NONNUCLEAR SUBALGEBRAS OF AF ALGEBRAS

MARIUS DADARLAT

ABSTRACT. We show that any non type I separable unital AF algebra B can be
modelled from inside by a nonnuclear C*-algebra and from outside by a nonexact
C*-algebra. More precisely there exist unital separable quasidiagonal C*-algebras
A C B C C of real rank zero, stable rank one, such that A is nonnuclear, C is
nonexact, and both A and C' are asymptotically homotopy equivalent to B. In
particular A, B and C have the same ordered K-theory groups, hence isomorphic
ideal lattices, and, A and B have (affinely) homeomorphic trace spaces.

1. Introduction

The type I C*-algebras are nuclear [Ta;]. Every C*-subalgebra of a type I C*-
algebra is type I hence nuclear. On the other hand Blackadar showed that any non-
type I C*-algebra contains a nonnuclear C*-subalgebra [B1]. Thus a C*-algebra is
type I if and only if all its C*-subalgebras are nuclear.

The main result of this paper shows that every non type I unital AF algebra B
contains a nonnuclear unital C*-subalgebra A and is contained in a unital nonexact
C*-algebra C such that both A and C' “model” B (see Proposition 9 and Theorem
11).

In [Ha|, Hadwin raises the question of whether every strongly quasidiagonal C*-
algebra is nuclear. In [R], Rosenberg shows that if the reduced C*-algebra of a
discrete countable group is quasidiagonal then G is amenable, and asks whether
the strongly quasidiagonal C*-algebras are exact.

The examples of nonnuclear quasidiagonal C*-subalgebras of non type I AF alge-
bras exhibited in [B;] are not strongly quasidiagonal since they have a nonquasidi-
agonal quotient, the Choi algebra. They are also nonsimple, as noticed in [Po]. Let
C be the class of all separable simple unital quasidiagonal real rank zero C*-algebras
with unique unital trace. Popa pointed out that Connes’ Fglner type condition for
a IT; factor M (which implies that M is hyperfinite [C, p.501]), coincides with the
Hilbert-Schmidt-norm version of the local finite dimensional approximation prop-
erty that characterizes the quasidiagonality of a simple C*-algebra. Actually, using
an adaptation to the C*-algebra context of his short proof of Connes’ theorem
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of equivalence between injectiveness and hyperfinitness, Popa has shown that any
C*-algebra A in the class C satisfies the following local finite dimensional approx-
imation property. For any finite subset F' of A and any € > 0, there is a nonzero
finite dimensional matrix subalgebra C' of A with unit e such that |ex — ze|| < €
and dist(x,C') < € for all x € F. The question of whether this local approximation
could be extended to a suitable global approximation that would imply the nucle-
arity of A was left open. In this context, Popa has asked whether every C*-algebra
in C is nuclear.

We answer Popa’s question by showing that C contains C*-algebras which are
not exact (or subnuclear), and exact C*-algebras which are not nuclear. Since
any simple quasidiagonal C*-algebra is strongly quasidiagonal, this also yields a
negative answer to the questions of Hadwin and Rosenberg.

In the very last part of the paper, Example 13, (which is joint work with Chris
Phillips), we exhibit two nonisomorphic separable simple exact C*-algebras of real
rank zero and stable rank one, with the same Elliott and Haagerup invariants. Real
rank one examples with similar properties have recently been exhibited in [GePh].

Thanks are due to the referee for a number of suggestions that improved the
exposition.

2. The C*-algebra of a Bratteli system

All the C*-algebras in this paper are assumed to be separable. The identity map
of M,.(C) will be denoted by id,.

Definition 1. A Bratteli system (A, r) consists of a unital C*-algebra A and a
sequence m = (m,)%%; where each m, = (7%7), 1 < i < t,41,1 < j < t,isa
tnt1 X t, matrix of unital x-homomorphisms

W:{j :A—>Mkib,j(A), k;’j e N.
We always assume that ¢; = 1.

