(®y) = KK(¥). Then there is a continuous path of
unitaries t — uy € U((C(X) @ A)1)o, t € [0,1), with the property that lim;_,; ||®:(a) —
w¥(a)uf|| =0 forallac C(X)®A. T

Proof. Two C(X)-linear *-homomorphisms C(X) ® A — C(X) ® A are asymptotically
unitarily equivalent if and only if their restrictions to A = 1¢(x) ® A are asymptotically
unitarily equivalent. It is then clear that the conclusion of the lemma follows by applying
[16, Lemma 4.1.2] to the restrictions of ®; and ¥ to A. O

Proposition 5.2. Let A be a stable Kirchberg algebra and let X be a compact metriz-
able space. Let 10 € Ende(x)(C(X) ® A) be full C(X)-linear *-endomorphisms such
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that {51Z ~un Mdo(xyga and @Z(ﬁ ~uh 1do(xyga- Then there is an automorphism ® €
Autox)(C(X) @ A) such that ® =y, ¢.

Proof. As noted above, two C (X )-linear *-homomorphisms &, 3: C(X)® A — C(X)® A
are asymptotically unitarily equivalent if and only if their restrictions to A, o = a4 and
8 = §| A have this property. By Theorem 2.9, this happens precisely when KK (a) =
KK(pB), provided that o and 3 are full. The proof of the proposition is essentially
identical to the proof of [16, Theorem 4.2.1] except that one works with C(X)-linear
«-homomorphisms and one replaces [16, Lemma 4.1.2] in the original arguments of [16] by
Lemma 5.1. ]

Definition 5.3. Let A be a separable C*-algebra and let X be a metrizable compact space.
We say that the pair (A, X) is K K-continuous if for any point z € X there is a base
of closed neighborhoods (V;,) of z such that the natural map lim KK (A,C(V,) ® A) —
KK (A, A) (induced by the evaluation map at z) is injective (and hence bijective).

Examples 5.4. Let us give some examples of K K-continuous pairs. A separable C*-algebra
A is K K-semiprojective if the functor K K (A, —) is continuous, i.e. for any inductive sys-
tem B — Bs — ... of separable C*-algebras, the map lim KK(A,B,) — KK(A, lim B,)
is bijective. The class of K K-semiprojective C*-algebras includes the nuclear semipro-
jective C*-algebras (see [9]) and also the separable nuclear C*-algebras whose K-theory
groups are finitely generated and which satisfy the Universal Coefficient Theorem in KK-
theory (abbreviated UCT [19]) . It is clear from definition that if A is a KK-semiprojective
C*-algebra then the pair (A, X) is K K-continuous for any compact metrizable space X.
Also it is easy to check that if X is locally contractible, then the pair (A, X) is K K-

continuous for any separable C*-algebra A.

Let us recall that the zero Cech-cohomology group with coefficients in a ring R, denoted
by H°(X, R), consists of locally constant functions from X to R.

In the sequel we are going to use the notation K4(X) = KK(A,C(X) ® A) and
Ka(X,)Y)=KK(AC(X,Y)®A) for Y a closed subspace of X. It is clear that K4(X,Y)

extends to a generalized cohomology theory. The composition of the Kasparov product
K (X)x Kz(X) — Ka(X x X)
with the restriction to diagonal map
K (X x X) — Ka(X)

defines a cup product on K4(X) which makes K4(X) into a ring. The multiplicative
unit ¢4 of K4(X) is given the KK-class of the x-homomorphism j4 : A — C(X) ® A,
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ja(a) = 1g(x) ®@a for all @ € A. Similarly one has a cup product
KAo(X,Y)x Ko(X,Y') - KA(X, Y UY"),
which is compatible with the cup product on K4(X).

Remark 5.5. One can identify Kasparov’s RK K-theory group RK K (X, A, B) introduced
in [10] with KK (A, C(X)® B) via the natural restriction map. This gives an isomorphism
of rings RKK (X, A, A) — Ka(X).

