DISCRETE DIRAC STRUCTURES AND
VARIATIONAL DISCRETE DIRAC MECHANICS
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ABSTRACT. We construct discrete analogues of Dirac structures by considering the geometry of symplectic
maps and their associated generating functions, in a manner analogous to the construction of continuous
Dirac structures in terms of the geometry of symplectic vector fields and their associated Hamiltonians. We
demonstrate that this framework provides a means of deriving implicit discrete Lagrangian and Hamilton-
ian systems, while incorporating discrete Dirac constraints. In particular, this yields implicit nonholonomic
Lagrangian and Hamiltonian integrators. We also introduce a discrete Hamilton—Pontryagin variational
principle on the discrete Pontryagin bundle, which provides an alternative derivation of the same set of in-
tegration algorithms. In so doing, we explicitly characterize the discrete Dirac structures that are preserved
by Hamilton—Pontryagin integrators. In addition to providing a unified treatment of discrete Lagrangian
and Hamiltonian mechanics in the more general setting of Dirac mechanics, it provides a generalization of
symplectic and Poisson integrators to the broader category of Dirac integrators. Since discrete Lagrangians
and discrete Hamiltonians are essentially generating functions of different types, the theoretical framework
described in this paper is sufficiently general to encompass all possible Dirac integrators through an appro-
priate choice of generating functions.
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Dirac structures, which can be viewed as simultaneous generalizations of symplectic and Poisson struc-

tures, were introduced in Courant [9, 10]. In the context of geometric mechanics [1; 2; 24], Dirac structures
are of interest as they can directly incorporate Dirac constraints that arise in degenerate Lagrangian sys-
tems [19], interconnected systems [8], and nonholonomic systems [4], and thereby provide a unified geometric
framework for studying such problems.

From the Hamiltonian perspective, these systems are described by implicit Hamiltonian systems, and a

comprehensive review of Dirac structures in this setting can be found in Dalsmo and van der Schaft [11].
This approach is motivated by earlier work on almost-Poisson structures that describe nonholonomic systems
using brackets that fail to satisfy the Jacobi identity [6; 27]. In the context of systems with symmetry, Dirac
analogues of symplectic [3] and Poisson [17] reduction have been developed.



On the Lagrangian side, degenerate, interconnected, and nonholonomic systems can be described by
implicit Lagrangian systems, which were introduced in the context of Dirac structures in Yoshimura and
Marsden [28]. The corresponding variational description of implicit Lagrangian systems was developed in
[29], with the introduction of the Hamilton—Pontryagin principle on the Pontryagin bundle TQ ¢ T, which
yields the Legendre transformation, as well as Hamilton’s principle for Lagrangian systems and Hamilton’s
phase space principle for Hamiltonian systems. Implicit Lagrangian systems with constraints and external
forces are described by the Lagrange—d’Alembert—Pontryagin principle, and in the presence of symmetries,
the corresponding Lagrangian reduction theory was developed in [30], and the cotangent bundle reduction
theory in [31]. Generalizations of Dirac manifolds to Dirac anchored vector bundles provide a category that
is closed under Dirac reduction, which provides the necessary setting for Dirac reduction by stages [7].

In the context of geometric numerical integration [14; 21], which is concerned with the development of
numerical methods that preserve geometric properties of the corresponding continuous flow, variational in-
tegrators that preserve the symplectic structure can be systematically derived from a discrete Hamilton’s
principle [25], and can be extended to asynchronous variational integrators [23] that preserve the multi-
symplectic structure of Hamiltonian partial differential equations. The discrete variational formulation of
Hamiltonian mechanics was developed in [20] as the dual, in the sense of optimization, to discrete Lagrangian
mechanics. Discrete analogues of the Hamilton—Pontryagin principle were introduced in [5; 18] for particular
choices of discrete Lagrangians.

Contributions of this paper. In this paper, we introduce discrete analogues of Dirac structures, and
show how they describe discrete implicit Lagrangian and Hamiltonian systems. The construction relies on
the observation that the continuous Dirac structures used to define implicit Lagrangian systems arise from
geometric properties of infinitesimally symplectic vector fields. By analogy, we construct discrete Dirac struc-
tures that are derived from properties of symplectic maps, and demonstrate that they yield implicit discrete
Lagrangian and Hamiltonian systems, and recover nonholonomic integrators that are typically derived from
a discrete Lagrange—d’Alembert principle.

We also introduce a discrete Hamilton—Pontryagin principle on the discrete Pontryagin bundle (Q X Q) ®
T*(Q, that provides a variational characterization of implicit discrete Lagrangian and Hamiltonian systems
that we previously described in terms of discrete Dirac structures, and which reduce to the standard varia-
tional Lagrangian integrators [25] and variational Hamiltonian integrators [20]. Furthermore, we introduce
a discrete Lagrange—d’Alembert—Pontryagin principle to allow the incorporation of Dirac constraints, and
which recover nonholonomic integrators. We also describe a discrete Hamilton’s phase space principle, which
provides a variational formulation of discrete Hamiltonian mechanics, and a discrete Hamilton—d’Alembert
principle in phase space, which addresses the issue of constraints.

In addition to providing a characterization of the discrete geometric structure that is preserved by
Hamilton—Pontryagin integrators, we also characterize the corresponding discrete variational principles in
an intrinsic manner that provides a theory of discrete Dirac mechanics that is valid semi-globally on the
discrete Pontryagin bundle, i.e., on the preimage of a neighborhood of the diagonal of @ x Q. We also
provide a correspondence between discrete Lagrangian and Hamiltonian mechanics by introducing a discrete
generalized Legendre transformation that is valid even without the assumption of hyperregularity.

Outline of this paper. The paper is organized as follows. The first part of the paper is concerned with
the geometry of discrete Dirac mechanics. In Section 2, we review the theory of generating functions of
symplectic maps, and derive discrete maps that we will use in the construction of discrete Dirac structures.
In Section 3, we describe the corresponding theory of infinitesimally symplectic vector fields, and derive
continuous maps that describe continuous Dirac structures. In Section 4, we review the continuous theory of
Dirac structures and implicit Lagrangian and Hamiltonian systems, and construct a corresponding discrete
theory.

The second part of the paper addresses the discrete variational structure of discrete Dirac mechanics.
In Section 5, we review the Hamilton—Pontryagin principle and implicit Lagrangian systems. In Section 6,
we introduce the discrete generalized Legendre transformation. In Section 7, we introduce both the local
and intrinsic discrete Hamilton—Pontryagin principle, and show that they yield implicit discrete Lagrangian
and Hamiltonian systems. In Section 8, we introduce the local and intrinsic discrete Lagrange—d’Alembert—
Pontryagin principle, which incorporates discrete constraints that can model both interconnections and



nonholonomic constraints. In Sections 9 and 10, we consider the corresponding local and intrinsic discrete
variational principles on the Hamiltonian side, which are respectively the discrete Hamilton’s principle on
phase space, and the discrete Hamilton—d’Alembert principle on phase space. In Section 11, we provide some
concluding remarks and future directions.

2. THE GEOMETRY OF (GENERATING FUNCTIONS

2.1. Generating Functions. Let us first review the theory of generating functions following [1] and [24].
The key fact is the following (Proposition 5.2.1 of [1]):

Proposition 2.1. Let (Py, Qo) and (P1,1) be symplectic manifolds, and w; : Pyx P — P; be the projections
onto P; for i =0,1, and let us define Qp,xp, € /\2(P0 x Py) as follows:
onxpl = WTQI_T"SQO- (21)
Then
(i) Qp,xp, s a symplectic form on Py x P;.
(i) A map F : Py — Py is symplectic if and only if it.Qp,xp, = 0, where ip : I'r — Py x Py is an
inclusion and T'p is the graph of F.

In particular we are interested in the case (P;,€;) = (T%Q;, ;) with the canonical symplectic form
Q;, = —dO; on T*Q; for i =0,1. Then

QT*QOXT*Ql = T&'TQl — WSQO = ﬂf(—d@l) — ﬂg(—deo) = —d(ﬂ'i‘@l — 71'5@0) = _deT*QOXT*Ql- (22)
where we defined O7«g,x7+Q, € A (T*Qo x T*Q1) by

Or+QoxT+Q, = 7101 — m;O0. (2.3)
So
Q1 QoxTr 0y = 13 (—dOT-QuxT+Q,) = —d(i5OTQuxT+Q, )- (2.4)
Therefore Part (ii) of the above proposition now reads
F:T"Qo — T"Qy is symplectic <= d(i3O7+q,x7r*q,) = 0. (2.5)

However, by the Poincaré lemma, locally d(i%©r1-g,x1+@,) = 0 if and only if i%.07-g,x1+g, = dS for some
function S : I'r — R. Such a function S is called a generating function. To summarize,

F:T"Q¢ — T"Q; is symplectic lgczaliy 17O1QuxT+qQ, = dS for some function S : T'r — R. (2.6)

2.2. Parametrization of I'p. Suppose there exists a manifold M and a map oy : M — I'p that gives a
(local) parametrization of the graph I'r. Now define S : M — R to be S := ¢%},S = S o pp. Then we can
restate Eq. (2.6) in the following way:

F:T*Qo — T"Qy is symplectic lqcally (1M Or-gyx1-q, = dS for some function S : M — R, (2.7)

where z% M — T*Qq x T*Q; is defined by iI},ZI = ip o Q.
For the remainder of this section, we consider the special case with Qg = @1 = . This is a natural

setting for doing mechanics since in this case F' : T*Q — T*Q describes a flow on the cotangent bundle T*Q.
We choose three different parametrization based on the classification given by Goldstein et al. [13].

