TRIVIALIZATION OF C(X)-ALGEBRAS WITH
STRONGLY SELF-ABSORBING FIBRES

MARIUS DADARLAT AND WILHELM WINTER

ABSTRACT. Suppose A is a separable unital C(X)-algebra each
fibre of which is isomorphic to the same strongly self-absorbing
and K;-injective C*-algebra D. We show that A and C(X) ® D
are isomorphic as C(X)-algebras provided the compact Hausdorff
space X 1is finite-dimensional. This statement is known not to
extend to the infinite-dimensional case.

0. INTRODUCTION

A unital and separable C*-algebra D # C is strongly self-absorbing

if there is an isomorphism D = D ® D which is approximately uni-
tarily equivalent to the inclusion map D — D ® D, d — d ® 1p,
cf. [10]. Strongly self-absorbing C*-algebras are known to be simple
and nuclear; moreover, they are either purely infinite or stably finite.
The only known examples are UHF algebras of infinite type (i.e., ev-
ery prime number that occurs in the respective supernatural number
occurs with infinite multiplicity), the Cuntz algebras Oy and O, the
Jiang-Su algebra Z and tensor products of O,, with UHF algebras of
infinite type, see [10]. All these examples are known to be Kj-injective,
i.e., the canonical map U(D)/Uy(D) — K;(D) is injective.

The notion of C(X)-algebras, introduced by Kasparov, is a gener-
alization of continuous bundles (or fields) of C*-algebras, cf. [8]. The
main result of our paper is the following:
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0.1 THEOREM: Let A be a separable unital C(X)-algebra over a finite
dimensional compact metrizable space X. Suppose that all the fibres of

A are isomorphic to the same strongly self-absorbing Ki-injective C*-
algebra D. Then, A and C(X) ® D are isomorphic as C(X)-algebras.

In the case where D = O, or D = O,, the preceding result was
already obtained by the first named author in [3]; it is new for UHF
algebras of infinite type and for the Jiang—Su algebra. While it would
already be quite satisfactory to have this trivialization result for the
known strongly self-absorbing examples, it is remarkable that it can be
proven without any of the special properties of the concrete algebras.
In this sense, the theorem further illustrates the importance of strongly
self-absorbing algebras for the Elliott program. (In fact, Theorem 0.1
may clearly be regarded as a classification result for C(X)-algebras
with strongly self-absorbing fibres, and as such it contributes to the
non-simple case of the Elliott conjecture.) This point of view is one
of the reasons why we think that not only the theorem, but also the
methods developed for its proof are of independent interest. In the sub-
sequent sections we shall therefore present two rather different proofs
of Theorem 0.1. The first approach follows the strategy of [3], using the
main results of [6] and [5]. The second one follows ideas from Section
4 of [6]. We outline both approaches in 2.2 and 3.1.

In [6, Example 4.7], Hirshberg, Rordam and the second named au-
thor constructed examples of C(X)-algebras with X = [] S? and fibres
isomorphic to any prescribed UHF algebra of infinite type, which do
not absorb this UHF algebra (and hence cannot be trivial). In [4],
the first named author modified this example to construct a separable,
unital C(X)-algebra over the Hilbert cube with each fibre isomorphic
to Oy, but which does not have trivial K-theory (and hence cannot
be trivial either). Therefore, the dimension condition on X in Theo-
rem (0.1 cannot be removed. However, at the present stage, it is not
known whether the Theorem also fails for infinite dimensional spaces

XitD=0Oy,orD=2Z.

1. C(X)-ALGEBRAS

We recall some facts and notation about C(X)-algebras (introduced in
[8]). For our purposes, it will be enough to restrict to compact spaces.

1.1 DEFINITION:  Let A be a C*-algebra and X a compact Haus-
dorff space. A is a C(X)-algebra, if there is a unital x-homomorphism
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w: C(X) — Z(M(A)) from C(X) to the center of the multiplier algebra
of A.

The map p is called the structure map. We will not always write it
explicitly.

If Ais as above and Y C X is a closed subset, then
Jy =C(X\Y)-A

is a (closed) two-sided ideal of A; we denote the quotient map by my
and set

A(Y) == Ay = A/Jy

Ay may be regarded as a C(X)-algebra or as a C(Y)-algebra in the
obvious way.

If a € A, we sometimes write ay for my(a). If Y consists of just one
point z, we will slightly abuse notation and write A, (or A(x)), Js,
7, and a, (or a(z)) in place of Ay, Jiz), T(e) and agyy, respectively.
We say that A, is the fibre of A at x. If ¢ : A — B is a morphism
of C(X)-algebras, we denote by ¢y the corresponding restriction map
Ay — By.

1.2 For any a € A we have
lall = sup{|la.|| : = € X}.

Moreover, the function z — ||a,|| from X to R is upper semicontinuous.
If the map is continuous for any a € A, then A is said to be a continuous
C(X)-algebra. By [3, Lemma 2.3|, any unital C(X)-algebra with simple
nonzero fibres is automatically continuous. In this case the structure
map is injective and hence X is metrizable if A is separable.

2. PROVING THE MAIN RESULT: THE FIRST APPROACH

In this section we give a proof of Theorem 0.1 which follows ideas of
[3] and relies on the main absorption result Theorem 4.6 of [6] and on
[5, Theorem 2.2]:

2.1 THEOREM: Let A and D be unital C*-algebras, with D separa-
ble, strongly self-absorbing and Ki-injective. Then, any two unital *-
homomorphisms o,v : D — AR D are strongly asymptotically unitarily
equivalent, i.e. there is a unitary-valued continuous map u : (0,1] —
(A® D), t — uy, with uy = 1agp and such that limy g ||uyy(d)u; —
a(d)|| =0 for alld € D.
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2.2 Let us give an outline of the strategy. While a unital, separable,
strongly self-absorbing C*-algebra D is not in general weakly semipro-
jective, we prove nevertheless that D satisfies a property analogous
to weak semiprojectivity in the category of unital and D-stable C*-
algebras, see Proposition 2.10. If A is a unital, separable, C(X)-algebra
over a finite dimensional compact space with fibres isomorphic to D,
then A is D-stable by [6]. This enables us to use the relative weak
semiprojectivity of D described above and approximate A by certain
pullback C(X)-subalgebras with with fibres isomorphic to D, see Propo-
sition 2.15. Using Theorem 2.1, we can deform continuously families
of endomorphisms to families of automorphisms of D, and thus show
that these pullback C(X)-subalgebras are actually trivial, see Proposi-
tion 2.19. We then complete the proof by applying Elliott’s intertwining
argument.

23Letn: B— Aand ¢ : E — A bexhomomorphisms. The pullback
of these maps is

B®,y E={(be) e B&E: nb) =1¢(e)}.
We are going to use pullbacks in the context of C(X)-algebras.

We need the following three lemmas from [3], reproduced here for
the convenience of the reader.

2.4 LEMMA: Let A be a C(X)-algebra and let B C A be a C(X)-
subalgebra. Let a € A and let Y be a closed subset of X.

(i) The map x +— ||a(x)|| is upper semi-continuous.

i) ||y (a)l| = max{||m,(a)] : # € Y}

(ii) If a(x) € m,(B) for all x € X, then a € B.

(iv) If 6 > 0 and a(x) €5 m(B) for all x € X, then a €5 B.

v) The restriction of m, : A — A(x) to B induces an isomorphism
B(x) 2 7m.(B) forallz € X.

Let B € A(Y) and E C A(Z) be C(X)-subalgebras such that
e, (E) C my,(B). By a basic property of C(X)-algebras, see [3,
Lemma 2.4], the pullback B &,z v E is isomorphic to the C(X)-
subalgebra B @©ynz E of A defined as

B®yrz E={a€ A:my(a) € B,nz(a) € E}.

2.5 LEMMA: The fibres of B ®ynz E are given by

_J m(B), ifreX\Z
(B ®ynz E) = { m(F), ifx € Z,
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and there is an exact sequence of C*-algebras

Tz
(1) 0—={beB:mynz(b)=0} — B®yz E—FE —=0

Let X, Y, Z and A be as above. Let n : B — A(Y) be a C(Y)-
linear *-monomorphism and let ¢ : E — A(Z) be a C(Z)-linear *-
monomorphism. Assume that

(2) Tnz(W(E)) C Tz (1(B)).

This gives a map v = 1,5, ¥ynz : E(Y NZ) — B(Y N Z). To simplify
notation we let 7 stand for both 7y, and 7Z,,, in the following lemma.

