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Abstract— Matching techniques are developed for discrete
mechanical systems with symmetry. We describe new phenom-
ena that arise in the controlled Lagrangian approach for me-
chanical systems in the discrete context. In particular, one needs
to either make an appropriate selection of momentum levels or
gian. The energy associated with this controlled Lagrangian
is designed to be positive or negative de�nite at the (relative)
equilibrium to be stabilized. The time-invariant feedback
control law is obtained from the equivalence requirement for
the new and old systems of equations of motion. If asymp-
totic stabilization is desired, dissipation-emulating terms are
added to the control input.

In this paper the method of controlled Lagrangians is
applied to the discrete cart-pendulum system. This study
is motivated by the importance of structure-preserving al-
gorithms for numerical simulation of controlled systems.
In particular, as the closed loop dynamics of a controlled
Lagrangian system is itself Lagrangian, it is natural to
adopt a variational discretization that exhibits good long-time
numerical stability.

We carry out the matching procedure explicitly for the
discrete cart-pendulum system and prove that we can asymp-
totically stabilize the upward vertical position of the pen-
dulum. The theoretical analysis is validated by simulating
the discrete cart-pendulum system with control, and when

dissipation is added, the inverted pendulum con�guration is
asymptotically stabilized, as predicted.

We then use the discrete controlled dynamics to construct
a real-time model predictive controller with piecewise con-
stant control inputs. This serves to illustrate how discrete
mechanics can be naturally applied to yield digital controllers
for mechanical systems.

The paper is organized as follows: In Sections II and
III we review discrete mechanics and the method of con-
trolled Lagrangians for stabilization of (relative) equilibria
of mechanical systems. The discrete version of the method
of controlled Lagrangians is discussed in Section IV. The
theory is illustrated with the discrete cart-pendulum system
in Section V. Simulations and the construction of the digital
controller are presented in Sections VI and VII.

In a future publication we intend to treat discrete systems
with nonabelian symmetries as well as systems with non-
holonomic constraints.

II. A

N O VERVIEW OF DISCRETE MECHANICS

A discrete analogue of Lagrangian mechanics can be
obtained by considering a discretization of Hamilton�s prin-
ciple; this approach underlies the construction of variational
integrators. See Marsden and West [17] and references
therein for a more detailed discussion of discrete mechanics.

A key notion is that of thediscrete Lagrangian, which is

a map Ld : Q× Q � R that approximates the action integral

along an exact solution of the Euler–Lagrange equations

joining qk and qk+1,

L

and ext denotes extremum.

In the discrete setting, the action integral of Lagrangian

mechanics is replaced by an action sum

Sd =
NŠ 1�

k=0

Ld(qk, qk+1),

where qk � Q. The equations are obtained by the discrete

Hamilton’s principle which extremizes the discrete action

given fixed endpoints q0 and qN . Taking the extremum over

q1, . . . , qNŠ 1 gives the discrete Euler–Lagrange equations

D1Ld(qk, qk+1) + D2Ld(qkŠ 1, qk) = 0,
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for k = 1, . . . , N Š 1. This implicitly defines the update map

Φ : Q × Q � Q × Q, where Φ(qkŠ 1, qk) = (qk, qk+1) and

Q× Q replaces the phase space TQ of Lagrangian mechanics.

In the rest of this paper, we will adopt the notations

qk+1/2 =
qk + qk+1

2
, ∆qk = qk+1 Š qk.

This allows us to express a second-order accurate discrete

Lagrangian as

Ld(qk,k+1 ) = hL
�
qk+1/2, ∆qk/h

�
. (2)

More generally, higher-order discrete Lagrangians can be

obtained by using higher-order polynomial interpolation and

numerical quadrature schemes. This yields the following

approximation to (1):

Ld(qk, qk+1) = ext
q�C s([0,h],Q)

h
s�

i=1

biL (q(cih), q̇(cih)), (3)

where ci are a set of quadrature points, bi are the asso-

ciated maximal order weights, and Cs([0, h], Q) = { q �
C([0, h], Q) | q is a polynomial of degree s} . The discrete

Lagrangian (2) arises from this general formulation by using

linear interpolation and the midpoint rule.

Since we are concerned with control, we need to consider

the effect of external forces on Lagrangian systems. In the

context of discrete mechanics, this is addressed by introduc-

ing the discrete Lagrange–d’Alembert principle (see, Kane,

Marsden, Ortiz, West [14]), which states that

�
nŠ 1�

k=0

Ld (qk, qk+1) +
nŠ 1�

k=0

F d (qk, qk+1) · (�qk, �qk+1) = 0

for all variations δq of q that vanish at the endpoints.