2.3. Generating Function of Type 1 and the Map 7212 T Q xT*Q — T*(Q x Q). Let M be @ x Q.
Then the flow F on T*Q is symplectic if and only if there exists S7 : Q x @ — R such that

((7*?) Or-gur+q = dS1. (2.8)
Suppose F' : (go,po) — (g1,p1), or equivalently,
QP QxQ—T'QxTQ; (g0.01) — ((q0.p0), (q1,11)), (2.9)
where po and p; are considered to be functions of gy and ¢;. Then we can write Eq. (2.8) as follows:
p1dg1 — podqo = D151dgqo + D2S1dqa, (2.10)
which gives
po = —D154, p1 = D251. (2.11)



This gives rise to a map IidQ :T*Q x T*Q — T*(Q x Q) so that the diagram

d

R xT"Q (@ x Q)

\ / (2.12a)

commutes. To be more specific, one has

((g0,10); (q1,p1)) —— (40, q1, D151, D251)

\ / (2.12b)

qu ql
In view of Eq. (2.11), we obtain

kg (g0, o), (q1,p1)) — (40, q1, —Po, P1)- (2.13)

2.4. Generating Function of Type 2 and the Map QI:H T*Q xT*Q — T*H,. Let M be H,, whose
local coordinates are (go, p1)!. Then the flow F on T*Q is symplectic if and only if there exists So : H, — R
such that " -
o\ (2
(ip ") Origur-q = dS2, (2.14)
where
2
@(T*)QxT*Q = d(q1p1) — O1~Qx1*Q = Podqo + q1dp1. (2.15)
Note that using 95’2*)Q><T*Q in place of ©7«gx 1+ does not affect the argument outlined in Section 2.2, since
2
d@gprxT*Q = —dOr-qx1+Q = Q1 QxT*Q-
Suppose F': (qo,po) — (q1,p1), or equivalently,

H * *
ipt My = T*Q X T*Q; (q0,p1) = ((g0,10), (41,11)), (2.16)
where pg and ¢; are considered to be functions of gg and p;. Then we can write Eq. (2.14) as follows:
podgo + qidp1 = D1S2dqo + D2S2dpn, (2.17)
which gives
po = D152, q1 = D25s. (2.18)

This gives rise to a map Q(bH_ :T*Q x T*Q — T*H4 so that the diagram

Qb
TQ x T*Q T*H,

\ (2.19a)

commutes. To be more specific, one has

((g0,10)s (q1,P1)) p1, D152, D2.S2)

\ / (2.19b)

QO7P1

In view of Eq. (2.18), we obtain
Q4 ((90,20)s (q1,91)) = (90, P1,P0> 01)- (2.20)

IWe can think of H, as a submanifold of Q x T*Q with local coordinates (qo, (¢1,p1)) where g1 is dependent on go and p.



2.5. Generating Function of Type 3 and the Map Qb T*Q xT*Q — T*H_. Let M be H_, whose
local coordinates are (p1, go)?. Then the flow F on T*Q is symplectic if and only if there exists S : 'H —R
such that
(i) 0% e = dSs, (2.21)

where

955’3@”*@ = —d(qopo) — OT+QxT*Q = —qodpo — p1dq:. (2.22)
Again, we can use GgngT*Q in place of ©7«gx 7+ since d@gi?QxT*Q = —dOr-gx1+Q = Qr+QxT+Q-

Suppose F' : (qo,po) — (q1,p1), or equivalently,

T iHo = TR X T7Q; (po,q1) — ((q0,po), (g1, 1)), (2:23)
where gy and p; are considered to be functions of pg and ¢;. Then we can write Eq. (2.21) as follows:
—qodpo — p1dg1 = D1S3dpo + D2S3dq:, (2.24)
which gives
qo = —D1537 pP1 = —DQS;;. (225)
This gives rise to a map QZ_ :T*Q x T*Q — T*H_ so that the diagram
o
T°Q xT*Q T"H_

\ / (2.26a)

commutes. To be more specific, one has

((g0,10)s (q1,p1)) q1, D183, D2S3)

\ / (2.26b)

panl

In view of Eq. (2.25), we obtain
< ((0,90): (a1,91)) = (Po, 41, —Go0, —1)- (2.27)

3. SYMPLECTIC FLOWS AS THE INFINITESIMAL LIMIT OF SYMPLECTIC MAPS

We can “infinitesimalize” the above discussions to recover the familiar notions of symplectic flows, Hamil-
tonian and Lagrangian systems, and also the maps kg : T7*Q — T*T(Q and QO TT*Q — T*T*Q that are
found in Yoshimura and Marsden [28].

3.1. Hamiltonian Flows and the Map €’ : TT*Q — T*T*Q. The key idea is to regard the flow
Fx : T*Q — T*Q of a vector field X € X(T*Q) as the infinitesimal limit of the above discussions of
symplectic maps. In fact the following definition of symplecticity of the flow Fx is analogous to Eq. (2.5):

Definition 3.1. The flow Fx : T*Q — T*Q of a vector field X € X(T*Q) is called symplectic if £xQ = 0.

By Cartan’s magic formula, and since 2 is a closed two-form, i.e., d©2 = 0, a symplectic vector field X
can be equivalently characterized by the property,

0= fxgzlx(dg)-i-d(%xﬁ) :d(ng), (31)

which is to say that a vector field X € X(T*Q) is symplectic if ix is closed, i.e., d(ixQ) = 0.
Now again by the Poincaré lemma, locally we can restate this as follows:

Fx : T*Q — T*Q is symplectic locally ix$) = dH for some function H : T*Q — R, (3.2)

2We can think of H_ as a submanifold of T*Q x Q with local coordinates ((go,po),q1) where qo is dependent on pg and q1.



which is again analogous to Eq. (2.6). So the Hamiltonian H : T*() — R is an infinitesimal analogue of
generating functions. Furthermore, the above local statement leads to the well-known global definition of the
Hamiltonian flows:

Definition 3.2. The flow Fx : T*Q — T*Q of a vector field X € X(T*Q) is called Hamiltonian if ix€ is
exact, i.e., ix§) = dH for some function H : T*Q — R.

Now analogously to Section 2, we can define Q° so that

TT*Q

TT*Q
\ / (3:32)

commutes. To be more specific, one has

(¢,p,4,p) (¢,p,0H/0q,0H /0p)

L

Note that, in coordinates, we can write ix) = dH as follows:

OH 0H
1 = -, ) = — . 3'4
1=, P="%, (3.4)
So in view of this set of equations, we obtain
Qb : (q7p7 5(]7(5]7) (q7p7 75p7 5Q) (35)

3.2. Lagrangian Flows and the Map k¢ : TT*Q — T*T'(Q. We consider the Lagrangian analogue of the
above construction. Given the Legendre transformation FL : TQ — T*Q, we construct 0y = FL*Q), and
consider a second-order vector field X € X(T'Q) that preserves the Lagrangian symplectic form, i.e.,

£x,QL =0. (3.6)
We introduce the Lagrange one-form ©p = FL*O = dL Sedg. Then, Qp = —dOp, and
0=£XLQL=£XL(—d@L)=—d£XL@L, (3.7)

as the Lie derivative commutes with the exterior derivative. Since £x, ©f is closed, by the Poincaré lemma,
there exists a local function L : TQ) — R, such that,

£x,0, =dL. (3.8)

This is the intrinsic Euler-Lagrange equation expressed in terms of the Lagrangian (Section 3.4.2 of [16]),
and is equivalent to the intrinsic Euler-Lagrange equation written in terms of the energy function (Equation
(7.3.5) of [24]),

ix,Qp =dE, (3.9)
as the following discussion demonstrates. By applying Cartan’s magic formula, we obtain
dL = £x,01 =ix,(dOr) +d(ix,01) = —ix, Qp + d (ix, (FL*O)), (3.10)
which implies
ZXLQL :d(iXL(FL*G))—L). (3.11)

The expression in the parentheses on the right hand side is precisely the intrinsic expression for the energy
function E : TQ — R, as the following coordinate computation shows:

E(q,v) = %v — L(g,v) = <g§dq, (cj,i))> — L(g,v) = (ix,(FL*®©) — L) (¢, v), (3.12)



where we used the fact that Xy is second-order, i.e., ¢ = v. As such, (3.8) is equivalent to (3.9). In
coordinates, we can write £x, ©r = dL, expressed in terms of the FL-related vector field X € X(T*Q), i.e.,
XoFL =TFL o Xy, as follows:

oL _ . dL

P=g,  4=v P=og (3.13)
Now we can define k¢ so that
KQ
TT*Q <L 77Q T*TQ
(3.14a)
X X dL
TmQ<=——F—1Q
commutes. To be more specific, one has
(Q7p7Qap) <~ (qv’Uv(Li}) (QavaaL/6QaaL/av)
(3.14b)
(Q7p) <~ (Qa U)
In view of Eq. (3.13), we obtain
kq : (4,p,0q,0p) — (g,6q,6p, p). (3.15)

4. DISCRETE DIRAC STRUCTURES AND IMPLICIT DISCRETE LAGRANGIAN SYSTEMS

The maps k£ and ., defined in Eqgs. (2.13), (2.20), and (2.27) provide a discrete counterpart of the
framework for (continuous) Dirac mechanics developed by Yoshimura and Marsden [28; 29]. Considering the
fact that the discrete Lagrangian and Hamiltonians are generating functions of Types 1, 2, and 3 [20], this
is a natural setting for the implicit discrete Lagrangian and Hamiltonian systems, as we shall see.

For the purpose of comparison, let us first briefly review continuous Dirac mechanics following [28; 29].

