A DIRECT PROOF OF Z-STABILITY FOR AH ALGEBRAS OF BOUNDED
TOPOLOGICAL DIMENSION

MARIUS DADARLAT, N. CHRISTOPHER PHILLIPS, AND ANDREW S. TOMS

ABSTRACT. We prove that a unital simple approximately homogeneous (AH) C*-algebra with
no dimension growth absorbs the Jiang-Su algebra tensorially without appealing to the classi-
fication theory of these algebras. Our main result continues to hold under the slightly weaker
hypothesis of exponentially slow dimension growth.

1. INTRODUCTION

The property of absorbing the Jiang-Su algebra Z tensorially—Z-stability, briefly—is a
powerful regularity property for separable amenable C*-algebras. It is a necessary condi-
tion for the confirmation of G. A. Elliott’s K-theoretic rigidity conjecture, which predicts that
Banach algebra K-theory and positive traces will form a complete invariant for simple sepa-
rable amenable C*-algebras. We refer the reader to [9] for an up-to-date account of Z-stability
as it relates to Elliott’s conjecture.

The necessity of Z-stability for K-theoretic classification suggests a two-step approach
to further positive classification results: first, establish broad classification theorems for Z-
stable C*-algebras; second, prove that natural examples of simple separable amenable C*-
algebras are Z-stable. Winter, in a series of papers, has made significant contributions to the
first part of this program. For instance, he has shown that the C*-algebras associated to min-
imal uniquely ergodic diffeomorphisms satisfy Elliott’s conjecture modulo Z-stability. But
there has so far been no progress on the second part of the program. This is not to say that
we do not have natural examples of Z-stable C*-algebras. It is only that the Z-stability of
these examples is typically a consequence of having proved directly that the said examples
satisfy Elliott’s conjecture.

If we are to have any hope of carrying out the suggested two-step approach to Elliott’s
conjecture, then we must understand why already classified C*-algebras are Z-stable without
appealing to the heavy machinery of classification. The purpose of this article is to give
a direct—read “not passing through classification”—proof that unital simple approximately
homogeneous (AH) C*-algebras with no dimension growth are Z-stable. The result that these
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C*-algebras satisfy Elliott’s conjecture, due to various combinations of Elliott, Gong, and Li,
is one of the most difficult theorems in the classification theory for separable stably finite C*-
algebras, and is therefore an appropriate starting point for understanding Z-stability. (See
[6], [7], and [10].)

Finally, let us mention that W. Winter has established Z-stability for a class of simple C*-
algebras which includes the unital simple AH algebras of no dimension growth, using tech-
niques which differ substantially from ours ([17]). Our result, however, allows one to relax
the no dimension growth condition to a slightly weaker notion of “exponentially slow di-
mension growth”, and so is not subsumed by Winter’s result.

Acknowledgements. This work was carried out during the Fields Institute Thematic Pro-
gram on Operator Algebras in the fall of 2007. The authors are grateful to that institution for
its support.

2. PRELIMINARIES

2.1. Generalities. We use M,, to denote the C*-algebra of n x n matrices with entries in C.
Let F and H be subsets of a metric space X (with metric d) and let ¢ > 0 be given. We write
F C. H if for each f € F there is some h € H such that d(f,h) < e. We write F' =, H if there
is a bijection n: F' — H such that d(f,n(f)) < e. The primitive ideal space (or spectrum) of a
C*-algebra A is denoted by Spec(A).

2.2. AH algebras. Let K denote the C*-algebra of compact operators on a separable infinite
dimensional Hilbert space. Call a C*-algebra homogeneous if it is isomorphic to p(C(X) ®
K)p for a compact metric space X and a constant rank projection p € C(X) ® K, and call
a C*-algebra semi-homogeneous if it is isomorphic to a finite direct sum of homogeneous C*-
algebras. A unital approximately homogeneous C*-algebra (AH algebra) is the limit of an
inductive sequence (A4;, $#;)°; in which each ¢;: A; — A;1 is unital and each A; is semi-
homogeneous, that is,

Ai = Ppi(C(Xiy) ® K)py,
i=1

where n; is a natural number, X ; is a compact metric space, and p; ; is a constant rank projec-
tionin C(X;;)® K. It follows easily from an argument in the proof of [11, Proposition 3.4] that
the spaces X;; may always be assumed to be connected and have finite covering dimension.
We refer to the sequence (4;, ¢;) as an AH sequence.
Now let A be a unital AH algebra. If A is the limit of an AH sequence (4;, ¢;) as above for
which _
liminf max M =0,
i—o0 1<I<n, rank(pz-,l)
then we say that A has slow dimension growth; if it is the limit of an AH sequence such that
for some M > 0, we have dim(X;;) < M for all i and [, then we say that A has no dimension
growth.
Given an AH sequence (4;, ¢;) and j > i, we write ¢; ; for the composition ¢;_1 0---0 ¢;

and ¢; . for the canonical map from A; into the limit algebra A. We define qﬁi:f Aig — Aj
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and qﬁf, jiAi = Ajp to be the obvious restrictions of ¢; ;. The ¢ﬁ’,’; are referred to as partial
maps.

It is well known that an AH algebra A = hﬂi—)oo(Ai’ ¢i) is simple if and only if for every
i € Nand a € A; \ {0}, there is some j > 7 such that ¢; j(a) generates A; as an ideal. This last
condition is equivalent to ¢; ;(a) being nonzero at every x € X1 U---U X,

2.3. Maps between homogeneous C*-algebras. Let X and Y be compact metric spaces, and
letp € C(X) ® K and g € C(Y') ® K be projections with constant rank. Let

evy: p(C(X) ® K)p — Mrank(p)
be given by f — f(xz); define ev, for y € Y similarly. Let
¢: p(C(X) ® K)p = ¢(C(Y) ® K)g

be a unital *-homomorphism. Set N = rank(q)/rank(p). It is well known that forany y € Y,
the map evy o ¢ has the following form, up to unitary equivalence:

N
evy o ¢ = @evzj,
j=1

where the z; are points in X, not necessarily distinct. In other words, the z; form an N-
multiset {{z1,...,zn}} (the double brackets indicate that repetition counts), which we denote
by spy(y). The set of all such multisets may be identified with the quotient of the Cartesian
product X N by the action of the symmetric group Sy on coordinates, and so inherits natu-
rally a metric from X.