There is an inductive system (A, ¢,,) associated in a canonical way to a Bratteli
system. For every n € N define integers [n, ], 1 <i < t,, recursively by

tn
41,4 =Y [k, 1<i<tyn, [1,1]=1,
j=1
For every n > 1 let A, = M, ;(A), and
tn . tn
An = P A, = P M,y (A).
1=1 =1

Let ¢, : A, — A,y1 be the unital *-homomorphism given by a matrix (¢%’) of
partial x-homomorphisms, where

O’ = idpng) @17+ Ming)(A) = My i (A) © Mina,a(A).
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The corestriction of ¢,, to M, 1,4(A), denoted by ¢!, maps a = (ay,...,as,) € Ay

to ¢k, (a) = &', ¢ (az). Note that Ay = A since ¢ = 1. If n < m we set
¢m,n:¢mflo"'o¢n:An_>Am

and in particular ¢p41,, = @p.

Definition 2. The C*-algebra of a Bratteli system (A, ) is defined by
A(x) = ling (An, ).

The induced map A, — A(xm) is denoted by ¢oon. The definition of A(xr)
was inspired by similar constructions involving homogeneous C*-algebras, and in
particular by [Go]. Note that any Bratteli system (A,7) determines a Bratteli

diagram (see [Br]) with incidence matrices (k%’). The corresponding AF algebra is
denoted by AF(x).

Definition 3. A Bratteli system (A,x) is called restricted if the following two
conditions are satisfied for every n > 1.
(i) If (i,5) # (1,1), then 7%/ is a finite dimensional unital representation
ol A — M,:.;(C), which is to be regarded as a map into M,;..;(A) by identifying
(i) w2l A — M;1.1(A) is of the form

() = <8 vn(za)>

where 7, : A — Mj,,)(Cl4) is a finite dimensional unital representation, and
k(n) = k1 — 1. The sequence (7,,)2%; will be called the distinguished component
of m.

Let A be a separable C*-algebra and let (,)%2; be a sequence of finite di-
mensional representations of A. We say that (v,)%2, is a separating sequence if
for every a € A there is n such that v,(a) # 0. If this the case we say that A
is residually finite dimensional (abbreviated RFD). A sequence (7,)22; is called
strongly separating if for every a € A, and any m > 1, there is n > m such that
Yn(a) # 0. We say that (v,)5%; has infinite multiplicity if each representation
in the sequence repeats itself infinitely many times. It is clear that if (v,)02 is
separating and has infinite multiplicity, then (v,)52; is strongly separating. Note
that for any unital separable RFD C*-algebra there exist restricted Bratteli systems

whose distinguished component (v,,)2° ; is strongly separating,
Remark 4. The construction A(x) has a certain functorial property. Suppose that
B is a unital C*-subalgebra of A, with 15 = 14, and such that 7},7(B) C M,:.,(B)

for all 747, If 1o : B — A denotes the inclusion map, then all the diagrams

Lo T Tid@bo

o "
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are commutative. It is then clear that (B, mog) is a Bratteli system and ¢ induces
a unital *-monomorphism ¢ : B(mw o) — A(xm).

Note that if (A, ) is a restricted Bratteli system, then the above diagram com-
mutes for any unital C*-subalgebra B of A, with 15 = 14. In this case (B, m o ()
is also a restricted Bratteli system. Note that if (7y,,)52, is (strongly ) separating,
then so is (7, ©10)5% .

In particular if B =Cly, ¢p: C=Cly < A, then AF(xw) = C(mwoy) — A(xm).

The notions of (topological) stable rank (sr) and real rank (RR) of a C*-algebra
were defined in [BP] and respectively [Ri].

Proposition 5. Let (A, x) be a restricted Bratteli system. If the sequence (v,)5%
is strongly separating, then A(xw) has real rank zero and stable rank one.

Proof. We prove first that RR(A) = 0. Since the finite dimensional C*-algebras
have real rank zero, and since ¢!, has finite dimensional image for i # 1, it suffices
to show that for every n > 1, every € > 0, and every noninvertible element a =
a* € Ap, there is m > n and b = b* € GL(A},) such that [|¢}, ,(a) — b|| < e
After replacing a by ¢,(a) and after slightly perturbing the scalar components of
én(a), we may assume that if a = (ay,...,as, ), then a; is invertible in A% for i # 1
and * = z* = a; is not invertible in AL. Fix n,e and a € A,, as above and let
Om = id[n,l] & T - M[n,l](A) — M[n,l]k(m)((c) for all m > n. Then (O‘m)m>n is a
separating sequence of unital representations for AL, hence

O=0n+1POp2D...