4.1. Continuous Dirac Mechanics.

4.1.1. The Big Diagram. The maps rq and Q° defined in Eqgs. (3.15) and (3.5) give rise to the following
diagram.

TR

T"T*Q

TT*Q

T*TQ

(4.1a)

T*Q

TQ®T*Q — TQ

pr2



(q,p, —dp, 0q) (q,p,dq,0p) (q,9q,0p,p)

(¢,0q) ® (¢,6q)
4.1.2. Symplectic Forms. The induced symplectic one-forms on T7T*Q are
X = () Orerg = —dpdq+dqdp, A= (kQ)"Or-1q = dpdg + pd(3q). (4.2)
and
Qrr-g = —dX\ = dx = dg AN d(dp) + d(dq) A dp. (4.3)

4.1.3. Dirac Structure and Implicit Lagrangian System. A distribution Ag C T'Q) induces a Dirac structure
on T*() as follows:

Day(2) = {(vz,0.) € T.T*Q x T T*Q | v. € Ar-q(2), az(w.) = Qv,,w,) for w, € Ar-q(2)}, (4.4)
or equivalently,
Day (2 {(vmaz )ETLT*Q x TXT*Q | v. € Apeo(2), s — Q' (v.) € A"T*Q(z)} (4.5)
(
1

where Ar-g = (Trg) " (Ag).

Let v = Qb o(kg) ™' 1 T*TQ — T*T*Q. For a given Lagrangian L : TQ) — R, define ®L := g o dL.
Let X € X(T*Q), ie., X : T*Q — TT*Q. Then an implicit Lagrangian system (L Ag,X) is defined as
follows:

(X,DL) € Da,,- (4.6)
This gives the implicit Lagrangian system:
oL oL
j=v€EA = — ) — — € Ay(q). 4.7
§=vEfle), p=74 P~ 5y o) (4.7)
Consider the special case Ag = T'Q). Then
Dig(2) i= {(v:,02) € LT'Q X TIT"Q | a2 = @(v2) } (4.8)
Then the implicit Lagrangian system is written, in coordinates, as follows:
oL oL
(4.9)

q¢=v, pza—q, P:%-
4.1.4. Dirac Structure and Implicit Hamiltonian System. Given a Hamiltonian H : T*Q — R, an implicit
Hamiltonian system (H, Ag, X) is defined as follows:
(X,dH) € Day,, (4.10)
which gives the implicit Hamiltonian system:

OH OH

j=— €A )+ — € AL (q). 4.11
1= elg), P+ 94 o) (4.11)
Again, for the special case Ag = T'Q, the implicit Hamiltonian system becomes
OH OH
- ) — —— 4.12
i=5, D=5 (4.12)

which is the standard Hamiltonian system.

4.2. (+)-Discrete Dirac Mechanics.



4.2.1. The Big Diagram. The maps né and le+ defined in Egs. (2.13) and (2.20) give rise to the following
diagram.

T*H, T(Q x Q)
(4.13a)
TRXQ
PTQ pry
(90,P1,P0,q1) ((q0,p0), (q1,p1)) (90,91, —po, p1)
W (1130
qupl qu (J1 q03p1 qO,QI

4.2.2. Symplectic Forms. We can reinterpret the maps /sdQ and QZ 4 in connection to the discussions by

Yoshimura and Marsden [28] in the following way. The maps né and Qz . induce two symplectic one-forms
on T*Q x T*Q. One is

Xat = (2,) O3, = podgo + qrdpr = OF 5 1, (4.14)
and the other is
Ad4 = (K’é)*GT*(QXQ) = —podqo + p1dq1 = GT*QXT*Q' (415)
As shown above, they are related as follows:
QT*QXT*Q = _d)\dJr = dXdJr = dQ1 1A\ dpl — qu N de (416)

This nicely parallels with the corresponding discussions of the maps x¢g and QO in [28] and Section 4.1.2.

4.2.3. Discrete constraint distributions . We first introduce the discrete constraint distribution® which we
denote AdQ C @ x @, which is a submanifold of ) x @ with the property that it contains the diagonal of
Q xQ,ie.,

A={(a.9) | g€ Q} CAY. (4.17)
This discrete constraint distribution induces a continuous constraint distribution Ag C T'Q as follows.
Consider smooth curves on ), endowed with the equivalence relation ¢ ~ ¢ <= ¢(0) = ¥(0), Dp(0) =
D(0). Given a curve ¢ € C®((—¢,€),Q) with the properties p(0) = ¢, Dp(0) = v, we identify the
equivalence class of curves [p] with the tangent vector v, € T,Q. Now, we introduce the class of curves on
Q that are compatible with the discrete constraint distribution,

Cag = {9 € C¥((~€,€),Q) | V7 € (0,€), (¢(=7), 9(0)), (2(0), (7)) € AD} - (4.18)
Then, the continuous constraint distribution Ag is defined by the property,
p e CA% = [¢] € Ag. (4.19)

3We will adopt the notational convention that a continuous constraint distribution on M is denoted by Ay C TM, and a
discrete constraint distribution on M is denoted by Aﬁlu C M x M.



The annihilator of Ag is denoted by Ag) C T"(Q), and is defined, for each ¢ € @, as
AL(q) = {ag € T;Q | Vv, € Ag, (ag,vg) = 0}. (4.20)

Finally, these induce the discrete constraint distribution, Af., == (1 x 7q) ' (A) C T*Q x T*Q, and the
annihilator distribution on the discrete Pontryagin bundle, Az, := (QZ i) (AZQ X A‘?Q) C T*Hy4, which are
explicitly given by

Af-o = {((90,p0), (q1,11)) €T*Q x T*Q | (q0, 1) € AD}, (4.21)
A, = {(q0, 1,00, 01) € T"Hy | po € AZ(q0): 1 € Ad(q1)}, (4.22)
Aw_ = {(po, q1,—q0, —p1) € T*Hy | po € A(q0), 1 € AZ(q1)} - (4.23)

4.2.4. (4)-Discrete Dirac Structure and Implicit Discrete Lagrangian System. Let us define the (+)-discrete
Dirac structure by

Dig(z) = {((z,zl),a2+) € ({2} xT7Q) x T2, Hy | (z,zl) € A%*Q,az+— Q'ZH ((z,zl)) € A%}’ (4.24)
where if 2 = (¢,p) and 2! = (¢*, p') then z; = (¢, p!).
Let 7%"’ = QEH ) (m‘é)_l :T*(Q X Q) — T*H, and for a given discrete Lagrangian Ly : Q X Q — R,

define DT Ly := fyg"’ odL. Now let us write X¥ = ((q0,p}), (a1, Phy1)) € T*Q X T*Q, and define an implicit
discrete Lagrangian system (Lg, AdQ, X4) as follows:

(X5, D" La(ai, ai)) € DX, <= (4R, dls1) € AD and DF Ly — ), (X]) € A3, (4.25)

Now
D LalaR, ak) = 5" (g ak» D1 La, D2La) = (¢}, DaLa, — D1 La, q), (4.26)

and
O (X5) = (60 D0y 1,02 dy1)- (4.27)

So we obtain the set of equations,

Poyr = DoLa(q), q) € AY(ah),  ph+ Dila(q,ar) € AQ(R), b =i (@Rhdie) € A(d@ |
1.28

which we shall call the implicit discrete Euler—Lagrange equations.
Consider the special case A%, = @Q x @, which implies Ag = T'Q. Then

D& (2) = { (2,2, 02,) € ({2} X T°Q) X TE My | azy = Qi ((2,21)) ] (4.29)
Then the implicit discrete Euler-Lagrange equations have the form
Pir1 = DaLa(qis ), ph=—Dila(aisan), @ = a1 (4.30)

4.2.5. (4)-Discrete Dirac Structure and Implicit (+)-Discrete Hamiltonian System. Let Hqy : Hy — R be
given. Then

dHay (a2, py) = D1Hay(q),py,) daj + DaHay (a7, pi) dpy, € TH (4.31)
An implicit (+)-discrete Hamiltonian system (Hgy, A‘é, X4) is defined as
(X5, dHai(a),p1)) € DAL <= (4, 4s1) € A and dHgi— Q5 (X[) € A3, (4.32)
Now
de*F(qlgaqli) = (qgapllelHdJr?D?HdJr)) (433)
and
QZ+(X§) = (q27p2+17p27q2+1)' (4.34)
So we obtain the set of equations
ph— DiHar (a2, pi) € A3(aR),  dbr = DoHav(aRspi)s Pk —Pir € A3(ar), (4, ai41) € A,
(4.35)

which we shall call the implicit (4)-discrete Hamilton’s equations.
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If A = Q x Q, the discrete Dirac structure is given by (4.29), and the implicit (4)-discrete Hamilton’s
equations have the form

P =DiHai(ap,pk)s @1 = DeHaw(4R001),  Pr = Dhga- (4.36)
Note that this is essentially the (+)-discrete Hamilton’s equations in Lall and West [20].
4.3. (—)-Discrete Dirac Mechanics.

