LARGE DEVIATIONS FOR RANDOM WALKS IN A RANDOM
ENVIRONMENT ON A STRIP

JONATHON PETERSON

ABSTRACT. We consider a random walk in a random environment (RWRE) on the strip of finite
width Z x {1,2,...,d}. We prove both quenched and averaged large deviation principles for the
position and the hitting times of the RWRE. Moreover, we prove a variational formula that relates
the quenched and averaged rate functions, thus extending a result of Comets, Gantert, and Zeitouni
for nearest-neighbor RWRE on Z

1. INTRODUCTION

In this paper we will study the large deviations of a random walk in a random environment
(RWRE) on the strip Z x [d] where we use the notation [d] to denote the finite set {1,2,...,d}. A
point (k,i) € Z x [d] will be said to be at height i of level k in the strip. We will be interested in
RWRE on the strip that can move at most one level to the left or right. In this case, the model
of RWRE on the strip can be described as follows. An environment w is given by three sequences
of d x d matrices. That is w = {wn}nez = {(9n, Tn, Pn) tnez, Where g, r, and p, are non-negative
d x d matrices for each n such that ¢, + r, + p, is a stochastic matrix for every n € Z. That is,

> (anliy§) +raliy §) + pa(i,5)) = 1, Vi€ [d], n € Z.
jeld]
For a fixed environment w, we can define the RWRE starting at (z,7) € Z x [d] to be the Markov
chain &, with distribution P{"" defined by P"" (& = (z,i)) = 1 and
(i, j) ifm=k-1
ri(i,7) ifm=k
pr(i,g) ifm=k+1
0 otherwise.

(1) P (Enr = (m, ) | €0 = (k,4)) =

That is, the matrices g, 7, and pg give the one-step transition probabilities for jumping to the level
to the left of level k, within level k, and to the right of level k, respectively. PUS“) is called the
quenched law of the RWRE, and expectations with respect to this law are denoted Eo(f’l).

We can also define the averaged law of the RWRE by first choosing the environment randomly.
To make this precise, let
S ={(g.7p) eRTI xR X RYC : (g +7+p)1 =1}

denote the set of all transition probabilities for a fixed level of the strip so that Q = %2 is the set
of all possible environments w on the strip. Let F be the Borel o-algebra on 2, and let n be a
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probability measure on (€2, F). Then the averaged law of the RWRE is defined by

PO () = By |PSO()]
where E, denotes expectation with respect to the distribution 1 on the random environment w.
Expectations with respect to the averaged law ng’z) of the RWRE will be denoted ng,z).

Often times we will start the RWRE at a location (0,7) in level 0 of the strip. However, we
may also chose to start the RWRE at a random height i € [d] instead. To this end, for a fixed
environment w and a probability distribution 7 on [d] we will define P7(-) =5, W(i)Pa(jo’l)(-). That
is, the RWRE starts at (0, ) with probability 7(¢). The corresponding averaged law will be denoted
P7. At times we will even allow m = 7(w) to depend on the environment w in a measurable way so
that P} (-) = [, PJ(-) n(dw) is still well defined. Naturally, EJ and E will denote the corresponding
quenched and averaged expectations.

The first results for RWRE on a strip were by Bolthausen and Goldsheid [BG00] who gave a
criterion for the RWRE to be recurrent or transient to the left/right. Subsequently, Goldsheid
proved a law of large numbers and a quenched central limit theorem [Gol0§] and independently
Roiterstein also proved a law of large numbers and an averaged central limit theorem for the RWRE
[Roi08]. We note that since the strip is bounded in the second coordinate, the law of large numbers
and the central limit theorems are proved for the first coordinate of the RWRE. That is, if we write
& = (X, Y),) then the law of large numbers proved in [Gol08, [Roi08] states that there exists a
vp € [—1,1] such that

im —% = T
(2) nh_>nolo = Vo, P7-a.s.

In both [Gol08] and [Roi08§], this law of large numbers for X,,/n was deduced from a law of large
numbers for hitting times. For any = € Z let T,, = inf{n > 0 : X,, = z} be the hitting time of the
level {z} x [d] for the random walk. It was shown in [Gol08|, [Roi08§] for RWRE on the strip that
are recurrent or transient to the right that

T
(3) lim —* = 1/vo, Py-a.s.,

n—oo N
where we interpret 1/vop = oo if vg = 0. The main goal of this paper is to study asymptotics of
probabilities of large deviations away from the laws of large numbers in and . That is, we will
prove large deviation principles for both 7}, /n and X,,/n under both the quenched and averaged
laws. Moreover, we will give a variational formula relating the respective quenched and averaged
large deviation rate functions.

Large deviations of RWRE on Z and Z? have been studied previously using a number of different
approaches [GdH94, [CGZ00, [Var03| [Zer98, RA04, [Yil09, [Yil10, [PZ09]. Some of these results on
Z¢ allow for bounded step sizes [Var03l, [Yil09, [Yil10] and thus would apply to some certain RWRE
on the strip (see Appendix [A| below). However, in these papers the quenched and averaged large
deviation principles are proved using different approaches and thus it is very difficult to compare
the quenched and averaged rate functions. In contrast, [CGZ00] develops a unified approach for
studying both quenched and averaged large deviations of nearest-neighbor RWRE on Z that not
only proves quenched and averaged large deviation principles for X,,/n and T,,/n but also gives a
variational expression relating the quenched and averaged rate functions.

In this paper we will adapt the approach of [CGZ00] to the case of RWRE on the strip. We note
that the results in [CGZ00] were later generalized in [DGZ04] to the model of nearest-neighbor
RWRE on Z with holding times, and at times we will borrow from ideas in [DGZ04] as well. The
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main difference from the one-dimensional case is that the random walk can enter a new level at
any height and thus the differences of hitting times Ty — T;_1 are no longer independent under
the quenched measure which makes it difficult to study the asymptotics of the quenched moment
generating functions E7 e’ 1 {Tn<oo}]- This is overcome by keeping track of both the hitting times
and the heights at which the random walk enters a level so that ET [e» 17, <o0}] can be represented
using products of random (w-dependent) matrices. We then use some ideas from [FK60] to obtain
formulas for the asymptotics of these products. As in [CGZ00], understanding the asymptotics of
the moment generating functions of the hitting times is the key to deriving large deviation principles
for both the hitting times and the speed of the random walk.

1.1. Main Results. Before stating our main results, we need to first introduce some assumptions
on the environment. Our first assumption is that the distribution on environments is spatially
ergodic with respects to shifts of the Z-coordinate. That is, recalling that w, = (gn,Tn,pn), let
6 : Q — Q be the natural left shift operator defined by (fw)r = wy1.

Assumption 1. The sequence {wy }nez is ergodic under the measure n on environments. That is,
the dynamical system (2, F,n,0) is ergodic.

For technical reasons we will also need some strong ellipticity assumptions on the environments.