is a unital faithful representation of AL. Since o(z) is necessarily noninvertible,
it follows that if x,, = o, (x) then either (¢) there is m > n such that z,, is not
invertible, or (i) ,, is invertible for all m > n and lim,, s ||7;,}|| = co. Now z,,
is a selfadjoint element in M, 1)x(m)(C). Thus there is a unitary u,, such that

Ty, = U Amla 0 ur
0 Yy

where )\, is an eigenvalue of z,, of minimum absolute value and y,, = vy, €
My 11k(m)—1(C). Note that in case (i) there is m > n such that A,, = 0, and in
case (ii) there is m > n such that |\,,| < ¢, since the sequence |z,!|| = [Am| 7! is
unbounded. Thus we can always find m > n such that |\,,| < e. Note that up to
a conjugation by a unitary, ¢, _; ,(a) and ¢}, ,(a) are of the form
z 0 0
z 0 .
<O y) , and respectively 0 =, O
0 0 =z

where y = y* and z = z* are matrices over Cl,. Therefore there is a unitary
v € A}, such that
x 0 0
mn(@=v[0 Xyla 0|0
0 0 c
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where c is a selfadjoint matrix over C14. Let ¢ be such that 0 < § < € — |\,,| and
¢+ ¢ is invertible. Then

x 0
b=b'=v|d 0 0 |o*eGL(4},)
00

and ||y, ,(a) — bl < [Am|+0 <e.

Next we show that sr(A) = 1. Reasoning as in the first part of the proof,
it suffices to show that for every n > 1, every € > 0 and every element a =
(a1,...,a¢,) € Ay, whose only noninvertible component is z = ap, there is m > n
and b € GL(A},) such that [|¢;, ,(a)—b|| < e. Let oy, and o be as in the first part of
the proof. Using the polar decomposition of o,,(z), we can write 0., () = Wy, T,
where w,, is a unitary and x,, > 0. Since o(z) is not invertible, the sequence
(Tim)m>n must verify either (i) or (ii). Reasoning as above, we find m > n and
unitaries u,v € A}, such that

x 0 0
Prm(@)=u |0 Apla 0|
0 0 c

where |\,,| < € and ¢ is some matrix over C1,4. We complete the proof by taking

z 0 0
b=ul|ld O 0 vGGL(A}n)
0 0 c+4

with 0 < § < € — |\| and ¢ + § invertible. [J

Proposition 6. Let (A, x) be a restricted Bratteli system.
(i) A(x) is exact if and only if A is exact.
(i) A(w) is nuclear if and only if A is nuclear.

Proof. (i) If A is exact, then A(mx) is exact being an inductive limit of the exact
C*-algebras A,, = ©; M, ;)(A) [W, 2.5.5]. Conversely if A(x) is exact, then A is
exact as it embeds in A(w) [W, Proposition 2.6].

(ii) If A is nuclear, then A(x) is nuclear being an inductive limit of nuclear C*-
algebras. Conversely, suppose that A(rw) is nuclear. Let FF C A; = A be a finite
subset and let € > 0. Let ¢oo,n : A, — A(m) be the induced map. Since A(xm) is
nuclear, the map ¢ 1 is nuclear, hence there exist a finite dimensional C*-algebra
C' and unital completely positive maps a: A; — C and g : C — A(x) such that

(1) [¢oo,n(a) — Ba(a)|| < €/2

for all @ € F. By [DL, Lemma 4.2] (an application of the Choi-Effros lifting
Theorem [ChE]), we find n > 1 and a unital completely positive map 3, : C — A4,
such that

(2) ||B(aj) - ¢m,n/8n(x)|| < 6/2
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for all z € a(F). From (1) and (2) we obtain

|$o0.n(Pn.1(a) = Bnc(a))|| < l[¢oo.n(a) — Bala)]| + [|Ba(a) = ¢oonfBrela)l| <€

for all a € F'. Since ¢ is isometric, it follows that

(3) |fn,1(a) = Bra(a)]| < e

for all a € F'. Let e = 14®0(, 1)—1 be the projection in Al = M, 11(A) correspond-
ing to the (1,1) corner. We have e¢, 1(a)e = a, hence if n,, = e(—)e : A, — A,
then from (3), we obtain ||a — n,0na(a)|| < € for all a € F. This proves that A is
nuclear. The flow of the proof is illustrated by the following diagram. [

A

(;boo,l
1 A(x)
\\ V ¢oo,n
(0%
id C——= A,
Mn
\/ ¢n,l

A id A

3. Nonexact models of AF algebras

Lemma 7. Let B be a non type I unital AF algebra. Let (k(n))>2, be a sequence
of integers. Then there is an inductive system (By, ¥n11,n) with limit isomorphic
to B, where B, are finite dimensional C*-algebras, By = C, ¥p41,, are unital *-
homomorphisms given by incidence matrices (kzﬁﬂ), 1<i<tp1,1 <3< t,, and
kbt > k(n) for alln > 1.