Here, q denotes the vector of positions (q0, q1, . . . , qN ),

and δq = (�q0, �q1, . . . , �qN ), where �qk � Tqk
C(Q). The

discrete one-form F d on Q × Q approximates the impulse

integral between the points qk and qk+1, just as the discrete

Lagrangian Ld approximates the action integral. We define

the one-forms F d
+ and F d

Š on Q × Q and the maps F d
1 , F d

2 :
Q × Q � T � Q by the relations

F d
+ (q0, q1) · (�q0, �q1) = F d

2 (q0, q1) · �q1

:= F d (q0, q1) · (0, �q1) ,

F d
Š (q0, q1) · (�q0, �q1) = F d

1 (q0, q1) · �q0

:= F d (q0, q1) · (�q0, 0) .

The discrete Lagrange–d’Alembert principle may then be

rewritten as

�
nŠ 1�

k=0

Ld (qk, qk+1)

+
nŠ 1�

k=0

�
F d

1 (qk, qk+1) · �qk + F d
2 (qk, qk+1) · �qk+1

�
= 0

for all variations δq of q that vanish at the endpoints. This is

equivalent to the forced discrete Euler–Lagrange equations

D1Ld (qk, qk+1) + D2Ld (qkŠ 1, qk)
+ F d

1 (qk, qk+1) + F d
2 (qkŠ 1, qk) = 0.

III. MATCHING AND CONTROLLED LAGRANGIANS

In the controlled Lagrangian approach one considers a

mechanical system with an uncontrolled (free) Lagrangian

equal to kinetic energy minus potential energy. In the sim-

plest setting we modify the kinetic energy to produce a new

controlled Lagrangian which describes the dynamics of the

controlled closed-loop system. The method may be extended

in various ways including the incorporation of potential

shaping.

Suppose our system has configuration space Q and a Lie

group G acts freely and properly on Q. It is useful to keep

in mind the case in which Q = S × G with G acting only

on the second factor by the left group multiplication.

For example, for the inverted planar pendulum on a cart,

Q = S1 × R with G = R, the group of reals under addition

(corresponding to translations of the cart).

Our goal is to control the variables lying in the shape space
Q/G using controls that act directly on the variables lying

in G.1 The controlled Lagrangian is constructed to be G-

invariant, thus providing modified or controlled conservation

laws. In this paper we assume that G is an abelian group.

The key modification of the Lagrangian involves changing

the kinetic energy metric g(·, ·). The tangent space to Q can

be split into a sum of horizontal and vertical parts defined as

follows: For each tangent vector vq to Q at a point q � Q, we

can write a unique decomposition vq = Hor vq+Ver vq, such

that the vertical part is tangent to the orbits of the G-action

and the horizontal part is metric-orthogonal to the vertical

space, i.e., it is uniquely defined by the identity

g(vq, wq) = g(Hor vq, Hor wq) + g(Ver vq, Ver wq) (4)

with vq and wq arbitrary tangent vectors to Q at the point

q � Q. This choice of horizontal space coincides with

that given by the mechanical connection; see, for example,

Marsden [1992].

For the kinetic energy of our controlled Lagrangian, we

use a modified version of the right-hand side of equation (4).

The potential energy remains unchanged. The modification

consists of three ingredients:

1) a new choice of horizontal space, denoted Horτ ,

2) a change g � gσ of the metric on horizontal vectors,

3) a change g � gρ of the metric on vertical vectors.

Let � Q denote the infinitesimal generator corresponding to

� � g, where g is the Lie algebra of G (see Marsden [1992]

or Marsden and Ratiu [1994]). Thus, for each � � g, � Q is

a vector field on the configuration manifold Q and its value

at a point q � Q is denoted � Q(q).

Definition 1: Let � be a Lie-algebra-valued horizontal
one-form on Q; that is, a one-form that annihilates vertical
vectors. The τ -horizontal space at q � Q consists of tangent
vectors to Q at q of the form Horτ vq = Hor vq Š [� (v)]Q(q),
which also defines vq �� Horτ (vq), the τ -horizontal pro-
jection. The τ -vertical projection operator is defined by
Verτ (vq) := Ver(vq) + [� (v)]Q(q).

1The shape space is S in the case Q = S × G.
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where

pk = Š
� ∆� k cos � k+1/2 + � ∆sk + � ∆� k� (� k+1/2)

h
. (13)

Setting

uk =
� ∆� k� (� k+1/2) Š � ∆� kŠ 1� (� kŠ 1/2)

h
(14)

matches equations (8) and (11) and allows one to represent

the discrete momentum equation (8) as the discrete momen-

tum conservation law

pk = p. (15)

Define the functions F (� ) and Gµ(� ) by the formulae

F (� ) = �� cos � + � 2
� (� ) and Gµ(� ) = h2� (µŠ p) cos � +
h2�µ� (� ).

