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ABSTRACT. In this paper we study the C*-algebras associated to continuous fields over
locally compact metrisable zero dimensional spaces whose fibers are Kirchberg C*-algebras
satisfying the UCT. We show that these algebras are inductive limits of finite direct sums
of Kirchberg algebras and they are classified up to isomorphism by topological invariants.

1. INTRODUCTION

A purely infinite separable simple nuclear C*-algebra is called a Kirchberg algebra. Kirch-
berg [11] and Phillips [18] proved that two Kirchberg algebras A and B are stably isomorphic
if and only if they are KK-equivalent. Consequently, if in addition A and B satisfy the uni-
versal coefficient theorem (UCT) of [22], then A® K =2 B® K if and only if K,(A) = K,(B).

Kirchberg [12] generalized the KK-theory isomorphism result to nonsimple C*-algebras.
He showed that if A and B are nuclear separable C*-algebras with primitive ideal spectrum
homeomorphic to some Ty-space X, then A® O, @K = B® Oy ® K if and only if A is
K K x-equivalent to B, where K Ky is a suitable generalization of the Kasparov theory which
preserves the primitive ideal spectra of A and B (or rather the lattice homomorphisms from
the open subsets of X to the lattice of closed ideals of A and B). Unlike the case of simple C*-
algebras, as observed in [14], one does not have a general algebraic criterion for recognizing
when two C*-algebras are K K y-equivalent, as we lack a generalization of the UCT for K Kx.
Finding such a criterion seems to be a difficult problem even when the space X consists of
finitely many points and is non Hausdorff. The case when X consists of two points was
solved by Rgrdam in [20].

One of the goals of the present paper is to propose an answer to the above question for the
separable nuclear C*-algebras A whose primitive ideal spectrum Prim(A) is zero dimensional
and Hausdorff, under the assumption that all simple quotients of A satisfy the UCT. We
introduce a homotopy invariant Inv(A) consisting of a preordered semigroup

P(A® Oy) ® K(A),

together with the action of the Bockstein operations on K(A). Here P(A ® Os) denotes
the Murray-von Neumann semigroup of equivalence classes of projections in A ® Oy ® K
and K (A) is the total K-theory group of A, see Section 4. It turns out that if A and B
are separable nuclear C*-algebras with zero dimensional Hausdorfl primitive spectra and
with all simple quotients satisfying the UCT, then A ® O, ® K = B ® Oy, ® K if and only
Inv(A) = Inv(B). Since we do not use Kirchberg’s K K x-theory, we deduce that for such
algebras, A is KK x-equivalent to B if and only if Inv(A) & Inv(B). The examples con-
structed in [4] show that the action of the Bockstein operations is an essential part of the
invariant. Inv(A) is an adaptation to purely infinite C*-algebras of an invariant introduced
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in [7] and [6]. A positive morphism Inv(A) — Inv(B) must preserve the filtration of the total
K-theory group K(—) induced by ideals. Since all the ideals of the C*-algebras classified in
this paper give rise to quasidiagonal extensions, the corresponding boundary maps vanish,
and hence there is no need to include them in the classifying invariant as it was necessary
to do in [20].

A related goal of this paper is to describe the structure and the classification of the C*-
algebras associated to continuous fields over locally compact metrisable zero dimensional
spaces whose fibers are Kirchberg algebras satisfying the UCT. We show that these alge-
bras are inductive limits of finite direct sums of Kirchberg algebras satisfying the UCT
and that they are classified up to isomorphism by the topological invariant Inv,(—) :=
(Inv(—), P.(—), 7), see Sections 4 and 5. It is worth to note that their structure is obtained
by proving first the classification result for a larger class of C*-algebras, using the same
invariant. Since Inv, is continuous and homotopy invariant, we deduce immediately that in
this (larger) class of C*-algebras, the isomorphism and the shape equivalence are equivalent
properties, see Section 5.

Let us describe how the paper is organized. Section 2 is devoted to preliminaries. Using
the results of [11] and [18] we show in Section 3 that the C*-algebra associated to a con-
tinuous field of Kirchberg algebras satisfying the UCT over a metrisable zero dimensional
locally compact space admits local approximations by finite direct sums of Kirchberg alge-
bras satisfying the UCT and having finitely generated K-theory. In Section 4 we introduce
the invariants Inv and Inv, and describe their basic properties. In Section 5 we prove that
the C*-algebras A which admit local approximations as described above are classified up to
stable isomorphism by Inv(A) and in fact they can be written as inductive limits of finite
direct sums of Kirchberg algebras satisfying the UCT. In particular, these structure and
classification results apply to the C*-algebras associated to continuous fields of Kirchberg
algebras satisfying the UCT over a metrisable zero dimensional locally compact space.

2. PRELIMINARIES

Definition 2.1. A sequence (A,,) of C*-subalgebras of a C*-algebra A is called exhaustive if
for any finite subset F C A, any m > 0, and any € > 0 one has F C. A,, for some n > m.
The inclusion maps A, < A are denoted by 1, ( respectively j, : B, — B if (B,) is an
exhausting sequence for B).

Let A be a separable C*-algebra and let (A,) be an exhaustive sequence for A. Let

{z1,29,...,2y,,...} C A be a dense subset of A. After passing to a subsequence of (4,) we
may arrange that
(1) {.Tl,ivg,...,.iEk} Ci/k Ak, VkéeN.

It the sequel we will always work with exhaustive sequences satisfying (1).

Lemma 2.2. Let A be a separable C*-algebra with an exhaustive sequence (A,) consisting
of unital, nuclear C*-algebras. Then after passing to a subsequence of (A,) satisfying (1)
there is a sequence of completely positive contractions u, : A — A, which is asymptotically
multiplicative and such that lim, . ||tapn(a) — al| =0 for all a € A, where 1, : A, — A are
the inclusion maps.

Proof. Let F := {x1, 79, ..., 2, ...} with F = A, and let F}, := {x1, 29, ..., 2 }(k € N). After
passing to a subsequence we may assume that (A,,) satisfies (1). Let Gy be a finite subset of
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A (k € N) such that:
(2) Fr Sk Gy kEN

For each n, let e, be the unit of A,. Using that F = A and (2) it is easy to check that
(en) is a (not necessarily increasing) approximate unit of A. Since each A, is nuclear and
unital, it follows that we can find an approximate factorization of ¢d4, by unital completely
positive maps, on the finite set G, within 1/n.
id

A, A,

S

M) (C)

(3) gnfa(y) =yl <1/n, y€ G, neN.

