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Aim

Compute several coefficients in the asymptotic expansion of the
trace of the heat kernel of the Schrédinger operator A%/2 4+ V as
t]0.

The main object of study is the trace difference
Tr(e ™ — etHo),

where Hy = A%/2 and H = A2 4+ V.
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Motivation
Let Ho=—A and H= Hy + V, V € S(RY). Set
/j:{()\l,...,)\j):1>)\1>)\2>...>)\j>0}.

Theorem (Bafiuelos-S& Barreto(1995))
For any integer N > 1, ast | 0

Tr(e=tH — e~ t) N N1
—————7 = (V)" +O(t"T)
P (0) mz
where
a(V) = —/ V(6)do,
R
. (27r)d j—1
em(V) = (1) L mJ>2 T / /RU AL(X 0)V Ze 1:[1 )d0;dNd)
with
j=1 k 2 Jj= 2
AN 0) =D (ke — 1) | D 63| — Z(Ak = Akt1) Z 0i
k=1 i=1 k= i=1
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Motivation

In particular, when N =2, as t | 0, we have

—tH _ . —tHy 2
Tr(e i e )+t/ V(O)d@—tl/ V2(0)do = O(t®),
p:(0) R 2! Jp

which is the van den Berg(1993) result under the assumption on V.
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Motivation

In particular, when N =2, as t | 0, we have

Tr(e~tH — e~ tHo)

p(0)

v [ vwa -5 [ v =ow@)

which is the van den Berg(1993) result under the assumption on V.
When N =3, as t | 0,

Tr(e=t — e th)

(2)

) 4 t/Rd V(O)d@—j/ V2(0)do

+ % V3o de+—/ IVV(0)[2d0 = O(¢*).
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Lévy processes
A Lévy process is a stochastic process X = (X;), t > 0 with
m X has independent and stationary increments,
m Xp = 0 (with probability 1),

m X is stochastically continuous: For all € > 0,

1|_r11s P{|X; — Xs| > ¢} = 0.

Independent increments: The random variables X;, — Xo,

Xt, — Xty .+ Xt, — Xt,_, are independent for any given

sequence of ordered times 0 < t; < th < --+ < t, < 0.

Stationary increments: 0 < s < t < 0o, A € R? Borel
P{X: — Xs € A} = P{X;_s € A}.

PURDUE

Selma Yildinm Yolcu Heat Trace of Non-local Operators



Lévy processes

The characteristic function of X; is
oel§) = E@) = | € pufa) = (2n)25i(e)

where p; is the distribution of X;.
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Stable processes

The rotationally invariant stable processes are self-similar
processes, denoted by X with symbol p(§) = —[£|*, 0 < a < 2.
That means,

pe() = E(eX) = e teI",
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Stable processes

The rotationally invariant stable processes are self-similar
processes, denoted by X with symbol p(§) = —[£|*, 0 < a < 2.
That means,

pe() = E(eX) = e teI",

Transition probabilities: For any Borel A C RY,

P {XE € A} = /A P (x — y)dy
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Stable processes

The rotationally invariant stable processes are self-similar
processes, denoted by X with symbol p(§) = —[£|*, 0 < a < 2.

That means, '
pel(€) = E(e*XF) = 741,

Transition probabilities: For any Borel A C RY,
Prixe e A = [ pVx - y)dy
A
where

@y 1 —igx g tle]
Pt (X) (27T)d /]Rde S dg
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Semigroup

For rapidly decaying functions f € S(RY), we have the semigroup
of the stable processes defined as

T.f(x) = EX[f(X:)] = E°[f(X: + x)]

- /Rd f(x +y)pe(dy) = pe x f(x)

~
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Semigroup

For rapidly decaying functions f € S(R9), we have the semigroup
of the stable processes defined as

T.f(x) = EX[f(X)] = E°[F(X: + x)]
= /Rd f(x+ y)pe(dy) = pe * f(x)

~

= (271r)d /]Rd e e tRITF(¢)de.