Suppose now ¢ has finite dimensional image. Let R C X be a finite subset. We will say
for short that ¢ has spectrum R if for every y € Y the set of elements of the multiset sp,(y)
is exactly R. This terminology makes sense even if ¢ does not have constant rank, since we
can partition Y into finitely many closed sets on which ¢ does have constant rank. (In the
sense of this terminology, if Y is not connected then the “spectrum” of ¢ need not even exist.
However, it captures the concept we actually need.)

2.4. Semicontinuous projection-valued maps. Let X be a topological space. By a lower
semicontinuous function f: X — (M,); we will mean a function such that for every vector
¢ € C, the real-valued function z — (f(z)¢&, &) is lower semicontinuous. (See [1, Section 3].)
The following result from [4] will be used in the sequel.

Proposition 2.1. Let X be a compact metric space of dimension d, and let P: X — (M,,)+ be a lower
semicontinuous projection-valued map. Suppose that

rank(P(z)) > $(d+1) + k

forall x € X. It follows that there is a continuous projection-valued map R: X — M, of constant
rank equal to k such that

R(z) < P(z)
forallz € X.
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Remark 2.2. By [11, Theorem 2.5(a)], if we replace 3(d + 1) with d + 1 in the hypotheses
of Proposition 2.1, then we may assume that the projection-valued map R corresponds to a
trivial complex vector bundle over X.

Lemma 23. Let X, Y, p, q, and ¢: p(C(X) @ K)p — q(C(Y) ® K)g C M,,(C(Y)) be as in
Subsection 2.3, except with p and q not necessarily of constant rank. Let U be an open subset of X,
and let r € p(C(X) ® K)p be a positive element which is equal to a projection at every x € U. Define
a projection-valued map R:' Y — My, as follows: R(y) is the image of r under the direct sum of those
irreducible direct summands of ev, o ¢ which correspond to points in U. It follows that R is lower
semicontinuous.

Proof. We reduce to the case in which p and ¢ have constant rank. For p, we partition Y
into finitely many closed and open subsets X,...,X; on which p has constant rank. Let
ei € p(C(X) ® K)p be equal to p on X; and equal to zero elsewhere. For each i, we then
replace ¢ by ¢(e;), obtaining lower semicontinuous functions R;. It is easily checked that
R = Ry + --- + R, is then also lower semicontinuous. For g, we partition Y into finitely
many closed and open subsets Y7,...,Y;, on which g has constant rank, and consider the *-
homomorphisms a +— ¢(a)|y; for j = 1,...,n. We find that R is lower semicontinuous on
each Y, henceonY.

We now assume that p and ¢ each have constant rank. For any y € Y/, let E, denote the
submultiset of sp,(y) consisting of those points which lie in U. Fix yo € Y, and let J denote
the smallest distance between a point in E,, and a point in the complement of U. The map
Y > sp¢(y) is continuous, whence there is an open neighborhood V' of gy, such that, for each
y € V, the submultiset F, of sp,(y) consisting of those points which are at distance at most
/2 from some point in Ey, has the same cardinality as E,,, and moreover the map y — F), is
continuous.

Define a continuous projection-valued map R: V — M,, as follows: R(y) is the image
of 7 under the direct sum of the irreducible direct summands of evy o ¢ which correspond
to the elements of F,. We have R(y) < R(y) for every y € V, and R(yo) = R(yo). Let
zn, — yo. For all n sufficiently large we have z, € V, whence, for each ¢ € Crank(9) we have
(R(zp)E, €) > (R(z5)€, €). It follows that

lim inf(R(z)¢, €) > lim (R(za)é, €) = (R(yo)¢, €) = (R(yo)é, &),

and so R is lower semicontinuous. O

3. A WORD ON STRATEGY

Before plunging headlong into the technical details of our proof, let us attempt to explain
why a unital simple AH algebra with no dimension growth ought to absorb the Jiang-Su
algebra tensorially.

Let p, g > 2 be relatively prime integers. Bearing in mind the isomorphism M,, = M, ® M,,
one defines

I = {f € C([0,1], Mpy): f(0) € 1, ® Mg and f(1) € M, ® 1,}.
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The algebra I, , is referred to as a prime dimension drop algebra, and the Jiang-Su algebra,
denoted by Z, is the unique unital simple inductive limit of prime dimension drop algebras
with the same K-theory and tracial state space as the algebra of complex numbers. (See [12].)
In order to prove that a unital C*-algebra absorbs the Jiang-Su algebra tensorially, it suffices
to prove that for each p, g as above, there is an approximately central sequence of unital *-
homomorphisms v, : I, ;, = A. (See [14, Proposition 2.2].)