Proposition 5.6. If the pair (A, X) is K K-continuous, then an element o is invertible
in the ring KA(X) if and only if o, € KK(A, A)~! for allz € X.

Proof. For each z € X, the evaluation map at z gives a split exact sequence 0 — C'(X, x)®
A— C(X)®A— A— 0. The splitting map is obtained by regarding the elements of A

as constant functions on X. Therefore we have a split exact sequence
0— Ka(X,z) > Ka(X) - Ka(z) = KK(A,A) — 0.

For 0 € K4(X),let 6 : X — KK(A, A) be the map d(x) = 0,. Since by assumption the
map lim K4(V;,) — KK (A, A) is injective, we see immediately that the map o is locally

constant. Therefore we have a split exact sequence of rings
(5) 0 ——= K4(X) —— Ka(X) —— H°(X, KK (A, A)) —> 0,

where by definition p(c) = ¢ and K';(X) = Ker(p). We are going to prove that K’;(X)
is a nil ideal, i.e. if 0 € K/;(X) then 0™ = 0 for some m > 1. For this purpose fix
o€ K)\(X) =Nyex Ka(X,2) C Ka(X). For every x € X, let (V;,) be a base of closed
neighborhoods of z as in Definition 5.3. Since the map lim Ka(V,,) — Ka(z) is injective,

by diagram chasing (or by Steenrod’s five lemma)

li_H)l KA(Xv Vn) I KA(X) I h_H}l KA(Vn)
00— Ka(X,2) ——— Ks(X) —— Ka(z) ——0
we obtain that the natural map lim K4 (X, V) — Ka(X, ) is surjective for every z € X.
Using the compactness of X we find a cover of X by finitely many closed subsets Y1,..., Yy,
and elements o}, € K4(X,Yy) k=1,...,m such that each o maps to o under the map
Ka(X,Y;) — Ka(X). It follows that ¢™ is equal to the image of the cup product
o1 0m € KA(X,Y1U---UY,,) = K4(X, X) =0, and hence 0™ = 0. Since K/;(X) is a
nil ideal, and since p admits a multiplicative splitting, an element o € K 4(X) is invertible

if and only if p(o) = 7 is invertible. O



HOMOTOPY GROUPS OF THE AUTOMORPHISM GROUPS 21
Next we describe the range of the map Auto(x)(C(X) ® A) — KK(A,C(X) ® A).

Proposition 5.7. Let A be a Kirchberg algebra and let X be a compact metrizable space.
Suppose that the pair (A, X) is K K-continuous. Let 0 € KK(A,C(X)® A) be such that
o, € KK(A, A)™L for all v € X and Ko(o)[14] = [L4] if A is unital. Then there is an
automorphism o € Auto(x)(C(X) ® A) such that KK (ala) = o.

Proof. Let 0/ € KK(A,C(X) ® A) be the multiplicative inverse of o given by Propo-
sition 5.6. By Theorem 2.9 we can lift o and ¢’ to full (and unital if A is unital) -
homomorphisms ¢, : A — C(X) ® A. Therefore

KK(3¢) = KK(§p) = KK (ja),
where ¢ and 1; denote the C(X)-linear extensions of ¢ and 1. By Theorem 2.9 we have
G ~un ja and ¥ Ay ja and hence Fv Ry ido(x)ea and @ R idox)ea. I
A is stable we apply Proposition 5.2 to find an automorphism ® € Auto(x)(C(X) ® A)
such that ® =, ¢. In particular it follows that K K(®|4) = 0. If A is unital we apply
Proposition 5.2 for $®idx and 1 ®idk to find an automorphism ® € Autox)(C(X)®A®
K) such that ® ~,; ¢ ® idg. By Theorem 2.9 we may arrange that ®(1o(x)ga ® €11) =
P(loxypa ® e11) = lox)za @ e11 and hence the compression of @ to the (1,1)-corner
C(X)® A®er of C(X)® A® K gives an automorphism a € Aute(x)(C(X) ® A) such
that KK (a|a) = KK(¢) =o0. O

Let us set End(A)* = {y € End(A) : KK(y) € KK (A, A)~1}.