4.3.1. The Big Diagram. The maps £, and 0, defined in Egs. (2.13) and (2.27) give rise to the following
diagram.

7Q
Q_ KG
T*H_ T*Q x T*Q T(Q % Q)
(4.37a)
TXQ
p07q15 q0a_p1 (JO>p0 qlapl (ZO>C]17 pOapl
(Po, q1) (q0,q1) ® (Po, q1) (q0,q1)

4.3.2. Symplectic Forms. As in the (+)-discrete case, we can reinterpret the maps /{dQ and QZ_ as follows.
We have

Xd— = (_)*Orp-1-q¢ = —p1 dg1 — qo dpo = @(Tg*)QxT*@ (4.38)
and
Ad— = (H%)*@T*(Qxcz) = —podgo + p1dqr = Or-gxT*Q, (4.39)
and then
Qr=gxr+q = —dXa— = dxq— = dg1 A dp1 — dgo N dpo. (4.40)

4.3.3. (—)-Discrete Dirac Structure and Implicit Discrete Lagrangian System. Let us define the (—)-discrete
Dirac structure by

DZ‘Q (2) == {((z,zl),azf) € {2} xTrQ) x T H_ | (z,zl) S AdT*Q,azf— QZ_ ((z,zl)) € A;’L}, (4.41)
where if z = (¢,p) and 2! = (¢!, p') then z_ := (¢!, p).
Let vg{ =Q) o (IidQ)_l :T*(Q x Q) — T*H_, and for a given discrete Lagrangian Ly : Q x @ — R,
define ®~ Ly 1= yg; odL. Now define an implicit discrete Lagrangian system (Lg, Ad@ Xg) as follows:
(X5, D7 La(gis ) € DA, <= (a7, al41) € A and D™ L — Q) (X]) € A3, (4.42)
Now

Qde(qg’ QI%) = ’Ygi (qg7 (J]iv DlLdv DQLd) = (_DQLd, qurlv _qlg’ _DlLd)v (443)
and

(XY = ). air, —a — D) (4.44)
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So we recover the implicit discrete Euler—Lagrange equations

Pryr = DaLa(ad, ar) € Ag(ar), PR+ Dila(ad,ap) € AZ(@R),  ar =41, (a2, aR4) € AG,
(4.45)
that we previously obtained in (4.28).
If AL = Q x Q, then

D () = {((e )0 ) € (2 x T QU x T2 M- 0 =94 ((22) ] (1.46)
which yields,
Poyr = DoLa(qy,ar),  ph=—DiLla(ap.ai), 4 = qhys- (4.47)

4.3.4. (—=)-Discrete Dirac Structure and Implicit (—)-Discrete Hamiltonian System. Let Hg_ : H_ — R be
given. Then

dHa— (P ax) = D2Ha—(p- i) dpy + D1 Ha—(py, ap) day, € T*H- (4.48)
An implicit (—)-discrete Hamiltonian system (Hg_, AdQ, Xg) is defined as
(XJ,dHy ) € DX, <= (g0 q411) € Ab and dHy — Q) (X)) € A3, . (4.49)
Now
de—(Qliap(li) = (p27QI£7D1Hd—7D2Hd—)7 (450)
and
D (X§) = (PR 1> — s —PRs). (4.51)

So we obtain the set of equations

@y =—D1Ha (0, 1), Phir+DoHae (0}, a1) € AS(ar), @ =dpyrs (@), dii1) €AY,  (4.52)

which we shall call the implicit (—)-discrete Hamilton’s equations.
If A‘é = @ X @, the discrete Dirac structure is given by (4.46), and the implicit (—)-discrete Hamilton’s
equations have the form

(]}2 = _Dlde(p%QIi)ﬂ p2+1 = _DZHd*(p% qli)v (]]i = q2+1‘ (4.53)
Note that this is essentially the (—)-discrete Hamilton’s equations in Lall and West [20].

5. HAMILTON—PONTRYAGIN PRINCIPLE AND IMPLICIT LAGRANGIAN SYSTEMS

We will first review the continuous Hamilton—Pontryagin principle in coordinates and without constraints,
to motivate the construction of the discrete Hamilton—Pontryagin principle. A variational derivation of the
implicit Euler-Lagrange equations can be obtained by considering the augmented variational principle given
by,

5 [1La.0) - o -] = 0. (5.1)

where we impose the second-order curve condition, v = ¢ using Lagrange multipliers p. This variational
principle is also referred to as the Hamilton—Pontryagin Principle, and is a variational principle on the
Pontryagin bundle TQ & T*Q.

In a local trivialization @ is represented by an open set U in a linear space E, so the Pontryagin bundle
is represented by (U x E)@® (U x E*) 2 U x E x E*, with local coordinates (¢, v,p). If we consider ¢, v, and
p as independent variables, we have that,

5 [(2a.0) = pto = dlae = | [Zjaq n (ZL —p) 5o — (v - q>6p+p5q'] i

_ / [(‘2’; —p) 5q+ (‘;ﬁ —p) 5v — (v — c])5p] dt (5.2)

where we used integration by parts, and the fact that the variation d¢g vanishes at the endpoints. This yields
the implicit Euler—Lagrange equations,
oL oL

=%, PT oy v=q. (5.3)
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5.1. Variational Principle in Phase Space. By starting with the Hamilton—Pontryagin Principle, and
considering the necessary stationarity conditions in different orders, we will obtain the variational principle
on phase space, and the usual variational principle on T'Q.

By taking variations with respect to v, we obtain the relation,

oL

— —p=0. 5.4

5y (V) =P (5.4)
We introduce the Hamiltonian, H : T*(Q) — R, defined to be,

H(q,p) = pv — L(¢, V)| ,—or,/00(q.0) - (5.5)

From the definition of the Hamiltonian, we can express the augmented variational principle as,

5/[1%} — H(q,p)] = 0, (5.6)

which is the variational principle in phase space.
By first taking variations of the augmented variational principle with respect to p, we obtain the usual
variational principle on T'Q,

5 [ Lia.d)=o (5.7)
5.2. Hamilton’s Equations. By considering Hamilton’s principle in phase space, we obtain,
0= 5/[27(1 — H(q,p)]dt

OH O0H
= / Gop + péqg — ——06q — ——4p| dt
dq Ip

[y (=)

By the fundamental theorem of the calculus of variations, this is equivalent to Hamilton’s equations,

. 0H . OH

q_%’ p:_aT' (5.9)

6. DISCRETE GENERALIZED LEGENDRE TRANSFORM

In this section, we introduce the discrete Lagrangian and Hamiltonian constraints, and develop the dis-
crete generalized Legendre transform that relates the two discrete constraint submanifolds, by following the
approach of §2 of [29] and using the symplectic structures Qpr+gxr+@ = —dAgx = dxq+ on T*Q x T*Q, and
the maps ndQ, and QIZ&'

6.1. Discrete Lagrangian constraints. Let L, be a discrete Lagrangian on AdQ C @ x Q. The symplectic
manifold (T*Q x T*Q, Qr+gx1+g = —dAgx) is defined by the quadruple (T*Q X T*Q, Q X Q,Tg X TQ, Ad+)
and the set
Ny := {(z,zl) eT*QxT*Q|(mg X mq) ((z,zl)) e A%,
Adt (w,w")) = (dLq (g x 7q) ((2,2"))) , T(rg x 7q) ((w,w"))),
V(w,wl) S T(Z’Zl)(T*Q X T*Q) s.t. T(Z’Zl)(ﬂ'Q X 7TQ) ((w,wl)) S T(TK'QXTFQ)((Z,ZI))ACC[Q} (61)

is a Lagrangian submanifold of (T*Q x T*Q, Qr+gx1+g = —dAgq+) of dimension %dim(T*Q x T*Q), where
the submanifold

A% = (g xmq)(Na) CQ x Q (6.2)

is the discrete constraint distribution on @ x ) called the discrete Lagrangian constraint. Then, the discrete
Lagrangian Ly is a generating function of Ny, since Ng C T*Q x T*(@ is the graph of (/{‘é)*l(de).
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6.2. Discrete Hamiltonian constraints. Let Hyy be a (+£)-discrete Hamiltonian on P;y C Hi. The
symplectic manifold (T*QxT*Q, Qr-gx1+@ = dXq+) is defined by the quadruple (T*QxT*Q, Hx, Ty , Xd+)
and the set

Ngy = {(z,zl) ETQ XT"Q| T, ((z,zl)) € Py,
Xd+ ((’LU,U)I)) = <de:|: (THi ((2721))) 7TTHi ((wvwl))>a
V(w,wl) S T(z,zl)(T*Q X T*Q) S.t. T(z,zl)T'Hj: ((w,wl)) S TTHi((Z,Zl))Pdi} (63)

is a Lagrangian submanifold of (T*Q x T*Q, Qr+gxr+@ = dxa+) of dimension %dim(T*Q x T*Q), where
the submanifold

Py = (7TQ X WQ)(NCH:) C H4+ (6.4)
is the discrete constraint momentum space called a discrete Hamiltonian constraint. Then, the discrete
Hamiltonian Hg4 is a generating function of Ngy, since Ngy C T*Q x T*Q is the graph of (in)_l(dei).

6.3. Symplectomorphism and the discrete momentum function. Consider the identity map, ¢ :
(PA=T*Q xT*Q, = —dM\jx) = (Po =T*Q x T*Q,Q2 = dx4+). Since P, = P, and Qs = (4, it follows
that ¢*Qs = Qq, and ¢ is a symplectomorphism.
The graph of the symplectomorphism ¢ is a submanifold of P; x P,, which is denoted by
F(QO) C P1 X PQ. (65)
Let I, : T'(¢) — Pi x P5 be the inclusion and ; : P; x P, — P; be the canonical projection. As in (2.1), we
define
Qpxp, =1 — 150
=y (—dAax) — 73 (dXax)- (6.6)
Since ¢ is symplectic, by Proposition 2.1, we have that iZQp «p, = 0. We can write (p,xp, = —dOgx,
where Og1 = Mgt @ Xd+ = T3 At + Ty xa+- Also, T'(p) is a maximally isotropic submanifold with half the
dimension of P} x P, = (T*Q x T*Q) x (T*Q x T*Q).
Given the diagonal map ¥ : (T*Q xT*Q) — (T*Q xT*Q) x (T*Q x T*Q), we have the one-forms U*0 44
on (T*Q x T*Q), given by

U044 = ¥ (Aat D Xd+) = Adt+ + ©"Xa+ = (—=podqo + p1dqr) + (podqo + qidp1)

= pidqy + qudp1 = d(p1q1) = d(Gas © . )0), (6.7)
and
T 04— = ¥*(Aa— ® Xa—) = M- + ¢ "Xa— = (=podqo + p1dg1) + (—p1dg1 — qodpo)
= —poddgo — qodpo = d(—pogo) = d(Ga- © p{7. ), (6.8)
where
Gay ((90,91) © (q0,11)) = P1as, (6.9)
G- ((90,91) ® (o, q1)) = —Podos (6.10)

which we refer to as the (£)-discrete momentum functions.