Definition 1.1. For any x > 0, let ¥,;, C ¥ be the set of transition probabilities (q,r,p) from a
given level that satisfy

(4) > q(i,j) =k, and Y p(i,j) =k, Vield
J J

and

(5) ((I-7)"t)(,5) >k, and ((I—7r)"'p)(i,5) >r, Vi,jeld).

Moreover, define Q,, = ¥Z so that environments w € €, satisfy the uniform ellipticity assumptions
and at every level in the strip.

Assumption 2. There exists a k > 0 such that n(w € Q) = 1.
Remark 1.1. The uniform ellipticity assumptions and have simple probabilistic interpreta-

tions. For any environment w € 2,
PR)(X)  =k—1)>kr, PFIX\=k+1)>k, VkeZ icld,
and
P NTyy < Tor, Yo, = §) >k, P Ty < Thy, Yoy, =5) > 6, Yk €Z, 4,5 € [d].
Also, note that for any environment w € €, the state space Zx [d] for the random walk is irreducible.

Remark 1.2. Assumption [2] is slightly stronger than the uniform ellipticity assumptions made by
Goldsheid in [Gol08] where the condition is replaced by the assumption that .(p(i,j) +
q(i,7)) > k for every i € [d].

As in [CGZ00], the key to proving the quenched large deviation principle will be the derivation of
a formula for the asymptotic quenched logarithic moment generating function of 7;,. In particular,
we will show that there is a deterministic function A,(\) such that
1
(6) lim —log E e’\T"l{Tn<Oo}] =A,(A), n—as,

n—oo n
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where the limit does not depend on the initial distribution 7 for the starting height. In Section
we will prove the existence of the above limit, give a formula for A,()), and show that A,()) is
differentiable. From this, the following quenched large deviation principle follows in the standard
way.

Theorem 1.2. For a distribution n on environments satisfying Assumptions[1] and[3, define

(7) To(#) = sup{Mt — Ay(A)}.

Then, for n-a.e. environment w and any initial distribution w for the starting height at level 0 (even
depending on the environment), T,,/n satisfies a weak large deviation principle under the measure
PT with rate function J,. That is, for any open G

1
oo b x S
hnnilcgf - log PT(T,/n € G) > tlélg Jy(t),
and for any compact F

(8) lim sup ! log P (T,/n € F) < —inf J, ().
n—oo T teF
Remark 1.3. Recall that a (strong) large deviation principle means that the large deviation upper
bound holds for all closed F' as well. We can only claim a weak large deviation principle since it
may be the case that lim;_.o J,(t) = inf; J,,(t) > 0. However, this will not happen if the random
walk is recurrent or transient to the right. In these cases Theorem can easily be strengthened
to a full large deviation principle under PJ.

To prove the averaged large deviation principle for the hitting times we will need a more re-
strictive assumption on the distribution 1 on environments. Let M;(2,) be the set of probability
distributions on the set of environments €2, and let M7 (Q,) (and M7 (€)) denote the set of sta-
tionary (ergodic) distributions 7 on environments; that is, {w,} is a stationary (ergodic) under

n.

Assumption 3. The distribution n € M{ () satisfies a process level large deviation principle on
the space M (§2) equipped with the topology of weak convergence of probability measures. That is,

n—1

1
9 Ln:—g 1)
() nkio 0kw

satisfies a large deviation principle with rate function h(-|n), the specific relative entropy with respect
ton.

We will say that a distribution n € M7 (§2) on environments is locally equivalent to the product
of its marginals if for all n > 1 the joint distribution of (w1, ws,...,wy) is absolutely continuous
with respect to the product measure 7, where 7 is the marginal of wy under the measure 7.

Assumption 4. The distribution n on environments is locally equivalent to the product of its
marginals, and for every stationary measure o € M7 () there exists a sequence ay, € M{ () of
ergodic measures such that c,, — « (in the topology of weak convergence of probability measures)
and h(ay|n) — h(a|n).

Remark 1.4. Assumptions [3] and [4] were also made for the averaged large deviation principles in
in [CGZ00|] and [DGZ04]. Also, it is known that Assumptions [3| and [4] are satisfied if 1 is a
Gibbs measure on 2, with summable, translation invariant interaction potential (see Theorem 4.1
and Lemma 4.8 in [F6I88]). In particular, Assumptions [3| and [4] hold if 7 is an i.i.d. measure on
environments.
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Our next main result is a large deviation principle for the hitting times under the averaged
measure. It is intuitively clear that the averaged rate function should be less than or equal to
the corresponding quenched rate function. This is because under the quenched measure large
deviations occur due to atypical behavior from the random walk, but under the averaged measure
large deviations can occur due to some combination of the choice of an atypical environment and
the walk doing some atypical behavior (thus making the averaged large deviation probabilities
decay more slowly). The following Theorem extends the variational formula in [CGZ00| relating
the quenched and averaged rate functions that makes the above intuition precise.

Theorem 1.3. Let the distribution on environments n satisfy Assumptions [3, [J and [} Then,
for any initial distribution 7 the hitting times T, /n satisfy a large deviation principle under the
measure PR with convez, lower semicontinuous rate function

(10) L(t) = _inf (Ja(t) + h(aln).

D)

Continuing to follow the approach of [CGZ00], we will use Theorems and to deduce
quenched and averaged large deviation principles for X,,/n. In order to do this we will need not
only a large deviation principle for T;,/n but also for T_,,/n. However, since we have made no
assumptions about recurrence or transience in the statements of Theorems [I.2] and an obvious
symmetry argument implies large deviation principles for T_,,/n as well. To make this precise we
introduce the following notation.

Definition 1.4. For any environment w € Q let w™" denote the environment induced by reflecting
the strip Z x [d] in the first coordinate. That is,

(Qn(whw)a ""n(wlnv))pn(wmv)) = (p—n(w)7 T—n(w)a Q—n(w))7 Vn € Z.
Moreover, for any distribution n € M;(£2), let n™ be the induced distribution on w™.

With this notation it is clear that Theorems [I.2] and imply quenched and averaged large
deviation principles for T, /n with rate functions Jymv and Jymv, respectively. We are now ready
to state the quenched and averaged large deviation principles for the speed X,,/n of the RWRE.

Theorem 1.5. Let the distribution on environments n satisfy Assumptions [1] and [3 Then, for
any initial distribution w (even depending on the environment) X, /n satisfies a large deviation
principle under the measure P with deterministic, lower semicontinuous, convex rate function

xJy(1/x) x>0

Iy(z) =  limg oo Jy(t)/t =0

|z|Jpme(1/]2]) 2 <O.
Remark 1.5. Tt is not clear from the formula above that I,(x) is continuous at x = 0. However,
part of the proof of Theorem [1.5| will be to show that lim;—ec J5()/t = limi—eo Jyme () /1.

Our final main result is the corresponding averaged large deviation principle for X, /n.