Proof. By [Pe, p.191], if B is not type I, then B has a quotient D without nonzero
abelian elements, i.e. D is antiliminary. By Theorem 3.3 of [Br|, any nonzero
quotient of B admits a Bratteli diagram given by a full subgraph of some Bratteli
diagram of B. Therefore it suffices to prove the statement for some nonzero quotient
of B. Thus, without any loss of generality, we may assume that B itself is antilim-
inary. In particular, eBe is not abelian if e € B is any nonzero projection. Write
B = h_Il’>l(Dp, ®p+1,p), With unital connecting maps, and with D, finite dimensional
C*-algebras, D; = C. A system like the one in the statement will be obtained by
a suitable contraction of the system (Dp, ¢py1,p), i.e by taking B,, = D, and
Yni1,n = Pp(nt1),p(n) for some increasing sequence (p(n))n;. Actually it suffices

to find a sequence (i) ; such that 1 < in < tn, int1in > 9 Tndeed after a suit-
able contraction, one may arrange that k," """ > k(n) and then relabel the blocks

of Dp(n). The construction of p(n) and i, is done by induction. Let p(1) =i, =1
and suppose that p(r) and i, were constructed for r < n such that k=" > 2 and
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the map oo p(n) : : D' — B is injective. Then p(n + 1) and i, are obtained

p(n)
as follows. Let e be a rank-one projection in D" ()" Since Goo p(n)(€) Bdoo,p(n) (€)

is nonzero, it cannot be abelian. Hence there is m > p(n) such that the finite di-
mensional C*-algebra ¢,, p(n)(e)Dmd)m’p(n)(e) is not an abelian algebra. Therefore
there is i such that rank ¢}, . (e) > 2 in Dj, and the map ¢oo,m : D}, — B is

injective. Thus we may take p(n+ 1) =m and i1 =i. O

If A is a C*-algebra, let CA = Cy(0, 1] ® A denote the cone algebra of A and let
CA be its unitization. Note that if A is RFD, then so is CA.

Proposition 8. Let B be a non type I unital AF algebra. Let A be a RFD alge-
bra, and let (7)) g be a strongly separating sequence of unital ﬁmte dimensional

representations of CA. Then there is a restricted Bratteli system (CA m) such that
AF(rm) = B and 7}, is a subrepresentation of v,, n > 1, where (y,)22, is the
distinguished component of .

Proof. Let ~), : CA — M) (C) be as above. Let (Bp,¥n41,n) be given by Lemma
7 for the input sequence (k(n)). Define w, = (w%7), w&i : CA — M,:.:(C) C
M, ..;(CA), as follows. If (i, j) # (1,1) then i/ (a) = a(0) ® 1,.,. If (i,5) = (1, 1),

then
@ = (6 200

where, since k1! > k(n), we can define

(@) = <%(§a) a(0) g 1e(n>) ’

{(n) =k —k(n)—1>0. O
The next result answers a question of [Po] as it was explained in the introduction.

Proposition 9. Let B be a non type I unital separable AF algebra. Then there
exists a unital quasidiagonal nonexact separable C*-algebra C with RR(C) = 0,
sr(C) = 1, such that C' contains B and is asymptotically homotopy equivalent to
B. If B has a unique unital trace, then so does C. Moreover B and C have
isomorphic ideal lattices. In particular, if B is simple, then C is simple.

Proof. Let A be a nonexact RFD C*-algebra. For instance we take A to be the
C*-algebra of the free group on two generators. This is an RFD C*-algebra by
[Ch], and it is not exact [W, Corollary 3.7). Then CA is not exact, since it has a
nonexact quotient ([Ki]). Let (/)52 be a strongly separating sequence of unital
finite dimensional representations of CA. If (6’71, m) is the restricted Bratteli system
given by Proposition 8, then AF(w) = B, and (7,)5%, is a strongly separating
sequence of 6’71, since 7,, is a subrepresentation of v,. Let k : C — CA be the
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(unital) inclusion map. If we set C' = CA(x), then by Remark 4, C(rok) < CA(x),
hence -
B=AF(r) = C(rok) — CA(r) = C.