2.6 LEMMA: (a) There are isomorphisms of C(X)-algebras
B @rpn B2 B @npy £ = 0(B) ®ynz Y(E),

where the second isomorphism is given by the map X : B @rpryp B — A
induced by the pair (n,). Its components x, can be identified with 1),
forx € Z and with n, forx € X \ Z.

(b) Condition (2) is equivalent to Y(E) C 75 (A @y n(B)).

(c) If F is a finite subset of A such that wy (F) C. n(B) and wz(F) Ce
W(E), then F C. n(B) ®ynz Y(E) = X(B Drn,my E)

2.7 NOoTATION: Let ¢ : A — B be a completely positive contractive
(c.p.c.) map between C*-algebras; let F be a subset of A and § > 0.
We say ¢ is -multiplicative on F, or (F, d)-multiplicative, if ||¢(ab) —
w(a)pd)|| < 0 for a,b € F. We say ¢ is d-bimultiplicative on F, if
lp(abe) = p(a)p(b)p(c)]| < 4 for a,b,c € F.

2.8 PROPOSITION: Let D be a separable unital strongly self-absorbing
C*-algebra. For any finite set F C D and € > 0 there are a finite set
G C D and d > 0 with the following property. For any unital C*-algebra
A= A®D and any two (G, 0)-multiplicative u.c.p. maps ¢, : D — A
there is a unitary u € U(A) such that ||¢o(d) — wp(d)u*|| < e for all
d e F. If D is additionally assumed to be Ki-injective, we may choose
u € Uo(A>

PROOF: Seeking a contradiction let us assume that for some given F
and € there are no G and ¢ satisfying the conclusion of the Proposition.
Let (G,) be a sequence of increasing finite subsets of D whose union
is dense in D and let §,, = 1/n . Then there exist a sequence of D-
stable unital C*-algebras (A,,) and two sequences consisting of (G,,, d,,)-
multiplicative u.c.p. maps (¢,) and (¢,,) with ¢,, 1, : D — A, such
that for any n and any u,, € U(A,), ||¢n(d) — untn(d)u}|| > € for some
de F,.
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Set B, = [ [, Ax and let v, : B,, — B, be the natural projection.
Let us define ®,,, V,, : D — B, by

and
\Ijn(d) = (¢n(d)7 wn—l—l(d)a s )7

for all d in D. One verifies immediately that if we set ® = lim ®,,, ¥ =
lim ¥, and B = lim (Bn, V), then @ and ¥ are unital x-homomorphisms
from D to B. Since D is nuclear, B® D = lim (B, ® D, v, ®idp). By
applying [10, Cor. 1.12] to ? ® 1p,V ® 1p : D — B ® D, we find a
unitary V € B®D such that || ®(d)@1p—V (V(d)®1p) V*|| < /4 for
all d € F. One then finds a sequence of unitaries V,, € B, ®D such that
| (d)@1p =V, (V,(d) @ 1p) V.|| < €/2 for all d € F and sufficiently
large n. Projecting to A, ® D, we find that if v, € U(A, ® D) denotes
the component of V,, in A,, ® D, then

(3) [on(d) @ 1p — vn (¢n(d) @ 1p) vy || < &/2

for all d € F. By [10, Prop. 1.9] there is a sequence of unital *-
homomorphisms 6,, : DD — D such that lim, ., ||0,(d®1p)—d| = 0
foralld € D. Then, : AQDRD — ARD, v, = id4®40, is a sequence
of unital x-homomorphisms such that lim, . ||7(ea ® 1p) — a|| = 0 for
all a € A ® D. Therefore, since A, is D-stable, there is a unital *-
homomorphism 7 : A, ® D — A, such that ||y(a ® 1p) — a|| < €/4
for all a of the form ¢, (d) and v¥,(d) with d € F. From (3) we see
that ||7(¢n(d) ® 1p) — v(vn) Y(Un(d) ® 1p) y(va)*|| < €/2 and hence
llon(d) — Y(vn)n(d)y(v,)*]| < € for all d € F. This contradicts our
initial assumption.

In the Kj-injective case, to reach a contradiction we assume that the
up, above are in Uy(A,). By Theorem 2.1, we may then assume that
V € Uy(B ® D); it is straightforward to show that the V,, may also be
chosen in Uy(B, ® D). But then, v, and 7(v,) are connected to the
respective identities as well. |

2.9 LEMMA: Let D be a separable unital nuclear C*-algebra. For any
finite set Go C D and 6y > 0 there are a finite set G C D and 6 > 0
with the following property. For any pair of unital C*-algebras 1p €
A C B, and any (G, 0)-multiplicative u.c.p. map ¢ : D — B satisfying
©(G) Cs A, there is a (G, do)-multiplicative u.c.p. map u : D — A
such that ||p(d) — u(d)|| < o for any d € Gy.

ProoOF: This is a known consequence of the Choi-Effros lifting theo-
rem. One proves this by contradiction along the lines of the proof of
the previous proposition. |
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2.10 PROPOSITION: Let D be a separable unital strongly self-absorbing
C*-algebra. For any finite set F C D and € > 0 there are a finite
set G C D and 6 > 0 with the following property. For any pair of
unital C*-algebras 1p € A C B with A = A® D, and any (G,0)-
multiplicative u.c.p. map ¢ : D — B satisfying ¢(G) Cs A, there is a
unital x-homomorphism ¢ : D — A such that ||o(d) — (d)|| < & for
any d € F.

Proor: Let Gy and 9y be given by Proposition 2.8 applied to D, F
and €/2. We may assume that F C Gy and §y < £/2. Let G and ¢ be
given by applying Lemma 2.9 for D, Gy and y. Suppose now that ¢ is
as in the statement and let ;1 : D — A be the perturbation of ¢ yielded
by Lemma 2.9. Thus p is (Go, dp)-multiplicative and ||¢(d) — pu(d)|| <
do < g/2 forall d € F C Gy. Since A = A ® D, there is a unital
x-homomorphism 7 : D — A. Moreover, by Proposition 2.8, there is a
unitary u € A such that ||u(d) —un(d) u*|| < e/2 for all d € F. Let us
set ¥ =unu*: D — A. Then

lp(d) — (D) < [lp(d) — ()| + lu(d) —un(d)u*|| <e/2+¢e/2=¢
for all d € F. |

Proposition 2.10 shows that separable unital strongly self-absorbing
C*-algebras satisfy a relative perturbation property similar to weak
semiprojectivity. This is one of the key tools used in the proof of
Theorem 0.1.

2.11 LEMMA: Let D be a separable unital strongly self-absorbing C*-
algebra. Let X be a compact metrizable space and let A be a unital
D-stable C(X)-algebra with all fibres isomorphic to D. Let F C A
be a finite set and let € > 0. For any x € X there exist a closed
neighborhood U of x and a unital x-homomorphism ¢ : D — A(U)
such that my (F) C. p(D).

PROOF: Since A is unital and D-stable there is a unital *-homomorphism
v D — A. By [10, Cor. 1.12], for each # € X, the map 1, :
D — A(z) is approximately unitarily equivalent to some *-isomorphism
D — A(z). Therefore there is a unitary v € A(x) such that 7, (F) C.
v, (D)v*. Using the semiprojectivity of C(T) we lift v to a unitary
in u € A(V) for some closed neighborhood V' of z and so ¢, (F) C.
7o (u) T, (D) m(u)*. Using also the upper continuity of the norm in
C(X)-algebras, we conclude that there is closed neighborhood U C V
of z such that my(F) C. my(u) 7y (D) my(u)*. |

The following lemma is useful for constructing fibered morphisms,
see 2.13.
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2.12 LEMMA: Let D be a separable unital strongly self-absorbing K-
injective C*-algebra. Let (D;)jes be a finite family of C*-algebras iso-
morphic to D. Let € > 0 and for each j € J let H; C D; be a finite set.
Let G; C D; and 6; > 0 be given by Proposition 2.10 applied to D;, 'H;
and €/2. Let X be a compact metrizable space, let (Z;);ec; be disjoint
nonempty closed subsets of X and let Y be a closed nonempty subset
of X such that X =Y U (U; Z;). Let A= A(X) be a unital separable
D-stable C(X)-algebra and let B(Y') be a be a unital separable D-stable
C(Y)-algebra. Let F be a finite subset of A. Letn: B(Y) — A(Y) be
a C(Y')-linear unital x-monomorphism. Suppose that p; : D; — A(Z;),
7 € J, are unital x-homomorphisms which satisfy the following condi-
tions:

(1) 7TZj(JT) CE/Q QOj(Hj), fO?“ all] € J,

(i) m () C. n(B),

(iil) myz,95(G5) Co; Tynz,n(B), for all j € J.
Then, there are C(Z;)-linear unital x-monomorphisms 1; : C(Z;) ®
D; — A(Z;), satisfying
(4) lj(c) = wi(e)ll <e/2, forallc € H;, and j € J,
and such that if we set £ = @,;C(Z;) ® D;, Z = U;Z;, and ¢ :
E — AZ) = @; A(Z)), ¥ = @15, then 7, (U(E)) € mynz(n(B)),
z(F) Ce Y(E) and hence

-}t Ce U(B) EBYI’WZ '(ﬂ(E) = X(B EBﬂ'n,mLz E)7

where x is the isomorphism induced by the pair (n,v). Moreover By ry
E is D-stable.