Now, using Arveson’s extension theorem for unital completely positive maps (see e.g. [21,
Thm. 6.1.5]), we extend f, to a unital completely positive map (denoted in the same way)
fn 1 enAe, — Myu)(C) for every n € N. Define h, : A — e,Ae, by h,(a) = e,ae, and
fn » A — A, by tn = gnfnh,. Hence we have a diagram:

A

Mn

id

A, Ay

S

e, Ae, — M) (C)

hn

Fix now an arbitrary # € A and € > 0. Since F = A, it follows that there is a positive
integer k such that ||z — zx|| < e. Since zy € Fr C F, for every n > k, it follows by (2) that
there is an element y,, € G, C A,, such that ||zx — y,| < 1/n. Hence:

(4) lx —ynl| <e+1/n,Vn>k.
Since as noticed earlier lim,, . ||e,xe, — x|| = 0, there is k; > k such that:
(5) llenze, —z|| < e,Vn > k.
Now, using (3), (4), and (5) we can write for every n > k; :
[ (2) = 2|l < () = ynll + &+ 1/n = |lgnfuhn(x) = ynll + €+ 1/n
= llgnfulenzen) —ynl +e+1/n
<|lgnfn(@) = yull +2e + 1/n
<N gnSn(Yn) — ynll + 3e +2/n < 3e + 3/n.

Hence lim,—ool[tnpn(z) — x| = 0. Note also that each u, : A — A, is a completely
positive contraction as a composition of completely positive contractions. Finally, the fact
that (u,) is asymptotically multiplicative follows easily since 1,, are *-monomorphisms and
limy,— oo ||tnpin(a) — al| = 0 for all a € A. O
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Definition 2.3. Let A = ((A(x))zex, ") be a continuous field of C*-algebras over a metrisable
locally compact space X. Here I' consists of vector fields a on X, (i.e. a € [,y A(x),
a(z) € A(z)) satisfying a number of natural axioms, including the continuity of the map
x +— |la(z)||, and the condition that I' is closed under local uniform approximation [8, 10.1.2].
If X is compact, then I' is a C*-algebra, called the C*-algebra associated to A. If X is just
locally compact, the C*-algebra associated to A consists of those vector fields a € I" with the
property that the map x +— ||a(z)|| is vanishing at infinity. Given a family of C*-algebras
(A(z))zex there are in general many choices for I' which makes ((A(z))zex, ) a continuous
field of C*-algebras with non-isomorphic associated C*-algebras.

Let Y C X be a closed subspace and let I'y be the restriction of I' to Y. One verifies
that Aly := ((A(2))zev, 'y) is a continuous field of C*-algebras on Y [8, 10.1.12]. We shall
denote by A(Y) the C*-algebra associated to Aly. Observe that A(X) is the C*-algebra
associated to A.

Remark 2.4. Let A= ((A(x))zex, ') be a continuous field of C*-algebras over a metrisable
zero dimensional locally compact space X. If Y C X is closed, then

I(Y)={f € A(X) : fly = 0}
is a closed, two-sided ideal of A(X). Using [8, Prop. 10.1.12] one shows that A(X)/I(Y) =
A(Y). Let (F,)22; be a decreasing sequence of compact subsets of X forming a basis of
neighborhoods of a point zy € X. Then A(z) = lim(A(F,), ®,), where each ®,, : A(F,) —
A(F,41) is the restriction map (®,(f) = flp..., [ € A(F,)). Indeed, the I(F,)’s form
an increasing sequence of closed, two-sided ideals of A(X) and |J, oy (Fn) = I(20), since
Mnen Fn = {70} Therefore:
A(o) = A(X) /1 (o) = Im(A(X)/I(Fn), pn) = im(A(F), )
where ¢, : A(X)/I(F,) — A(X)/I(F,11) is induced by the inclusion I(F,) C I(F,1).

Remark 2.5. Let A = ((A(x))zex,I") be a continuous field of separable C*-algebras with a
countable approximate unit of projections over a metrisable zero dimensional locally compact
space X. Let U be a closed subset of X. Then A(U) has a countable approximate unit of
projections. This follows from [16]. If all the A(x)’s have real rank zero, then A(U) has real
rank zero by [17, Thm. 2.1].

3. CONTINUOUS FIELDS OF KIRCHBERG ALGEBRAS

In this section we establish an approximation property for C*-algebras associated to con-
tinuous fields of Kirchberg C*-algebras over zero dimensional spaces, see Thm. 3.6.

Definition 3.1. A separable nuclear simple purely infinite C*-algebra is called a Kirchberg
algebra.

We refer the reader to [21] for a background discussion of Kirchberg algebras.

Remark 3.2. Any Kirchberg algebra is either unital or of the form Ay ® K where Ay is a
unital Kirchberg algebra and [14,] = 0 in Ky(Ap). In particular all Kirchberg algebras admit
an approximate unit consisting of projections.

We introduce here notation for certain classes of C*-algebras. This notation is used to
shorten the statements of certain intermediate results.
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Definition 3.3. £ consists of unital Kirchberg algebras.

Euet consists of unital Kirchberg algebras satisfying the UCT.

&y, consists of unital Kirchberg algebras A with K, (A) finitely generated.

gfg—uct = gfg N guct

B consists of finite direct sums of unital Kirchberg algebras. One defines similarly B,
B, and Byy_yet- A (nuclear) separable C*-algebra is in the class £ if it admits an exhaustive
sequence (A,) with each A,, in B. One defines similarly L., L7y and Ly

Lemma 3.4. Let A = ((A(x))zex, ') be a continuous field of Kirchberg algebras over a
metrisable zero dimensional locally compact space X. Let A be the C*-algebra associated to
A. Then AZ AR O.