Theorem 1.6. Let the distribution on environments n satisfy Assumptions[q -[{ Then, for any
initial distribution 7w, X, /n satisfies a large deviation principle under the measure Py with lower
semicontinuous rate function
xJ,(1/x) x>0
I,(z) = 4 I,(0) z=0
2|, mo(1/]2]) 2 < 0.
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Remark 1.6. Again, part of the proof of Theorem will be showing that I, as defined above is
continuous at x = 0. Naturally, the variational formula implies a corresponding variational
formula for I, (z). The only difficulty is proving the variational formula at z = 0; see below.

The structure of the paper is as follows. In Section [2| we introduce the matrices ®x(\) which are
quenched moment generating functions for hitting times that also take into account the height at
which the random walk enters a level. Then, in Section [3| we use these matrices to compute the
asymptotic log moment generating function A;(A) for hitting times as well as a formula for A7 ()).
In Sections[4 and [5] we prove the quenched and averaged large deviation principles for hitting times,
and then in Section [f] we show how to transfer these to obtain quenched and averaged large deviation
principles for X,,/n. We conclude the paper with a short appendix on RWRE on Z with bounded
jumps. It is well known that such RWRE with bounded jumps can be interpreted as a special case
of RWRE on a strip. In Appendix [A] we examine a natural class of RWRE with bounded jumps to
which the results in this paper apply, and we show how to modify the proofs in this paper to RWRE
with bounded jumps that do not satisfy the strong uniform ellipticity assumptions in Assumption

2l

1.2. Notation. Before beginning with the proofs of the main results, we will introduce some
notation that will be used throughout the paper. For vectors x = (z1,...,24) € R?, let ||2]/o0 =
max; |z;| and ||z||; = Y, |zi| be the standard ¢*° and ¢! norms, respectively. Also, let a norm on
d X d matrices be given by

Al = mgxz | Aij-
j

If the entries of A are non-negative then ||A]| = max;e; A1, where the vectors {e;};c[q are the
standard basis vectors for R%. We will use this fact without mention at several points throught the
paper. Note that matrix norm defined in this way is the ¢! operator norm acting on row vectors
to the left and the £°° operator norm acting on column vectors to the right. In particular, for any
row vector x and column vector y we have |xAy| < ||x|[1]|All||¥]co-

Acknowledgement We would like to thank to Alex Roiterstein for originally suggesting this
problem and for many stimulating discussions on RWRE on the strip. Also, many thanks to Ofer
Zeitouni for several discussions on large deviation generalities that were helpful in the course of
preparing this paper.

2. QUENCHED MOMENT GENERATING FUNCTIONS

As mentioned in the introduction, they key to proving the quenched large deviation principle for
the hitting times is to prove the limit @ which gives the exponential asymptotics of the quenched
moment generating functions of the hitting times. In this section, we will prepare the foundation
for proving the limit in @ by introducing some useful notation and deriving some uniform upper
and lower bounds on the quenched moment generating functions.

For any environment w, A € R and k € Z let ®;(\) be the d x d matrix with entries given by
q)k()‘)(lv]) = Ec(uk’l) 6ATk+11{Tk+1<oo,YTk+1:j} ) i7j € [d]

Lemma 2.1. There exists a constant Aerit = Aerie(n) > 0 such that if A < Aepir then @ (i, j)(A\) < 0o
foralli,j € [d] and k € Z, n — a.s., and if X > Aepir then @i (i, j)(X) = oo for alli € [d],j € T and
keZ,n—a.s.
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Proof. Obviously, ®¢(A)(4,7) < oo for all 7,5 € [d] if A < 0. Thus, we only need to consider A > 0,
in which case Assumptions [2| implies that

(I)O()‘)(ja k) = Eo(.zo’j) {eATl1{T_1<T1<OO,YT71=Z‘,Ylek}:|

(11) > ker Y O (A)(E ) Po(A)(1, k)
le(d]
(12) > k2 @ (N)(i,1), Vi, gk € [d].
leld]

It follows that ||®o())|| < oo implies that ||®_;(\)|| < oo and thus

{12Vl < oo} = ({I[@n(V)] < o0}, n-aus.
n<0
Since (,,<o1/|®n(N)|| < oo} is invariant under (right) shifts of the environment and the distribution
7 on environments is ergodic, we can conclude that 7(||[®g(\)|| < oo) € {0,1} for any A € R. Define
Acrit = Aarit(n) 1= sup{A : (||®o(A)|| < c0) = 1}. By the monotonicity of ||®o(A)| in A we have
that [[®o(A)|| < oo for all A < Agit and n-a.e. environment w. Since 7 is shift invariant we also have
|Pn(N)|| < oo foralln€Z, A < Aerit, 1 — a.s.

On the other hand, if A > A, then ||®_;(N)|| = oo, n—a.s. However, maximizing over i we
obtain that ®o(\)(j, k) > k2e?}|®_1(\)|| = oo for any j,k € [d]. Again, since 7 is shift invariant,
this implies that ®,,(j, k)(\) = oo for all n € Z, j, k € [d], n-a.s. O

Remark 2.1. Note that the above lemma does not say whether or not ||®,(\)| is finite when

A = Aait. However, it will follow from the proof of Lemma below that || Py, (Aeit)|| < oo for all
n. In fact, Lemma will even give a uniform upper bound on the entries of ®,,(Acyit)-

Next, we would like to prove upper and lower bounds on the entries of ®;(A) when A\ < Agit.
To this end, we first need the following Lemma which follows easily from the uniform ellipticity
assumptions on the environment.

Lemma 2.2. For any k € (0,1/2) there exists an integer Ny, < oo such that for all w € €,
P (Tyq < N, Yoo, = 4) > 6/2, PE)(Thoy < N, Yoo, =4) > w/2, Vk€Z,i,j€[d].

Proof. Obviously it is enough to prove the lower bounds when starting in level £ = 0. For a random
walk started at a point (0,7) in level 0 of the strip, let 7 = T} A T_1 be the exit time of level 0.
Conditions and imply that

(13) POI(r>1)<1—2k, Vield,
and
(14) PON& = (1,4) > K, PO =(-1,4) >k, Vi,jeld].

Note that iterating the lower bound implies that P (1 > N) < (1-2k)" for any non-negative
integer N. Therefore,

PY(TL < N, Yr, = j) 2 PPO(& = (1,5) = P71 > N)
>k — (1-2r)N.

Similarly, P (T-1 < N, Y, =j) > r—(1-2k)", and letting N, = [log(x/2)/log(1 — 2x)]
completes the proof of the lemma. O
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The following lemma which gives uniform upper and lower bounds on the entries of ®x(\) will
be crucial throughout the remainder of the paper.

Lemma 2.3. If n satisfies Assumptions[1] and[3, then for any for X < \cpi there exists a constant
cx € (0,1] (depending only on X and k) such that

(15) ) <cA < Bo(N)(irj) < -, Viij € [d]) —1
A

If in addition 7 is locally equivalent to the product of its marginals and we denote by ¥, the support
of wo = (qo, r0,p0) under n, then it follows that

1
(16) ex < ®o( N\, w)(i,5) < o Vw € B2 0,5 € [d], A < Aerit(m).