6.4. Discrete Generalized Legendre Transforms. As we saw in (6.1) and (6.3), the discrete constraint
manifold on T*Q x T*@Q can be realized as graphs of one-forms on @ x @ and H.. These various represen-
tations are related by the discrete generalized Legendre transform, which is a procedure for constructing the
submanifold K41 of the discrete Pontryagin bundle (Q x Q) @ H+ from a submanifold Ny of T*Q x T*Q
associated with (T%Q x T*Q, Q x Q, mg X TQ, A¢+) and with a discrete Lagrangian Lq on A% CQxQ,asin
(6.1). We define the submanifold 4+ to be the image of Ny under the map ((ﬂ'Q X mQ) X THi) o ¥, which
is given by

Kagr = ((ﬂQXWQ)XTHi)O\IJ(Nd)C (QXQ)XHi, (6.11)
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which is the graph of the discrete Legendre transforms FLg1 @ @Q X @ — Hy with respect to the discrete
constraint distribution A% C @ x Q. Define the discrete generalized energy Eqy on (Q x Q) & H4 in terms

of the (4)-discrete momentum functions, and pr{=, by

Eijr =Ggr —Lgo pr‘fi, (6.12)

or more explicitly,
Eay ((90,91) @ (0. p1)) = p1a1 — La(qo, 01), (6.13)
Eq- ((90,91) @ (po,q1)) = —pogo — Lalqo, q1)- (6.14)

These expressions agree with the (£)-discrete Hamiltonians Hyt : H+ — R, once we appropriately impose
the discrete Legendre transforms FLg44+. More precisely, the following diagram commutes:

1QXQ@FLdi

QxQ—>(@xQ)OHx

FLgt Eayt (6~15)

H,
Hy = R

The maps 1oxg @ FLgy and 1gxg ® FL4— are given by (QOaQ1) = (QO7Q17D2Ld(QOaQI)) and (QO7QI) =
(90,91, —D1La4(qo,q1)), respectively. Then, the submanifold s+ may be given by

Kar = {(g0,q1,71) € (Q x Q) & Hy | Y(g0,p1) € Hy, (g0, 1) € A is a stationary point of Eqy} (6.16)
- {(QO7q1ap1) € (Q X Q) @H-i- ‘ (907(11) € Ad yP1 = DQLd(quql)}a (617)

and

Ka- = {(q0,q1,p0) € (Q x Q) ®H_ | Y(po,q1) € H—,(qo0,q1) € A} is a stationary point of E4_} (6.18)
= {(q0,q1,p0) € (@ x Q) ®H_ | (g0, q1) € Ay, po = —D1La(qo0,q1)} - (6.19)

7. DISCRETE HAMILTON-PONTRYAGIN PRINCIPLE AND IMPLICIT DISCRETE LAGRANGIAN SYSTEMS

We first relax the discrete second-order curve condition, and consider the augmented discrete variational
principle given by,

8> [LalgRs at) — Prsa (Gt — giyr)] =0, (7.1)

where we impose the second-order curve condition, q,i = q,g 41 using Lagrange multipliers pyy1, and keep
the endpoints g3 and ¢, fixed. We will refer to this discrete variational principle as the Discrete Hamilton—
Pontryagin Principle.

If we consider q27 q,i and pj, as independent variables, with the condition that dg) = 0 and dq}_, = 0, we
obtain,

6> [La(a?,a}) = prra(ai — a2y)] =D {[D1La(a?, ai) + prloa)
—[ak — @2+110Pks1 + [DaLa(ap, ai) — pealdar}  (7.2)
from which we obtain the implicit discrete Fuler—Lagrange equations,
Pk = _DlLd(q27 qli)> Pk+1 = DQLd(ng?C,I]i% qli = qngrl' (73)

7.1. Intrinsic Discrete Hamilton—Pontryagin Principle. We now formulate the discrete Hamilton—
Pontryagin principle intrinsically, by obtaining the intrinsic expression for the discrete Hamilton—Pontryagin
sumon ((Q X Q)®T*Q) x ((Q x Q) ®T*Q). Prior to doing this, we introduce the natural projection maps

ToxQaHs - (@ X Q)BT Q) x (Q x Q) T*Q) — ((Q x Q) ® H+), which are given by
Tox@ar, - (@R ah) ® (@R, k) (@igrs Ghrr) D (@hi1, Prt1)) — (a0, @) © (qR, Pr1), (7.4)
Tox@er_  ((@h—1,0—1) ® (Gh_1.Pr), (a0 ak) @ (a4, Pr+1)) — (4 ax) @ (Pr, a1, (7.5)
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and pr‘jifQ (QxQ)oT*Q — T*Q given by

Pt s (@ ab) @ (af pr) — (4 pr), (7.6)
PT%:Q H(@G—1s Gh—1) @ (@hm1521) = (@1, D1)- (7.7)
Recall the projections p‘(iqu*Q)Q :T*Q x T*Q — (Q x Q) ® Hy given by
Pty (@ pn), (@i, Pran)) = (@R @) @ (6, Prsn), (7.8)
eyt (@hors k), (@hsPrr1)) = (Gho1, ak) ® (Pr, 41)- (7.9)

The projections p‘(i%* Q)2 and pr%fQ X pr%fQ can be combined to yield a second projection from ((Q x Q) ® T*Q) %
(@ xQ)eTQ) to (Q x Q) ®© Hx that is distinct from 7(gxQ)gH. , namely,

P‘(ith)z © (PT%J*FQ X PT%J*FQ) : ((qgv Qi) D (qg,Pk)a (q2+17q11+1) @ (q2+1apk+1)) = (q27q2+1) D (qgapkﬂ)a

(7.10)
Plirqy © 7= X privg) + ((dR-1, dir) ® (@h1,2r), (a7 4k) © (aks Prr1)) = (dho1sak) © (ors i) (7.11)

Now, recall the definitions of the (+)-discrete momentum functions from (6.9) and (6.10),

Gay ((90,q1) @ (90, 1)) = Maa, (7.12)
Ga- ((90,q1) @ (Po; q1)) = —Podo; (7.13)
and the (4)-discrete generalized energies from (6.13) and (6.14),
Eat ((90,91) ® (90,p1)) = prar — La(qo, 1), (7.14)
Eq— ((90,91) ® (Po; q1)) = —pogo — La(qo, q1)- (7.15)

We can now intrinsically characterize the (+)-discrete Hamilton—Pontryagin sums in terms of the above
quantities. By direct computation, one can verify that the (+)-discrete Hamilton—Pontryagin sum can be
expressed as a functional on

(x5, 28) = (@ ah) @ (@ o)y (@y1s Ghar) © (@1, 0r11)) € (Q X Q)T Q) x (@ x Q) & T*Q()v |
7.16
which is given by

> Lalgis at) = Pria (G — i) = D Pr1dies — (Per1dh — Lalals ai))

= Z (Gd+ o p(T*Q)2 o (prg?:Q X pr%ﬂtQ) - Ed+ o T(QXQ)@H+) (xz,x;a_l).
(7.17)

Similarly, the (—)-discrete Hamilton—Pontryagin sum can be expressed as a functional on

(@i 2) = ((@R-1: dh—1) © (@ho1P2): (@R 4) © (G Prr1)) € (Q x Q) B TQ) x (@ x Q) & T7Q),
(7.18)
which is given by

> Lalais ab) = pelgh — @) = Y —prai 1 — (—praf — La(a?, ai))

= Z (Gd— o P‘(iT_*Qy o (pr%:cg X pr%IQ) —E4 o T(QXQ)@?L) (371;17331;)

(7.19)
The intrinsic implicit (£)-discrete Euler—Lagrange equations are given by
(prg“:i:Q X PT%*@) Xd+ = T(*QXQ)@HidEd:t- (7.20)

Since we have previously shown that the discrete Hamilton—Pontryagin principle yields the implicit discrete
Euler-Lagrange equations, it remains to show that (7.20) in coordinates recover (7.3). We compute the
one-forms on the left hand side of each equation,

Ay prerrdio =Y [Prr1dad oy + 6 adpis]
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=" [prdad + af 1 dpria] + > [preadalyy — prdad)]
> [pedal + 4} 1 dpria] + prdaR — podap, (7.21)

and

dz [*quli_l] = Z [*Pkdqli_1 - qli_1dpk]
= Z [—prr1day — qh_ydpi] + Z [pr+1da), — predgy_y ]
= > [~prr1dal — ai_1dpi] + prday_y — podg’ ;. (7.22)

Since we only evaluate these one-forms on discrete curves with fixed endpoints, the boundary terms vanish,
and it is sufficient to show that the expressions in the brackets of (7.21) and (7.22) agree with the left hand
side of (7.20). By direct computation, we obtain

d d * d d
(prite x prite) X (el o) = (xar o (g x pritty)) (o i)