Let A = hﬂi—)oo(Ai’ #i) be a unital simple AH algebra with no dimension growth, and
assume for simplicity that each A; is homogeneous with connected spectrum X;. Fix a finite
subset F' of A;. It is known that for any € > 0 there exists j > ¢ such that for every y € X},
the finite dimensional representation ev, o ¢; ; of A; has the following property: the multiset
SPg; ; (y) can be partitioned into submultisets Si,..., Sy, such that all of the elements in a
fixed S; lie in a ball of radius at most ¢, and such that each S; has large cardinality relative
to dim(X};). Suppose that S; = {{z1,...,z;}}. (The notation is as in Subsection 2.3.) The
projections evy, (14,),...,€evg, (14,) (Whose sum is denoted by I;) are pairwise orthogonal
and Murray-von Neumann equivalent, and so they and the partial isometries implementing
the said equivalences generate a copy of My which almost commutes with the image of F’
under the map I;(evy o ¢; ;)I;. If k is large enough, then there is a unital *-homomorphism
from I, ; into My which almost commutes with the image of F'. Repeating this procedure
for each of Sy, ..., S, we obtain a unital *-homomorphism from I, ; into the fiber My anx(1 4;)
of A; over y € X; which almost commutes with the image of F. By the semiprojectivity of
I,,,q, this *-homomorphism can be extended to have codomain equal to the restriction of A;
to a closed neighborhood of y. Thus, it is straightforward to see the existence of the required
maps 7y, in a “local” sense. This article handles the passage from local to global. What
makes this possible is the fact [5] that the homotopy groups of the space of k-dimensional
representations of I, ;, vanish in low dimensions.

4. EXCISING POINT EVALUATIONS

Let A be a unital simple AH algebra with slow dimension growth. We say that an AH se-
quence (A;, ¢;) with limit A realizes slow dimension growth if

(X
lim max dim( Z’l)

—
i—00 1<I<n; rank(p; ;)

and dim(Xj ;) is finite for all s and [. (The second condition can always be arranged by drop-
ping terms of the sequence.) Assume that (A4;, ¢;) is such a sequence. Our goal in this section
is to prove that for each finite subset F' of A;, there is some j > ¢ with the property that the
bonding map ¢; ; is “almost” a direct sum of a suitably dense family of irreducible represen-
tations of A; together with a second map ¢; ;.

Notation 4.1. Let X be a compact metric space and N > 1 an integer. Let Uy, ..., Uy, be open
subsets of X whose closures are pairwise disjoint. The C*-subalgebra of A = My (C(X)) con-
sisting of those functions f: X — My that are constant on each Uy is denoted by Ay, .. 1,1
It is easily verified that Ay, . 1,3 = My (C(X')) where X' is the quotient of X obtained by

shrinking each set U to a distinct point wy for s = 1,...,m.
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If p: A — Bis a *-homomorphism we will write L - p for a *-homomorphism A — My, (B)
which is unitarily equivalent to the direct sum of L copies of p.

Lemma 4.2. Let X,Y be compact metric spaces and let
7: A=Mpy(C(X)) = ¢(C(Y) ® K)q

be a unital x-homomorphism. Let Uy, ..., Uy, be open subsets of X whose closures are pairwise dis-
joint, and let w1, . . ., wy, be as in Notation 4.1. Suppose that forall s =1,...,mandally €Y,

card(sp,y(y) NU;) > (K + 2)dim(Y).

Then the restriction of y to Ay, ... v,,} decomposes as a direct sum %y @ L - p where L > Kdim(Y)
and p is a x-homomorphism with finite dimensional image and spectrum equal to {wn, ..., wy} in
the sense of Subsection 2.3.

Proof. We may clearly assume dim(Y") # 0. We may also assume that g € Mz(C(Y")) for some

R > 1. Fix a system of matrix units (p.q)),_, for My. For eachy € Y, let qu) (y) be the
image of p.q under the direct sum of all the irreducible direct summands of evy o v which

(s)

correspond to points in Us. Using Lemma 2.3, we see that ¢, is a lower semicontinuous
projection-valued map on Y whose rank is at least (K + 2)dim(Y’) at every point.
Apply Proposition 2.1 and Remark 2.2 to find a continuous constant rank subprojection

ri7:Y — Mg of qﬁ) whose rank L is at least Kdim(Y") and which corresponds to a trivial

vector bundle over Y. Since rﬁ) (y) < q(y) forally € Y it follows that rﬁ) € q(C(Y)®K)q. Set

(s),.(5) (s)

7"22) =TTy = ’y(pcl)rﬁ)'y(pld). It is straightforward to check that (rgz))iv 41 is a system

of matrix units in g(C(Y') ® K)g. Let I; denote the unit of the subalgebra of ¢(C(Y) ® K)g
generated by the 7"((;2)-
To complete the proof of the lemma, it will suffice to show that Iy commutes with the

image of v|4 UV} and that, up to unitary equivalence,

"""" t=1
Fix y € Y. Observe that the irreducible direct summands of ev, o v which correspond to
points in U; are, upon restricting v to Ay, .. v,}, replaced by irreducible representations of
Au,,...,u,) corresponding to the point wy € Spec (A {Ul,...,Us})- In particular, the image of any
a € Aqy,,.. v,y under these irreducible representations is contained in the linear span of the

qg‘;) (y). An easy exercise using the definition of the riz) shows that I qg‘;) = qu) I, = ri‘;). Thus

I; commutes with the image of 7|4,
The map Is(Y|ay, . v,,,)1s factors through the evaluation of Ay, .} at ws, and has mul-
tiplicity L. To see that this finite dimensional representation of Ay, . py,} decomposes as the

(s)

direct sum of L representations of multiplicity one, we observe that 7“181 can be decomposed
into the direct sum of L equivalent rank one projections by virtue of its triviality. Let £ be one
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such projection. We can form matrix units {4 = qg)gqgg to obtain an irreducible subrepre-
sentation of Is(Y[4y, 4, ,)Is of multiplicity one. There are L such subrepresentations, and
they are mutually orthogonal. This completes the proof of the lemma. O

Lemma 4.3. Let A be an infinite dimensional unital simple AH algebra with slow dimension growth,
and let (Aj, ¢;) be an AH sequence which realizes the slow dimension growth of A. Suppose that
A; = My (C(X;)) for some i and let there be given F' C A, finite, a tolerance € > 0, a natural number
K, and distinct points 1, ..., Ty € X;.