Note that RR(C') = 0 and sr(C) = 1 by Proposition 5. Moreover C'is quasidiagonal
since it is an inductive limit of quasidiagonal C*-algebras. By Proposition 6, C' is
not exact since CA is not exact. Note that C' is shape equivalent to B since
k: C — CA is a homotopy equivalence [Bs]. By [D1, Theorem 3.9] it follows that
C' is asymptotically homotopy equivalent to B. Since RR(C) = 0, the traces of C
are separated by the projections of C, hence they are determined uniquely by their
action on K((C) = Ky(B). Thus if B has a unique unital trace, it follows that C
has at most one unital trace. On the other hand, C is unital and quasidiagonal
hence it has a unital trace by [V, 2.5]. Finally, if E' is a unital C*-algebra with
RR(F) = 0 and sr(E) = 1, then its two-sided closed ideals are parameterized by
the order ideals of K(E) (see [Z]). That proves the last part of the statement, since
Ky(B) = Ky(C) as ordered groups. [

4. Nonnuclear models of AF algebras

Proposition 10. Let A be an RFD AF algebra. Let (CA, ) be a restricted Bratteli

system such that (v,)22 is strongly separating for CA. Then /0—71(1) is an AF
algebra isomorphic to AF (x).

Proof. Let A = U | Ay, where (Ay) is an increasing sequence of finite dimensional
C*-algebras. Let jri1k : 6’:4_; — C'Ak11 be the inclusion map. Let (E’E,E(k))
be the Bratteli system obtained be restricting 7%/ to C' Ay (see Remark 4). Let

Jet1k m(ﬂ(k)) — Cfél\k:l(z(k“)) be the homomorphism induced by jxt1 k-
Then we have

CA(z) = lim (CAx(x™), Jyy18).

Each algebra m(ﬂ(k)) has real rank zero, trivial Ki-group, and it is an inductive
limit of one dimensional noncommutative CW complexes as defined in [ELP]. Then
C A, (z(®)) is AF by [ELP, Theorem 4.2]. Tt follows that 6’71(5) is AF since the
class of AF algebras in closed to inductive limits. Let x : C — CA denote the
inclusion map. As in Proposition 9, x induces a unital *-monomorphisms C(z o
K) — /0—71(1) that is an isomorphism of scaled ordered K-theory groups since « is a
homotopy equivalence. Therefore AF(xw) = C(mok) = 6’71(1) by Elliott’s Theorem
([El4]). O

Proposition 10 is actually true for any nuclear RFD C*-algebra A. A proof of
this fact is a straightforward consequence of Theorem 5 of [Dj].

Theorem 11. Let B be a non type I unital AF algebra. Then B contains a unital
nonnuclear C*-subalgebra A with the following properties.
(a) RR(A) =0 and sr(A) = 1.



(b) If v : A — B is the inclusion map, then there is a unital x-monomorphism
k: B — A such that Lo k is homotopic to idg and kot is asymptotically homotopic
to idA.

In particular K.(A) = K,.(B) as scaled ordered groups. Therefore A and B have
isomorphic lattices of ideals and (affinely) homeomorphic trace spaces.

Proof. First we construct a non type I RFD AF algebra. Let L be a non type
I AF algebra, for instance the CAR algebra. Write L = U2 | Ly, where (Ly) is
an increasing sequence of finite dimensional C*-algebras. Let N U {oco} be the one
point compactification of N and let D be the C*-algebra of all continuous functions
f : NU{oo} — L such that f(k) € Ly for all k € N. Then D is an RFD AF
algebra. It is not type I as it has L as a quotient. Therefore by [By, Theorem 1|, D
contains a nonnuclear C*-subalgebra FE. Using Proposition 8 for B and the RFD
algebra D, we find a restricted Bratteli system (C'D,r) such that its distinguished
component (7,)52; is a strongly separating sequence of unital finite dimensional
representations of CD, and B =~ AF (m). Let ¢ : CE — CD be the (unital)
inclusion map. By Remark 4, ¢y induces a *-monomorphism ¢ : Cf'\E(E o) —
C/’\E(E) We let A = C/'\E'(ﬂ o 1g) and note that A is not nuclear by Proposition 6.
By Proposition 10, CD(x) is isomorphic to AF(x) & B, so that we may identify
these algebras. Note that now (a) is a consequence of Proposition 5. The proof
of (b) is more involved. One can see that since ¢ is a homotopy equivalence, A
is shape equivalent to B, hence A is asymptotically homotopy equivalent to B by
[D1, Theorem 3.14]. While this proves the assertion about K-theory, it does not
prove part (b). One needs to show that the maps implementing the asymptotic
homotopy are genuine x-homomorphisms. This is achieved by using the following
two claims whose proofs are given later.