= Xd+ (pT%TQ(wi)vpr%TQ(ﬂle))
= Xat+ ((@p:Pr), (@ig1s Prr1))
= prdgy + gy dprsa (7.23)
and
(PT%:Q X PT%:Q) Xd—(Tp_1,2)) = (de ° (PT%IQ X PT%Q)) (@p_1,21)
= xa- (pri=o @) priglar)
= Xa— ((ah_1,Px), (@ Pr11))
= —pry1da), — g1 dpy. (7.24)
Computing the right hand side of (7.20) yields
(bexcz)eade“) (2 03 1) = d(Bay 0 Tgxyom, ) (@), 1)
=d (Eat (@R, 1) ® (4R, Prs1)))

=d (pe+19; — Lalay, ar))
= pry1day, + qidprsr — D1La(qy, qi)day — D2 La(ay, qi)daj,

= —D1La(q}, qt)da) + (pr+1 — DaLa(qy, a)) dgj; + qrdpryr,  (7.25)
and
(T(*QXQ)éeH,dEd*) (zp_1, 7y ) = d (Ea o Tox@yan_ ) (Th_1, 73
=d(Ea— (2> ) © (> i)
= d (—prap — La(ar at))
= —prdq)) — qpdpr — D1 La(qy, 41)dg, — D2 La(qy, ai)dg;.
= (—px — D1La(q}, a1)) dai — D2La(4y, qi)daj, — qpdpk.- (7.26)
Equating (7.23) with (7.25), and (7.24) with (7.26) yield
prday + @i 1dpei = —D1La(qys az)day + (Prs1 — D2La(a, ai)) day, + apdprs1, (7.27)
and
—pry1day — Gh_1dpe = (—pk — D1La(qp, a)) dag — D2La(q}, ai)dgi — qidpr, (7.28)
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which both recover the implicit discrete Euler-Lagrange equations,
pet1 = DoLa(a),ar),  pr=-DiLa(@,qt), b = diss- (7.29)
8. DISCRETE LAGRANGE—D’ALEMBERT—PONTRYAGIN PRINCIPLE

The (+)-discrete Lagrange—d’Alembert—Pontryagin principle is given by

52 a(aps a) — prv (g, — Qk+1)]
= {[D:La(a} ai) + pi] 607 + [DaLa(a}, a) — Prsr] 60k + [a — aP4r] OPria} =0, (8.1)
for fixed endpoints ¢) and ¢, and variations (d¢Y,dq;,dpx) of (¢%,qi,pr) € (Q X Q) & T*Q such that
5q2 € Ag(q?), dqi € Ag(g}), and the discrete constraint (¢2, qi) € AdQ.
Similarly, the (—)-discrete Lagrange—d’Alembert—Pontryagin principle is given by
6> [Lalghsa) — prlah-1 — a)]
=> {[DiLa(a), @) + ] 608 + [D2La(a}, k) — prsr] 0k + [ah—1 — a)] 6px} =0, (8.2)
for fixed endpoints ¢, and ¢},_, and variations (§¢2,dqi,dpx) of (¢, g}, pr) € (Q x Q) & H_ such that
gy € Aq(qp), 0q; € Ag(qy), and the discrete constraint (¢f, ) € Ad.

Proposition 8.1. The (+)-discrete Lagrange—d’Alembert—Pontryagin principles for the discrete curve {xk }
£ e (Q x Q) ®T*Q, yield discrete equations that are given in coordinates by

DiLa(qR,q) + o € AH(aR),  DoLa(aR,ar) — prs1 € AY(ah),  ar=dper.  (ah.ar) € AL, (8.3)
These equations are equivalent to the coordinate expressions for implicit discrete Lagrangian systems.

8.1. Constraint distributions on ((Q x Q)@ T*Q) x ((Q x Q) ®T*Q). We will introduce constraint
distributions for the intrinsic form of the discrete Lagrange—d’Alembert—Pontryagin principle.

Consider the discrete constraint distribution AdQ C @ x Q. Recall from Section 4.2.3 that this induces
a continuous constraint distribution Ag C T'Q. In addition, AdQ also induces the submanifolds K4+ C
(Q x Q) ® Hy given by (6.17) and (6.19), which were defined in Section 6.4 as

Ka+ = {(q0,q1.p1) € (Q X Q) ® Hy | (q0,q1) € Aé,m = DsLa(q0.q1)} (8.4)

and

Ka- = {(q0,q1,p0) € (@ x Q) ®H_ | (g0, q1) € AY,po = —D1La(q0, 1)} - (8.5)

Recall also the projection map 7oxgyan, : (@ X Q) @ T*Q) x (@ x Q) ® T*Q) — ((Q x Q) ® H), which
induces a discrete constraint distribution A4+ on (Q X Q) ® T*Q by

-1
Adax = (Tox@ans)  (Kax), (8.6)
that encode (q,g, q,i) € Ad@ (qg_H, q,ﬁ_H) € AdQ, and the appropriate (4)-discrete momentum constraints.
We introduce the natural projection prQ (@ xQ)BT*Q — Q, given by

prd : (ais ap) © (49, pres1) — a, (8.7)
from which we obtain the discrete constraint distribution By C ((Q x Q) ®T*Q) x ((Q x Q) & T*Q) by
1
Bai=(prg x ) (Ag), ®8)

which encodes the constraint (g}, q}, ) € AdQ.
Let Cq+ be the intersection of the discrete constraint distribution By with Ag+, which is given by

Car =BaNAgx C((Q@*x Q)T Q) x (@ x Q)T Q). (8.9)
We introduce another pair of natural projections
Privey :TQ@x Q)BT Q) x (Qx Q)@ T*Q)) — TQ x TQ x TQ x TQ, (8.10)
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given by

prifoys (@ @k pr) (@R41s Ghrs Pie1)) s (567 84 D%, (37415 6Ghs 1, 0PK41)))

= (42, 040), (ah: 0ak), (G115 6aR11)s (@1, 0k 1)), (8.11)
przlq:Q)zl : (((CIga (I}iakarl)a (qg+17 QiJrlvkar?)) ) ((5q2, 5ql£7 OPk+1), (5q2+1, 5ql£+17 5pk+2)))
g ((qlgv 6%3)’ (qli7 6(11}:)7 (q2+17 5(12“), (QI%Jrla 5Qi+1)) ) (812)

which lift Ag x Ag x Ag x Ag to continuous distributions Fy on ((Q x Q) @ T7Q) x ((Q x Q) & T*Q)

Foi= (mign) (Bax Do xAgxAg) CT(QxQBTQ) x (QxQ&T'Q),  (813)

that encode the constraints dq)) € Ag(qp), dq € Aq(ay), ddp,1 € Ag(ah,,), and dq € Ag(ap,y)-
Let G+ be continuous distributions on ((Q X Q) & T*Q) x ((Q x Q) & T*Q) that are obtained by restrict-
ing Fy to Cyu,

Ga = Fo NTCi C T((Q x Q) 6 T"Q) x (@ x Q) @ T*Q)). (8.14)

As we will see, these constraint distributions arise in the intrinsic formulation of the discrete Lagrange—
d’Alembert—Pontryagin principle.

8.2. Intrinsic discrete Lagrange—d’Alembert—Pontryagin principle. The (+)-discrete Lagrange—
d’Alembert—Pontryagin principle for a discrete curve { xz} on (Q X Q) ® T*Q with fixed endpoints is given
by
63 (Gas 0 Pty o (1t X prifty) — Ear o T, ) (6 aifi)
=2 [(p’"thQ % p’"thQ) Xd+ = T(*QXQ)GBH+dEd+} (@) - (W), (8:15)
which holds for all w,:kH €6y (932',:1:;_1) CT((@xQ)T*Q) x (@ x Q) DT*Q)).
Similarly, the (—)-discrete Lagrange-d’Alembert—Pontryagin principle for a discrete curve {z; } on (Q x
Q) ® T*Q with fixed endpoints is given by
52 (Gd* ° p?f*@)? °© (pr%:Q X prtii“:Q) —Eq-o T(QXQ)@H_) (@1, 2y)
= Z [(pT%IQ X pT%IQ> Xd— — T:QXQ)@H,dEd—} (x,;l,x,;) . (w,;lyk), (8.16)
which holds for all wy_, , € G (z3_1,27) CT((@xQ)dT*Q) x ((Q x Q) ®T*Q)).