Theorem 4: The dynamics (7) and (8) restricted to the
momentum level pk = p is equivalent to the dynamics (10)

and (11) restricted to the momentum level pk = µ if and
only if the matching condition

�
∆� 2

kŠ 1� (� kŠ 1
2
)F �(� kŠ 1

2
) Š ∆� 2

k� (� k+ 1
2
)F �(� k+ 1

2
)
�

+ 2
�
∆� kŠ 1� (� kŠ 1

2
)F (� kŠ 1

2
) + ∆� k� (� k+ 1

2
)F (� k+ 1

2
)
�

+
�
∆� kŠ 1G�

µ(� kŠ 1
2
) + ∆� kG�

µ(� k+ 1
2
)
�

+ 2
�
Gµ(� kŠ 1

2
) Š Gµ(� k+ 1

2
)
�

= 0 (16)

holds.
Proof: Solve equations (12) and (15) for ∆sk and sub-

stitute the solutions in equations (7) and (10), respectively.

This process is a simple version of discrete reduction [12].

A computation shows that the equations obtained this way

are equivalent if and only if (16) is satisfied.

Corollary 5: The matching condition (16) is satisfied if

� (� ) = � cos �, 
 = Š
�
��

, µ =
�

� + ��
p. (17)

Proof: Equation (17) implies F (� ) = G(� ) = 0, and

therefore each term in the left-hand side of equation (16)

vanishes. Note that the momentum levels p and µ are not
the same.

We now briefly discuss an alternative matching procedure.

Define the discrete controlled Lagrangian Λd
τ,σ,λ(qk, qk+1)

by the formula

hL
	

� k+ 1
2
, ∆� k/h, ∆sk/h + � (� k+ 1

2
)∆� k/h




+
h
2


�
	

� (� k+ 1
2
)∆� k/h


2

+ h�� (� k+ 1
2
)∆� k.

The dynamics associated with this Lagrangian is

	 Λd
τ,σ,λ(qk, qk+1)

	� k
+

	 Λd
τ,σ,λ(qkŠ 1, qk)

	� k
= 0, (18)

	 Λd
τ,σ(qk, qk+1)

	s k
+

	 Λd
τ,σ(qkŠ 1, qk)

	s k
= 0. (19)

As before, the discrete controlled momentum is given by

formula (13), and equation (19) is equivalent to the discrete

momentum conservation (15).

Theorem 6: The dynamics (7) and (8) restricted to the
momentum level pk = p is equivalent to the dynamics (18)

and (19) restricted to the same momentum level if and only
if the matching condition

�
∆� 2

kŠ 1� (� kŠ 1
2
)F �(� kŠ 1

2
) Š ∆� 2

k� (� k+ 1
2
)F �(� k+ 1

2
)
�

+ 2
�
∆� kŠ 1� (� kŠ 1

2
)F (� kŠ 1

2
) + ∆� k� (� k+ 1

2
)F (� k+ 1

2
)
�

+ h2� (p + � )
�
2� (� kŠ 1

2
) Š 2� (� k+ 1

2
)

+∆� kŠ 1� �(� kŠ 1
2
) + ∆� k� �(� k+ 1

2
)
�

= 0 (20)

holds.
Note that in this case we add an extra term to the controlled

Lagrangian which eliminates the need for adjusting the

momentum level. The proof of Theorem 6 is similar to that

of Theorem 4. Further details will be given in a forthcoming

publication.

Corollary 7: The matching condition (20) is satisfied for
the cart-pendulum system if

� (� ) = � cos �, 
 = Š
�
��

, � = Šp.

Remark. The quantities � (� ) and 
 obtained in Corol-

laries 5 and 7 are identical to those resulting from the

continuous-time matching procedure for the cart-pendulum

system.

C. Stabilization of the Discrete Cart-Pendulum System
Here we study the stability properties of the relative

equilibria � k = 0, sk = const of the discrete cart-pendulum

system.

Theorem 8: The relative equilibria � k = 0, sk = const of
equations (7) and (8), with uk defined by (14), are spectrally
stable if

� >
�� Š � 2

��
. (21)

Proof: Recall that U�� (0) = ŠC, where C > 0. The

linearization of the reduced dynamics (7) and (8) at � = 0
is computed to be

�� Š � 2 Š ���
h2�

(∆� kŠ 1 Š ∆� k)

+
C
4

(� kŠ 1 + 2� k + � k+1) = 0. (22)

Observe that the value of p does not affect the linearized

dynamics.

The linearized dynamics preserves the quadratic approxi-

mation of the discrete energy

�� Š � 2 Š ���
2h2�

∆� 2
k Š

C� 2
k+1/2

2
. (23)

The equilibrium � k = 0 of (22) is stable if and only if the

function (23) is negative-definite at � k = � k+1 = 0. The

latter requirement is equivalent to condition (21).

Remark. Stability condition (21) is identical to the stabil-

ity condition of the continuous-time cart-pendulum system.

6582





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