It follows that there are j > 1, open neighborhoods Uy of x4 in X; for s = 1,...,m, with pairwise
disjoint closures, and a finite set F' C Aj = (Ai){u,,....u,,} With the following properties for each
ke {1,... ,’I’Lj}.‘

(1) F' =, F.

(2) Using the notation of Subsection 2.2, the map ;. A; — Aj j, obtained by restricting ¢§, jto
Al is, up to unitary equivalence inside its codomain, of the form Y@ L - p, where L € N, pisa
*-homomorphism with finite dimensional image and spectrum (in the sense of Subsection 2.3)
consisting of the points wy, . . . , Wy, corresponding to the images of the sets Uy, . .. , Uy, in the
quotient space of X; representing the spectrum of A

(3) L > Kdim(X; ).

Proof. A standard approximation argument shows that part (1) of the conclusion of the lemma
is satisfied with an appropriate choice of Uy, ...,Uy,. We show that this choice suffices for
the other two parts of the conclusion of the lemma. Set ;) = ¢f’ ;- Forj >4,y € Xjp,
ke {l,...,n;},and s € {1,...,m}, let L(j,k,s)(y) denote the number of irreducible direct
summands which correspond to points in U; of the finite dimensional representation ev, oy; x
of A;. Thus L(j,k, s)(y) = card(spyj,k (y) NUy).

Choose positive scalar valued functions ay,...,a,, € A; such that

{z € X: as(z) # 0} = Us.

By the simplicity of A, there exist jo > 7 and M > 1 such that for each j > jo, s € {1,...,m},
and k € {1,...,n;}, there are elements by, ..., by in A;j such that Zi\il biyjk(as)by = pjg. It
follows that for each y € Xz, we have

M- N - L(j,k,s)(y) = M - rank(y; (as)(y)) = rank(p;x(y))

and hence
dim(Xj,k) < dlm(ijk)
L(j,k,s)(y) ~— rank(p;x)

By the slow dimension growth condition, if j is large enough then

-M - N.

L(j,k,s)(y) = (K + 2)dim(X;x)

for all s and k, and all y € X ;. Properties (2) and (3) in the conclusion of the present lemma
now follow from an application of Lemma 4.2. O
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5. APPROXIMATE RELATIVE COMMUTANTS

The main result of this section is Proposition 5.7.

Definition 5.1. Let X be a compact metric space. Let ¢ > 0 and a finite set F C C(X) be
given. Let R be a finite subset of X. Let B be a unital separable homogeneous C*-algebra (as
in Subsection 2.2) with spectrum Y. Let y: C(X) — B be a unital *-homomorphism. Given
an integer K > 1, a K-large system of compatible local finite dimensional approximations for y with
respect to the data ¢, F, and R consists of two finite closed covers (W)™, and (V;)X, of Y

with W QIZ such that for each s there is a partition of unity of B over V; into projections
e(s,i) € Bly,—

n(s)

Ze(s,i) = 1B|V3

i=1
—-with the following properties.

(1) Therestrictions of e(s1,41), ..., €(Sm, im) to any nonempty intersection Vy, N---NV;, . #
@ mutually commute and the rank of the product e(s1,i1) - - - €(Sm, im) is either 0 or at
least K at all pointsof V;, N---NV, .

(2) For any s there are points z1, . .., T,,(5) in R such that for all f € F, with |||y, denoting
the supremum norm of the restriction to V;, we have

n(s)
V() =Y fliels,i)
=1

<eE€.
Vs

This definition has two useful consequences.

Lemma 5.2. Let the notation be as in Definition 5.1, and suppose a K-large system of compatible
local finite dimensional approximations as there is given. Let B* be the C*-algebra consisting of those
elements g € B such that, fors =1,..., M, fori =1,...,n(s), and for every y € W, the projection
e(s,1)(y) commutes with g(y). Then if g € B* and ||g| < 1, we have ||[g,Y(f)]|| < 2¢ forall f € F.

Proof. Let f € F,let g € B satisfy ||g|| < 1, and let z € X. Choose s such that z € W;. Let
T1,...,Zy(s) € Rbe asin Definition 5.1(2). Then g(z) commutes with Zf:(sl) f(zi)e(s,4) and

n(s)
V() =Y fliels, i)
i=1

< €,
Vs

so ||[v(f)(x), g()]]| < 2e. Take the supremum over z € X, remembering that X is compact.
O

Lemma 5.3. Let the notation be as in Definition 5.1, and suppose a K-large system of compatible
local finite dimensional approximations as there is given. The subalgebra B* of Lemma 5.2 is the
section algebra of a continuous field of C*-algebras over Y, which we also denote B*, such that for
every y € Y, every irreducible representation of the fiber B*(y) has dimension at least K.
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Proof. Let us note that B* is a C(Y')-subalgebra of the section algebra B of a continuous field,
also called B, over Y. Hence B is itself the section algebra of a continuous field over Y. For
y €Y, let B(y) be the fiber of B over y, and let 7, : B — B(y) be the evaluation map.

Fixy € Y. Let sy,..., sy be the indices s such that y € W,. Then y has a neighborhood
VCVygn---nNV, suchthat VNW, = @ forall s ¢ {s1,...,sm}. Let S be the set of all
elements a = {(s1,%1),---,(Sm,im)} with 1 < 4; < n(s;) for! = 1,...,m, and for which the
projection e(a), defined on V;, N---NV;, by e(a)(z) = e(s1,%1)(2) - - - €(Sm, im) (2), is nonzero
at y. For a € S, Definition 5.1(1) implies that the rank r(a) of e(a)(y) is always at least K.
Also, ) ,csela)(z) =1forallz € Vs, N--- NV,

Let

C = P e(a) () B(y)e(a) (y)-

a€sS
We claim that B*(y) = C. Since C = @, M, (4), this will prove the lemma. It is clear from
the commutation relations in the definition of Bf that B! C C. For the reverse inclusion,
let ¢ € C. Choose by € B such that m,(by) = c¢. Choose f € C(Y) such that f(y) = 1 and
supp(f) C V. Define

b(z) = Y f(2)e(a) ()b (2)e(a) ()

acs

for € Y. Then b € B* and 7, (b) = c. O

Definition 5.4. Let X be a compact metric space. For § > 0 we denote by (X, §) the smallest
number r with the property that for every finite set G C X there are open subsets Uy, ..., U,
of X of diameter less than § whose union contains G' and such that their closures are mutually
disjoint.