PrOOF: Let F = {ay,...,a,.} C A be as in the statement. By (i), for
each j € J we find {cgj), . ,cgj)} C 'H; such that Hgoj(cz(j))—wzj(ai)ﬂ <
e/2 for all i. The C(X)-algebra A &y n(B) C A is an extension of
separable D-stable C*-algebras by (1), and hence it is D-stable by [10,
Thm. 4.3]. In particular 7z, (A ©y 7(B)) is D-stable for each j € J.

By (iii) and Lemmas 2.4, 2.5 we obtain
vi(G)) Co; mz;,(A By 1(B)).
Applying Proposition 2.10 we perturb ¢; to a *-homomorphism ¥; :
Dj — 7z,(A @y n(B)) satisfying (4), and hence such that ||g0j(cz(-])) -
¢j(c§j))|| < g/2, for all 4, j. Therefore

1465() = 7z, (@) < 103(e) = 5 ()] + 95 () = 7, (as)]| < e.
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This shows that 7z, (F) C. ¢;(D;). We extend v; to a C(Z;)-linear
*-monomorphism v; : C(Z;) ® D; — mz,(A @y n(B)) and then we
define F/, ¢ and Z as in the statement. In this way we obtain that
Vi E— (Ady n(B))(Z) C A(Z) satisfies

(5) mz(F) Ce ¥(E).

The property ¢(E) C (A @y n(B))(Z) is equivalent to 7Z,(¢(E)) C
vz (n(B)) by Lemma 2.6(b). Finally, from (ii), (5) and Lemma 2.6 (c)
we get F C. n(B)®ynzy(E). One verifies the D-stability of B@.y, ry £
by repeating the argument that showed the D-stability of A @y n(B).

2.13 Let D be a separable unital strongly self-absorbing K;-injective
C*-algebra. Let A be a C(X)-algebra, let F C A be a finite set and let
e > 0. An (F, e, D)-approzimation of A is a finite collection

(6) a={F,e,{Ui,¢i : D; — A(U;), Hi,Gi, b }ier }

with the following properties: (U;);cs is a finite family of closed subsets
of X whose interiors cover X; (D;);e; are C*-algebras isomorphic to D;
for each i € I, ¢; : D; — A(U;) is a unital x-homomorphism; H; C D;
is a finite set such that 7y, (F) C./2 ¢i(H;); the finite set G; C D; and
0; > 0 are given by Proposition 2.10 applied to D; for the input data
H; and /2.

It is useful to consider the following operation of restriction. Suppose
that Y is a closed subspace of X and let (V});es be a finite family of
closed subsets of Y which refines the family (Y N U;);e; and such that
the interiors of the V;’s form a cover of Y. Let ¢ : J — I be a map
such that V; €Y NU,;). Define

V(a) = A{my(F), e, Vi, mv0.0) Doy — AV), Hagys Gy, 0u9) Fiea )

It is obvious that t*(«) is a (7wy (F), e, D)-approximation of A(Y"). The
operation « — *(«) is useful even in the case Y = X. Indeed, by
applying this procedure we can refine the cover of X that appears in a
given (F, e, D)-approximation of A.

An (F, e, D)-approximation « is subordinate to an (F', &', D)- approximation,
o ={F " AUy, 0ir : Dy — A(Uy), Hir, Gir, 0 Yier }, written a < o/,
if

(i) FCF,
(ii) ¢i(G;) C my,(F') for all ¢ € I, and
(iii) &’ < min ({e} U{d;, i € I}).
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Let us note that, with notation as above, we have *(«) < ¢*(a/) when-
ever a < .

2.14 Let us recall some terminology from [3]. A C(Z)-algebra E is
called D-elementary if E = C(Z)®D. Let A be a unital C(X)-algebra.
A unital n-fibered D-monomorphism (v, ...,1,) into A consists of
(n + 1) unital *-monomorphisms of C(X)-algebras ¢; : E; — A(Y;),
where Yy,...,Y, is a closed cover of X, each F; is a D-elementary
C(Y;)-algebra and

W}}%myjiﬁi(Ei) - ng,jwj(Ej), forall 0 <i<j<n.
Given an n-fibered morphism into A we have an associated contin-

uous C(X)-algebra defined as the fibered product (pullback) of the
sx-monomorphisms 1);:

Ao, - ) = {(do, ...dyn) © di € By, miny vi(di) = myny. 5 (dy) for alli, 5}

and an induced C(X)-linear monomorphism

n(do, ... dy) = (%(do), ce ,wn(dn))-

Let us set Xy =Yy U---UY,. Then (¢, ...1,) is an (n — k)-fibered
D-monomorphism into A(Xy). Let ny : A(Xy) (Y, ... ¥n) — A(Xy) be
the induced map and set By = A(X)(Yg,...¥,). Let us note that
By = A(%y, ..., 1,) and that there are natural C(Xj_1)-isomorphisms

(7) kal = Bk @ﬂnkﬂrd)k,l Ekfl = Bk @ﬂ',’ykﬂ' Ek*la

where 7 stands for mx, vy, , and v @ Ep_1 (XpNYie1) — Br(XeNYi1)
is defined by (7)s = (k)5 (Yr—1)a, for all z € X N Y.

We say that a unital n-fibered D-monomorphism (1, ..., 1,) into A
is locally extendable if there is another unital n-fibered D-monomorphism
(g, ..., ), into A such that ¢y : E; — A(Y)), Y} is a closed neighbor-
hood of Yy, E}(Yy) = Ei, and 7y, ¢y, = ¥, k=0, ..., n.

The following proposition is a crucial technical result in this section.

2.15 PROPOSITION: Let D be a separable unital strongly self-absorbing
Ky -injective C*-algebra. Let X be a finite dimensional compact metriz-
able space and let A be a unital separable continuous C(X)-algebra
the fibres of which are isomorphic to D. For any finite set F C
A and any € > 0 there exist n < dim(X) and an n-fibered uni-
tal D-monomorphism (g, ..., ¥,) into A which induces a unital *-

monomorphismn : A(yg, ..., 0,) — A such that F C. n(A(o, ..., ¥n)).
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PROOF: The C*-algebra A is D-stable by [6]. By Lemma 2.11, Propo-
sition 2.10 and the compactness of X, for any finite set  C A and any
e > 0 there is an (F, e, D)-approximation of A. Moreover, for any finite
set F C A, any € > 0 and any n, there is a sequence {a; : 0 < k < n}
of (F,ex, D)-approximations of A such that (Fo,e9) = (F,e) and oy
is subordinated to aj.y:

Qp <y < < Q.

Indeed, assume that oy was constructed. Let us choose a finite set Fj 1
which contains F}, and liftings to A of all the elements in {J; ¢, i, (Gi,)-
This choice takes care of the above conditions (i) and (ii). Next we
choose €1 sufficiently small such that (iii) is satisfied. Let a1 be an
(Fkt1, k1, D)-approximation of A given by Lemma 2.11 and Propo-
sition 2.10. Then obviously aj < ai11. Fix a tower of approximations
of A as above where n = dim(X).