Proof. 1f we set B := A® K, then B is separable, stable, nuclear, and Prim(B) = Prim(A) =
X is Hausdorff and zero dimensional. Every nonzero simple quotient of B is of the form
A(xg) @K, for some zg € X. But A(xg) being a Kirchberg algebra is purely infinite and since
the property of being purely infinite is invariant under stable isomorphism [13, Thm. 4.23]
it follows that A(x¢) ® K is also purely infinite. Now, by [1, Thm. 1.5] we deduce that B is
strongly purely infinite. Using again the fact that A and B are stably isomorphic, [14, Prop.
5.11 (iii)] implies that A is strongly purely infinite. Hence the C*-algebra A is separable
nuclear, has an approximate unit of projections (see Remark 2.5) and is strongly purely
infinite. Then, by [14, Thm. 8.6] we have that A = A ® O. O

Lemma 3.5. Let A = ((A(2))zex, ) be a continuous field of unital Kirchberg algebras
satisfying the UCT over a metrisable zero dimensional locally compact space. Let A be the
C*-algebra associated to A. Let F C A be a finite set and let ¢ > 0. Then, for every
r € X, there is a clopen neighborhood U of x, and there is a unital Kirchberg algebra B
satisfying the UCT, with K.(B) finitely generated and a x-homomorphism v : B — A(U)
such that dist (a|y,v(B)) < e for all a € F. The distance is calculated in the C*-algebra
A(U). Another way of writing this is F|y C. v(B).

Proof. Let us begin by writing A(x) as inductive limit of a sequence of unital Kirchberg
algebras with finitely generated K-theory satisfying the UCT, and with unital, injective
connecting *-homomorphisms. This is possible by the classification theorem of Kirchberg
and Phillips (see e.g. [21, Prop. 8.4.13]). Therefore, there is a unital Kirchberg subalgebra
B with unital inclusion map ¢ : B C A(x) such that K,.(B) is finitely generated, B satisfies
the UCT and F|, C. «(B). Write F = {ay, as, ...,a,} and let by, bs, ..., b, € B such that

(6) las(z) —ab)| <&, 1<i<r

Let (U,)nen be a decreasing sequence (i.e. U,y C U,,n € N), forming a basis system of
compact and open neighborhoods of x. In particular (1, . U, = {#}. Therefore, by Remark
2.4, A(z) = lim(A(U,), ®,), where each +-homomorphism ®,, : A(U,) — A(Uy11) is the
restriction map. Since K,(B) is finitely generated and B satisfies the UCT [22] implies
that K K(B,—) is continuous and hence there exist n and o« € KK (B, A(U,)) such that
[mp)a = o) € KK (B, A(z)), where 7, : A(U,) — A(x) is the restriction map. Now, by
Lemma 3.4, A(U,) = A(U,) ® O. Using this, the fact that A(U,) has an approximate
unit of projections (p,)nen (see Remark 2.5 and Remark 3.2), and the fact that for every
k € N, every projection in My ® Oy is (Murray-von Neumann) equivalent to a projection in

Og = (611 ® 1) (M @ Oy)(e11 ® 1), it follows that every projection in My, @ A(U,) = M, ®
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A(U,) ® Oy = lim M, Q pmA(Up)pm ® O is equivalent to a projection in @pmA(Un)pm ®
O = A(U,) ® Oy = A(U,,). Taking into account this observation and Kirchberg’s theorem
[21, Thm. 8.3.3], it follows that there is a *x—homomorphism o : B — A(U,) with [o] =
a € KK(B,A(U,)). From this we obtain that 7,0 : B — A(x) is a unital *-homomorphism
which has the same KK-theory class as the unital *-homomorphism ¢ : B — A(z). By the
uniqueness part of Kirchberg’s theorem, 7,0 is approximately unitarily equivalent with 2. In
particular, there is a unitary ug € A(x) such that:

(7) |luo (o (b;))ue™ —2(by)|| <e,1 <i<r.
From (6) and (7) we obtain:
(8) [[uo (o (bi))uo™ — as(2)]] < 26,1 <i<r.

The above inequality holds in A(z). After increasing n if necessary, we may assume that ug
lifts to a unitary u € A(U,), thus m,(u) = u(x) = ug. Using the continuity property of the
norm for continuous fields of C*-algebras, we obtain from (3) after increasing n if necessary:

(9) luy) o(bi)(y) uly)” —ai(y)ll <2, yeln, 1<i<r
If we define v : B — A(U,) by v(b) = uo(b)u* for every b € B and if we let a;|y, denote the
image of a; in A(U,,), then (9) becomes:

(10) Iv(b;) — ailu, || < 26,1 <i<r

(since U, is compact). Finally, note that (10) implies that F|y, Cae v(B).
U

Theorem 3.6. Let A = ((A(x))zex, ') be a continuous field of Kirchberg algebras satisfying
the UCT over a metrisable zero dimensional locally compact space X. Let A be the C*-
algebra associated to A. Then A admits an exhaustive sequence consisting of finite direct
sums of unital Kirchberg algebras satisfying the UCT and having finitely generated K-theory
groups.

Proof. By Remark 2.5 and Remark 3.2 it follows that A has an approximate unit of projec-
tions (e, )nen. Since A = Upene,Ae, = lignenAen, it clearly suffices to prove the statement
for each e, Ae,,, and thus we may assume -and we shall- that A and all the A(z)’s are unital.
Fix an arbitrary finite subset F = {aq, as, ..., a,,} of A and an arbitrary € > 0. For each
1 <i<m, define K; :={z € X : ||a;(z)]| > €}. Then clearly each K; is a compact subset
of X and so is K = U", K;. Using Lemma 3.5 and the compactness of K we find clopen
subsets of X denoted by Uy, Us, ..., Uy, unital Kirchberg algebras By, Bs, ..., By, satisfying the
UCT with K,.(B;) finitely generated, *-homomorphisms v; : B; — A(U;), and b;; € B,
1<7<m,1 <7 <ksuch that

(11) KcU:=Ju
=1
and
(12) lailo, —vi(bi)l| <e, 1<i<m, 1<j<k

Let Vi, V5, ..., Vi be mutually disjoint clopen subsets of Uy, Us, ..., U, such that

k k
Uvi=UUu:
j=1 j=1
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From (12) we easily get that:
laily; =m0l e 1<i<m1<j<k

where r; @ A(U;) — A(V;) is the restriction *-homomorphism. Therefore we may assume
that Uy, U,,...,U, are mutually disjoint, and in particular

AX) = AX\U)®AU) - & AUy).