By differentiating this at t = 0 we see that its infinitesimal
generator is A%/? in the sense that A®/2f(¢) = —\§|"‘?(§).
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Semigroup

This is a non-local operator such that for suitable test functions,
including all functions in f € C§°(RY), we can define it as the
principle value integral

. f(x +y) = f(x)
A°Pf(x) = Ag—q lim / y,
W= A IR S DI

where
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Stable Processes-Examples

= Brownian motion (a = 2) has the transition density

1 _ 2
PP (x,y) = ——5 exp <—|X / ) . t>0, x,yeR%
(47t)2 4t
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Stable Processes-Examples

= Brownian motion (a = 2) has the transition density

1 _ 2
PP (x,y) = ——5 exp <—|X / ) . t>0, x,yeR%
(47t)2 4t

m The infinitesimal generator of the Brownian motion for paths
that are killed upon leaving the domain € is the Dirichlet

Laplacian.
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Stable Processes-Examples

m Cauchy process (o = 1) has the transition density

cqt

(22 4 [x = yP?)

pM(xy) = t>0, xyeR?

d+1?
2

where ¢y = 5T (%)
m The generator of the Cauchy process with the corresponding
killing condition on 9 is A/?|q.
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Stable processes -some properties

These processes share many of the basic properties of the

Brownian motion:

* pga)(x) is radial, symmetric and decreasing in x.
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* Scaling: pga)(x,y) = t*d/apga)(tfl/axy tfl/ay)_
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Stable processes -some properties

These processes share many of the basic properties of the

Brownian motion:
= pga)(x) is radial, symmetric and decreasing in x.
m Scaling: pga)(x,y) = t*d/apga)(tfl/axy t1/ay).

< A0 y) = pi(x = y), in particular p{*)(x, x) = p{(0).
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Stable processes -some properties

These processes share many of the basic properties of the
Brownian motion:

= pga)(x) is radial, symmetric and decreasing in x.
m Scaling: pga)(x,y) = t*d/apga)(tfl/axy t1/ay).

w o0 y) = pi(x = y), in particular p{*)(x, x) = p{(0).

% Forall xe R and t > 0,

i dla t N /e t
Ca,}l <t aren ’X‘d+a> < pf» )(X) < Cad (t d/e A ‘X|d+o¢> :

Here, a A b = min{a, b} and aV b = max{a, b} for any
a,beR
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Notation

m Ho = A%? a € (0,2] (the m H= A2 4 V (its Schrédinger
fractional Laplacian operator) perturbation), V € L=°(RY)
m et the associated heat m et - the associated heat
semigroup semigroup
] pﬁ"‘)- transition density (heat = p{l- transition density (heat
kernel). kernel).
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Notation

m Ho = A%? a € (0,2] (the m H= A2 4 V (its Schrédinger
fractional Laplacian operator) perturbation), V € L=°(RY)

m e tHo_ the associated heat m et _ the associated heat
semigroup semigroup

] p§ ®)_ transition density (heat m pf’- transition density (heat
kernel). kernel).

The Feynman-Kac formula gives

pl(x,y) = oV (x, )L, (e I VORI,

where E)f'y is the expectation with respect to the stable process
(bridge) starting at x conditioned to be at y at time t. PURDUE
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Introduction

The main object of study is the trace difference
(e = e ) — [ (pf(x,x) — bl x)) e
Rd
) [ (o0 )
RI
_ t—d/apga)(o)/ Et (e_ JEv(X)ds _ 1) dx,
Rd

where pga)(o) = “’E’;(r;{,/s) Here, we denote by wy the surface area

of the unit sphere in RY,
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Introduction

The main object of study is the trace difference
(e = e ) — [ (pf(x,x) — bl x)) e
Rd
) [ (o0 )
RI
_ t—d/apga)(o)/ Et (e_ JEv(X)ds _ 1) dx,
Rd

where pga)(o) = “’E’;(r;{,/s) Here, we denote by wy the surface area

of the unit sphere in RY. This quantity is well defined for all t > 0,
provided V € L®(RY) N L}(RY).
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Introduction

Indeed, the elementary inequality [e* — 1| < |z|el?! immediately

gives that

. t

/ E)E,X (e_ fo V(Xs)dS — 1) dX S etV“oo/ E)f’x </ ’V(X5)|ds> dX
Rd R4 0

t

| BV

However,
(04) )
¥, X
- [[F 02y dyas.
Rd Xx)

e ([ Ivocies)
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Introduction

Chapman—Kolmogorov equations and the fact that
Pga)(X: X) = Pga)(O, 0) give that

(o) (a)
/ Ps (X,Y)ptfs(y,X)dX: .
]Rd

Pt

and hence

* t
/ Exx (/ !V(Xs)|ds> dx = t||V||1.
Rd 0
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Introduction

It follows then that
‘Tr(e_tH — e_tHO)‘ < t_d/o“*'lpga)(O)HV”let”VH‘”,

valid for all t > 0 and all potentials V € L>(R9) N L}(RY).
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Introduction