Remark 5.5. Using compactness, finiteness of (X, d) in Definition 5.4 is unchanged if the
metric is replaced by an equivalent metric. One can therefore see that (X, §) < oo by em-
bedding X homeomorphically in the Hilbert cube and choosing the U; to be rectangles of the

form
Xn (H(ai,bi) X H[o,1]).
i<N i>N
If F C pMpy(C(X))p C My (C(X)) is a subset we denote by wx (F,d) the d-oscillation of
the family F":

wx (F,6) = sup ({f(z) — f(@")Imy : d(z,2") < 8}).
We omit X from the notation when no confusion can arise.

Proposition 5.6. Let X be a compact metric space and let y: C(X) — B be a unital x-homomorphism
to a separable homogeneous C*-algebra B (as in Subsection 2.2) with spectrum of dimension d. Let
0 > 0 and suppose that ~y admits a direct sum decomposition of the form v = ¢ @& L - p where p is a
*-homomorphism with finite dimensional image which has spectrum R (in the sense of Subsection 2.3)
which is §-dense in X, and L > ((r(X,8) + 1)¥! —1)K. If F C C(X) is a finite set then vy ad-
mits a K-large system of compatible local finite dimensional approximations with respect to the data
e =2w(F,36), F,and R.
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Proof. Suppose that 7, ¢, p and L are as in the statement. The cover (V;), and the corre-
sponding partitions of unity are constructed as follows. Set r = r(X, §). By the compactness
of Y there is a finite open cover V = {Vi, ..., Vi } of the spectrum Y of B such that for each s
there is a family Uy 1), ..., U, of open subsets of X of diameter less than ¢ (some possibly
empty), whose union contains sp(y) forall y € Vs, and such that m N m = @ fori # j.
By [13, Proposition 1.6] and since dim(Y') = d, after replacing V by a refinement, we may as-
sume that {V1,..., Vs } can be colored with d + 1 colors such that sets of the same color have
disjoint closures. In other words we can write {V1, ..., Vs } as a disjoint union V; U- - - U V41
such that if V;,V; € V; forsome 1 < i < d+1,and s # t, then V; N V; = @. For each s,
we further replace V; by {y € Y: dist(y, V;) < a} for a suitable a > 0. The sets V; are now
closed, but if « is sufficiently small then all the other properties of our cover remain valid. In

addition, there are now closed sets W QXZ such that (Ws)é\il is a cover of Y. These sets V;
and W, will be the ones called for in Definition 5.1.

We need to work with the coloring map s — s: {1,..., M} — {1,...,d + 1}, where 5 is
defined by the condition that V; has color 3, that is, V; is an element of the family V5. For
a={(s1,%1),---,(Smsim)} with s1,..., 85, € {1,..., M} distinctand 1 <iy,... %, <7, set

U, = U(s1,i1) n---N U(

Smyim)'

Let S be the set of all a as above such that
VeoenN-oonNVy #@ and U, # @.

(Note that necessarily m < d + 1, since distinct sets V; of the same color are disjoint.) For
a={(s1,%1),---,(Sm,im)} as above, extend the notation s + 3 by setting

a = {(51,721), ceny (§m,im)}.

Consider also the set § consisting of all sets of the form {(51,41),..., (Sm,im)} where m
d+1,31,...,5, are mutually distinct elements (colors) in the set {1,...,d + 1}, and 1
i1,...,im <7.Then S D {a: a € S}, butin general the containment is proper. Note that

(d+1)d
2

IAINA

card(s') =(d+1)r+ (

Set Ly = ((1+r)%*! — 1) K. Replacing ¢ by ¢ & (L — Ly) - p, we may assume that L = Lq.
Let ¢ = p(1). Then we can factor L - p as a composite

>r2+---+rd+1:(1—|—r)d+1—1.

C(X) - qBq ® L(£2(5)) ® Mg -5 B,
in which o is the unital *-homomorphism given by

o(f)=p(fl®l®1Kk

for f € C(X), and p is an isomorphism of ¢Bg ® L(2(S)) ® Mg with (1 — ¢(1))B(1 — ¢(1)).
In particular, (1) = 1 — ¢(1).

By assumption, there are a positive integer ¢, mutually orthogonal nonzero projections
q1,--.,qc such that ¢ +--- + g. = ¢, and z1,...,z. € X, such that p: C(X) — ¢Bq has the
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form

= flan)a
k=1

for all f € C(X), and such that for any = € X there is k£ with d(z, z;) < d. Therefore there is
amap k: S — {1,..., c} with the property that
1) diSt(.’IJK(a), U,) < 6.

For each fixed s we are going to define a partition of 1g[y,. Fori = 1,...,r, let h(,; be
an element of C(X) such that h(,;)(z) = 1 for all z € U, ;) and such that ki ; () = 0 on
U, Us.j)- Define projections p(s, i) on V; by p(s,i) = ¢(h(s,z’))|Vg fori = 1,...,r. For each
(s,i) let S(s,1) be the subset of those elements a € S with the property that (s,7) € a. Let
T=1{1,...,c} x Sand set

T(s,i) = {(r(a),a): a € 5(s,1)} = {(x(a),@): (s,i) €a} CT.
Let{(s,r+1),...,&(s,n(s)) be an enumeration of the complement of |J;_; T'(s, i) in T If this
complement is nonempty then n(s) > r; otherwise set n(s) = r. Set T'(s, i) = {{(s,7)} fori =
r+1,...,n(s) and let us observe that for each s the family (7'(s, z))?z(sl) forms a partition of 7.
Indeed, for1 <i # j <r,wehaveT(s,i)NT(s,j) = @sinceifa = {(s1,%1)s---, (Smsim)} € S,
then Vs, N---NV;,,, # @, so the colors 51, ..., 35, are mutually distinct.