Let C; = v(B;) CAU;) and C = Cy + -+ -+ C = @le C;. Since B, is simple, we have
either C; & B; or C; = 0 hence C' € By, . Observe that since the U;’s are clopen, xy, is
a continuous function on X for every 1 < j < k. Define

k
bi = ZXUerj(bij) S C, 1 S 1 S m.

j=1
Now, note that (12) implies that:
(13) [(ai = b))l <&, 1 <i<m.

Now, if z € X \ U then b;(z) =0, and z € X \ K and hence, using the definition of K, we
get ||a;(z)|| < e (1 <i<m). This shows that for z € X \ U, we have:

(14) lai(z) — bi(2)]| = llai(2)[| <e,1 <i<m
In conclusion, (13) and (14) taken together show that:
la; —bi]| <e,1 <i<m
where each b, € C'. Since we already argued that C' € By,_,q, this concludes the proof. [

Corollary 3.7. Let A = ((A(x))zex, ') be a continuous field of simple separable nuclear
C*-algebras satisfying the UCT over a metrisable zero dimensional locally compact space X .
Let A be the C*-algebra associated to A. Then A satisfies the UCT.

Proof. Since O is KK-equivalent to C, we may replace A by A ® O.. By [15, Cor. 2.§]
A ® Oy satisfies the assumptions of Theorem 3.6. By [3], any nuclear separable C*-algebra

which admits an exhausting sequence of C*-subalgebras satisfying the UCT will also satisfy
the UCT. 0

Remark 3.8. Let X be a metrisable, zero dimensional, locally compact space and let A =
((A(x))zex,I') be a continuous field of separable C*-algebras such that each fiber A(x)
admits an exhaustive sequence (A, (z)), of simple semiprojective C*-algebras. Let A be the
C*-algebra associated to A. Then A is the inductive limit of a sequence (A, ),, where each
A, is a finite direct sum of C*-algebras of the form A,,(z) (m and z may vary). The proof
of this statement is similar with the proof of Theorem 3.6 but it is much simpler.

4. THE INVARIANT AND BASIC PROPERTIES

We will use K-theory with coefficients. For each m > 2 let W,,, be the Moore space obtained
by attaching a two-cell to the circle by a degree m-map. Fix a base point * in each of the
spaces W,,,. Let C(W) denote the C*-algebra obtained by adding a unit to @-_, Co(W,,\ ).
Similarly, let C(W)) denote the unitalization of @%:2 Co(Wy, \ %), where M is an integer
> 2. Define

C=C(T)yC(W) and Cy =C(T)® C(Wy).
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Note that we have natural embeddings C(T) ® C(W,,) C Cyy C C, (m < M).
The total K-theory group of a C*-algebra A is given by:

K(A)=K.(A)® éK*(A;Z/m) ~ Ky (A® C)

This group is acted on by the set of coefficient and Bockstein operations denoted by A. It is
useful to consider the following direct summand of K (A):

K(A)y = K. (A) & P K.(A;Z/m) = Ko(A® Cy)

Remark 4.1. Assume that A is a separable C*-algebra satisfying the UCT. If M annihilates
the torsion part of K,(A), i.e. M Tors K,(A) = 0, then the map

Homy (K(A), K(B)) — Homy (K(A)y, K(B) )

induced by the restriction map K(A) — K(A)y is bijective for any o-unital C*-algebra
B, [7, Cor. 2.11]. If moreover K,(A) is a finitely generated group, then K (A) is finitely
generated as a A-module, [6, Prop. 4.13]. More precisely there are z1, ..., z, € K(A)y, such
that for any € K(A), there exist ky, ...,k € Z and Ay, ..., A, € A such that

T = ]{71>\1(1L'1) + -+ kr)\r(ﬁr)-

If Ais a C*-algebra, we denote by P(A) the Murray-von Neumann abelian semigroup
consisting of equivalence classes of projections in A ® K.

We introduce two homotopy invariants, Inv(A) which will be used for stable C*-algebras
A and Inv,(A) in the general case. To this purpose we consider the pair (J(A), J(A)")
consisting of a semigroup J(A) together with a distinguished subsemigroup J(A)™ C J(A)
(called the positive subsemigroup of J(A)). This is defined as follows. Consider the map:

po: P(A® C) — P(A® O,)

induced by the unital *—homomorphism C' — O,, f — w(f)le, (where w is a fixed character
of the commutative C*-algebra C). Since the spectrum of C'is path connected, it follows that
po is independent on the choice of the character w. We define:

J(A) :=P(A® Oy) ® K(A)
and define J(A)" to be the image of the map:
p: P(A&C) = P(A% 0;) @ K(4) = J(A),

plp] == polp] & [plx(a)-
J(A) is a semigroup with unit (0,0) and is also a A-module (Bockstein and coefficient
operations), where A acts only on the second component K(A). The pair (J(A), J(A)1)
together with the action of A on J(A) is denoted by Inv(A).

In abstract terms, the invariant consists of a Z/2-graded abelian semigroup J = J© @ J®)
where J) is in fact a graded group acted by A, together with a distinguished subsemigroup
JtC JO @ JW. For a C*-algebra A we have J(A)?) = P(A® O,) and J(A)V) = K(A).

Note that a *—homomorphism ¢ : A — B induces a morphism of the invariant

Inv(p) : Inv(A) — Inv(B)
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in the sense that Inv(y) is a morphism of graded semigroups which is A-linear and preserves
the positive subsemigroups. We express these properties by saying that Inv(p) is positive
and A-linear. More precisely:

Definition 4.2. A map « : Inv(A) — Inv(B) is said to be positive and A-linear if it has two
components
o P(A® O,) — P(B® O,)
with o®) a unit preserving morphism of semigroups (o?(0) = 0) and
o : K(A) — K(B)
where a(!) is graded morphism of A-modules and a(J(A)*) C J(B)*.