We may assume that the set X is infinite. By [2, Lemma 3.2], for
every open cover )V of X there is a finite open cover U which refines
) and such that the set U can be partitioned into n 4+ 1 nonempty
subsets consisting of elements with pairwise disjoint closures. Since
we can refine simultaneously the covers that appear in a finite family
{ap : 0 < k < n} of approximations while preserving subordination,
we may arrange not only that all oy share the same cover (U;)er, but
moreover, that the cover (U;);e; can be partitioned into n + 1 subsets
Uy, . .., U, consisting of mutually disjoint elements. For definiteness,
let us write Uy, = {U;, : ix € Ix}. Now for each k we consider the closed

subset of X
Yi=J Ui,

ikelk
the map ¢, : Iy — I and the (my, (F%), €k, D)-approximation of A(Y})
induced by «j, which is of the form

LZ(ak) = {WYk (Fi), €, {Uik7 @i, Dy, — A(Uik)7Hik’ Giy.» 5ik}ikelk}’

where each U;, is nonempty. We have

(8) 7TUik (Fk) Cak/2 Piy, (H'Lk)7

by construction. Since ay < a1 we also have

(9) Fr € Frqt,

(10) Piy, (gzk) - 7TUik (Fk_ﬂ), for all i € Ik,

(11) err1 < min ({ex} U{8;,, ix € I}).
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Set Xy =Y, U---UY, and E, = &, C(U;,) ® D;, for 0 < k <n. We
shall construct a sequence of unital C(Y})-linear x-monomorphisms,
Uy » By — A(Yy), k = n,...,0, such that (¢g,...,%,) is an (n — k)-
fibered monomorphism into A(X}). Each map
Yr = @ Wiy, By — A(Yy) = @i, A(U,)

will have components v;, : C(U;,) ® D;, — A(U;,) whose restrictions
to D;, will be perturbations of ¢;, : D;, — A(U,,), ix € I;. We
shall construct the maps 1, by induction on decreasing k such that if
B = A(Xk)(Wg, ..., ¢y) and 1y, : By — A(Xg) is the map induced by
the (n — k)-fibered monomorphism (¢, ...,%,), then

(12) T X4 10Us, (¢i,(Dy,)) C T X1 1NUs, (Ms1(Brs1)), Vig € I,

and

(13) X, (Fk) Cep Mi(Br)-
Note that (12) is equivalent to
(14) X} 1NY), (W(Ek)) C TXp1nY;, (77k+1(Bk+1))-

Let us note that By, is D-stable by [6], since each of its fibres are D-
stable and X is finite dimensional.

For the first step of induction, k = n, we choose v,, = @;, ; where
@i, : C(U;,)®@D,;, — A(U,,) are C(U;,)-linear extensions of the original
¢i,. Then we set B,, = E,, and n,, = ,,. Assume now that ¢, ..., ¥p1
were constructed. Next we shall construct 1. Condition (13) formu-
lated for k + 1 becomes

(15) 7TXk+1 (fk:—l-l) C6k+1 77k+1<Bk+1)'
Since ex41 < 05, by using (10) and (15) we obtain

(16) ﬂ-Xk-;-lﬁUik (@lk(glk)) C5ik 7TX1€+1ﬁUik (nk+1(Bk+1))7 for all i € Iy
Since Fy, C Fri1 and €41 < €, condition (15) gives

(17) TX i1 (fk) Cey 77k+1(Bk+1)'

Conditions (8), (16) and (17) enable us to apply Lemma 2.12 and
perturb ¢;, to unital *-homomorphisms D;, — A(U;,) whose C(U;, )-
linear extension ¢, : C(U;,) ® D;, — A(U;,) satisty (12) and (13).
We set {5, = @;, ¢;, and this completes the construction of ¥; and
hence of (4, ...,1,). Condition (13) for k = 0 gives F C. no(By) =
n(A(to, ..., ¥y)). Thus (o, ..., 1,) satisfies the conclusion of the the-
orem. Finally let us note that it can happen that X, = X for some
k > 0. In this case F C. A(¢x,...,1¥,) and for this reason we write
n < dim(X) in the statement of the theorem. |
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2.16 REMARK: We can arrange that the n-fibered morphism (¢, . . . , ¥,,)
from the conclusion of Proposition 2.15 is locally extendable. Fix a
metric d for the topology of X. Then we may arrange that there
is a closed cover {Yy,...,Y/} of X and a number ¢ > 0 such that
{z :d(z,Y/) < ¢} C Y, for i = 0,..,n. Indeed, when we choose
the finite closed cover U = (U;);er of X in the proof of Proposition 2.15
which can be partitioned into n + 1 subsets Uy, ..., U, consisting of
mutually disjoints elements, as given by [2, Lemma 3.2], and which
refines all the covers U(ayp), ...,U(,) corresponding to «y, ..., a,, we
may assume that U also refines the covers given by the interiors of the
elements of U(wy), ...,U(a,,). Since each U; is compact and [ is finite,
there is ¢ > 0 such that if V; = {x : d(z,U;) < ¢}, then the cover
V = (V;)ies still refines all of U(ayp), ...,U(,) and for each k =0, ..., n,
the elements of V, = {V; : U; € Uy}, are still mutually disjoint. We

shall use the cover V rather than U in the proof of Proposition 2.15

and observe that Y/ X Uicer, Ui € Ui er, Vie = Yi has the desired

property. Finally let us note that if we define ¢} : E;(Y)) — A(Y/) by
Vi = mysy, then (¢, ..., 1y,) is a locally extendable n-fibered unital D-
monomorphism into A which satisfies the conclusion of Proposition 2.15
since 7y (F) Ce ¢i(Ei(Y/)) forall i = 0,...,n and X = [J;, Y/

)

For a unital C*-algebra D we let End(D) denote the space of all
unital x-endomorphisms of D endowed with the point-norm topology.
Throughout the remainder of this section we assume that X is a com-
pact metrizable space and that D is a unital, separable, K;i-injective
and strongly self-absorbing C*-algebra.

2.17 LEMMA: Any continuous map a : X x {0} — End(D) extends to
a continuous map ® : X x [0,1] — End(D) such that ®(, 1) = idp and
Q1) € Aut (D) for allz € X and t € (0,1].

PROOF: Let us identify o with a unital *-homomorphism a : D —

C(X)®D. By Theorem 2.1 there is a unitary-valued continuous map
(0,1] = U(C(X) ® D), t — uy, with u; = l¢(x)gp and such that

%ir% |ueduy — a(d)|| =0, for all de D.

Therefore the equation

| if =0,
(I)(x,t)(d> - { Ut<I> dut(;{,’)*, ift € (0, ].],

defines a continuous map ® : X x [0,1] — End(D) which extends «,
;1) = idp, and such that &(X x (0,1]) C Aut(D). I
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2.18 PROPOSITION: LetY be a closed subset of X and let V' be a closed
neighborhood of Y. Suppose that a map v : Y — End(D) extends to a

continuous map o : V- — End(D). Then there is a continuous extension
n: X — End(D) of v such that n(X \'Y) C Aut(D).

PrOOF: First we prove the proposition in the case when V' = X. By
Lemma 2.17, there exists a continuous map ® : X x [0,1] — End(D)
which extends a, i.e. @0 = o, for x € X, and such that ®(X x
(0,1]) € Aut(D). Let d be a metric for the topology of X such that
diam(X) < 1. The equation 7, = P, 4(s,v)) defines a map on X that
satisfies the conclusion of the proposition.

Suppose now that V' is a closed neighborhood of Y. By Lemma 2.17,
there is a continuous map (homotopy) ® : V' x [0,1] — End (D) such

that ®(, ) = idp and ®(, 1) = a, for all z € V. Let d be the extension
of @ to V' x[0, 1]JUX x{0} obtained by setting </IS(270) =idp forz € X\V.
Let us define A : X — [0,1] by A(z) = d(z, X \ V)(d(z, X \ V) +
d(x,Y))f1 and & : X — End (D) by a, = (/I;(x,,\(x)) and observe that &
extends 7 to X. The conclusion follows now from the first part of the
proof. |

If o : D — C(X)® D is a x*homomorphism, we denote by ¢ :
C(X)®D — C(X)®D its C(X)-linear extension.

2.19 LEMMA: LetY, Z be closed subsets of X such that X =Y UZ. Let
v:D —C(YNZ)RD be a unital x-homomorphism. Assume that there
is a closed neighborhood V of YNZ in'Y and a unital x-homomorphism
a:D — C(V)®D such that o, = 7y, for all x € Y N Z. Then the
pullback C(Y) @ D @ry 1y 3nyny C(Z) @ D is isomorphic to C(X) @ D.

Proor: By Prop. 2.18 there is a unital *-homomorphism n : D —
C(Y) ® D such that n, = v, for x € Y N Z and such that n, € Aut(D)
for x € Y\ Z. One checks immediately that the pair (7,id¢(z)ep)
defines a C(X)-linear isomorphism:

C(X) ®D = C(Y) ® D Drynzmynz C(Z) ®D — C(Y) ® D DrynzAmynz
C(Z)®D. Indeed if P denotes the later pullback, there is commutative
diagram

0—=C(Y\Z2) D —=C(X)®D —C(Z)®@D —=0

J{ﬁy\z l(ﬁ,id)

0—=C(Y\Z2)®D P C(Z)®D——0

and hence (7,id¢(z)ep) must be bijective, since 7y 7 is so. |
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2.20 COROLLARY: Let Y, Z and Z' be closed subsets of a compact
metrizable space X such that Z' is a neighborhood of Z and X =Y UZ.
Let B be a C(Y)-algebra isomorphic to C(Y)®D and let E = C(Z")®D.
Suppose that o : E(Y N Z') — B(Y NZ') is a unital x-monomorphism
of C(Y N Z')-algebras. If v = aynz, then B(Y) @nyrpryryny E(Z) is
isomorphic to C(X) ® D.