After this preparation, and recalling that g1, . . . , g. are the spectral projections of p, for each
(s,i) € T we define a projection

q(s, i) = Z 1k ® xqpy @ 1x) € (1= ¢(1))B(1 — ¢(1)).
(kb)ET(si)

n(s)

We also define a family of projections (e(s, z)) "* on V; by
N f op(sd) +q(s,9)|v,, f1<i<r
6(3,1)—{ q(s,9)|v, ifr <i<n(s).

Then
n(s)

> e(s,i) = 1aly,
i=1
is a partition of unity on V. Indeed }i_, p(s,i) = >7i_; ¢(h(s)) = ¢(1)|v, and Z?(sl q(s,i) =
p(l) =1 — ¢(1) since (T(s,i))?z(sl) is a partition of T'. Note that if U, ;) = @ then S(s,i) =
T(s,i) = @ and p(s,1) = ¢(s,7) = 0.
It remains to verify the properties (1) and (2) of Definition 5.1.
We begin with condition (1). For convenience, define p(s,i) = 0 whenever 7 > r. Thus,
e(s,i) = p(s,i) + q(s,1) for all s and 7. Also,

2 q(s,4) <p(l) and p(s,i) < ¢(1)[y, = (1 — p(1))|v;
for all s and <. Fix sq,..., sy such that Vy, N--- NV, # &. By construction, the projections
e(51,%1), ..., €(Sm, im) commute on V;, N--- NV, . It follows from Equation (2) that

6(31,1'1) e e(smaim) = p(slail) 0T p(smalm) + q(slail) T q(sm77‘m)
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We now claim that, first, ¢(s1,%1) - - - ¢(Sm, i) is either zero or has rank at least K, and, second,
if p(s1,41) - - p(Sm, im) # 0 then g(s1,41) - - - ¢(Sm, im) # 0. Condition (1) of Definition 5.1 will
follow immediately.

For the first part of the claim, suppose that ¢(s1,%1) - - - g(Sm, im) # 0. Then there are k and
b such that (k,b) € T(s1,%1) N+ NT($m,im). Therefore

q(s1,11) - q(Sm,im) > p(ge ® X(p) ® 1K),

and the right hand side has rank at least K. For the second part of the claim, suppose
that p(s1,41) -+ - p(Sm,im) # 0. Then, in particular, Usrin N N0 i) 7 9 Thus ¢ =
{(51,%1),--+,(Sm,tm)} € S. Setk = k(a) and b =@. Then forl =1,..., m we have

q(s1,41) > p(gr ® Xy ® 1K),

SO Q(S]_,Z.]_) e Q(Smazm) 75 0.

Let us now verify condition (2) of Definition 5.1 for a fixed s. The number x({(s,7)}), which
we will write from now on as (s, i), was defined whenever {(s,7)} € S. It is convenient to
extend this notation as follows. If 1 < < rbut {(s,4)} ¢ S (this happens if U, ;) = 9), set
k(s,3) = 1. If i > r we let k(s,4) denote the first coordinate of £(s,4), which is in {1,...,c}.
We are going to show thatif f € F, then

n(s)
© W) = D @eels,d)|| <5
i=1 Vs
Define ¢}()(y) = Y7, f(@(os)p(si)(y) for y € V; and
T n(s)
U;(f) = Z f(mn(s,i))Q(sa 'L) + Z f(xn(s,i))e(sa z)
=1 i=r+1

For y € V, recall that ¢(f)(y) depends only on the restriction of f to Ji_; U(z- Since
dist(wn(s,i), U(S,l-)) < dforl < i < rand Uy, # @ (and g(s,i) = 0 when U, ;) = 9),
and since |f(z) — f(z")| < €/2if d(z,2") < 30 and f € F, it follows that

I$(f) = B5(Hllvs < €/2

for all f € F. Since T is partitioned into the sets T'(s,7) for i = 1,...,r and {&(s,%)} for
i=r+1,...,n(s), we can write

T
(4) poo(£)=Y" > feErula®xp ®1k)+ > F@uii)elsi).
i=1 (k,b)€T(s,i) i=r+1
Note that if (k,b) € T(s,i) for 1 < ¢ < r then (k,b) = (k(a),a) for some a € S(s,1i).
On the other hand if a € S(s,i), we see that d(z,(q), Ty(s,i)) < 30 using the inequality (1),
the inclusion U, C Ui, ;), and the fact that U, ; has diameter less than J. Since g(s,7) =

Z(k,b)eT(s,i) u(qk ® Xp} ® lK), Equation (4) leads to
lpoa(f) —ay(f)ll <e/2
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forall f € F. Letussety, = ¢, @ ol. Thus vi(f) = Z?:(sl) f(zg(s))e(s,i). Recalling that
v = ¢ @ p o o, we then obtain

17 (f) = Ys(Dllv, < /2
for all f € F. This completes the proof of the inequality (3). O

Proposition 5.7. Given relatively prime positive integers p; and po, there is an integer £ > 1 with
the following property. Let X be a compact metric space and let v: My (C(X)) — B be a unital
*-homomorphism to a separable homogeneous C*-algebra B (as in Subsection 2.2) with spectrum of
dimension d < oo. Let § > 0 and suppose that y decomposes as a direct sum~y = ¢@ L2 p where p is
a x-homomorphism with finite dimensional image which has spectrum R in the sense of Subsection 2.3
which is §-dense in X and such that L > r(X,0) + 1+ £. Let F C My (C(X)) be finite. Then there
is a unital x-homomorphism n: 1, ,, — B such that ||[n(g), v(f)]l| £ 4N?w(F,36) forall g € 1, ,,
with ||g|| < 1and forall f € F.