It follows then that
‘Tr(e_tH — e_tHO)‘ < t_d/o“*'lpga)(O)HV”let”VHO",

valid for all t > 0 and all potentials V € L(R9) N L}(RY). The

previous argument also shows that for all potentials
V € L®(RY) N LY(RY),

(e e) 03 G [ ([ v o

where the sum is absolutely convergent for all t > 0.
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Theorem 1

Theorem (Bafiuelos- Y.Y. (2012))
(i) Let V : R — (—00,0], V € L®(RY) N LE(RY). Then for all
t>0

prO)[V[L < Tr(e ™™ — e o)
! 1
Pt (0) (tll Vi + 51&2y| Vi1 \/Hooetllvnoo> _

N

In particular

Tr(e ™ — e ) = p{(0) (|| V|1 + O(+?))
t=9/p{(0) (¢ V|1 + O(2)),

ast 0.
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Theorem 1

Theorem (Bafiuelos- Y.Y. (2012))

(ii) If we only assume that V € L>(R9) N L}(RY), then for all
t>0,

|Tr(e—f” — ety 4 p&a)(o)f/Rd

< pO)CERV 1|V ooetIV e,

V(x)dx‘

for some universal constant C. From this we conclude that

Tr(e tH — e~tH) = p{*)(0) (—t /R [ V(xdx+ O(t2)> ,

ast 0.

v
+ JRDUE
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Proof of Theorem 1
Setting

t
a:/ V(Xs)ds, and b=t||V]w,
0

we observe that —b < a < 0.
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Proof of Theorem 1
Setting

t
a:/ V(Xs)ds, and b=t||V]w,
0

we observe that —b < a < 0. By using
1
—a<e?@-1< -2 (1+ 2beb>
we have

- /Ot V(Xs)ds

A
/N
(DI

S
=
)
&
=1
N———

IN

[— /Ot V(Xs)d5:| (1 + ;t”V’ooetV”m) .
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Proof of Theorem 1
Setting

t
a= / V(Xs)ds, and b=t||V]w,
0
we observe that —b < a < 0. By using
—a<e?@-1< -2 (1+ ;beb>

we have

t t
—/ V(X,)ds < (e—fo V(Xs)ds—1)
0

[— /Ot V(Xs)d5:| (1 + ;t||vyooetv”m> _

Taking expectations of both sides of this inequality with respect to
E: . and then integrating on RY with respect to x concludes the
proof of (i) in Theorem 1.

Selma Yildinm Yolcu Heat Trace of Non-local Operators
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Proof of Theorem 1

(ii) Observe that

‘Tr(e—tH _ e_tHO)—f-pga)(O)t/
Rd
(a)
0% 7 /5
X k-1 k—1 t
(a) t ||VH00 / /
< — U~ Hoo
<p”(0)) o . Ex x i |V(Xs)|ds | dx

k=2

V(X)dx‘

)ds) dx

« > tkil 4 Io(gl o
= sV Y L < IO VY eV,

k=2

for some absolute constant C. This concludes the proof.
PURDUE
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Theorem 2

Theorem (Bafiuelos- Y.Y. (2012))

Suppose V' € L>=(R?) N LY(RY) and that it is also uniformly
Holder continuous of order  (i.e., there exists a constant

M € (0, 00) such that |V(x) — V(y)| < M|x — y|", for all
X,y € Rd) with 0 < v < a A1, whenever 0 < a < 1, and with
0 <~ <1, whenever1 < a < 2. Then forall t >0,

'(Tr(e*f” — 7)) p§a>(0)t/Rd V(x)dx — o (0) £ /Rd IV (x)Pdx

< Canall VIR (VIR V1> £ 4 2722

where the constant C, ., 4 depends only on o, v and d. In
particular,

Tr(e™"'—e™") = p{™(0) (—t/ V(x)dx + 1#/ \V(x)|2dx+0(ﬂ/a+2))
R 2 Rd

ast|0. IDUE
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Proof of Theorem 2
We begin by observing that we have

e J VO)ds _ g +/Ot V(Xs)ds—% Uot V(Xs)ds]

t
< C(t]|V]loo)2et VI /0 V(Xs)|ds,

2

for some constant C.
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Proof of Theorem 2
We begin by observing that we have

e J VO)ds _ g +/Ot V(Xs)ds—% Uot V(Xs)dsr

t
< C(t]|V]loo)2et VI /0 V(Xs)|ds,

for some constant C.By taking expectation of both sides with
respect to Ef  and then integrating with respect to x, we obtain

t t 2
/ £t (e ki vexaas _q ¢ / V(Xs)ds—l{ / V(Xs)ds] o
RY 0 2 1o

t
cteviinpe™= [ g ([ veolas) ox
R 0
PURDUE
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Proof of Theorem 2