Proof. The lower bound on ®g(\)(4,5) is easiest. Indeed, since e*™* > (e*V= A 1) on the event
{T1 < Ny} we have that

(N (i) = ESD [, <, vy, =)

(17) |
> (e’\N“ A 1) POy < Ny, Yoy, = ) > (&Nk A 1) k)2,

where the last inequality follows from Lemma [2.2

For an upper bound, first note that ®¢(A)(i,7) < 1 if A < 0. Thus, we only need to prove a
uniform upper bound when A € (0, Ayit]. To this end, note that implies that

Po(N)(j, k) 2 ke 1 (N) (6, /) Do(N) (3, K), Vi, .k € [d].
If A < Agrig then @g(A)(4, k) € (0,00) and we may cancel these terms from both sides of the above
inequality to obtain that ® _()\)(4,5) < (1/k)e™* < 1/k. Since the law 1 on environments is shift
invariant, the same uniform upper bound holds for ®4(\)(4,j) with probability one. Finally, since

Do(N)(4,7) < (1/k) for all X < Agit, the monotone convergence theorem implies that ®g(Acyit ) (7, 7) <
(1/k), n-a.s. This completes the proof with ¢y = §(eM*= A 1).

Moving now to the proof of , note that the argument above giving the lower bound on the
entries of ®y(\) only depends on the fact that w € Q,, and since obviously Z% C Q, the lower
bound in also holds. To prove the upper bound in we first introduce some notation. For
any M < oo let @ p7(A) be the “truncated” quenched moment generating functions defined by

(18) q)k,M()‘)(Z7]) = Ecs)kﬂ) |:e>\Tk+11{Tk+1§M, YTk+1:j}:| :

It is easy to see that @ r/()\) depends on the environment w through w(_jz o where we use the
notation w g = (Wit 1, Wht2s - - -, wp) € BEF for any environment w and any k < £. Moreover, the
function w — ®g pr(A, w) (4, j) from Q,, — R is continuous for any fixed M < oo and 4, j € [d] since
the quenched expectation in can be expressed as a sum over finitely many paths. Thus, for
any fixed M < oo, 4,7 € [d] and A < Agrit(n) the set

Gy = {w € Qp: Poar(A,w)(4,7) > 1/cx}

is an open subset of ¥Z.

Fix A < Agit(n), and assume for contradiction that there exists @ € E% and 4,5 € [d] with
®o(A,@)(4,5) > 1/cx. Then by monotone convergence, & € Gy ;x for all M large enough. Since
the open set Gz, intersects E% and since Gy is J(w(_ M70])—measurable, it follows that
(n10)M(Garijx) > 0. However, since 7 is locally equivalent to the product of its marginals this
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implies that 7(Garijx) = 7l(—ar0(Gariga) > 0 as well. Thus, with n-positive probability 1/c) <
Do, (N)(4,7) < ®o(N)(4, j). Since this contradicts (15), this proves that the upper bound does
indeed hold. O

Remark 2.2. Note that the above proof shows that x/2 < ®g(\)(,7) < (1/x)e™ for all A € [0, Aerit]-
A priori there is nothing preventing Aui; from being infinite. However, since x/2 < (1/k)e™ for
A € (0, Aerit] we can conclude that Agi < — log(k2/2).

Remark 2.3. Tt will be important below to note that (for M large enough) we can give uniform
upper and lower bounds on the entries of the truncated moment generating functions ®j as(\) as
well. It is obvious from the definitions that ®5 a7 (X)(i,7) < ®x(A)(4,7) so that the same uniform
upper bound holds for any M < oco. Moreover, the argument in giving the uniform lower
bound on the entries of ®(\) gives the same lower bound on the entries of ®y ar(A) if M > N.
That is,

(19) ex < Borr(N) (i, j) < Cl Vw e S, 47 € [d), A < Aaru(n), and M > N,
A

3. THE QUENCHED LOGARITHMIC MOMENT GENERATING FUNCTION FOR HITTING TIMES

In this section we will prove that the limit lim,, % log ET [e’\Tnl{Tn<oo}] exists almost surely
and is equal to a deterministic function A, (). Moreover, we will derive a probabilistic formulation
of both Ay(X) and its derivative. We begin by expressing the moment generating function of 7}, in
terms products of the matrices ®(\). For ease of notation we introduce the notation

Pppny(A) = H ®r(A), for any m <n.
k=m

With this notation, it is easy to see that ET[e*" 15 o] = 7@ ,_17(A)1, where on the right side
m = (m(1),7(2),...,7(d)) is a row vector and 1 is a column vector of all 1’s. To identify the limit
of n™!log(n® ,—1](A)1), we first need the following Lemma.

Lemma 3.1. If for some A € R and w € Q there exists a ¢ > 0 such that 1/c¢ < ®(N)(i,5) < 1/c
for all k € Z, 1,7 € [d], then there exists a sequence of vectors {pn (N, w)}nez such that

P _ b 2(1 — A\n—m—1
(20) sup |-t Sl
0#7>0 7T(I)[m,nfl](A)]' ¢
Remark 3.1. The vectors p, (A, w) are necessarily non-negative with entries summing to 1 and thus

can be viewed as probability distributions on [d] that depend on the environment w. For convenience
of notation we will often suppress the dependence on w and just write u, () instead.

\w)|| <

1

, Yn€Z, m<n-—1.

Corollary 3.2. Let n be a measure on environments satisfying Assumptions [1] and [4. Then the
sequence of vectors {in(X)}nez from Lemmal[3.1) is an ergodic sequence.

Proof. Lemma [2.3] implies that the conditions of Lemma [3.1] are satisfied for A < A4 and n-a.e.
environment w with ¢ = ¢). Thus implies that

iq)mn— A
pn(V) = tim b y¢)

,  7m-a.s.,
m=——00 eiq)[m,n—l](/\)l 7

where the limit doesn’t depend on the choice of i € [d]. This shows that p,(A) = un(A,w) is a
deterministic function of the environment that commutes with shifts of the environment in the
sense that pu, (A, w) = po(A, 0"w). Since the environment w is ergodic by assumption, it follows that
tn(A) is ergodic as well. O
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We postpone for the moment the proof of Lemma [3.1] and instead show how Corollary [3.2] can
be used to prove the following statement for the limit of n~tlog EX[eMr 17, ooyl

Lemma 3.3. For a distribution n on environments satisfying Assumptions[1] and[3, define

A,(0) = {f;?[logwo(x)@ou)l)] o

Then for any distribution © on [d] for the height of the starting location of the walk (m can even be
random depending on w),

1
(21) lim —log E] [ )‘T"I{Tn<oo}} Ay(N), YA, n-as.

n—oo n

Proof. First, we claim that it is enough to prove holds n-a.s. for any fixed A\, and thus for
n-a.e. environment the limit holds for all rational A. It will be shown below that the function A, ()
is continuous on (—o0, Agrit) (this will follow from the fact that A — po(A) is continuous), and
since the left side of is a monotone function of A for every n we can conclude that for n-a.e.
environment the limit in holds for all .