Proof. In the first part of the proof we consider the case N = 1. By [5, Theorem 6.2] there is £
depending only on p; and py such that whenever D is a separable recursive subhomogeneous
algebra of topological dimension d and minimum matrix size at least £(d + 1), then there is a
unital *-homomorphism #: I, ,, = D.

Let & > 0 be given, set r = r(X,d), and suppose that + is as in the statement with L >
r+1+4£. Set K = £(d+1). Then

L2 > (d+2)(r + 1) > ((r + 1) — 1) K.

By Proposition 5.6, v admits a K-large system of compatible local finite dimensional approxi-
mations with respect to the data 2w(F, 36), F, and R. Let B* be the corresponding commutant
C*-algebra as in Lemma 5.2. Lemma 5.3 implies that B is the section algebra of a unital sep-
arable continuous field with fibers finite dimensional C*-algebras whose direct summands
all have matrix size at least K. It follows from [2, Theorem 4.6] that there is a recursive
subhomogeneous algebra D of topological dimension d and minimum matrix size at least
K = £(d + 1) such that D C B*. By the choice of £ using [5, Theorem 6.2] there is a unital
*-homomorphism 7: I, ,, = D. By Lemma 5.2 we conclude that ||[1(g), v(f)]|| < 4w(F,36)
forall g € I,, p, with ||g|| <1and forall f € F.

Consider now the general case with v: My(C(X)) — B. Let £ be as above and let § > 0.
Let Fj be the set of matrix entries of elements of F. Then Fj is finite and w(Fp, 30) < w(F, 39).
Let D be the commutant of y(My) in B. Then D is a homogeneous C*-algebra with spectrum
Y and we can identify y with

ldN®’}’0MN®C(X)—)MN®D

for some unital *-homomorphism ~y: C(X) — D. Moreover 7, can be written as a direct
sum vy = ¢o ® L2 . py where py is a *-homomorphism with finite dimensional image and
spectrum R. By the first part of the proof there is a unital *-homomorphism ng: I, ,, = D
such that ||[70(g), 70 (f)]|] < 4w(Fp,36) for all g € I, », with ||g|| < 1 and for all f € Fy. Set
n=1y®no. Nowletg € I, ,, with ||g|| < 1andlet f € F. Write f = (fjk)é\fk:l with f;;, € Fp.
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Then V(f) = (VO(fjk));'\jkzl and

N
1n(9), (O = 1| (Im0(9)> Yo (Fit)]) jpr | < D Nlmo(9)s o (£l

Jk=1
< N? - 4w(Fy, 38) < AN?w(F, 36).

This completes the proof. O

Let (X, d) be a compact metric space and let Vi,...,V,, be disjoint closed subsets of X.
Let (X', d’) be the compact metric space obtained by shrinking each V; to a point w,. Let
m: X — X' be the quotient map. The induced metric d’ on X' is given by

d'(r(z),7(y)) = inf({d(z1,51) + - + d(zn, yn)}),

where the infimum is taken over all finite sequences z1,...,z, and yi,...,y, with n(z) =
m(x1), m(y) = 7(yn), and w(y;) = 7w(zj41) fori=1,...,n — 1.

Lemmab5.8. Let A = héni_mo(Ai, ¢i), where each A; is semi-homogeneous (as in Subsection 2.2) and
assume that there is d > 0 such that dim(Spec(4;)) < d for every i € N. Assume further that A, =
Mn (C(X)). For any finite subset F C Ay, any € > 0, and any relatively prime integers p,pz > 2,
there are j > 1 and a unital x-homomorphism n: 1, ,, — A; such that ||[n(g), ¢1,;(f)]|| < € for all
f€Fandgel, p with|g| <1.

Proof. Given F and ¢, set ¢¢ = ¢/(18N?), and choose and fix § > 0 small enough so that
wx (F,46) < €. Let {z1,...,2,} be a 6-dense subset of X and let Uy, ..., Uy, be open sets in
X with disjoint closures and such that z; € U for s = 1,..., m. We may assume that these
sets are sufficiently small that there is a finite subset F' of My (C(X)) such that each f € F’
is constant on each U and F' =, F. Moreover, by replacing the sets U, by even smaller sets
we may arrange that if (X, d') denotes the metric space obtained by shrinking each U to a
point wg, and m: X — X' denotes the quotient map, then d(z,y) < 46 whenever z,y € X
satisfy d'(w(z), w(y)) < 30. Therefore

wx' (F',36) < wx(F',40) < wx(F,46) + 2¢y < 3ep-

Let ¢ be given by Proposition 5.7. Set L = r(X',6) + 1 + £. Apply Lemma 4.3 with K =
L42, and use the notation of Subsection 2.2. We find j > 1 such that for each k there
are *-homomorphisms 7, p: My (C(X')) — A such that p has finite dimensional image
and spectrum (in the sense of Subsection 2.3) the set {w1,...,wy}, and such that the map
v: My (C(X')) — Aj;  obtained by restricting d)’f,j to My (C(X')) decomposes as 7 @ L4t2 - p.

It suffices to construct for each k separately a unital *-homomorphism 7: I, ,, — A;x
such that || [n(9), qﬁ’f,](f)] || <eforall f € Fandg €1,, 5, with ||g|| < 1. The set {w1,...,wn}
is §-dense in X'. Applying Proposition 5.7 we obtain a unital *-homomorphism 7: I, ,, —
A; C Asuchthat g € I, 5, with ||g]| <1 and for all f’ € F’, we have

I[n(9), ¢§;(f1]]| < AN*wx: (F',36) < 12N?eg = 2¢/3.