Returning to the definition of the trace differences, we see that this
leads to

p(%)(o)(me_m _emtho)) 1 t/Rd V(x)dx — %/}Rd E, <[/Ot V(Xs)d5r> dx

< C(tl|V o) MV t]| V1.

It remains to estimate the term E!  ([]?). Since V is uniformly
Holder with exponent v and constant M, we have

V(X +x) — V(x)| < M|X|".

PURDUE
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Proof of Theorem 2

Hence,

Et, [/Ot V(Xs)ds} o {/Ot V(x)ds} i
E, <[/ot V(Xs)dsr - Uot V(x)ds} 2) ‘

- E5,0< [ x40 = voas)

[/Ot V(X + %) + V(X))ds} > .

E!, Vot V(Xs)ds] i — ?V?(x)

PURDUE
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Proof of Theorem 2

Then

Et, ({/Ot V(Xs)ds] 2) _2v2(x)

Integrating both sides of this inequality with respect to x and
using Fubini's theorem, the second integral becomes 2t||V/||1. Thus
we arrive at

’/%d Ecx (Vot V(Xs)dsr> dx — t2 /rd |V(x)[2dx

< meso ([ [ ] [ [Tavee+ 1+ vean as

t
< 2tM|| V|11 EL (/ \xswds) .
0
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Proof of Theorem 2

Now, it remains to estimate the expectation on the right side. We
have

t t
o ([ xpas) = [ Eé,o(\xsmds
- // pt S(y'())|>/\7¢1)/ds
R )
t/2 0 0
R (e 0 O)
)
O ,0
t/2 JRd )
t/2 0
_ / / pt S(y' )\y\’ydyds
R ,0)
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Proof of Theorem 2
To estimate the right hand side we observe that for all 0 < s < t/2
and all y € RY

pLy,0) < p{2(0,0) < p{12(0,0)
By scaling
p{2(0,0)
p(*(0,0)
and therefore the right hand side is bounded above by

t t/2
B ([ Plvas) < 29t [T [ b0yl apes
0 0 Rd
t/2
— 2d/a+1/ E°(|X5W)ds
0

t/2
_ 2d/a+1/ S'y/aEO(|X1"y)ds
0

2d/ot £0 +1
= >v/att E™(| 1|W) / 1 PURDUE
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Proof of Theorem 2

We now recall that E9(|X1|?) is finite under our assumption that
v < «. Thus we see that

t
Eso ( /O yxswds> < Cyrya /011,

where the constant C, ., 4 depends only on «, v and d. We

conclude that
t
2w Vi 5 ([ o)
0

t 2
/ Ef, <[/ V(Xs)ds] )dx— t2/ |V/(x)|2dx
RY 0 Rd
M||V||1Cprya £/ 2.

IN

IN
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Proof of Theorem 2

Then

L (Tr(e_tH — e_tHO)) + t/

P?(O) R
< CEIV )2 eMVI= V]l + M| V[1Copyq £7/F2

< Corydll VI (H\/”ioetl\v\loot?, N tw/aﬂ) |

1
V(x)dx — =t* [ |V(x)|?dx
2 Rd

Rewriting this in the form stated in Theorem 2, we arrive at the
announced bound

r(e tH — et o x)dx — pl® 21 x)|%dx
(7 )+ [ V- 02 [ Vi

< Can | VIpE(0) (I V[2et V=g 4 er/42),

valid for all t > 0. O]
PURDUE
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He = A2 +2°AP2, 2>0,0< B <a<?
x Taking 0 < 8 < a < 2 and a > 0, consider the process

Z7 = Xi + aYy, where X; and Y; are independent a-stable
and [(-stable processes, respectively.
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He = A2+ NP2, a>0,0< B<a<?

m Taking 0 < 8 < a < 2 and a > 0, consider the process
Z7 = Xi + aYy, where X; and Y; are independent a-stable
and [-stable processes, respectively.