Since ET [e’\Tnl{Tan}} is finite if and only if A < Aqj, it is enough to consider the case when
A < Aait. For a fixed A < At note that

T | AT _ W(I)[ij]()\)l
log E [6 1{Tn<oo}} = log(m®9,—1)(A)1) = log(mPo(A +Zl (W‘P[Oku()\)l

Do, —11(N)
~losmh L Zl"g (Fomton o)

(22) = Zlog(qu)k()\)l),
k=0

where the last equality is used to define the vectors z;. Note that from the formulas for z; given
above it is clear that for k large we should be able to approximate zj by pi(\). Indeed, (20]) implies
that [|2x — pe(M\)[1 < 2 (1 — ¢})*¥~L. Now, for any probability vector u on [d], Lemma [2.3 implies

that °
O N1 =D p()@p(N)(is ) Z exd.

Then since |log(x) —log(y)| < @ for any z,y > a, it follows that

| og (1 (\)@1(A)1) — log (x84 (A)1)] idmkurbk(m (N1

IA

1 2 _
(23) < — ) = zlh[2x (W] < 50 =),
C) )\

where in the last inequality we used H<I>k()\)|| S d/ c¢) which follows from the upper bound on the
entries of ®x(A) in (15). Combining (22)) and we see that

|
—

SENIN)

n
o 2(1 =)t
(1 _ Cé)L\)k 1 < 10 A

1 AT 1
(24) |~ log Ef[e™ " L{r, <o0}] — ZlOg pe(A)2R(N1)] < o,

e
Il

0

and since the expression on the rlght vanishes as n — oo it is enough to evaluate the limit of
the second sum on the left side. However, since the environment w is ergodic it follows that
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{p(N) P (N1} ez is ergodic as well since both py(\) and ®(\) are functions of the shifted envi-
ronment 6*w. Thus Birkhoff’s ergodic theorem implies that

nlggo ngog pe(N)@x(M1) = By llog(uo(N)@o(M)1)],  n-ass.
Combining this with (24)) finishis the proof of the lemma. g

We now return to the proof of the existence of the vectors p,(\) and the associated error bounds
as stated in Lemma B.1]

Proof of Lemma[3.1. The key to the proof of Lemma [3.1]is the following Lemma from [BGO0].

Lemma 3.4 (Lemma 9 in [BGO00]). Let G,, n =1,2,... be a sequence of d x d matrices with all
positive entries, and for any r > 2 let

Gr(i ])Gr 1(ja k)

pr = min

0,5,k Ze (1, 0)Gr1 (€, k)
If 300 pr = 00 then there exists a vector U = (v(1),v(2),...,v(d)) with strictly positive entries
adding to 1 such that for any n > 2

GnGn-1---G1 =Dy, U(l) U(Q) T U(d) tEn ¢,
where Dy, is a d x d positive diagonal matriz and €, is a d x d matriz with ||e,|| < [['_5(1 —dp,).

For fixed w € 2, A € R, and ¢ > 0 satisfying the assumptions of Lemma [3.1] and for n € Z fixed,
we will apply Lemma 4 with Gy, = ®,,_k(\). The representation of the product GyGj_1--- Gy
from Lemma implies that

e;GLGr_1--- Gy . U+ eiep
e;GLGr_1---G11 14 eierl’
The uniform upper and lower bounds on the entries of ®,_1(\) = G} imply that p, > ¢*/d for all

r > 2, and so the matrix e, has norm |[jex|| < (1 — ¢*)¥~! for k > 2. Thus, it follows that for any
i€[d and k > 2,

einGk—l"'Gl = < H'17H1 1 . ||€i€]€”1 2H€k3”
eiGrGr—1---G11 1 1+ ejexl 11+ eierl] = 1— |lex]]
_ Ak—1 _ A\k-1
< 21 —¢*) < 2(1—¢%) '
- 1= (1 _ 04)’“*1 - cl

Since |le;G1/(e;G11)|1 = ||¥]l1 = 1 and 2/¢* > 2, the above error bound also holds when k =
1. Finally, since for any non-negative vector m # 0 and any non-negative matrix A, the vector
mA/(m A1) is a convex combination of the vectors {e;A/(e;A1)};cq), it follows that

1GLGr_1---G1 2(1 — C4)k71
sup N e—
07571'>0 TGrGr—1---G11 1 c
This completes the proof of Lemma [3.1| with u,(\,w) = 7. O

, Vk>1.
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3.1. Differentiability of A,()). For any environment w and i € [d], let
1 .
Apin(A) = - log EKE)O’Z) [eATnl{Tn<oo}].

For any fixed i € [d], n > 1 and w, the function A, ;,()) is strictly convex and differentiable
(analytic even) on (—00, Aait). Since Ay in(A) = Ay(A) as n — oo, it follows that A,(N) is a
convex function on (—o00, Aerit) but a priori we cannot conclude that A, (X)) is differentiable on
(=00, Acrit). If we can show that A[,;, (A) converges uniformly on compact intervals then it will

follow that A, () is differentiable and that Aj(A) = lim,—e0 Af, ; ,(A) [Rud76, Theorem 7.17].

w,t,m

For any k > 1, define 7, = T — Tx_1 when Tj_; < oo and 7, = oo otherwise, so that T, =
> p_q Tk Then, it’s easy to see that for A < Acit,

0, n 0,7
g L (D)) B e )
w,i,n n EO(JO,i) [eATn ELE]U,i) [6>‘T"

147, <00} nia

Let ®7.()\) be the term-by-term derivative of the matrix ®()). That is,

cI);ﬂ()‘)(Z?J) = ELEJkJ) [Tk+1e>\Tk+l:l{Tlc-o-1<oo7 YTk+1:j}:| )

Then, with this notation we have that

(25) () = 1 Zn: €i®po,k-2)(A) 1 (M) Pppn—1)(A)1
w,5,n n 61-(1) o ()\)1 .
k=1 [0, ]

To approximate we want to approximate 1’[;67”_1]()\)1 in both the numerator and denomi-
nator. These terms will grow or decrease exponentially, but if we normalize them they converge.
To show this we need the following lemma.

Lemma 3.5. If for some X\ € R and w € Q there exists a ¢ > 0 such that 1/¢ < ®p(N)(i,7) < 1/c
forallk € Z, i,j € [d], then there exists a sequence of non-negative vectors {vg(\)}trez such that

) e A1 _ A \n—k—1
i —uku)\ <Ml
1@ 17(M)1 c

oo
Moreover, if n satisfies assumptions and@ then vi () exists with probability 1 for all A < e
and the sequence {vk(\)}rez is ergodic.

(26) . VEk <n.

Proof. For any matrix A, let A" denote the transpose of A. Then,
Dpp (M1 _ 10 () s (V) B (V)RR (V)
1@, (M1 10, 1 (A)iD, o(A)! -+ Dy (N)IDR(N)P1
Then similarly to the proof of Lemma the proof of follows by applying Lemma with

Gj = ®j4j—1(N)". The final claims in the statement of Lemma follow as in the proof of Corollary
3.2 U

We’ll also need a uniform upper bound on [|®} (A)]| for A < Acrit.