It is clear that Inv(A) does not distinguish between a C*-algebra A and its stabilization
A ® K. Following [19], we consider the set P,(A) consisting of unitary equivalence classes
of projections in A, where the unitaries are from the unitalization A if A is nonunital. As
in [19], P,(A) is equipped with its family of all finite orthogonal sets. A finer invariant is
obtained by enlarging Inv(A) to

Inv,(A) = (Inv(A), P,(A), 1),

where 7 : P,(A) — Inv(A) is given by the composition of the maps P,(A) — P(A® C),
[plu — [p® 1¢], and p: P(A® C) — Inv(A).

A morphism « : Inv,(A) — Inv,(B) consists, in addition to the components ¥ from
Def. 4.2, of a map «,, : P,(A) — P,(B) which maps orthogonal sets to orthogonal sets and
makes the following diagram commutative:

Qo

Pu(A) - Pu(B)

II]V(A?@W )I)DV(B )
Lemma 4.3. If A is a Kirchberg algebra, then:

(a) P(A® Oy) = P(Oy) = {0, 00}

(b) J(A) = {0,000} & K(A)

() J(A)T ={(0,0)} U{(c0,z) : x € K(A)}

(d) The map p: P(A® C) — J(A) is injective. Moreover p is injective even when A is a
finite direct sum of Kirchberg algebras and even when A € L.

Proof. (a) A is either unital or A = Ay ® K, where A is a unital Kirchberg algebra (see
Remark 3.2). Since P(B) = P(B ® K) for every C*-algebra B, if follows that we may
assume that A is a unital Kirchberg algebra. But then, since A is simple, separable, unital
and nuclear, a remarkable result of Kirchberg ([21, Thm. 7.1.2]) implies that A ® Oy = O,.
Therefore P(A® Oy) = P(Os). Since any two nonzero projections in Oy ® K are equivalent,
it follows that P(Os) = {0,00}. In conclusion, P(A ® Oy) = P(O3) = {0, 00}.

(b) This follows immediately from (a).

(c) Observe that if B is a simple C*-algebra and X is a compact, connected space, then
every nonzero projection p in B ® C(X) is full. To show that J(A)"T := p(P(A® C)) C
{(0,0)}U{(c0,z) : . € K(A)}, note that if py[p] = 0 for some p € P(A® C'), then p = 0. To
prove the opposite inclusion, observe first that (0,0) = p([0]) € J(A)T. Now fix an arbitrary
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x € K(A). Since A ® Oy = A, it follows that (A ® C) ® Ox = A® C and hence A ® C'is
purely infinite (use [13, Prop. 4.5]). Let p be an arbitrary nonzero projection of A. Then, by
[13, Thm. 4.16] it follows that p ® 1¢ is a properly infinite projection in A ® C'. Moreover,
since A is simple, it follows that p ® 1¢ is full in A ® C. Then, by a result of Cuntz [2] (see
also [1, Lemma 4.15] it follows that there is a full (and properly infinite) projection e in
A® C such that [e]ga) =2 € K(A) = Ko(A®C). Observe also that since e is full in A® C,
we have pgle] = oo. In conclusion, we have ple] = pole] @ [e] x(a) = (00, x).

(d) First we consider the case when A is a Kirchberg algebra. Let p,q be projections in
A®C®K such that p[p] = p[q]. Since (ARCRK)R 0y = ARCRK (because AQ Oy = A)
and since A ® C' ® K has an approximate unit of projections, it follows (as in the proof of
Lemma 3.5) that p and ¢ are equivalent with projections in A ® C'. Hence, we may assume
that p,q € A® C. Since pglp| = polq] it follows that p and ¢ are simultaneously zero or
nonzero. It suffices to consider the case when they are both nonzero. In the proof of (c),
we showed that A ® C' is purely infinite. Then, by [13, Theorem 4.16] it follows that p
and ¢ (being nonzero) are properly infinite projections in A ® C. Since, as observed above,
they are also full, results of Cuntz [2] (see also [1, Lemma 4.15]) allow us to conclude from
[Pk (a) = [Plkoanc) = [dko(asc) = @)Kk (a) that p and ¢ are equivalent in A® C, i.e. [p] = [q]
in P(A® C'). Hence p is injective.

In the case A = @ |A; where each A; is a Kirchberg algebra, the fact that the map
p: P(A® C) — J(A) is injective follows from the fact that p is injective if A is simple (the
above case) and the observation that p and P are additive with respect to direct sums:

p= @?:Mz‘ : P(A ® C) = @?:1P(Ai ® C) - J(A) = @?:1‘](141‘)

Let B be a C*-algebra with an exhausting sequence (B,,) of C*-subalgebras. Using func-
tional calculus, one shows that any partial isometry in B can be approximated by partial
isometries in B,’s. Applying this observation to A ® C' and using the previous cases we
obtain that p is also injective for A € L. O

Lemma 4.4. [f A=A & --- @ A, with A; Kirchberg algebras, then
(@) JA)" ={((ri,71),. -, (rm,Tm)) : 1 € P(A; @ Og),1; € K(A;),r; = 0= z; =0}

In particular this shows that J(A)T is A-invariant.

(b) If A satisfies the UCT and K,(A) is finitely generated, then Inv(A) has the following
semi-projectivity like property. Let B = By & --- & B, with B; Kirchberg algebras. Let
a: J(A) — J(B) be a A-linear morphism of graded semigroups. Then there are finitely
many elements {t1, ..., t.} in J(A)" with the property that if a(t;) € J(B)" foralll < j <,
then a(J(A)T) C J(B)*.