% This process is called the independent sum of the symmetric
a-stable process X and the symmetric 5-stable process Y
with weight a.
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He = A2+ NP2, a>0,0< B<a<?

m Taking 0 < 8 < a < 2 and a > 0, consider the process
Z7 = Xi + aYy, where X; and Y; are independent a-stable
and [(-stable processes, respectively.

m This process is called the independent sum of the symmetric
a-stable process X and the symmetric 5-stable process Y
with weight a.

% The infinitesimal generator of Z7 is A®/? + a® AP/2. Acting
on functions f € C§°(R?) we have

(872427872 f(x) =

. 1 a?
Adyfa ||m /{y|>6} <|y|d+a + y|d+ﬁ) [f(X+y) - f(X)]d_y,

e—0*

where Ay _,, is defined as before. PURDUE
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Héa — Aa/2 4 a.ﬁAd/2

« For the properties of the heat kernel (transition probabilities)
for this operator see Chen and Kumagai(2008),
Chen-Kim-Song(2012) or Jakubowski-Szczypkowski(2011),
and references given there.
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Héa — Aa/2 4 a.ﬁAd/2

m For the properties of the heat kernel (transition probabilities)
for this operator see Chen and Kumagai(2008),
Chen-Kim-Song(2012) or Jakubowski-Szczypkowski(2011),
and references given there.

* If we denote the heat kernel of this operator by p?(x), we
have that

p(x) = 1 / —ix-§ g—t(1€]"+2"|¢]°) de¢ = / —_— J‘§|277a(5)d$
: @ny (4rs) d/2 ' ,

where 1Z(s) is be the density function of the sum of the
«/2-stable subordinator and a°-times the 3/2-stable
subordinator.
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Héa — Aa/2 4 a.ﬁAd/2

m For the properties of the heat kernel (transition probabilities)
for this operator see Chen and Kumagai(2008),
Chen-Kim-Song(2012) or Jakubowski-Szczypkowski(2011),
and references given there.

m If we denote the heat kernel of this operator by pZ(x), we
have that

p(x) = 1 / —ix-§ g—t(1€]"+2"|¢]°) de¢ = / —_— J‘§|277a(5)d$
: @ny (4rs) d/2 ' ,

where 1Z(s) is be the density function of the sum of the
«/2-stable subordinator and a°-times the 3/2-stable
subordinator.

% Again, this density is radial, symmetric, and decreasing in |x]|.
PURDUE
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Hé; _ Aa/2 4 a.ﬁA,ﬁ/Z

* There is a constant C, 3,4 such that for all x € RY and t > 0,
Cobaff(x) < pi(x) < Capaff (%)

where

B
— ((Br)-d/B p /e t at
fta(x)_((a t) At >/\(‘X]d+a+x\d+6>'
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Hé; _ Aa/2 4 a.ﬁA,ﬁ/Z

We note that for a = 0 this is just the estimate we obtained
before. For any v > 0 with 0 < v < 8 < a we have for any t > 0,

t t t
/EO(yz;mds < c (/ EO(]XSP)deraV/ EO(YS'Y)ds>
0 0 0

c EO o Y/at+l WEO VP Y/ B+1

tr/atl /B8+1

= GCaapd <V/O‘+1 + ’Y/ﬁ+1> |
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HE = A2 1 B NP2

Theorem (Bafiuelos- Y.Y. (2012))

Leta>0,0< B <a<?2andlet H = A2 1 BBNP/2. Syuppose

V € L®(R9) N LY(RY) and that it is also uniformly Hélder
continuous of order v, with 0 < v < B8 A1, whenever 0 < g <1,
and with 0 < v <1, whenever 1 < < 2. Let

H2 = A2 4 2BAP/2 4 \/. Then forall t > 0,

‘(Tr(e_tH“ _ e_tHS)) +P§(0)t/Rd V(x)dx — pta(O)%t2 /]Rd |V/(x)[2dx

< CoaprallVIhp2(0) (IVIZ eIV 4 e1/0%2 4 ¢1/642)

where the constant C, 5,4 depends only on a, o, 3, v and d.
In particular, as t | 0,

Tr(e " — e t6) = p2(0) (—t/ V(x)dx + 1#/ |V/(x)|?dx + O(ﬂ/a+2)) :
Rd 2 Rd
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a-stable relativistic process

This is again a Lévy process denote by X" with characteristic
function

- m2/ a/z—m je.xm i m,a
l(snam) o) gty [ eyl

forany m>0and 0 < a < 2.
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a-stable relativistic process