Lemma 3.6. For any A < A¢pit, there exists a constant dy < oo such that
1 (SN[ < dy) = 1.
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Proof. Since a uniform bound on the entries of the matrix ®{(\) implies a uniform bound on the
matrix norm it is enought to show a uniform bound on the entries of ®((\). Since for any 4, j € [d],
®o(AN)(7,7) is a convex function of A we have that
(I)O(Acrit)(ivj) - (I)O()‘)(Z’]) < (1/c>\crit) — C)

>\crit - A o )\crit A '
where the last inequality follows from Lemma [2.3 ]

(27) (N (4, 5) <

Having laid the necessary groundwork, we are ready to prove that A, () is differentiable and
give a formula for the derivative.

Lemma 3.7. If the distribution n on environments satisties Assumptions and@ then Ay, (X) is
continuously differentiable on (—oo, Aerit) and

o TaNE ()
M) = By [MA)%(A)M(A)

:| ) VA < )\cm’t-

Proof. As mentioned above, it is enough to show that

ZLAITC)

1o(A)@o (M1 (A) ] ’

and that the convergence is uniform in A on compact subsets of (—o0, Aeit). To this end, we first note

that since A/ . () is continuous and non-decreasing in A, uniform convergence on compact subsets

w,t,m
will follow from pointwise convergence if we can show that the proposed limit £, %

w,i,n

(28) Tim AL, (\) = B, {

is also continuous in A. Since we can uniformly bound each of the terms inside the expectation, it
is enough to show that each of these terms is continuous in A. It is obvious from their definitions
as quenched expectations that ®o(\) and ®(\) are continuous in A, but we need to prove that
to(A) and v1(\) are continuous in A. To show that po(\) is continuous in A, first note that for any
X, A < Agi¢ and any n > 1, the error bounds in imply that

ei®_p_11(A)  ei®r, (V)

2 2
o) — o)1 € A=) '+ (- + — .
[[120(N) o(A)[lx CZ}l\( Y, Cﬁ)i\,< >\) eifb[fn,,l]()\)l ei@[fn,fl]()\’)l )

Since the proof of Lemma shows that the constants c) are continuous in A\, we obtain that

. 4 _
lim [|uo(A) — oWl < (1 =)™, VA < Acries
A=A Cy
Since this holds for any n > 1, taking n — oo shows that A — po() is continuous, n-a.s. A similar
argument shows that v1(\) is continuous, 7-a.s., and thus that the right side of is continuous
for A < Acrit-

It remains to prove the pointwise convergence in . To this end, note that the terms in the
sum on the right of can be re-written (for 2 <k <n—1) as

€i®pr-21(N | g Plen-1y N1
eiq)[o,ku]()‘)(I)%—l()‘)q)[k,nfl]()‘)l . (eiq’[o,kfﬂ(/\)l) (I)k'_l()\) <1t¢)[k,n71](/\)1)

Do 11 = eV Bren_ (VL )
¢i®0n-1 (%) (Freion) 2 (s

We would like to approximate the numerator of the fraction on the right by f_1(X\)®)_;(A)vg(A)
and the denominator by pg_1(X)®_1(A)vk()). Equations (20)), and Lemma imply that

(29)
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there exists a constant C' depending on A such that

<€i¢’[0’k—2]()‘)1> k_l(/\)(ltq)[kn (A1 ) pr—1(A) @1 (A) k()\))

€i®po,e—2(A)
B (N1 P
ei®po,r—21(M)1 pr-1(A) ” k=1 (M 7Moo
¢i®los-2(M) D 1) (A)1
€z(I)[Ok 2](/\) 1q)kn 1( )1 N
(30) < O(1 = cbyrron- k)7

and similarly there is a constant C’ (also depending on \) such that

ei®Ppo,r—2)(N) Ppp—1) (ML , 11— AYRA—R)
(51 ‘<€iq)[0,k2}(/\)1> 1Y) <1tq)[k,n1]()‘)1> # (M) -1 (3) k()\)’ sC=e '

The error bounds in and allow us to approximate the numerator and denominator from
separately, but in order to approximate the ratio we also need to obtain an upper bound on
the numerator terms and a lower bound on the denominator terms. Lemma gives a uniform
upper bound on the numerator terms, and if we denote the denominator by u®x_1(\)v then since
the vectors p and v are both non-negative with entries summing to 1, Lemma implies that the
denominator of the right side of is bounded below by

D @@ NG G) = Y pier(d) = e
1,j€d] i,j€(d]

Thus, with these upper bounds on the numerator and lower bounds on the denominator we can
combine , and to conclude that for some constant C” < oo depending on \ that

€i®po,k—2 (NP1 (NP1 (NT pe—1(N)P)_; (Ne(N)
€i®pn-1)(A)1 fi—1(A) Pr—1(A)vk(A)
This is enough to imply that

‘ < C//(l . cgl\)k/\(nfk)'

lim A/, ;,,(\) = lim —

12 pr—1 (NP (N)ve(A)
wite i) = I 2 T VB (Y
( ) oA (A)]
=F ,  M-a.S.,
! [M (M) Po(A)r1(A)
where the last equality follows from Birkhoff’s ergodic theorem. O

3.2. Truncated log moment generating functions. For certain parts of the proofs of the main
results, it will be important to have modified versions of the previous results in this section when
the moment generating functions ®5(\) are replaced by the truncated versions ®j a7()) as defined
in (18). In the following we will use the notation @, 1 a7 (A) = P ar (A)Prns1,00(A) - - - Py s (A) for
any m < n. First, we prove corresponding results for truncated versions of p,(\) and v, (\) exist.

Lemma 3.8. For every w € Q, M > Ny, A € R, and n € Z, there exist vectors pin pr(\) and
Un,M () such that
eiq)[m,n—l],M()‘) q)[n m], M(A)l

d ) = I S I
and v (A) mso0 1@, 0 (A)1

nM(A) = i ,
i 7M( ) m_1>r£loo eiq)[m,n*ﬂ»M(A)l
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where the limit in the definition of pn p(N) doesn’t depend on i € [d]. If in addition n satisfies
Assumptz'ons and@ then the sequences pin pr(N) and vy pr(N) are ergodic, and for any A < Xepig(n)
the error bounds

2(1 — )t

32 sup — M (A < , Vm <mn,
(32) 0#1>0 | TP n—1),0(A)1 pin () 1 i
and
P (M1 2(1 —c})m ™
[n,m],M A
(33) =V u(\)|| £ —F—, Vn<m,
1y o) 11 (A)1 ' A

hold for n-a.e. environment w, where the cy are the constants from Lemma[2.3. Moreover,

lim :un,M()‘) = ,U'n()‘)a and lim Vn,M()‘) = Vn()‘)a n—as., VAL >\cm‘t(77)-
M—o0 M—o0

Proof. The key to the proofs of Lemmas and were the uniform upper and lower bounds on
the entries of ®(\) from Lemma However, as noted in Remark above, for M > N, and
A < Aarit(n) the same uniform upper and lower bounds holds for the entries of @5 37(\) and @5 ().
Moreover, there are uniform upper and lower bounds on the entries of ®5 37(X) when A > Aeie(n)
as well since

Ak < APONT < M, Yy, = §) < Boar(VN)(G,§) <™, VYo e Qe A >0, M > N,
This shows that the limits defining gy, p7(A) and vy, pr(A) exist. Moreover, since the uniform and

lower bounds are the same for ®5(\) and @y 7 (A) when A < Aqi¢(n) the error bound in is the
same as the one in (20]).