ProoF: This follows from Lemma 2.19 since Y N Z’ is a closed neigh-
borhood of YN Z inY. |

2.21 PROPOSITION: Let A be a unital C(X)-algebra. If (v, ..., 1)
1s a locally extendable, unital n-fibered D-monomorphism into A, then
Ao, . .. 1by) is isomorphic to C(X) ® D.

PRrOOF: By assumption, there exists another unital n-fibered D-monomorphism
(¢p, ..., 1) into A such that ¥y, : C(Y)) ® D — A(Y{), Y/ is a closed
neighborhood of Yy, and 7y, ¢, = 1%, k = 0,...,n. Let Xy, By, m and
vk be as in 2.14. We need to show that By is isomorphic to C(X) ® D.
To this purpose we prove by induction on decreasing k that the C(Xj)-
algebras By, are trivial. Indeed B,, = C(X,,) ® D and assuming that By
is trivial, it follows by Corollary 2.20 that By_; is trivial, since by (7)

Bi1 = By @y o1 = B @rpr Eim1, (7 =7x0v, )
and v : Ep 1 (X N Yio1) — Be(Xe N Yeo1), () = ()7 (Y1)
extends to a *-monomorphism « : E,_1(X;NY/_ ;) — Bp(Xpy NY,_,),
ap = (Me); ' (V1) 1
2.22 We are now ready to complete the first proof of our main result:
PROOF (of Theorem 0.1): Set B = C(X)®D. By Propositions 2.21, 2.15
and Remark 2.16 there is a sequence (6;)72, consisting of unital -
monomorphisms of C(X)-algebras 6, : B — A such that the sequence
(0k(B))2, exhausts A in the sense that for any finite subset G of A and
any 0 > 0, G Cs 0x(B) for some k& > 1. Using Proposition 2.10, after
passing to a subsequence of ()%, we construct a sequence of finite

sets Fr C B and a sequence of unital C(X)-linear *-monomorphisms
W B — B such that

() [|Ops1pn(a) — Ox(a)|| < 27% for all @ € Fp and all k > 1,
(ii) Mk(JTk) C Fgyq for all £ > 1,
o0 -1 . . o0
(i) Uy (-1 0---om)  (F;) is dense in B and |2, 60;(F))
is dense in A for all £ > 1.
Arguing as in the proof of [9, Prop. 2.3.2], one verifies that

Ag(a) = jllrilo 00 (nj—1 0+ opu)(a)
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defines a sequence of *-monomorphisms Ay, : B — A such that Ay, =
Ay, and the induced map A : lim (B, pu) — A is an isomorphism of
C(X)-algebras. Let us show that lim (B, ) is isomorphic to B. To
this purpose, in view of Elliott’s intertwining argument, it suffices to

show that each map gy is approximately unitarily equivalent to idp.
But this follows from either [10, Cor. 1.12] or Theorem 2.1. |

3. PROVING THE MAIN RESULT: THE SECOND APPROACH

This section is devoted to another proof of Theorem 0.1, which to
some extent follows ideas of [6]. Before turning to the actual proof, we
outline our strategy.

3.1 We will obtain the isomorphism between A and C(X) ® D by con-
structing c.p.c. maps ¥ : A — C(X)®D and ¢ : C(X) ® D — A which
implement an asymptotic intertwining (in the sense of [1]) of A and
C(X) ® D as C(X)-algebras (Proposition 3.2).

Since X is finite-dimensional, we may assume that X C [0, 1]" for
some n € N. We may then regard A as a C(Y)-algebra, where Y =
pry(X) C [0, 1] is the image of X under the first coordinate projection.
By an induction argument it will then be enough to prove that A =
C(X)®D under the additional assumption that there is an isomorphism
0; - Ay 2 C(X;)®D for each t € Y, where X; = pr=*({t}) is the (n—1)-
dimensional pre-image of ¢ in X. The maps 6#; induce an embedding
0:A— [l,ey C(X¢) ®D.

The first problem then is that we do not know a priori how to choose
these isomorphisms in a locally trivial manner. In other words, it is not
clear whether we may assume that for any ¢t € Y there are a neighbor-
hood Y* C Y of t and isomorphisms 6, : A, = C(X,)®D, s € Y such
that the induced map 0®) : Aywy — [T,cyo C(X,) ® D actually maps
Ay to C(Xyw)®D C [[,eyw C(Xs) ® D. However, this problem can
be circumvented by the concept of ‘approximate local trivializations’
(05 : Ag =, C(Xs))seyw of A (introduced in Definition 3.5). The cru-
cial property of such an approximate local trivialization is that it maps
Ay to something close to C(Xyw) ® D C [[ ey C(Xs) ® D. (This
and the other technical properties of approximate local trivializations
will be controlled by the c.p.c. maps (¥ : C(X;) @ D — C(Xy 1) ® D
and o : C(Xyw) ® D — Ayw of 3.5.) Using that D is strongly
self-absorbing and Kj-injective, and involving an argument somewhat
similar to Lemma 2.11, the existence of such local approximations will
be established in Lemma 3.7.



TRIVIALIZATION OF C(X)-ALGEBRAS WITH STRONGLY SELF-ABSORBING FIBRHS

Since Y is compact and one-dimensional, we may then pick 0 < gy <

. < yu < 1 and cover Y by closed sets Y®) . Y®m) guch that
the intersections Y ) N Y®#) are empty unless |i — /| < 1. We set
I:={i| Y® nYW+) £ (}; we may assume that for each i € I the
set Y) N Y W) is a closed neighborhood of some t; € Y.

The next problem is that the local trivializations 8% over Y ¥) and
6Wi+1) over Y Wit1) do not necessarily agree over Y ) nY () (they need
not even be close to each other in any way). However, we may apply
Lemma 3.7 again to obtain a small interval Y®) ¢ Y@ Ny W) around
each t; (for each ¢ € I) and approximate local trivializations () over
Yy, Again using that D is strongly self-absorbing and K;-injective,
this will allow us to modify the 0t to obtain new approximate local
trivializations (over Y (%)) which (approximately) intertwine 6®) and
6i+1) ‘along’ y ), Here, ‘along’ means that the fibre maps oY) are
continuously deformed into maps close to the fibre maps plv)
the parameter s runs through the interval Yy,

, where

By superposing the %) and the (modified) 0t we then obtain an
approximate trivialization of A, which yields the desired approximate
intertwining between A and C(X) ® D.

3.2 We start by adapting Elliott’s approximate intertwining argument
to C(X)-algebras as follows:

PROPOSITION:  Let X be a compact metrizable space and let A be a
separable unital C(X)-algebra with structure map p; let D be a strongly
self-absorbing C*-algebra. Suppose that, for any e > 0 and for arbitrary
compact subsets F C A, Gy C C(X) and Gy C D, there are c.p.c. maps

v:A—-C(X)®D
and
p:C(X)®D— A
satisfying
(i) lev(a) —al <e foraeF
(i) Jle(f ® 1p) — u(f)ll < for f € Gy
(i) o) — f © 1ol < & for f € G,
i

(iv) ¢ is e-multiplicative on (1x ® idp)(G2)
(v) v is e-multiplicative on F.

Then, A and C(X) ® D are isomorphic as C(X)-algebras.

PROOF: From conditions (i)—(v) above in connection with Proposition
2.8 it is straightforward to construct unitaries u; € C(X)®D and c.p.c.
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maps p; : C(X)®D — Aand ¢, : A - C(X)®D,i=1,2,..., such
that the following diagram is an asymptotic intertwining in the sense
of [1, 2.4]:

ad (1xQu2)

c(X)oD 1M _eixyop

Note that the inductive limit of the first row is just A, whereas the
inductive limit of the second row is isomorphic to C(X)®D. The ¢; and
1; then induce *-isomorphisms ¢ : A — C(X)®D and ¢ : C(X)®D —
A which are mutual inverses (cf. the remark after Definition 2.4.1 of
[1]). Using (ii), (iii) and the fact that the u; commute with C(X) ® 1p,
one can even assume that &ou = id¢(x)®1p and po (idc(x) ®1p) = u,
which means that ¢ and 1) are isomorphisms of C(X)-algebras. |
3.3 It will be convenient to note the following easy consequence of
Proposition 2.8 explicitly.