This is again a Lévy process denote by X" with characteristic
function

- m2/ a/z—m je.xm i m,a
l(snam) o) gty [ eyl

for any m >0 and 0 < o < 2. As in the case of stable processes,
X{™ is a subordination of Brownian motion and in fact

(ma)e oy — L[ g (PP ) —m)
Pt (x) (27)? /Rde e dé

1 kR,
= | e S

where 7;"%(s) is the density of the subordinator with Bernstein
function d)(/\) = ()\ -+ m2/a)a/2 —m. PURDUE
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Relativistic Brownian motion

% As before we see that pgm'a)(x) is radial, symmetric, and

decreasing in |x]|.
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Relativistic Brownian motion

m As before we see that pE’”'“)(x) is radial, symmetric, and
decreasing in |x]|.

w p™ ) (x) = me ) (mx).
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Relativistic Brownian motion
m As before we see that pE’”'“)(x) is radial, symmetric, and
decreasing in |x]|.
= pt™ ) (x) = m/epl® (mt/x).
* Grzywny- Ryznar - (2008)

m,a m & 1 —Ix? _m?/as af2
Pg )(X):e t/o We 4 € 77t/ (s)ds,

where n?/2(s) is the density for the a//2-stable subordinator.
By scaling
/2 —2/a. & 2 2/«
() = £ (st 2.
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Relativistic Brownian motion

m As before we see that pE’”'“)(x) is radial, symmetric, and

decreasing in |x]|.
= pt™ ) (x) = m/epl® (mt/x).
m Grzywny- Ryznar - (2008)

m,a m & 1 —Ix? _m?/as af2
Pg )(X):e t/o We 4 € 77t/ (s)ds,

where n?/2(s) is the density for the a//2-stable subordinator.
By scaling
/2 —2/a. & 2 2/«
() = £ (st 2.

* Hence changing variables leads to

. —mt  d/a (m,@) _ & 1 /2 _ o _ (JJdr(d/O[)
lim e™™ ¢ p;™(0) /0 (@rsyar2’h (s)ds = pi(0) ~@rYia
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Relativistic Brownian motion

» The infinitesimal generator of X/” is given by
m — (mz/o‘ — A)a/z.
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Relativistic Brownian motion

m The infinitesimal generator of X/” is given by
m— (mz/o‘ — A)a/z.

* The case a = 1 gives the generator m — v/—A + m? which is
the free relativistic Hamiltonian. (see Carmona, Masters and
Simon(1990))
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Relativistic Brownian motion

m The infinitesimal generator of X/” is given by
m— (mz/a — A)a/z.

= The case a = 1 gives the generator m — v/—A + m? which is
the free relativistic Hamiltonian. (see Carmona, Masters and
Simon(1990))

» For estimates for the global transition probabilities p§""°‘)(x)
and their Dirichlet counterparts for various domains, see
Chen(2009), Chen-Song(2003) Chen-Kim-Kumagai(2011),
Chen-Kim-Song(2012), Chen-Kim-Song(2012), Ryznar
(2002), Grzywny-Ryznar (2008).
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Relativistic Brownian motion

« Chen, Kim and Song(2012) [Theorem 2.1]: For all x € R¢
and all t € (0, 1],

ot et p PR i o V)
" [ x| @+ x|+
where
~1 .00
W(r) =27 (d+a)r <d 42_ a> / s lgms/4e=r s s
0

which is a decreasing function of r? with W(0) =1, W(r) <1
and with

Cfle—rr(d—i—a—l)/Z <W(r) < Cle—rr(d-‘roc—l)/Zv

for all r > 1. PURDUE
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Relativistic Brownian motion
Theorem (Bafiuelos- Y.Y. (2012))

Let H' = m — (mz/"‘ - A)a/z. Suppose V € L*(R?) N L}(RY)
and that it is also uniformly Hélder continuous of order y, with
0<~v<aAl, whenever0 < a <1, and with0 < v <1,

whenever 1l < o < 2. Let H™ = m — (mz/o‘ — A)a/2 + V. Then
for all t > 0,

’(Tr(e’th ) 4 pg(o)t/Rd V(x)ax — pi(0) 5 /Rd V()2

< Cama VI () (V]2 et Vil 4 ¢7/o42)

In particular,

Tr(e—t" _e=t) = p(m®)(q) (—t/d V(x)dx + %9 /d IV (x) o + (’)(t“’/"‘*z)) ,
R R

{DUE
ast 0.
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Thank You!
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