Proof. The first part follows from Lemma 4.3. To argue for the second part, it suffices to
assume that both A and B are Kirchberg algebras and A satisfies the UCT. Since K,(A)
is finitely generated, it follows that K (A) is finitely generated as a A-module [6, Prop.
4.13]. Let {z1,...,x,} be a list of generators. Then ¢; := (00, ;) € J(A)" will satisfy the
required property. Indeed, if ¢t € J(A)*,t # (0,0), then t = (oo, z) for some x € K(A) and
x =) ;Aja; for some \; € A. Thus

t = (00,z) = (00, Z)\j%') = ZAJ(OOij) = Z)\jtj
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t)=> Na(t;) € J(B)*

J
since a(t;) € J(B)T (by hypothesis) and \;a(t;) € J(B)*, because J(B)*' is A-invariant.
Since a((0,0)) = (0,0) € J(B)", the proof is complete. O

and

Lemma 4.5. Let B be a separable C*-algebra with exhaustive sequence (B,). For any
21y, 2k € J(B)T, there exist m and yi, . ..,yx € J(Bm)" such that map J()m) @ J(Bm) —
J(B) satisfies J(jm)(yi) = 2i -

Proof. This follows by functional calculus like in the proof of continuity of K. O

Lemma 4.6. If A is a separable C*-algebra with an ezhausting sequence (A,) and all A,
have finitely generated K-theory and satisfy the UCT, then there is a subsequence (Aym)) of
(A,) and A-linear morphisms vy, : K(Arny) — K(Army1)) such that such that for each n the
diagram

K(Ar(n)) i> K(Ar(n+1))

K(tr(ns1)
Km J« o

(4)

is commutative and the induced map Uim(K(A,@m)),vn) — K(A) is an isomorphism of A-
modules.

Proof. If A is a C*-algebra with K,(A) finitely generated and satisfies the UCT, then K(A)
is finitely generated as a A-module, actually generated by the group generators of K(A),, for
some M, see Remark 4.1. On the other hand only finitely many elements of A act on K(A)x,
Hence K(A),y is a finitely presented A-module. That is, one has the group relations among
generators and a finite number of relations involving finitely many Bockstein operations.
These observations apply to A,(,). Therefore one proves this lemma similarly to the proof
of Lemma 4.5. At each stage one produces a diagram as in the statement which commutes
when restricted to the K(A,))am), where M (n) Tors K, (A,)) = 0. Finally one applies
Remark 4.1. 0

=

Lemma 4.7. Let A be a C*-algebra which admits an exhaustive sequence (A,,) such that each
A, is a finite direct sum of Kirchberg algebras satisfying the UCT and with finitely generated
K-theory. Then after passing to a subsequence of (A,) (if necessary) there is an inductive
system

(T(An), T(An) ) = (J(Ansr), I (Ang)T) -
such that for each n, v, is positive and A-linear, the diagram

Un

J(An) —= J(Aps1)
m imm
J(A)

is commutative and the induced map im((J(Ay,), J(An)T),vn) — (J(A), J(A)T) is a positive
A-linear isomorphism. One can replace (J(—),J(=)%) by the alternate notation Inv(—)
everywhere in the statement of this lemma, since the action of A was considered.
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Proof. This follows by putting together Lemma 4.4, Lemma 4.5, Lemma 4.6. The property
given in the part (b) of Lemma 4.4 is crucial since it allows to insure positivity of A-linear
maps by obtaining it only for finitely many elements. 0

Lemma 4.8. Let A be a C*-algebra which admits an ezhaustive sequence (A,,) such that each
A, is a finite direct sum of Kirchberg algebras satisfying the UCT and with finitely generated
K-theory. Let B be a C*-algebra which admits an exhaustive sequence (B,,) such that each
By, is a finite direct sum of Kirchberg algebras. If a: Inv(A) — Inv(B) is a positive A-linear
map, for any n, there exist m = m(n) and a positive A-linear map «, : Inv(A,) — Inv(B,,)
such that the diagram

Inv(en)

Inv(4,,) — Inv(A)

| |

Inv(B,,) — Inv(B)

Inv(]m)

Q

15 commutative.

Proof. This is just a repetition of the proof of Lemma 4.7. The crucial property of Inv(—) is
that it is "finitely presented” when applied to finite direct sums of Kirchberg algebras with
finitely generated K-theory. U

Remark 4.9. If A is a unital Kirchberg algebra, then
Bu(A) = {0, [1]u} U Ko(A),

by [2], [19]. It is then clear that by using similar arguments one shows that Inv, (—) satisfies
statements analog to Lemmas 4.7 and 4.8.

5. CLASSIFICATION RESULTS

We begin by recalling some terminology and definitions from [5] which will be important
in what follows.

Definition 5.1. ([5]). Let A be a C*-algebra. A K-triple (P, G, d) consists of a finite subset
P of projections,
P C | Proj(A® C(T) ® C(W,,) @ K)
m>1

where the W,,’s are the Moore spaces of order m, and a finite subset G C A, and 6 > 0
chosen such that whenever ¢ is a completely positive contraction which is d-multiplicative
on G, then e = (p ® id)(p) is almost a projection in the sense that ||e? — ¢|| < 1/4 and in
particular

1/2 ¢ sp((p @ id)(p))
for each p € P, where id is the identity of C(T) @ C(W,,) ® K for suitable m.

Definition 5.2. ([5, Def. 3.9] Let (P,G,d) be a K-triple, and assume that ¢ : A — B
is a completely positive contraction which is é-multiplicative on G. We define ¢4(p) =
[xo(¢ ®id)(p)] where xo : [0,1] \ {1/2} — [0,1] is 0 on [0,1/2) and 1 on (1/2,1]. It is clear
that if (P, G,0) is a K{(A)-triple one also has a natural map ¢4 : P — P(B ® C') whenever
¢ : A — B is a completely positive contraction which is §-multiplicative on G. Hence, one
can define in this way ¢y : P — Inv(B) whenever (P, G,§) is a K(A) -triple and ¢ : A — B
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is a completely positive contraction which is J-multiplicative on G. Similarly one defines a
map ¢y : P — P,(B).

We need the following result.

Theorem 5.3. Assume that A is a unital Kirchberg algebra which satisfies the UCT. For any
finite set F C A and € > 0, there is a K(A)-triple (P,G,d) with the following property. For
any unital Kirchberg algebra B and any (G, §)-multiplicative completely positive contractions
0,1 1 A — B with p4(p) = Yy(p) € K(B) for all p € P, there is an unitary u € B such that
|lup(a)u* —P(a)|| < e for all a € F.