LEMMA:  Let W be a compact metrizable space and D a strongly
self-absorbing Ki-injective C*-algebra. Then, for any compact subset
1e FCCW)®D and vy > 0 there are a compact subset E(F,~) C
C(W)®@D and 0 < 6(F,v) < v/2 such that the following holds:

If K s a compact metrizable space and
01,00: CW)®@D — C(K)®D

are u.c.p. maps which map C(W) to C(K), are 6(F,~)-multiplicative
on E(F,~y) and agree on C(W), then there is a continuous path

(ut)epp,) C C(K) @ D
of unitaries satisfying
(18) uy = 1xg @ 1p and ||ujoq(d)u] — o2(d)|| < v
forde F-F.

Moreover, we may assume that if F' is another compact subset con-
taining F and 0 < ' < v, then E(F,v) C E(F',7') and 6(F',v') <
0(F,7)-

Proor: It is straightforward to check that it suffices to prove the
assertion when F is of the form

{fod|feF,de F}

where Fy C C(W) and F; C D are compact subsets of normalized
elements. We then apply Proposition 2.8 (with 1y ® F; - F; and o; o
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(1w ®idp) in place of F and o; for i = 0, 1) to obtain a compact subset
G C D, § > 0 and a continuous path (u¢).ejo,1) C C(K) @ D of unitaries
starting in 1x ® 1p and satisfying the assertion of 2.8.

Since, for i = 0,1, 0;(1w ® D) and 0;(C(W) ® 1p) commute, we
see that o; is the product map of the restrictions to C(W) and D,
respectively. In other words, we have o;,(f ® d) = 0;(f ® 1p)o;(1p @ d)
for feC(W),deDandi=0,1.

Setting E(F,v) := 1p ® G and §(F,~) := 0, and using that each u;
commutes with each o;(f ® 1p), we see that the assertion of 2.8 yields

(18).

We may clearly make §(F, ) smaller and E(F, ) larger if necessary,
from which the monotonicity statements follow. |

3.4 NortaTioN: If n € N and X C [0,1]" is a closed subset, we
denote by Y the image of X under the first coordinate projection,
Y :=pr(X)C[0,1]. If s€Y (orif V CY is a closed subset), we set
X, :=pr;'({s}) (or Xy :=pr;}(V)). If Ais a C(X)-algebra, we write
A in place of Ay, (or Ay in place of Ay, ); the fibre maps are then
denoted by 7 (or my). We may regard A, as a C(X)-algebra and Ay
as a C(V)-algebra in the obvious way.

3.5 We will reduce our proof of Theorem 0.1 to the situation of 3.4; by
induction we will be able to assume that each A,, s € Y, is isomorphic
to C(Xs)®D. However, it is not clear whether the isomorphisms can be
chosen in a locally trivial manner. This technical problem is bypassed
by the following concept of ‘approximate local trivializations’:

DEFINITION:  Let n € N, X C [0,1]" a closed subset and A a unital
C(X)-algebra. Let D be another unital C*-algebra. Suppose each fibre of
A is isomorphic to D and that, for each s € Y, we have As = C(X;)®D
as C(X)-algebras.

Letn >0, teY, an isomorphism 0: Ay — C(X;) ® D and compact
subsets 1, € FC A, GCC(X)®D and G C C(X;) ® D be given.
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By a (H,f,Q,QA, n)-trivialization of A over the closed neighborhood
Y® of t we mean a family of diagrams of C*-algebras and u.c.p. maps
(19)

A

Ty (t)

Ay As

(t)

L() Ts
C(X) 9D —2C(Xyw) @D~ [Tyey C(Xe) @D "~ C(X,) ® D

C(X ¢

Ts

for each s € Y which satisfies the following properties:

(i) all the C*-algebras are C(X)-algebras in the obvious way
(ii) the maps m,, Ty« and ) are the obvious C(X)-linear quotient
and inclusion homomorphisms, respectively
(iii) o®, 60 and each 0 are C(X)-linear; ¢ maps C(X,) ® 1p
to C(Xyw) ® 1p
) 09 s a x-homomorphism and each 0\ s q x-150morphism
v) 6, oY — ¢
(vi) the upper right rectangle commutes
(vii) any two paths starting and ending in C(X;) ® D coincide (this
in particular means that 1 o (W lifts m, and that c® o (M lifts
o)
(viii) any two paths starting in A and ending in the same algebra
coincide up ton on F - F
(ix) any two paths starting in C(X) ® D and ending in the same
algebra coincide up ton on G -G
(x) any two paths starting in C(X;) @ D and ending in the same

(iv

algebra coincide up ton on G
(xi) any path starting in C(X;) ® D is 6©)-bimultiplicative on £
(cf. 2.7), where

EW .= EO(F)UGUm(G),n) D EWB(F),n) UF) UG U(G)
and
50 = §(0(F) UG UT(G),n) < n/2

come from Lemma 3.3
(xii) any path starting in C(X) ® D is n-multiplicative on G.
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Here, by a path we mean a composition of maps from the diagram in
which no map (except for the identity map) occurs more than once. We
also regard the identity map of each algebra of the diagram as such a
path.

3.6 REMARK: It is obvious from the preceding definition that a (0, F, G, G ,M)-
trivialization of A over Y may be restricted to smaller neighborhoods

of t, ie., if Y c Y® is another closed neighborhood of ¢, then
restricting the maps (and algebras) of diagram (19) to Y® yields a

0, F,G, Q\, n)-trivialization of A over Y.

3.7 The following lemma establishes the existence of local approximate
trivializations as in 3.5.

LEMMA: Letn € N, a closed subset X C [0,1|" and a unital C(X)-
algebra A be given. Let D be a Ki-injective strongly self-absorbing C* -
algebra. Suppose each fibre of A is isomorphic to D and that, for each
s €Y, we have Ay = C(Xs) ® D as C(X)-algebras. Letn > 0,t €Y,
an isomorphism 0: Ay — C(X;) @ D and compact subsets 14 € F C A,
G CC(X)®D and G C C(X,) ® D be given. Then, there are a closed
neighborhood Y®) C 'Y of t and a (0, F,G, (j, n)-trivialization of A over
Yy ®,

PRrooOF: We first pick an arbitrary closed neighborhood Y® of t. This
yields maps 7y, 1) and 7 (for s € Y®) as in diagram (19). We
then define maps (®, 5, 6 and 6" such that conditions (i)-(vi)
of Definition 3.5 are satisfied. For a sufficiently small closed subset
Y® of Y® we will then be able to modify the maps 8¢ and 6% to

suitable new isomorphisms §®) and 6" for s € Y®. Restriction of our
algebras and maps to Y ® will then yield the desired diagram (19) with
properties (i)—(xii).

So let us assume we have picked 17(’5)~. For s € Y® choose isomor-
phisms 6 : A, — C(X,) ® D; we take 6\ to be 6.

Next, we choose a c.p.c. lift () : C(X,) @ D — C(X3w) ® D of
7 0 1); we may clearly assume that () = () ® idp for some u.p.c.
map ¢ : C(X;) — C(Xyw)).

Similarly, choose a u.p.c. lift ) : D — Ag, of 1x, ® idp along
Tt Ay — C(Xy) @ D. Set ¥ = 1 @ 61 where ¥ : C(X3)) —
Z(Ag) is the structure map of the C(Y()-algebra Ay, .
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Define a compact subset of C(X3w)) ® D by
F=CDG) UTpn(G-G)UCW 0fom(F- F).
Apply Lemma 3.3 with Xy, in place of W to obtain E(F,n/2) C
C(Xsw) @D and 0 < §(F,n/2) < n/4.

Note that 7 o 7® is a *-homomorphism. It follows that there is a
closed neighborhood Y® ¢ Y® of ¢ such that 7 o 5@ is §(F,n/2)-
multiplicative on £(F,7n/2) for all s € Y®. But then, by Lemma 3.3,
for each s € Y® there is a unitary u® € C(X,) ® D such that

(20) 17, 0 T9(d) — ug(8) 0 7) 0 50 (d))u?|| < /2
for all d € F. Set 0" := 6; for t # s € Y®) we define
00 (.) == T, (0Y o 7O (L)),

6® is defined accordingly.
Let myw, o®, (O, 7, and (® denote the restrictions of Ty, o),

W 7, and 7®, respectively, to Y.