Proposition 5.8. Let A be a Kirchberg algebra and let X be a compact metrizable space.
Suppose that the pair (A, X) is KK-continuous. Then the natural map [X, Aut(A)] —
[X,End(A)*] is bijective.

Proof. We assert that for any given continuous map = — ¢, € End(A)* defined on X there
is a continuous maps (z,t) — @, ;) € End(A)* defined on X x [0, 1] such that @, o) = ¢z
and @4 € Aut(A) for all » € X and t € (0,1]. The proposition is an immediate
consequence of our assertion. Let us prove now the assertion. By Proposition 5.2 there is
an automorphism o € Aute(x)(C(X)®A) such that KK (a|a) = KK(p). By Theorem 2.9
there is continuous map (0,1] — U((C(X) ® A)1), t — u;, with the property that

PH(I) |lura(a)uf — p(a)|| =0, for all a € A.

Pz lft == 07
D@ty = .
’ wp(x)agug(x)*, if t € (0,1],

The equation
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defines a continuous map ® : X x [0,1] — End(A)* which extends ¢ and such that
O(X x (0,1]) € Aut(A). O

If Ais a C*-algebra let us denote by Aut(A)° the path component of id 4 in the automor-
phism group Aut(A) of A. If the point z( is nondegenerate, then the set of basepoint-free
homotopy classes [X, Aut(A4)°] coincide with the set of base-point preserving homotopy
classes [(X, 7o), (Aut(A4)%id4)]. The group multiplication of Aut(A)? induces a group
structure on the set of homotopy classes [X, Aut(A)°] which coincides with the alternate

group structure induced in the case when (X, z¢) is an H'-space (see Remark 4.3).

Theorem 5.9. Let A be a unital Kirchberg algebra, let X be a path connected compact
metrizable space and let xg € X. Suppose that the pair (A, X) is K K-continuous. Then
there are bijections

X 1 [ X, Aut(A)°] - KK(C,A, SC(X,z0) ® A),
Y[ X, Awt(A® K)°] = KK (A, C(X, z0) ® A).
If (X, x0) is an H'-space, then x and X are isomorphisms of abelian groups.
Proof. The result follows from Theorem 4.6 and Proposition 5.8. (]
Recall that the map Q = 0~ 'v* is given by the composition
KK(A,S4) > KK(C,54) 2~ K1 (A) |

Let us set
K1(A)/v = Ki(A)/Image Q.
From Theorem 5.9 and Remark 3.7 we deduce the following:

Corollary 5.10. Let A be a unital Kirchberg algebra. There are group isomorphisms
X : T Aut(A) — KK(C,A, S™A) for n > 1 and there is an exact sequence of groups
1 — Ki(A)/v — moAut(A) - KK(A,A);t — 1 forn = 0.

Corollary 5.11. Let A be a Kirchberg algebra. There are group isomorphisms k : moAut(A®
K)— KK(A,A) ™ and x : 1 Awt(A® K) — KK (A, S™A) forn > 1.

From Theorem 5.9 and Corollary 5.10 we obtain a bijection
[X, Aut(A)] = KK(C,A, SC(X,z0) ® A) x KK (A, A), ! x Ki(A)/v.