Proposition 8.2. The (+)-discrete Lagrange—d’Alembert—Pontryagin principles are equivalent to the equa-
tions,

*
d+ d+ + .+ + _ + .+ +
(prT*Q X prT*Q) Xd+ (xk >xk:+1) ’ (wk,k+1> = T(QXQ)®H+dEd+ (l’k 7xk+1) ) (wk,k+1) ) (8.17)

for all w,ikH €eg, (x;xkt_l), and

d— - \* - - - * - - -
(WT*Q X WT*Q) Xd— (%4»%) ) (wkfl,k) = T(QxQ)@H,dEdf (xkqaxk) ) (wkq,k) ) (8.18)
for all Wy _q € g_ (ngl,x,;), respectively.
8.3. Intrinsic form of implicit discrete Lagrangian systems. We first introduce (4)-discrete vector
fields on M, denoted by X44(M), to be maps X4u : M — M x M, such that 79, o Xqy = 1y and
a0 Xa— = 1y, where 7, : M x M — M; (mg,m1) — m;.
Let X4+ be (£)-discrete vector fields on Py, where Py = FLdi(A%), and let X414 be (+)-discrete vector

fields whose images are in Ag4 = (T(QXQ)@Hi) ! (Kg4+). Consider the discrete integral curves {sz} on T*Q
of Xgx, where 2 = (¢if, pf), iee., (z,j,z,jﬂ) = Xa1(2}) and (2 1,2, ) = Xa—(z;, ). We consider discrete
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curves {zi} on (Q x Q) ® T*Q, where ;" = (¢¥,q}) @ (¢¥, k), and 2. = (¢2, q1) ® (g}, prr1), such that the
second component is given by the curves {z,zgt} on T*@Q. Explicitly, we have
o = (af ax) @ (af Py (8.19)
{E; - (qg, QZ;-H) D (qz+1,p];+1)' (8'20)

Using the natural projections pr%fQ (@ xQ)®T*Q — T*Q, which we previously introduced, we impose
pointwise constraints on the first component,

(prng X prng) ()N(di(acoi)) = X+ (pr%fQ(a:(jf)) , (8.21)

where )Z'd+(a:5r) = (xf,21), Xo_ (xzg) = (24,2 ), but the curve is otherwise arbitrary. Since we restrict

the image of X4 to A4+, we have the property,
(pr%ﬂfQ X pr%ﬂfQ) (Xdi(x,f)) = Xg+ (pr%j,f@(mf)) . (8.22)

Notice that while (8.21) give pointwise conditions at k = 0, when we restrict our lifted (+)-discrete vector
fields to A4+, we obtain (8.22) that holds globally. If {z,f}, xz = (q2,q}) ® (@2, pr) € (Q x Q) &T*Q,

zp = (q)_1.q_1) ® (¢5_1.pk) € (Q X Q) ® T*Q, are discrete integral curves of Xq4, then it follows that

Xar (@) = ((a9, ap) ® (a0, Pr)s (Ghs1s Ghsr) B (@Rgrs Prs1)) s (8.23)

Xa—(z) = (-1, qh—1) ® (@h_1.Px), (02> ak) D (@ Pr+1)) - (8.24)

Proposition 8.3. Let {xf} be discrete integral curves of the (£)-discrete vector fields Xaz on (QxQ)®T*Q
that are naturally induced from (£)-discrete vector fields Xqr on T*Q. If {x,f} are discrete solution curves
of the (£)-discrete Lagrange—d’Alembert—Pontryagin principles, then they satisfy

(IN’%TQ X pTﬁQ) Xd+ (Xd+(=’17:)) : (wl-:,k-&-l) = T(oxo)am, IEda+ <Xd+(l';)) : (wl—:,k;-i,-l) ) (8.25)

for all w,:kﬂ €0+ (f(d+($£)>, and

(g xpr8n0) xa- (Xa-@0)) - (wii1) = Towaran dBa (Ra-(@)) - (wiiye) . (3:26)
for all Wy € G_ (()zd_(x;)))

Proof. Since {xf} are discrete integral curves of )Z'di, respectively, we obtain (8.23) and (8.24). Substituting
the respective equations into (8.17) and (8.18) yields the desired result. O

We may now summarize our results in the following theorem.

Theorem 8.4. Let Ly be a discrete Lagrangian on @ X @) and AdQ be a discrete constraint distribution on
Q. Let Xg1 be (£)-discrete vector fields on Py = IFLdi(AdQ), such that (Ld,A%,Xdi) are implicit (£)-
discrete Lagrangian systems. Denote discrete curves on (Q X Q) & T*Q by {xf}, where z;7 = (qV, g, pi) €
@xQ)T*Q, z), = (qg,q,i,p,;“) €(Q xQ)DT*Q. Then, the following are equivalent:
(i) {2} are discrete solution curves of the implicit (+)-discrete Lagrangian systems (Lg, Ad@Xdi).
(ii) {xf satisfy the (£)-discrete Lagrange—d’Alembert—Pontryagin principles.

(iii) {xf} are the discrete integral curves of (£)-discrete vector fields Xqr on (Q x Q) & Hx that are
naturally induced from Xg.
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9. DISCRETE HAMILTON’S PHASE SPACE PRINCIPLE

By taking variations with respect to ¢ and ¢ in the discrete Hamilton-Pontryagin principle, we obtain

Dy La(ap, i) — Pr+1 = 0, (9.1)
D1 La(qy, q) + pr = 0, (9.2)

respectively. These equations define the discrete fiber derivatives, IFL;IIE QX Q — T*Q, which are the
discrete analogues of the Legendre transform, and are given by
FLj : (a0, ar) = (a5 D2La(a}, 43)) , (93)
FLy < (g0 ) = (a0 —D1La(gis ai)) - (94)
When the discrete fiber derivatives are invertible, we may construct the lift U,dci : Hie — Kg+, where we let
A‘é = QxQ. Since K4t C (QxQ)@Hx, we may, by a slight abuse of notation, let o' : Hy — (QxQ)®H..

We introduce the (4)-discrete Hamiltonian, Hqy : Hy — R, which we define in terms of the discrete
generalized energy Eg1 : (Q X Q) @ H+ — R to be

Hyr = Eqx 0 0, (9.5)
which agrees with the usual definition of the (4)-discrete Hamiltonians given by
Hay (a3, Pr1) = Priadi = La(ad @), —p, a0 ar) (9.6)
Ha—(pr, 924—1) = —prap — La(qp, qi)|pk:7D1Ld(q2,q,i) ) (9.7)
or equivalently,
Hat (qr, Pe+1) = Pra1@e1 — Lal@r, @e1) ], = Do o(arqeir) -
Ha—(Prs @ev1) = —Pe@e — La(@hs Ge+1)l =~ Dy Loy (grsaren) -
From the definition of the discrete Hamiltonian, we can express the discrete variational principle as
5Z[pk+1Qk+1 — Hay (qr, Prt1)] = 0, (9.10)
52[*%% — Ha—(pr, qr+1)] = 0, (9.11)

where we keep the endpoints o and gy fixed. This gives the (4)-discrete Hamilton’s principles in phase
space.

9.1. Discrete Hamilton’s equations. By considering the (4)-discrete Hamilton’s principle in phase space,
we obtain,

0=06> [Prr1ake1 — Har (a, Prin)]
= > Alar+1 = DoHar (aus pre)] 0pir + [pe — DiHay (ai, pir1)] ai b (9.12)
and
0="05 [~prak — Ha— (Pr: qis1)]
= Z {l=ar — D1Ha—(pr: qe+1)]) 0Pk + [=Prs+1 — DoHa— (Pry qet1)] 0qr41} (9.13)
From which we obtain the (+)-discrete Hamilton’s equations,
Gr+1 = DoHay (G, prt1),  pr = DiHat(qr, Pr+1), (9.14)

and the (—)-discrete Hamilton’s equations

@k = —D1Ha—(pr, qr+1):  Prt1 = —Da2Ha— Pk, r+1)- (9.15)
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9.2. Intrinsic discrete Hamilton’s phase space principle. We recall the two pairs of maps, p?jjf*Q)Q :
T*Q xT*Q — (@ X Q) ®Hy, and 7, : T*Q x T*Q — Hx. The intrinsic (+)-discrete Poincaré-Cartan
sum is given by

> [prrraeer — Har(aw, pryn)] = ) [Gd+ ° pfegy — Har o TH+] (2k; Zh41)5 (9.16)

and the intrinsic (—)-discrete Poincaré-Cartan sum is given by

> [=prar — Ha (prs ars1)] = ) [Gd— 0 plggye = Ha- o TH,} (2k; Zh41); (9.17)

where z;, = (qk, px). We view both of these sums as functionals on (zk, zx4+1) € T*Q x T*Q.
The intrinsic (4)-discrete Hamilton’s equations are given by

Xd+ = T#, dHax. (9.18)
Computing the exterior derivative of the discrete Poincaré—Cartan sums yield
dz [Pr+1qk+1 — Hat (g, Pr+1)]
= Z [Pre+1dqr+1 + Qr1dpes1 — dHay 0 Tr, (21, 2ig1)]
= Iprdar + qer1dpria] = > 75, dHay (21, 2601) + Y [Prey1dgers — prdas]
= IXar (ko 2611)] = D 70, dHay (21, 2541) + [Pvdan — podo]
=y [Xd+ - 77?+de+} (2k; zk+1) + [pvdgn — podao] , (9.19)
and
4> [=peqk — Ha— (Pr> Git1)]
= Z [—prdar — qudpe — dHg— o T (2k, 2k11)]
= [Prrrdars — qedpe] =Y 7y dHa (2, 201) + Y [Prr1daes — prdas]
= a2 2040)] = Y 7y dHa (2, 211) + [pndgn — podgo]

=> {deT;ft,def} (2k; 2k41) + [PNdgn — podgo] - (9.20)

Since we only evaluate these one-forms on discrete curves with fixed endpoints, the boundary terms vanish,
and we recover (9.18).

10. DISCRETE HAMILTON-D’ALEMBERT PRINCIPLE IN PHASE SPACE

We show how the implicit discrete Hamiltonian systems can be derived from a generalization of the
discrete Hamilton’s principle in phase space, which we refer to as the discrete Hamilton—d’Alembert principle
in phase space.