Claim 1. There is a unit preserving asymptotic morphism (k¢) : B — A such
that (k) o ¢ is asymptotically homotopic to id 4.

Claim 2. Any unital asymptotic morphism from B to A is (asymptotically)
homotopic to a unital *-homomorphism.

If (1), (1¢) are asymptotic morphisms we write (¢¢) ~ (1) if the two asymptotic
morphisms are homotopic. Let (x;) be given by Claim 1. Then (k) ot ~ ida. By
Claim 2, there is a unital *-homomorphism k : B — A such that (x;) ~ . Thus
kot~ ida. It remains to prove that 1 o Kk ~ idp and that x is injective. To that
purpose, note that ¢, : K.(A) — K,(B) is an isomorphism since ¢o is a homotopy
equivalence. Therefore k, = (1)1, since K4 0 tx = (ida)«, so that s is injective
and t, o kx = (idp)«. That implies that ¢ o k is homotopic to idp, since B is an AF
algebra, by an argument similar to one in [Bs, 7.7.5].

Next we discuss the last part of the Theorem. If C is a unital C*-algebra, let
T(C) denote the space of unital traces of C' and let SKy(C) denote the set of all
positive group homomorphisms f : Ko(C) — R with f[l¢] = 1. If RR(C) = 0,
then the natural map T(C) — SKy(C) is injective. It is also surjective if C' is
AF ([Bs]). It follows that the restriction map T'(B) — T'(A) is bijective (hence an
homeomorphism in the weak* topology), since Ky(A) = Ko(B) as ordered scaled
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groups. As in the proof of Proposition 9, the two-sided closed ideals are in bijection
with the order ideals of the Ky-group. [

The proofs of the two claims above require some preparation. Let A be the
asymptotic homotopy category of Connes and Higson [CH]. Its objects are separable
C*-algebras and its morphisms are homotopy classes of asymptotic morphisms. One
can construct asymptotic morphisms using the homotopy inductive limit functor
L of [Dy]. L is defined on the strong shape category with values in A. It takes
an inductive system of C*-algebras (Cy,pni1,n) to its limit im(Cy, pni1,). To
describe the action of L on morphisms, recall that a strong map of (inductive)
systems

(i, ﬁ) . (Cn,anrl,n) — (Dn7Qn+1,n)
can be given by a sequence of x-homomorphisms f, : C,, — D, and by a se-
quence of homotopies h,, = (h%) : C,, — D,11[0,1] such that h® = g,i1.nfn
and h, = foi1Pniin. Let pgn @ Cp — Ck denote the connecting map. Let
D = lim(Dp, ¢ny1,n) and let g, : D,, — D be the canonical map. Then L(f,h) is
an asymptotic morphism (¢;) whose construction goes as follows. Let T, = [n, o0)
and for every n define *-homomorphisms ¢,, : C,, — Cy(T},, D) by

07, = Qk+1h}2—kpk,n, n<k<t<k+1

Let 7pt1,n : Co(Th, D) = Cy(Th41, D) be the restriction map. The *-homomorphisms
pn fit together in a commutative diagram.

Cy(Th, D) oL Cy(T, D) 2% Cy(Ths1, D) —— -+
sonT cka T‘PkJrl
C, .o o ELSRILN Chot1 SO