The K-theory groups of C, A can be often computed using the exact sequence:

ix0 Vs
0 — Ki(A) — Ko(CLA) —= 7 —— Ko(A) — K1(CLA) — 0.
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Thus if K1(A) = 0 then K1(CLA) = Ko(A)/Z[14] and Ko(C,A) = {k € Z : k[14] = 0}
so that Ky(C,A) is either isomorphic to Z or otherwise it vanishes. Assuming that A
satisfies the UCT, one can then compute K K (C, A, S A) explicitly in many interesting
examples. If A is a Kirchberg algebra, it is well-known that moU(A) = mU(A) = K;(A).
In contrast, the group mpAut(A) needs not to be abelian and even if it is abelian, it needs
not to be isomorphic to maAut(A). Indeed, if A satisfies the UCT and K;(A) = 0, then
we obtain from Corollary 5.10 that mgAut(A) is isomorphic to the multiplicative group
KK(A, A);! = Aut(Ko(A),[14]) whereas mpAut(A) is isomorphic to the abelian group
Hom(Ky(A)/Z[14], Ko(A)) and hence in bijection with End(Ky(A), [14]). For instance if
Ko(A) 2 Z ® 7 and [14] = 0, then mpAut(A) = GL(2,7Z) and moAut(A) = Z*. If instead
Ko(A) =2 Z and [14] =0, then mopAut(A) = Z/2 and mAut(A) = Z.

6. THE GROUP [X, Aut(A)]

In the previous section we computed [X, Aut(A)°] and showed that it is an abelian group
whenever X is an H’-space. On the other hand, the set of homotopy classes [X, Aut(A)]
has a natural (not necessarily abelian) group structure whether or not X is an H’-space.
In the sequel we determine this group up to an extension.

Let A and B be separable C*-algebras and let X be a path connected metrizable
compact space. Let us set

KK(A, B)y ={a € KK(A,B) : Ko(a)[la] = [15], }
KK(A,B)y={ae KK(A,B) : Ko(a)[14] =[0],}
KK(A,C(X)® A ={a € KK(A,C(X)® A)y : a € KK(A, A)7! Vo € X}.

b Let us consider the diagram with injective vertical maps where the broken arrows

indicate group actions:

Ki(C(X)® A)Jv — — — > [X,End(A)] K(A,C(X)® A),
T T

Ky ( A)Jv — — — = [X,End(A)*] — > KK(A,C(X) ® A)*
T T T

Ki(C(X,20) ® A) /v — — > [X,End(A)°] —— 14 + KK (A,C(X, 1) ® A),

Proposition 6.1. The diagram above is well-defined. The groups appearing on the left
column act freely on the corresponding homotopy classes appearing on the second colummn.
The maps k are equivariant and surjective and their fibers coincide with the orbits of the

corresponding group actions.
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Proof. The stated properties hold for the first row of the diagram by Theorem 3.6 and
Remark 3.7. By the homotopy invariance of the K K-functor we see that the map
mo(End(A)*) — mo(End(A)) is injective and so the vertical maps in the middle of the
diagram are injective. Using the exact sequence 0 — C(X,z9) — C(X) — C — 0 one
verifies that all the other vertical maps are also injective and that one has a short exact

sequence
(6) 0 — K1 (C(X,20) @ A)Jv — K1 (C(X) @ A)Jv — K1(A) /v — 0.

In particular this establishes the claimed properties of the middle row of the diagram as
a consequence of the corresponding properties of the top row. It remains to deal with
the bottom row. The assumption that X is path connected is needed only for this part
of the statement. Let us verify first that the map x is well defined. Let ¢ : X —
End(A)° be a continuous map. Then (KK (yp) — LA)xO = KK(idy) — KK(id4) = 0 and
©(14) —ja(la) = 0 and hence k(p) € 14 + KK(A,C(X,z9) ® A)g. To verify that & is
surjective, let 0 € 14 + KK(A,C(X,z9) ® A)p. By the surjectivity of the map  in the
top row, there is a continuous map ¢ : X — End(A) such that KK (p) = 0. In particular
KK(ps,) = KK(ida). By Theorem 3.6 and Remark 3.7 applied for B = A, there is a