The (+)-discrete Hamilton—d’Alembert principle in phase space for a discrete curve {(gx,px)} in T*Q is
given by,

0> [Prs1@rt1 — Has (qr, Pryr)] =0, (10.1)

where we require that (qx, qx+1) € AdQ, and the variation, when the endpoints are kept fixed, is given by

6> [pe+1ae+1 — Hay (G, prg)]
=> {lgr+1 — DaHar (qr, prs1) 0prsr + [px — D1Hay (g, pes1)] 6ax} . (10.2)

where we choose constrained variations dgr € Ag(gx)-
The (—)-discrete Hamilton—d’Alembert principle in phase space for a discrete curve {(gx,px)} in T*Q is
given by,

52[*171«% — Hy—(qk, pr+1)] = 0, (10.3)
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where we require that (gx, gx+1) € Ad@ and the variation, when the endpoints are kept fixed, is given by

8> [=peak — Ha—(pr, Gii1)]
=> {l=ax — D1Ha—(pr, @x1)] 0Pk + [~Dry1 — DaHa— Pk, ars1)] 0gis1},  (10.4)

where we choose constrained variations dq; € Ag(gk)-
Note that if one starts with the (+)-discrete Lagrange—d’Alembert—Pontryagin principle, and optimize
over ¢; and g\, respectively, one obtains the (&)-discrete Hamilton-d’Alembert principle in phase space.

Proposition 10.1. The (+)-discrete Hamilton—d’Alembert principle in phase space for a discrete curve
{(qk,pr)} in T*Q give the implicit (£)-discrete Hamiltonian systems in (4.32) and (4.49), respectively.

Proof. From (10.2), the (+)-discrete Hamilton—Pontryagin principle is equivalent to

(gk+1 — DaHay (qx, pr41)] 00k +1 + [Pe — D1Hay (qk, Pr+1)] dge = 0, (10.5)

for all 0gr, € Ag(gw), all oprt1 and all (gx, gr41) € Aé. Thus, we obtain (4.35) which are (4.32) expressed
in coordinates. Similarly, from (10.4), the (—)-discrete Hamilton—Pontryagin principle is equivalent to

[—qx — D1Ha— (pk, @r+1)] 0Pk + [—Pr+1 — DaHa— Pk, Git1)] 0Gr1 = 0, (10.6)

for all §gi+1 € Ag(qr+1), all dpk, and all (gk, grt+1) € AdQ. Thus, we obtain (4.52) which are (4.49) expressed
in coordinates. ]

10.1. Constraint distribution on 7*Q x T*(). As with the intrinsic formulation of the discrete Lagrange—
d’Alembert—Pontryagin principle, we require a constraint distribution on 7%Q xT*Q to formulate the discrete
Hamilton—d’Alembert principle intrinsically.

Define a discrete constraint distribution on 7%Q by

A = (mg x 1) M (Ah) C T*Q x T*Q, (10.7)

where mg : T*Q — Q. Recall the discrete fiber derivatives, IFL;t QX Q — T*Q. Then, we let Py be the
image of the discrete constraint distribution AdQ under the discrete fiber derivatives, i.e., PL = ]FLCT (AdQ) -
T*Q. Let A?Di be the restriction of AdT*Q to Py, which is given by

A%, = Ao N (Pe x Py) CT*Q x T*Q. (10.8)

We canonically identify T(Q x Q) with TQ x TQ and, by a slight abuse of notation, write T'(7mg X mq) :
T(T*Q x T*Q) — TQ x TQ. Define the continuous constraint distribution on T*Q x T*Q by

T :=(T(mg x1Q)) " (Ag x Ag) C T (T*Q x T*Q). (10.9)
Then, we let J+ be the restriction of 7 to Adpi, given by

Jr =INTA}, CT(T*Q xT*Q). (10.10)

10.2. Intrinsic discrete Hamilton—d’Alembert principle. The (+)-discrete Hamilton—d’Alembert prin-
ciples for discrete curves {z,:f} on T*(Q with fixed endpoints are given by

5y [Gdi o it )2 — Has 0 THi} (E58) = [Xdi - T,*;idei} (55, 25,,) - (s;;kH) ., (10.11)
which holds for all s,j;kﬂ € ji(z,::, z,:f_H) CT(T*Q x T*Q). This yields the following two propositions.

Proposition 10.2. The (+)-discrete Hamilton—d’Alembert principles are equivalent to the equations,
+ _+ + + _+ +
Xax (2 i) - (Sk,k+1) =7, dHax (2, 2i50) - <5k,k+1) ; (10.12)

+ + =+
forall siy. € T+ (215 2 41)-
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Proposition 10.3. Let {zki} be discrete integral curves of the (£)-discrete vector fields Xqr on T*Q. If
{z,f} are discrete solution curves of the (£)-discrete Hamilton—Pontryagin principles, then they satisfy

Xar (Xae (50) - (stas1) = e dHas (Xar () - (5431 (10.13)

forall sf, 4 € Ty (Xay (), and

Xd— (Xd—(zk_-i-l)) : (SI;k+1> =73 dHa- (Xd—(zk_-u)) ’ (Sl;,k-&-l) ) (10.14)
forall s )., € J- (Xd_ (z,€_+1)), respectively.

Proof. Since {z,:f} are discrete integral curves of Xg4, we obtain, X4 (2) = (z,j,z,;_l) and Xg—(z,,,) =
(24 » 23 41), Which together with (10.12) yield the desired results. O

We may now summarize our results in the following theorem.

Theorem 10.4. Consider (£)-discrete Hamiltonians on Hy and a given discrete constraint distribution AdQ
on Q. Let Xqx be (£)-discrete vector fields on T*Q, such that (Hdi,AdQ,Xdi) are implicit (£)-discrete
Hamiltonian systems. Let {2} = {(qif,pif)} be discrete curves on T*Q. Then, the following are equivalent:

(i) {zf} are discrete solution curves of the implicit (£)-discrete Hamiltonian systems (Hs, AdQ, Xat).
(i) {2} satisfy the (%)-discrete Hamilton—d’Alembert principles in phase space.
(ili) {27} are the discrete integral curves of the (£)-discrete vector fields Xqx on T*Q.

11. CONCLUSION

In this paper, we developed the theoretical foundations of discrete variational mechanics arising from
the discrete Hamilton—Pontryagin principle, which is a discrete variational principle that provides a unified
treatment of discrete Lagrangian and Hamiltonian mechanics, as well as the discrete analogue of Dirac
structures that unifies symplectic and Poisson structures. We demonstrate that just as variational integrators
preserve a discrete symplectic structure, Hamilton—Pontryagin integrators preserve a discrete Dirac structure.

Discrete Dirac structures are intimately related to the geometry of Lagrangian submanifolds, which arise
in the geometric description of the Hamilton—Jacobi equation and the theory of canonical transformations.
Indeed, our construction of a discrete Dirac structure is given in terms of the maps /{‘é T*QXT*Q — T*(Qx

Q) and QZ 4 T*Q xT*Q — T*H4, that are obtained naturally from the geometric description of generating
functions of symplectic maps. This yields a discrete geometric formulation of implicit discrete Lagrangian and
Hamiltonian systems, thereby providing a unified theoretical foundation for developing geometric numerical
integrators for degenerate, interconnected, and nonholonomic Lagrangian and Hamiltonian systems.

We introduced an extended discrete variational principle, called the discrete Hamilton—Pontryagin princi-
ple that is valid for all discrete Lagrangians, and provide an intrinsic description that is valid semi-globally.
Discrete constraints have been incorporated by the introduction of the discrete Lagrange—d’Alembert—
Pontryagin principle, and the corresponding discrete Hamiltonian description is given in terms of the discrete
Hamilton’s principle in phase space, and the discrete Hamilton—d’Alembert principle in phase space. These
discrete variational principles establish a link between discrete variational structures, discrete Dirac struc-
tures, and implicit discrete Lagrangian and Hamiltonian systems.

While this paper is motivated by the desire to understand the geometry of Dirac integrators in the context
of geometric numerical integration, it is worthwhile to note that the discrete Lagrangians and Hamiltonians
in our theory are simply generating functions of Types 1, 2, 3, and as such, the resulting theory of discrete
Dirac mechanics provides a general characterization of near-identity Dirac maps.

Several interesting topics for future work are suggested by the theoretical developments introduced in this
paper:

e Discrete Dirac formulation of the discrete Hamilton-Jacobi equation [12], with a view towards de-
veloping a discrete analogue of the Hamilton—Jacobi theory for nonholonomic systems [15]. Since
discrete Dirac structures are related to Lagrangian submanifolds, which in turn describe the geometry
of the Hamilton—Jacobi equation, it is natural to explore the Dirac description of Hamilton—Jacobi
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theory, as Dirac structure can incorporate nonholonomic constraints and thereby provide a unified
treatment of both the classical and nonholonomic Hamilton—Jacobi theory.

e Galerkin variational Hamiltonian integrators for degenerate systems, by a careful application of the
generalized discrete Legendre transformation to Galerkin variational Lagrangian integrators. The
Galerkin approach to constructing symplectic methods on the Lagrangian side leverages results in
approximation theory to obtain generalizations of symplectic methods that incorporate adaptive,
multiscale, and spectral techniques (Chapter 5 of [22]). By embedding the theory of Galerkin varia-
tional integrators into discrete Dirac mechanics, and considering the Hamiltonian analogue, we will
obtain a general framework for constructing symplectic methods with prescribed numerical approx-
imation properties for degenerate Hamiltonian systems, such as point vortices [26].

e Discrete reduction theory for discrete Dirac mechanics with symmetry. The Dirac formulation of
reduction provides a means of unifying symplectic, Poisson, nonholonomic, Lagrangian, and Hamil-
tonian reduction theory, as well as addressing the issue of reduction by stages. The discrete analogue
of Dirac reduction will proceed by considering the issue of quotient discrete Dirac structures, and
constructing a category containing discrete Dirac structures, that is closed under quotients.

e Discrete multi-Dirac mechanics for Hamiltonian partial differential equations. Dirac generalizations
of multisymplectic field theory, and their corresponding discretizations will provide important insights
into the construction of geometric numerical methods for degenerate field theories, such as the
Einstein equations of general relativity.
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