Passing to inductive limit we obtain a *-homomorphism

p= li—n}@n :C = li_rnf(cmanrl,n) — li—rn>Cb(Tn’ D) = Cb(R+7 D)/CO(RJr’ D)
Let ¢ = (¢1) : C — Cy(R4, D) be a continuous lifting of ¢. Then L(f,h) = (¢¢)
is defined up to an equivalence of asymptotic morphisms. There is an appropriate
notion of homotopy for strong maps of systems such that L descends to a well
defined map on homotopy classes. A rather general example of a homotopy of
strong maps (f,h), (f,ﬁ') : (CnyPnt1,n) = (Dn, Gny1,n) is given by a strong map
of systems (v, 1) : (Cn, Pnt1,n) = (Dnl0,1], gny1,n @ idepo,1)) Where v = (v°)¢j0,1]
and p = (p*)sepo,1) are such that (%, u°) = (f,h) and (', p') = (f',h'). More
explicitly, for every n, (v$) : C,, — D,, is a homotopy of *-homomorphisms with
V0 = f, and v} = f/ while uS* : C,, — D,1 is a two-parameter homotopy of
x-homomorphisms such that for all 0 < s,t <1

Hf{o = Qn+1,n V)
Hf{l = fLH Pnt1,n
o' =,

prt = iy

(4)



11

If (v,p) is as above, then L(v,u) is a homotopy of asymptotic morphisms from

L((£,h)) to L((f', 1)) (see [D1]).

Claim 2 is a consequence of the following Lemma.

Lemma 12. Let B be an AF algebra and let A be a unital C*-algebra. Then every
asymptotic morphism () : B — A is homotopic to a *-homomorphism.

Proof. Write B = li_1r>1(Bn,pn+1,n) with B,, finite dimensional C*-algebras. The
system (B, pn+1,r) is semiprojective [Bg], [Dy1, Def. 3.2]. Then as in [Dq, Corollary
3.14] we can lift (¢¢) to a strong map of systems (f',h') : (Bpn, Pnt1,n) — (4, id)

with &l : B, — A[0, 1] satisfying 1,0 = f;, and b/} = f} . 1Pni1,n. We will construct
inductively a sequence of unitaries (z,) in A such that if we define f,, = ad(z,)f],
then f, 1 1Pnt1n = fn and if we set hf = f,, then (f,h) is homotopic to (f',h’)
as strong maps of systems via some homotopy (v, ,u7. That will imply that the
*-homomorphism ling f,, = L(f, h) is homotopic to L(f', k) ~ (¢¢).

The homotopies v and p' are constructed by induction and such that v =
ad(us)f! where (uf) is a path of unitaries in A with u = 2, and ul = 1. The
first step is trivial as we can assume that By = By, = C. Suppose now that
2k, uy,, vy, and ,ui’fl were constructed for k& < n. Then z,41,ud 4,5, and ps?t are
constructed as follows. We regard h.! as a continuous path into the path-connected
component of f/ in the base space of the fibration U(A) — Hom(B,,, A) (see [N]).
Therefore we can find a continuous path of unitaries (w!) in A such that w® =1

and h!! = ad(wt)f!. Let (v:) be a path given by the concatenation (uf) * (w?).

n n

Then there exists a continuous map w : [0, 1] x [0,1] — U(A) such that

w(s,0) = u, w(s, 1) = v, w(0,t) =u?, w(l,t) = w

n:

The map w exists as its prescribed restriction to the boundary of the unit square
gives a trivial element of the fundamental group of U(A), by our choice of vi.
Define

Upy1 = Up W, Znp1 = U91+1
Vpi1 = ad(up 1) e by = ad(w(s, 1)) fr.
It is then easy to check that (v, ) gives the desired homotopy, as it satisfies (4). O

To complete the proof of Theorem 11 it remains to prove Claim 1.



12

The asymptotic morphism (k) : CD(x) — CE(x) will be constructed by using
the following strong map of systems.

@Mm] (CD), ¢) — @M[m (CE), én)

where £y, (a) = a(0) and ¢, = (idp, j ® ¢57"), ¢;7" CD — M,:.5(C) C Mk;,j(Cf’\E’),
;7" (a) = w7 (a(t)) if (4, 5) # (1,1), and

¢y (a) = <a(00) %(c(z)(t-))>'

The *-homomorphism ¢ : CE — CD is induced by the following strong map of
systems.