Since F' =, F and ¢y < €/6, we conclude that this 7 satisfies the conclusion of the lemma. O
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6. THE MAIN RESULT

Recall that Z denotes the Jiang-Su algebra.

Theorem 6.1. If A is an infinite dimensional unital simple AH algebra with no dimension growth
(as in Subsection 2.2), then A= A® Z.

Proof. To prove Z-stability for A, by [14, Proposition 2.2] it suffices to prove that for each pair
of relatively prime positive integers p1,p2 > 2 there is an approximately central sequence of
unital *-homomorphisms 7, : I, ,, = A. In other words, for every ¢ > 0, finite subset F
of A, integers p;,p, as above, and finite generating set G for I, ;,, consisting of elements of
norm at most one, it will suffice to find a unital *-homomorphism 7: I, ,, — A such that
I[n(g), f]ll < eforallg € Gand f € F.

By assumption, A = li—n%'—;oo(Ai’ ¢i), where each A; is semi-homogeneous. There is more-
over a d > 0 such that dim(Spec(4;)) < d for every i € N. Since |J; ¢i 00(4;) is dense in A, we
may assume that F is the image of a finite subset of some A;; relabelling, we simply assume
that I C A;. Let us observe that A, is of the form poMy(C(X))po with X not necessarily
connected and for some projection pg such that py(z) # 0 for all z € X.

To prove the theorem, it will suffice to find j > 1 and a unital *-homomorphismn: I, ,, —
Aj such that ||[n(g), ¢1,;(f)]|| < eforevery g € G and f € F. We may assume that || f|| < 1 for
all f € F. Since I,, p, is semiprojective (see [12]), there is ¢y > 0 smaller than €/3 such that for
any unital linear map p: I, ,, — B which satisfies ||u(gh) — u(g)p(h)|| < € forall g,h € G
there is a unital *-homomorphism 7: I, ,, = B with ||n(g) — p(9)|| < ¢/3 forall g € G. Set
Fy =F U{po} C My(C(X)).

Set v = ¢12: poMn(C(X))po = A1 — Az. We are going to show that there are m and a
commutative diagram

PpoMn (C(X))po Ay

| l

My (C(X)) —— qMpm(A2)q

where g is a unital *-homomorphism and the vertical arrows are inclusions of full corners.
Set D = My (C(X)). Choose m so large that there is a partial isometry w € M, (D) such that

w*w = diag(lp — pg, 0, ..., 0) and ww* < diag(0, pg,---,po)-

Set p = diag(po,po,---,p0) € My (D). Then v = diag(po,0,...,0) + w € My, (D) is a partial
isometry such that

v*v = diag(1p,0,...,0) and wov* <p.
Define t: D — pM,,,(D)p = Mu(poDpo) by t(a) = wvav*. Then idy,, ® v: My, (poDpo) —
M,,,(Az2) has the property that (id,, ® 7) o ¢: D — M, (Az2) satisfies
(idm ® 7) © t(poapo) = diag(y(poapo),0; - .-, 0).
We set ¢ = (id,, ® ) o t(1p) and define vy = (id;, @ ) 0 ¢: D — gM,,(A2)g.
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For j > 2 set g; = (idm ® #2,j)(¢). Then define 11 = v and 9; = (idm ® ¢5)lg;M,n(4,)q; fOT
J > 2. We apply Lemma 5.8 to the AH sequence

My (C(X)) 2, qM;,,(A2)q Yz, 3M,;, (A3)q3 RZN @My, (Ag)qs — -+ .

We obtain j > 2 and a unital *-homomorphism ng: I, ,, = ¢;M,(4;)g; such that (using
the obvious analog of the notation of Subsection 2.2) we have ||[no(g), ¥1,;(f)]|| < € for all
g € Gand f € FU{p}. Sete = 11(p) = 1a; and observe that the map eno(-)e is €o-
multiplicative on G. Therefore, by the choice of ¢ using semiprojectivity of I, ,,, there is a
unital *-homomorphism 7: I, ,, = eM,,(A4;)e = A; such that ||(g) — eno(g)e|| < €/3 for all
g € G. Since €y < €/3, since F is normalized, and since for f € F we have ¢1 ;(f) = 91,;(f) =
e, (f)e, it follows that

In(9), é15 (NI < llnlg) — enolg)e, ¢1,; (NI + lleno(gle, P1,(FIl < 2¢/3 +e <€
forallg e Gand f € F. O

Remark 6.2. The no dimension growth hypothesis of Theorem 6.1 can be weakened some-
what. Say that a unital simple AH algebra A has exponentially slow dimension growth if for any
constant L > 1 there is an AH sequence (4;, ¢;) with limit A satisfying
Ldim(X ik)
liminf max ——— =0
j—oo 1Lt<n; rank(lAJ.’t)
If one replaces the slow dimension growth hypothesis of Lemma 4.3 with the stronger condi-
tion of exponentially slow dimension growth, then one can replace the quantity Kdim(X; ;)
in conclusion (3) with K (L")4m(X;)+2 for any constant L' > 1. (In the proof, one replaces
the numerators equal to dim(Xj ;) with (L')3™(Xi#)+2) One can then use exponentially slow
dimension growth instead of slow dimension growth in Lemma 5.8—the latter hypothesis is
only required for an application of Lemma 4.3. The proof of Theorem 6.1 then goes through
as written, with the weakened assumption of exponentially slow dimension growth for A.
There are examples of unital simple AH algebras which have exponentially slow dimen-
sion growth but for which it is not known how to prove bounded dimension growth with-
out the classification theory of AH algebras: the proof of [15, Proposition 5.2] shows that
the so-called Villadsen algebras of the first type have exponentially slow dimension growth
whenever they have slow dimension growth.
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