* is homotopic to id4. Since X is path connected this

unitary v € U(A) such that veg,v
implies that (vpv*), € End(A4)° for all x € X and hence vpv* is a lifting of 0. Next we
show K1(C(X,z0) ® A) acts transitively on the fibers of k. Let ¢,7 : X — End(4)° be
continuous maps such that k[p] = k[)]. By Theorem 3.6 applied for B = C'(X) ® A, there
is a unitary v € U(C(X) ® B) such that 1 is homotopic to vpv*. In particular 1, is
homotopic to v(xg)pz, v(zo)* and hence id4 is homotopic to v(zg)ida v(zo)*. It follows
by Theorem 3.6 that [v(zg)] = 0 in K;(A)/v. The exact sequence (6) shows now that the
class of [v] in K;(C(X)® A)/v belongs to the image of K1(C(X,x0) ® A)/v and hence 1
is homotopic to wew* for some w € U(C(X) ® A) with wg, € U(A)o. In the last part of
the proof we show that K;(C(X, z¢) ® A)/v acts freely on [X, End(4)°]. Indeed, suppose
that wpw* is homotopic to ¢ as maps X — End(A)" where w is as above. Therefore
[wepw*] =[] in [A,C(X) ® A], and hence [w] =0 in K;(C(X) ® A)/v by Theorem 3.6.
Using the exact sequence (6) again we conclude that [w] =0 in K;(C(X,z0) ® A)/v. O

The exact sequence of rings (5) gives rise to a split exact sequence of multiplicative

groups

1 —> 14+ K\ (X) —> KK(A,C(X)® A)* —> O(X, KK(A, A)~') —> 1
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where H°(X, KK (A, A)~!) denotes the locally constant maps from X to KK (A, A)~L. If
X is path connected, then K, (X) = K4 (X, z9) = KK (A,C(X,z0) ® A) for every zp € X
and HO(X, KK (A, A" = KK(A,A)~L.

Theorem 6.2. Let A be a Kirchberg algebra and let X be a compact metrizable space such
that the pair (A, X) is K K-continuous. Then there are isomorphisms of groups

ki [X,Aut(A® K)] - KK(A,C(X)® A)*.
k[ X, Aut(A® K)Y) — w4 + Ky (X).
Proof. The result follows from Propositions 2.10 and 5.8. (]

Theorem 6.3. Let A be a Kirchberg algebra and let X be a compact metrizable space such

that the pair (A, X) is KK -continuous. Then there is an exact sequence of groups
1 — K (C(X)®A) /v — [X,Aut(4)] —= KK(A,C(X)® A)f, — 1.
If X 1is path connected and xo € X, then there is another exact sequence of groups:

1 —— K1(C(X,20) ® A) /v — [X, Aut(A)°] — > 14 + KK (A, C(X,20) ® A)g — 1.

Proof. The result follows from Propositions 5.8 and 6.1, since the inner automorphisms of
C(X) ® A form a normal subgroup of Autc(x)(C(X) @ A). O

Remark 6.4. If (X,x0) is a path connected H'-space and if the pair (4,X) is KK-
continuous, then o7 = 0 for all 0,7 € KK(A,C(X,z9) ® A). Indeed, by Theorems 5.9
and 6.2, x(a+ ) = x(a)+x(B) and k(a+F) = k(a)k(F). Since k = 14+ x we must have
x(a)x(B) = 0 and hence o7 =0 for all 0,7 € KK (A, C(X,x0) ® A) since x is bijective.

Remark 6.5. As a consequence of [9, Thm. 9.2] (whose proof relies on unpublished work of
Kirchberg, see [13]), for any separable nuclear C*-algebra and any finite dimensional metric
space X, an element ¢ is invertible in the ring K 4(X) if and only if 0, € KK (A, A)~! for
all z € X. Therefore, in the statements of our main results, one can replace the assumption

that the pair (X, A) is continuous by the assumption that X is finite dimensional.
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