Finally, we will show that g, p(A) = pn(X) (the proof that vy, (X)) — vy, () is similar). Since
the entries of i, pr(A\) are bounded, let M, — oo be a subsequence where the limit exists and
denote the limit by u(A). By Lemma for any € > 0 we can be choose m = m(n,e,\) < n so
that any probability distribution 7 on [d] satisfies

W(I)[m,n—l] ()‘)

34 o mnm AV
( ) 7T(I)[m,nfl]()‘)]'

— (N <e.

1
Now, for this m fixed there exists a further subsequence Mj, of M}, such that limy_oc fi,, M (M) also
exists, and we will denote this limit by py,(A). The definition of iy, a7 (\) ensures that

Um,M()\)q)[m,n—l},M()‘)

:u'm,M(A)(I)[m,nfl},M(A)l

and by taking limits of this equality along the subsequence M} we obtain that
(N @p (AT "

Finally, applying with 7 = p, (\) we can conclude that ||} (X) — pn(A)]|1 < e. Since € > 0 was
arbitrary we conclude that g (X) = pn(A\) and so any subsequential limit of p, p7(A) must equal

fin(A).- O

= Mn,M()‘)’

Next, we prove a truncated version of Lemmas and

Lemma 3.9. For any distribution m (even depending on w) for the height of the initial location of
the random walk,

.1 -
lim — log Ej [eanl{TkgM, k:l,Q,A..n}] = Ey [log (ko,p (N)@o,m (M) 1)] =2 Ay mr(A), 0 —a.s.

n—oo n
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Ay ar(X) is convex in A and continuously differentiable for all A € R with

, B f1o,0 (N) @ 3 (M ar(A)
A (V) = By [MO,M(A)@O,M(A)VLM(/\)

Moreover, limps o0 Ay pr(X) = Ap(X) for all X € R and limps—oo A%,M()‘) = A%()\) for all X < Aoyt

Proof. Since we can represent the expectation as a matrix product by
L [T e car i1 2, mp | = 7200 (NP1 (V) -+ @1 (M1,

the proof that the limit exists and the formula for the limit is the same as in the proof of Lemma
and depends only on the uniform upper and lower bounds on the entries of ®4 (). Similarly,
the proof of the formula for A;% 1 (A) is essentially unchanged from the proof of Lemma

To show that A, ar(A) — Ay(N), first note that ®o ar(X) = $o(A) as M — oo by the monotone
convergence theorem. If A < Aqit, then Lemma [3.8] and the bounded convergence theorem imply
that

Jim By [log (10,01 (N) @001 (AN)1)] = Ey [log(po(A)@o(A)1)], VA < Aait.

For A > At we need to show that limps_o Ay ar(A) = 0o. To this end, note that

Aga(A) = By [minlog | 3 @0 (A)(i,j)
b \iew

Then, since ®,p1(A) 7 Po(A) as M 7 0o and 3 (g Po(A)(7, ) = oo for any i € [d] when A > Acit,

the monotone convergence theorem implies that lim /o0 Ay ar(A) = 00,

To prove that A} 5/ (A) = Aj(A) for A < Acit, first note that poar(A) = po(A), vi,m(A) = v1(A),
Qo ar(A) = Po(A) and Df ,,(X) = P((N) as M — oo for any A < Aerit. The uniform bounds in
and the proof of Lemma give uniform upper bounds on the entries of @, ,,(A) that do not
depend on M. Combining this with and the fact that 19 a7(\) and vq () are non-negative
with entries summing to 1, we conclude by the bounded convergence theorem that

uo,Mu)%,M(A)m,M(A)]: [uo(A)‘I’G(/\)m(/\)
T Lo (M) @o(Mr1 (M)

lim E
Moo | o, ar(N) o, (M)v,ar (M)

4. PROOF OF THE QUENCHED LDP FOR HITTING TIMES

Having proved the necessary facts about the quenched log moment generating function A,(X), we
will now give the details of the proof of the quenched LDP for hitting times as stated in Theorem
We will begin by first collecting a few necessary facts about the rate function J, (recall that
Jp was defined in as the Legendre dual of A,)).

Lemma 4.1. Let tg = to(n) and t* = t*(n) be defined by
(35) to= lim A, (\) and t*= lim A;(N).
A—=0—
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Then Jy is finite, convex and continuous on [1,00), decreasing on [1,ty] and non-decreasing on
[to, 0). Moreover,

supy<o(At — Ay(N)  if t € [1,t0]
(36) Jn(t) = ¢ supyso( At — Ay (X)) if t € [to, t"]
Acm'tt - An(Acrit) ift > .

Remark 4.1. Note that tg = t* if Aeriy = 0 and that tg = A;](O) < ty if Aepit > 0.

Proof. The main thing that needs to be proved is that limy_,_ A,n()‘) = 1. To this end, note that
Assumption [2] implies that
k"M < PT(X, = n)eM < EZ[e)‘Tnl{Tn@O}] <M VA0
Thus, it follows that
(37) A+log(k) < Ay(X) <A, VAL,

and since A, () is convex and differentiable this implies that limy_, o A%()\) = 1. The conclusions
of the Lemma then follow easily from the fact that J,(t) is the Legendre transform of A,(\).
Indeed, since A, is continuously differentiable, for any ¢ € (1,t*) there exists a Ay < Acit such
that Aj(A\) = t. Note that this choice of \; ensures that J,(t) = A\it — Ay(\;). From this, it is
straightforward to prove the stated properties of .J,,. U

The next Lemma shows that the parameter ¢y defined in also has an important probabilistic
meaning.

Lemma 4.2. If the random walk is recurrent or transient to the right, then for any initial distri-
bution 7 for the starting height of the random walk

. _ "
nlg{.loT"/n_tO’ Py-a.s.

Remark 4.2. In light of the law of large numbers for hitting times in we can conclude that
to = 1/vo, where vy is the limiting speed for the RWRE.

Proof. First, we claim that the formula for Aj () in Lemma implies that

. o= iy B, [FOVBOIMON _ 1080 0)
A=0— 0 [ po(A)Ro(A)v1(A) 110(0) @0 (0)r1(0)
If E,[||®((0)]|] < oo then this follows from the dominated convergence theorem since
poNPNmi(A) _ [P _ [[6(0)]
,U,()(A)(I)o()\)vl()\) - C) - cq
On the other hand, it can be shown that the uniform bounds on the entries of ®()\) in imply
that all of the entries of ug(A) and v4(\) are in [c3/d, 1/(c3d)], and so

VA e [-1,0].