Proof. This is [5, Thm. 6.20]. In addition we may work with a set of projections P C A® C
rather than P C A® C ® K. O

Corollary 5.4. Assume that A is a finite direct sum of Kirchberg algebras that satisfies
the UCT. For any finite set F C A and ¢ > 0, there is a K(A)-triple (P,G,§) with the
following property. For any finite direct sum of stable Kirchberg algebras B and any (G, 6)-
multiplicative completely positive contractions v, : A — B with @4(p) = Yy(p) € Inv(B) for
all p € P, there is a unitary u € B (the unitalization of B) such that ||up(a)u* — (a)|| < e
for all a € F.

Proof. First observe that we may assume that B is simple (otherwise we compose with
the projection onto each direct summand). Now, since every Kirchberg algebra has an
approximate unit of projections, we may assume that A = ®%_ | A; where each A; has a unit
denoted by e;. We choose P such that e; € P,1 <1 < k. After a small perturbation we
may assume that (p(e;))%_; and (¥ (e;))F_; are finite sequences consisting each of mutually
orthogonal projections. Since ¢(e;) and ¥(e;) have the same class in P(B ® O,) they are
simultaneously zero or nonzero. Since they have the same class in K(B), in particular they
have the same class in Ky(B). But B is purely infinite and simple. By results of Cuntz [2],
it follows that p(e;) is equivalent to 1(e;), 1 < i < k. Hence, after conjugating ¢ with a
suitable partial isometry v € B, we may assume that ¢(e;) = ¥(e;),1 < i < k. Since B is
stable, this partial isometry extends to a unitary u € B. Next we apply Theorem 5.3 for the
restriction of the two given maps to A; — (e;)By(e;), 1 < i < k. Thus we obtain a unitary
w € eBe, where e = p(e1) + - - + ¢(ex), with [Jwe(a)w* — ¢ (a)|| < € for all a € F. Finally
we choose u=1—e+w € U(B). O

The following is our ”uniqueness” result

Proposition 5.5. Assume that A € L. For any finite set F C A and € > 0, there is
a K(A)-triple (P,G,0) with the following property. For any stable B € L and any (G,0)-
multiplicative completely positive contractions ¢, : A — B with ¢4(p) = 4(p) € Inv(B) for
all p € P, there is a unitary u € B such that |up(a)u* — ¢(a)|| < € for all a € F. If B is
not assumed to be stable, the conclusion remains valid if we assume that ¢4(p) € P,(B) for
allp e PN A.

Proof. Let (A,) be an exhaustive sequence for A with A, € B,y. It suffices to prove the
statement for the restrictions of ¢ and ¢ to A,,. Thus we reduced the proof to the case when
A€ Byu.

Using Lemma 2.2 we find an exhausting sequence (B,,) for B with B,, € B and a sequence
of completely positive contractions 7, : B — B, which is asymptotically multiplicative and
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such that:
(15) limy—oo|Jnmn(b) — b]| = 0,V b € B.

Define for every n € N, p,,, ¢, : A — B, by ¢, := T, ¥, := mp1p. Then (15) implies that
for Va € A, we have:

limp—so |l gntpn(a) — ¢(a)| =0,
A similar property is satisfied by v,,. Replacing ¢ with ¢,, and similarly, 1) with 1, for large
n, we reduce the proof of the proposition to Corollary 5.4. O

Lemma 5.6. Let A € Byy_ye and let B be an finite direct sum of Kirchberg algebras.

Then any positive and A-linear morphism « : Inv(A) — Inv(B) lifts to a x-homomorphism
p:A— B.

Proof. We may suppose that B is a Kirchberg algebra. Write A = @le A; with A; € Erg—yer
Then, clearly:
Inv(A) = @ Inv(A))

and correspondingly, «; is the restriction of « to Inv(A4;). All we have to do is to lift each
a; to a *~homomorphism ¢; : A; — B. Then, since B is purely infinite and simple, using
[2] we may assume, after conjugating each ¢; with a suitable partial isometry in B, that
@i(14,)p;(14;) = 0 whenever i # j. Finally, we shall define ¢ : A — B as the direct sum of
the ;’s. Now, as explained earlier:

J(Ai))T ={(0,0)} U {oo® K(A;)} C P(A; ® Oz) & K(4))
and:

J(B)" ={(0,0)}U{oco® K(B)} C (B®Og)69K(B)
The map «a; has components ag ) P(A; ® O3) — P(B® O,) and a ; K(Az) — K(B),
0

o
S NN €

Therefore the condition «;(J(A4;)T) C J(B)* shows that ozgl) = 0 whenever ago)(oo) = 0.
If ago)( ) = 0, then a( ) = 0 and we set p; =0,1 <i<mn If a§°> = o0, we apply the
UMCT of [7] to lift a§ ) to an element 3; of KK (A;, B). Since K,(A4;) is finitely generated,
A; satisfies the UCT and B has a countable approximate unit of projections, by using the
continuity of KK (A;, —) we may assume that B is unital. Now, using [21, Thm. 8.3.3], we
lift 3; to a full x-homomorphism ¢! : A; — B ® K. But, notice that every projection in a
matrix algebra over B is equivalent to a projection in B C B® K (since B& O, = B and B
has an approximate unit of projections). Hence, there is a partial isometry v; € B® K such
that viv; = ¢i(14,) and v;uf < 1g. Define ¢; : A; — B by ¢; := v;pivf. Then, clearly, 3]

lifts to ¢; and hence 04(1) lifts to ;. It is clear that ¢; : A; — B is injective (y; is nonzero

and A; is unital) and hence ¢; also lifts a( )

O
The following is our ”existence” result:

Proposition 5.7. Assume that A € Ly. For any K(A)-triple (P,G,6), any B € L and
any positive A-linear maps « : Inv(A) — Inv(B), there is a (G, §)-multiplicative completely
positive contraction ¢ : A — B such that py(p) = a([p]) for allp € P.
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Proof. Note that €, C Lyy_uet (see e.g. [21, Prop. 8.4.13]) hence Lyt = Lfg_uct- Let
(A,) be an exhaustive sequence for A, such that A, € Bf,_u« for each n. Passing to a
subsequence, we may assume that (A,,) satisfies (1). By Lemma 2.2, there is a sequence of
completely positive contractions p, : A — A, which is asymptotically multiplicative and
such that :

(16) limy—oo || tapin(a) —a ||=0,Va € A.