We now have a diagram as (19). It is clear from our construction
that (i)—(vii) of Definition 3.5 hold.

By making Y® smaller, if necessary, we may assume that (xi) and
(xii) hold (using that 7 o 0® and m, o (V) are exactly multiplicative
and that o® and ¢® are lifts of these maps) and that

(21) ||7ry(t>(a) P LONS C(t) om0 9 o 7ry<t)(a)|| < 77/2
fora e F-F.

It follows from (20) that m, o (!} and 0" o 7, 0 o® coincide up to
n/2 on F. Together with (21) and commutativity of the upper right
rectangle, this yields (viii), (ix) and (x) of Definition 3.5. |

3.8 We are now prepared to give the second proof of our main result,
following the outline in 3.1.

PROOF (of Theorem 0.1): Let ¢ > 0 and compact subsets F C A,
G1 C C(X) and G C D be given. We may assume that

(22) 1,46.7:, 1Xeg1, IDEQQ and,u(gl)C]:.
By Proposition 3.2, it will be enough to construct c.p.c. maps
v:A—=C(X)®D

and
p:C(X)®D— A
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satisfying the conditions of 3.2.

By [7, Theorem V.3] we may assume that X is a closed subset of
[0, 1]™ for some n € N; we use the terminology of 3.4.

If n =1, then X =Y and for each ¢ € Y we have X; = {t}, whence
A =D = C(X;) ® D. Now if the theorem has been shown for closed
subsets of [0,1]"7!, it holds in particular with A; and X} in place of A
and X for any t € Y. Therefore, for both the basis of induction and
for the induction step we may assume that for each t € Y there is an
isomorphism of C(X;)-algebras (hence also of C(X)-algebras)

9153 At —>C(Xt) ®D
For convenience, set
(23) n:=¢e/l4d

and

={f®d| fe€gG,deg}.
Applying Lemma 3.7 for each ¢ € ¥’ (with 6, in place of # and {0} in
place of G ) yields compact neighborhoods Y ) € Y of t and (6;, F, G, Q n)-
trivializations of A over Y®). Using that Y is a compact subset of the
one-dimensional space [0, 1] together with Remark 3.6, by making the
Y® smaller, if necessary, it is straightforward to find

a)MEN,O:tOSyl<t1<y2<...<tM,1<yM§tM:1
and 5 > 0

b) closed neighborhoods YY) C Y of 35, i = 1,..., M

c) (0,,F,G, g, n)-trivializations of A over Y ) (as in diagram (19),
with y; in place of t), i =1,..., M

such that
d) Y = UZMly(yi)

e) each Y is the intersection of Y with a closed interval
f)Y(ylﬁYyH?)—(Z)z_l M —2
g) v [11, ]ﬂYCY(yl)forz—l , M
h) 1fsz N YW+ =£ () we have t; € [i—2ﬁ,ti+2ﬁ]ﬂY -
Y Wi) Oy Wit1)
i) if YW Ny Wse) = () then [t; — 26,t; +28]NY = 0.

We set
I={ic{l,....M—1} | Y& QYW= £ p

and
B .— yw) Ay Wi+)
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For i € I, we define u.c.p. maps

A o0 C(X,)®D — C(X;,) ®D
by
(24) 2D lgz/i)ﬂ-tio-(yi)C(yi) and o) = 0£?i+1)7rtio-(yi)c(yi).
The maps A and o send C(X,,) ®1p to C(X;,) ® 1p and coincide on
C(X,,) ® 1p (as follows from 3. 5(111)) they are §¥)-multiplicative on
EOW(F),n) C £®) by 3.5(xi) (the maps o) o (®) are — and ., 9,5“
and 9,8”“) are exactly multiplicative). But then by Lemma 3.3 there
is a continuous path (ugl))te[o 1 of unitaries in C(Xy,) ® D such that

(25) uy) =1y, ®1p
and
(26) [u! ANDgW 7, (a) ()" — o6W T, (a)]| < n

for a € F - F. We may as well regard the path (ugi))te[m] as a unitary
u® € C([0,1]) ® C(X3,) ® D.

For each ¢ € I we now apply Lemma 3.7 with t;, Gt(z”)wyi and
(27) GO = {u [t €[0,1]}

in place of ¢, # and G. We obtain for each i € I a closed neighbor-
hood Y®) C Y of ¢; and a (9,5(?1),‘7:, g, QA(i), n)-trivialization of A over
Y ). To make it easier to distinguish between these and the preced-
ing approximate local trivializations, We denote the respective maps of

diagram (19) by o) , ()9t and 1) respectively, and write £
and 6 in place of 5( ) and 6(” (cf. 3.5(xi)).

Note that, in particular,
29 o =30
by 3.5(v).

Using Remark 3.6, by making the Y @) smaller if necessary, we may
assume that there is

(29) 0<pg <p
such that
J) Y =[t; — 8. t; + F]NY (this implies Y ) ¢ B® by h))
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k) for t € [t; — 20, t; +20'], a € F and d € G5 we have
7 (CWI0Wm,, (a) — (6, (a))
< (€909, (a) — (90w, ()| + 1
and
(@)W, (1x ® d) — 7750, (1x @ d)) ||
< m (e m, (1x @ d) — 6% 750, (1x @ d)[| + 1
D) (1S4 (P ADF 7, (a) () — 005 7, (a)]| < 2 for a €
F - F,

where for k) we have used continuity of functions of the form (?(ti) >
t = [[b(t)]]) (cf. 1.2); 1) follows from (26) and the fact that ¢(*) lifts 7,
(by 3.5(vii)).

For i € I, define a function h; € C([t; — 26, t; +25']) b

0 for t € [t; — 20", t; — ']
(30) hi(t) =< 1 / fort € [t; + 0, t; + 20
e fort e[t — 0t + 0]

and an element
i € C(Xyu)) ®D

by

(31) m(ut?) = th(“)(uﬁff(t)) for t € Y,
Define (vgi))te[o,l] € C([0,1]) ® Ay, by

(32) oD = G T (0

and

70 1= AOW) € Ape,

where
A(Z): C([Ov 1]) ® Af/(ti) - Af/(ti)
is given by
f®a—(foh)-a

note that, with this definition,
(33) m(57) = mg O (u) )
for t € Y.

Next, choose positive functions fi, ..., far, g1, .-, 9um—1 € C(Y') such
that
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m) S fi+ i g =1y

n) supp f; C [ty + 3, ti—B1NY CYW) fori=2,..., M —1,
supp f1 C [0,t1—B3']NY C YW and supp far C [tar—1+3,1]0
Y c Ym)

o) suppg; C [t; —28,t; +28]NY C Y& for i € I (we choose
gi=0forie{l,...,.M—1}\1I).

This is possible by a), h), i) and (29); note that
(34) fi(yir) = gi(ts) = i and gi(yw) = fi(ty) = 0.
We are finally prepared to define c.p.c. maps

v A—-C(X)®D

and
0: C(X)®D — A
by

M
(85) Ww(.) =D fir (W00, ) () + D gi- (ad g8 m,) ()
=1

icl
and
M
(36) @(.) =Y fi- (¢, ) () + > gi - (ad -5 ) ().
i=1 i€l

It remains to check that 1 and ¢ satisfy the conditions of Proposi-
tion 3.2, i.e.,

(i) lev(a) —a| <eforae F

(i) flo(f ®1p) — u(f)| <cfor f € Gy
(ili) [[Yu(f) — f@ 1p| <efor f € Gy

(iv) ¢ is e-multiplicative on (1x ® idp)(Gs)
(v) ¢ is e-multiplicative on F.

Fora€ F,i=1,...,M—1landte [t +26,t;—20]NY CY®
we have f;(t) =1 and g;(t) = 0, whence

(35),(36) Y (v N
(v (a) = a)ll = Im(o (W m, (01T, (a) — a)
3.5(vii) ' , .
< eI, (a) = Ty (a)]
3.5(viii)
< 0
(23)

< e
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and a similar estimate holds for ¢ = 1 and ¢ € [0,¢; — 26’ N Y and
i=Mandte [ty +206,1]NY.