@M[nz CE d)n @M[nz CD) d)n)

where ¢, is induced by the inclusion CE < C’D, and g¢ = ¢, 1, is a constant
homotopy. We have that

where

fu(a) = a(0) and hf, = (idp, ;; © hi), Wit : CE — Myi(CE),
hy?H(a) = 7337 (a(t)) if (4, 7) # (1,1), and

hy ' (a) = (a(oo) 771(3(,5.))) :

We are going to prove that (f,h) is homotopic to ( f,ﬁ') as strong maps of
systems, where f] = 'de% (CE) and h't = ¢, is a constant homotopy. To that
purpose define a homotopy (1/ w) by vi(a) = a(s:) and pSt = (idp, j ® phl*"),
ii5t s OF — My (OF), 1i9+(a) = mi (a(max(s, £))) if (i, ) # (1,1), and

RN <a(g-) ,yn(a(me?x(s,t)'))> '

Then (v, ) will give a homotopy from (f, k) to (f', '), since it satisfies (4). Finally
let us notice that if we set (k;) = L(k, g), then since L(¢, g) ~ ¢, and L(f",h') = id,
we have

(ki) oL~ L(ﬁag) o L(A’g) ~ L(iah) ~ L(i/7ﬁ/) ~ ida.
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That proves Claim 1 and completes the Proof of Theorem 11. [
5. Nonisomorphic exact C*-algebras

Note that the C*-algebras A, B of Theorem 11 have the same Elliott invariants.
They are not isomorphic since A is not nuclear whereas B is nuclear.
The following example is joint work with Chris Phillips.

Example 13. There are two nonisomorphic separable unital C*-algebras, E and
F', such that

(i) E and F are simple, exact, nonnuclear, and have a unique unital trace.

(ii) RR(F) = RR(F) =0 and sr(F) = sr(F) = 1.

(iii) Ko(F) = Ko(F) as ordered scaled groups and K;(F) = K;(F).

(iv) E and F have the same Haagerup invariant, equal to 1.

F is not isomorphic to F' since F is quasidiagonal, whereas F' is not. Actually
E ® K(H) is not asymptotically homotopy equivalent (via completely positive as-
ymptotic morphisms) to F' ® K(H) since quasidiagonality is invariant under such
an equivalence (see [Da]).

Let B be the UHF algebra of type 2°°. Let D be a simple real rank zero AT
algebra, with Ko(D) = Z[1/2] (with natural order), [1p] = 1, and K;(D) = Z?
([Ell]). Let A C B be given by Theorem 11. We set ¥ = B® A® D and
F = B® A ® C}(F3), where all tensor products are minimal. Recall that the
reduced C*-algebra of the free group on two generators, C;(F2), is simple and has
a unique unital trace [Pow]. Next we verify the properties of £ and F listed above.

(i) £ and F are simple and exact since they are minimal tensor products of
simple, exact C*-algebras ([Tag, Ch IV, 4.21], [W]). They have a unique unital
trace since each factor in the tensor product has a unital unique trace [CuP, Cor.
6.13]. Using a slice map, one shows that a (nonzero) minimal tensor product by a
nonnuclear C*-algebra is nonnuclear. Thus both E and F' are nonnuclear.

(ii) Asin (i), By = A® D and F; = A® C}(F3) are simple with unique unital
trace. It follows that £ = B ® F; and F; = B ® F} have stable rank one by [Rg]
and real rank zero by [Rgse, Theorem 7.2] and [Hs, Theorem 5.11].

(iii) We have B ® B = B. Recall that shape equivalence is preserved under
taking minimal tensor products [Bs], and that A is shape equivalent to B. Thus E
is shape equivalent to B ® D and F' is shape equivalent to B ® C}(Fz). By [PiV],
and the Kiinneth formula ([Sc]), we see that K,.(B ® D) = K,(B ® C(F3)) hence
K.(E) = K.(F). It remains to show that the positive cones Ky(—)™ are isomorphic.
First we see that Ko(B® D)™ = Z[1/2]" by construction. The isomorphism Ky(B®
Cx(Fq9))t = Z[1/2]T follows from the fact that any projection in M, (C(Fz)) is
equivalent to 1, for some k < n, since Ko(C*(F3)) = Z is generated by the class
of 1, by [PiV], and since C} (F2) has stable rank one by [DyHRg|.

(iv) Let A denote the Haagerup invariant. We have that A = 1 for nuclear C*-
algebras and A(C}(Fz)) =1 by [Hy2|. Therefore A(E) = A(F') since A X ®Y) =
A(X)A(Y), for (exact) C*-algebras X, Y and minimal tensor products ([SiSm)).
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Example of simple exact nonisomorphic C*-algebras (of real rank one) with the
same Elliott and Haagerup invariants have recently been exhibited in [GePh].

[El1,]

[Ell,]
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