Applying Lemma 4.8, we obtain a commutative diagram:

InV(Bm)hm InV(B)
where «,, : Inv(A,) — Inv(B,,) is positive and A-linear, for some m = m(n). Next we
lift v, to a *-homomorphism cp;%m : A, — B,, using Lemma 5.6. Finally we set ¢, ,, :=
ImPpmitn + A — B. Using (16), one verifies that if n is large enough, ¢ := @, ,, will satisfy
the conclusion of the theorem. 0

Theorem 5.8. Let A, B be stable C*-algebras which admit exhaustive sequences consisting
of finite direct sums of Kirchberg algebras satisfying the UCT. Then A is isomorphic to B
if and only if Inv(A) = Inv(B) as A-modules. Moreover, if A € Ly and B € L, then the
canonical map

Hom(A, B) — Homy(Inv(A), Inv(B))
is surjective. Two x-homomorphisms from A to B induce the same map from Inv(A) to
Inv(B) if and only if they are approximately unitarily equivalent.

Proof. We will only prove the first part, as the second part is similar. Fix a positive A-linear
isomorphism « : Inv(A) — Inv(B). We may apply the "existence” result Proposition 5.7
to get completely positive contractions ¢; : A — B and v; : B — A which are increasingly
multiplicative on larger and larger sets, and induce o and a~!, respectively, on larger and
larger subsets of Inv(A) and Inv(B). Arranging this appropriately, we may conclude by our
"uniqueness” result Proposition 5.5 that there are unitaries u,, and v,, making

d(u2)

Ad(u A
A (u1) A A
1 )2
1 ©2
B Ad(vy) Ad(v2) B

an approximate intertwining in the sense of Elliott [9]. Hence
A= lim(A, Ad(uy,)) = lim(B, Ad(v,)) = B.
iy iy

B

O

Theorem 5.9. Let A, B be stable C*-algebras associated to continuous fields of Kirchberg
algebras satisfying the UC'T over zero dimensional metrisable locally compact spaces. Then
A is isomorphic to B if and only if Inv(A) = Inv(B).

Proof. This follows from Theorems 3.6 and 5.8. OJ
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Corollary 5.10. Let A, B be a separable nuclear C*-algebras with zero dimensional Haus-
dorff primitive spectra. Assume that all simple quotients of A and B satisfy the UCT. The
following assertions are equivalent:

() AR O @ K= B® Oy ®K;

(b) Inv(A) = Inv(B);

(¢) A is KKx-equivalent to B.

Proof. The equivalence (a) < (c) is due to Kirchberg and holds in much more generality
[12]. The novelty here is (a) < (b) for which we give a direct proof and hence obtain an
algebraic criterion for when (c¢) happens to hold. Let X := Prim(A). By Fell’s theorem
[10], A is isomorphic to a the C*-algebra associated to a continuous field of C*-algebras
A = ((A(2))zex, ') with each A(z) simple. Then A ® O, ® K is a C*-algebra satisfying
the assumptions of Theorem 5.9 and B ® O ® K has a similar property, see [15, Cor. 2.8].
After this preliminary discussion note that (a) < (b) follows from Theorem 5.9. O

Corollary 5.11. Let A be a stable C*-algebra which admits an exhaustive sequence consist-
ing of finite direct sums of Kirchberg algebras satisfying the UCT. Then A = lim A,, where
each A, is a finite direct sum of Kirchberg algebras satisfying the UCT and having finitely
generated K-theory. In particular this applies to the stabilization of the C*-algebra associ-
ated to a continuous field of Kirchberg algebras satisfying the UCT, over a metrisable zero
dimensional locally compact space.

Proof. Since A € Lyt = Lfy—uet, it follows that there is an exhausting sequence (A4,,) for A,
with A, € Bfy_ue. By Lemma 4.7, after passing to a subsequence of (4,,) if necessary, we
can arrange that Inv(A) = lim(Inv(A,), v,), for some positive A-linear maps v, : Inv(A,) —
Inv(A,+1) (n € N). Now, using Lemma 5.6, we lift each v, to a x-homomorphism ®,, :
A, — A,y1. Define B’ = liL)n(An,CDn) and B := B'® K. Since B = li_r)nAn ® M, and
A, ® M, € By, (since A,, € By,) for each n, it follows obviously that B € L. Hence A, B
are stable C*-algebras in L, and

Inv(B) = Inv(B'® K) = Inv(B') = lim(Inv(A,), Inv(®,)) = lim(Inv(A,), v,) = Inv(A).

Then Theorem 5.8 implies that A =2 B & liL>n(An,(I>n), which ends the proof, since each
An S Bfg—uct- ]

Corollary 5.12. Let A, B be stable C*-algebras which admit exhaustive sequences consisting
of finite direct sums of Kirchberg algebras satisfying the UCT. Then, the following assertions
are equivalent:

(a) A and B are x-isomorphic;

(b) A and B are shape equivalent;

(¢) A and B are homotopy equivalent.

Proof. Since the implications (a) = (b), (a) = (c¢) and (¢) = (b) are trivially true, to
prove the corollary it is enough to prove that (b) = (a) is true. Inv(—) is a homotopy
invariant continuous functor. Therefore if A and B are shape equivalent, then we clearly
have Inv(A) = Inv(B), which by Theorem 5.8 implies that A and B are *-isomorphic. [

Remark 5.13. Theorems 5.8 and 5.9 remain true for nonstable C*-algebras, provided that
one replaces Inv(—) by Inv,(—) in their statements. The proof is essentially the same,
except for small changes as in [19]. Consequently, the stability assumptions can be dropped
from Corollaries 5.11 and 5.12. For Corollary 5.11, which is probably the more interesting
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statement of the two, one can also verify our claim, at least in the unital case, as follows.
Assume that A € L, is unital. Then, by the stable case, we can write A ® K as the closure
of an increasing sequence (A,) of C*-algebras in By, . Letting p = 14 ® €11, we may
assume that ||p — ¢|| < 1 for some projection ¢ € A;. Let v € A ® K be a partial isometry
with v*v = p and vv* = ¢. Thus Ad(v) : p(A® K)p — ¢(A ® K)q is an isomorphism. Then

A2 p(A@K)p2q(A®K)q = U,qA.q
and qA,q € Bg_uct-
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