Forae F,iclandtelti—f,t;+F]NY C Y (cf. h) and j)
above) we have f;(t) =0 and g¢;(t) = 1 and therefore obtain

Ime(pt(a) = a)l
(33),(30)
<

< 17 (ad (500)- 550 ad 5o 0L 7, (a) — @) |
(31) ~(, ) 3t
= lImlad oy ®ad g o0 (0 (@) — a)

3.5(xi),(27) o~ ~, ~.
17 (ad 30y 5 ¢ad & 0\, (a)) — a)|| + 64

Ime(ad (py-ad 4z o T 00T, (0)) = a)]| + 200
o) ¢ (uhi(t))

(32) ~(t;) ;) At
- I (ad (E(iﬁg(ii)(us.)(t))*)ad E(%‘)E(%‘)(ugj.)(t>)a(tl)c(t1)9£¢ )Wti(a» —a)l
(1) (1) Tt
- ”ﬂ-t(ad (E(ti>z(ti)(“s.)(t))*)(a(ti)z(ti)(u;j.)(t)))o-(tl)g(tZ)egi )Trti(a’)) - CL)H
3.5(xi),(27) N~ s~ -
2 o F T m (@) — a) | + 45
3.5(viil) ~
3.5(xi)
< 3n
(23)
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Forae F,i=1,...,M —1land te[t,—20,t;— ] NY we have

Ime(pt(a) — a)ll

(25),(31),(33),(30)

(38),3.5(viii)

<

Hﬂt(fi . a(yi)C(yi)(g?(f;/i)Wyi(a)

+gi - fi - ad 500 g, (WO T, (a)

+g; - g; - ad (5<i))*5(t")ad ﬂ(i)C(ti)é’gi)ﬂti(a) —a)||

|7 (f; - O—(yi)C(yi)e?(ﬁi)Wyi(a) +gi-fi- 5(ti)7r?(ti)<"(yi)0§?ji)7ryi(a)
t+gi - gi - 70w, (a) — )|

1£i(t) - me(a) + gi(t) - fi(t) - m(a) + gi(t) - gi() - me(a) — me(a)]
+n+3n+n

o1

<,

where for the first equality we have used (34),(35),(36),3.5(iii) and
3.5(vii); for the first inequality we have used

75 750 (U0, (a) — m(a) |

3.5(viii)

(38)

3.5(vil

IN

INE A

NE

(viid)

||7Tt5(ti)(W?(ti)C(yi)gégi)W%(a) _ C(ti)egi)ﬂ.ti(a))n +1
7 (9@, (a) — (WG, (a))]] + 1

I, (¢06 )7y, () = (081, (a)) | + 21

Yi
16297, (a) — 617, (a)]| + 31

3n
E.

A similar reasoning works for ¢ € [t; + 7', t; + 20’ N Y. We have now
checked condition (i) above.
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For f € Gy, we have

lou(f) = f @ 1o
(35) M

< D (€0 u(f) — f @ 1)
=1

HID g+ (ad g G mn(f) — £ @ 1)

el
(31),3.5(xi) . '
< max lmyon (0T, u(f) — f @ 1)

+max [Jad o (8w, 1(f) — ad o (f @ Lo)l| + 1

3.5(ii),3.5(ix)
< 3n

(39) < g,

which yields (iii).
For (ii), note that

le(f ® 1p) — u(f)] < le(f © 1) — eu()Il + llepu(f) — n(H)

(39),(37),(22)
< 3n + 6n

< g.

Next, we check (iv). We have to show that
(40) [m(p(1x ® dids) — p(1x @ di)p(lx ® do))|| < ¢

for any dy,ds € G and any t € Y.

First, consider t € [t;_1+26',t; —23'|NY fori=2,..., M —1. Then
fi(t) = 1 and we have

7 (p(1x @ dids) — o(1x ® d1)p(1x ® da))||
— Hﬁt(g(yi)c(yi)ﬂyi(lX ® d1d2)
_O-(yi)C(yi)ﬂ-yi(]_X ® dl)a(yi)é‘(yi)ﬂ-yi(lx ® da))||

S'Eﬁd) 5w

< E.

A similar argument works for ¢t € [0,¢; — 26| NY and t € [ty—1 +
26", 11NY.
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Ifetelt,— 0, t;+0]NY, then g;(t) = 1 and we have

7 (p(1x @ didy) — 9(1x @ d1)p(1x ® da))||
= [m(ad (5<i>)*<~7(ti)ﬂfz<ti)(1x ® didy)
—(ad (5(1))*5(“)71'17(”) (1X X dl))(ad (5(1'))*5:(“)7'(17(,51.) (1X X dg)))”
< e,

where we have used that

I GO @)~ 14,

— ||7Tt(5(ti)g(ti)(ui)(t))g(ti)g(ti)(u;;)(t))* — 1))l

7

(by 3.5(xi) and since the u,(fi)(t) are unitaries) and that
(42)

o o o 3.5(xii)
16750 (x @ didy) — 7o) (1x @ d)) T oy (Ix @do)|| < 1.

Now if t € [t; — 20',t; — /| NY, we have

(43) @) P 1 (1)
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and obtain

[m(p(1x ® dids) — p(1x @ di)p(1x @ da))]

DD O Ft) + (0) - mo (W m, (Lx © dydy)
+gi(t)(fi(t) + gz( )) - w0 e (1x ® didy)
—fi(®)? - (W, (1x ® dl) (%"c(yi) (1x ®dy))
—gi(t)* - (‘7 Ty (1x ® dl) 7Ty<t y(1x ®dy))
—fi()gi(t) - m(o W)W (1X®d1) o (1x @ dy))
—fi(t)gi(t) - m (3" >7ry<t><1x ® di)o (W7, (1y @ dy))|

()7 - (oW, (1x ® didy)
_U(yi)C(yi)WyiuX ® d1)0(yi)§(yi)ﬂyi(1x ® dy))|
+9i(t)? - |m(d 7y, (1X ® dydy)
(z)ﬂy(w(lx ®d1) 7Ty(t>(1x ®d2))|

+fi(D)gi(t) - (|mi(a™ C(yl Ty (1x ® dy)oW (W, (1x @ dy)
+5 07150 (1x ® di)5 Dm0, (1x @ do)
s C(y’ y(lx ® dl) o6 (1x @ do)

g0 (1x @ d)a ¢ Wm, (1x @ do)) | + 2)

3.5(xii)

IN
=

3.5(xi),3.5(xii)

< (fi(®)*+g:(t)*) -
+2£i(H)gi(t) - |m (oW W, (1x @ di) — 7750, (1x ® dy)) ||
)
< (fi®)*+ () -n+2fi{)g(t) -
|7, (0¥, (1 @ di) — 7m0y (1x ®@ dy)) |
3:5(v) 165" (i) - yz)c(yi)ﬂyiuX ®dy)
_Hé )Wtﬂ(t ey (1x @ dy)|| + 1
3.5(ix)
< |7, (1x @ dy) — 7, (1x @ dh)|| + 31
3n
< €.

A similar reasoning works for ¢ € [t; + ',t; + 20’ N Y, whence (iv)
above holds.

Property (v) is checked in a similar manner: we have to show that

(44) (Y (araz) — P(ar)(az))|l < e
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for any ay,as € F and any t € Y. If f;(t) =1 or g;(t) = 1, this follows
immediately from 3.5(xi) and our construction. Thus, it remains to
check (44) for t € [t;—20",t,—'|NY, i € I (the case t € [t;+ 3, t;+2/]
runs parallel).

Let us first observe that for a € F - F
I (00 e, (a) — C6 ), (@)
< @R (@)~ (W8T, @)+
3.5(vii),<3.5(vﬁi) Hgﬁfi)m(a) B et?i)ﬂ-yi(a)H Lo
(45) z 2.
We are now ready to compute
I (¥ (araz) — ¢(a1)ib(az))|
)

ERERLLOEY ) E (i) + gi(8) - 107, (a105)

+i (1) (fit) + gi(t)) - mC etﬁ. i, (a102)
—fi(t)* - m(C0 )y, (ar) - C¥0 ), (as))
—gi(H)? - m(C0 (1) - (0, 7y, (a2))
—fi(#)gi(t) - mi(C 1>6;iﬁ>wyi<a1> (W07, (a2))
—fi(O)gi(t) - m (0w (ar) - CHI0P )7, (az))|

R0 70, ()
+fi(t)gi(t) - 7TtC Qg)ﬂtz(alag)
—[i(0)gi(t) - m(CW0WI T, (ar) - 0 7, (a2))
=~ fi(®)gi(t) - (0w (an) - (00, ()|
4o 4 §t)

Y 2 We) - (€0 7, (aras)

— (s )9( )7r (al)‘C(yi)eg(ff)Wyi(a2)H

+6W) 4 5t 4 4y

VO g5 4 50 4 4y

< £

for a;,ay € Fand t € [t; — 20, t; — '] NY. This completes the proof. I
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