/ 47712\ (| P 4 (1!
HONTOMO) - (/PO B g
1o (A)Po(A)v1(A) [Po(M)]] d
Therefore, if E,[||®'(0)||] = oo then it follows from the monotone convergence theorem that both

sides of are infinite.
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Since we are assuming that the random walk is recurrent or transient to the right then the

matrices ®5(0) are all stochastic, and thus v4-(0) = 11 for all k € Z. Therefore, the formula for ¢,

in simplifies to
0)®;(0)1 0)®;(0)1
o) e, [LOBOL g [0
110(0)®0(0)1 10(0)1
Finally, the proof of the law of large numbers for 7}, /n in [Roi08] gives a formula for the limit, and
translating this formula into our notation we obtain

} = By [n0(0)®(0)1] = B, [EO[my)]

Ty
lim — = E, [Ejjo(o) [T1]} , Pp-as.

n—oo n,

g

The following lemma characterizes the zero set of the rate function J,(¢) and is consistent with
the corresponding result for nearest-neighbor RWRE in [CGZ00].

Lemma 4.3. The quenched rate function for the hitting times J,, has the following properties.

(1) If limy, oo Xy = —00, then infy Jy(t) > 0.

(2) If the RWRE is recurrent or transient to the right, then
(a) If vo =0, then J,(t) > 0 for all t < oo but inf; J,,(t) = limy_o J, () = 0.
(b) If vog > 0 and Aerir(n) = 0 then Jy(t) =0 <= t >ty = 1/vy.
(c) If vo > 0 and Aerie(n) > 0, then Jy(t) =0 < t =1ty = 1/vo.

Proof. To prove the first part of the Lemma, note that inf; J,(t) = —A,(0) and so we need to show
that A,(0) < 0 when the RWRE is transient to the left. To this end, note that if the RWRE is
transient to the left then PJ (7T} < 0o) < 1 for n-a.e. environment w and any distribution 7 on the
starting height. Therefore,

£4(0) = E[log(10(0) @y (0)1)] = Eyflog PO (Ty < 00)] < 0.

The second part of the Lemma follows easily from the fact that J,(t) is the Legendre transform
of the differentiable function A, (), the fact that tg = 1/vo, and the definition of ¢ in . O

4.1. Upper bound. Since we are only proving a weak large deviation principle, the properties of
Jp in Lemma imply that to prove the quenched large deviation upper bound it will be enough
to show that

1
(40) limsup —log PJ (T}, € [nt,00)) < —sup(At — Ay(X)), Vt € [tg,00), n-as.,
n—oo M A>0
and
1
(41) limsup —log PJ (T}, < nt) < —sup(At — Ay(N)), Vte[l,t], n-as.
n—oo N A<0

To show , Chebychev’s inequality implies that for any A > 0,
PE(Ty > [nt,00)) < e ET [ 147, oy

Then, applying Lemma and then optimizing over A > 0 proves . The proof of is similar
and therefore ommitted.
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4.2. Lower bound. For the proof of the quenched large deviations lower bound we will need the
following Lemma.

Lemma 4.4. Ift > 1, then for all M >t + 2 there exists a Ay v such that A}y (Aenr) = t.

Proof. Since A, p7()) is convex and continuously differentiable, it is enough to show that
(42) lim At — Ay v (A) = —oo  and )\lim At — Ay vi(X) = —o0, Vte (1,M—2).
—00
Asin Assumptlon I implies that Ay a7(A) > A+logk for all A < 0. This is enough to prove the

first hmlt in ) for t > 1. To prove the second limit in . for any A > 0 and any distribution
7 on [d] note that

ES[e 1yr <any) > HMM=DpT(Ty € (M -2, M]) > ;MM

where the last inequality follows from Assumption [2| This implies that A, (X)) > ( -2)+
M log x for all A > 0 which is enough to prove the second limit in when t < M — O

For the large deviations lower bound, it will be enough to show that
(43) lim liminf P7 (|75, — nt| < nd) > —Jp(t), Vt>1, n-as.
6—0 n—oo

We will follow a change of measure argument that is a minor modification of the one in [CGZ00),
pp. 76-78]. Fix M > max{N,,t+2} and A € R, and define the probability measure QZ\J’% on paths

up to time T}, with 7. < M for all k£ < n by
dQiy’ 1
dP:;r Zn,w,)\,M

(44) eanl{rkgM, k=12,.n}, Where Z, v = E [ekT"l{TkgM, k:1,2,...n}] .

Then,
P3(|T,, — nt| <nd) > PI(|T,, —nt| <nd, o < M, k=1,2,...,n)
= Tl,w,)\,MEQZ‘J:% [G_ATnlﬂTn—ntKné}}

(45) > Znwaye " MEMQAN(|T, — nt| < nd),

where the + sign in the last line depends on whether or not A > 0. Then, since Lemma implies
that lim,, oo n ! log Znwam = Ay v (X) we conclude that

1 1
(46) Timinf — log PI(ITn — nt| < nd) > =A(t£6) + Ay ar(A) + lim inf —log QUM (IT, — nt| < nd).

Now, let A; s be chosen as in Lemma so that A;% v (M) = t. We claim that this choice of
At,p implies that

(47) lim QMM (T — nt| < né) =1, V5> 0.
n—oo
To see this, note that for any A > 0 Chebychev’s inequality and the definition of Qé‘ﬁ/[ imply that
Ae,v M _ 1
o (T >n(t+0)) =e hn(Hé)ZiEg B(At’MJrh)Tnl{mgM, k=1,2,..n} | -
n,w,A¢, v, M

Then, Lemma implies that

lim sup — log Qi‘an (T 2n(t+9)) < =h(t+6) = Ay ar(Mear) + Ay avr(Aear + 1.

n—oo
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Since A}, 1 (Ar,mr) = ¢, then for i > 0 small enough (depending on §) the right side above is strictly

negative and so Qf‘f,;{” (T, > n(t + 9)) decays exponentially fast in n. A similar argument shows
that that Qi‘fﬁ” (T, < n(t—9)) also decays exponentially fast in n and thus holds.

If we define Jy ar(t) = supy (At — Ay ar(A)) to be the Legendre dual of A, a7, then the choice of
A, v implies that J,, M( ) = At — Ay i (Aem). Therefore, and imply that
lim lim mf — log PT(|T, — nt| <nd) > — %iII(l)(Jn’M(t) + 6 ) = =Ty m(t).
%

6—0 n—oo

Ay v (N) is non—decreasmg in M, and therefore J, »(t) is non-increasing in M. Thus, in order to
finish proof of we need to prove that

(48) i Ty a(t) = Jy(0)

Since Jy ar(t) is non-increasing in M, we can define J;, o (t) := limar—o0 Jy,a(t) > Jy(t). Note that
it follows from Lemma that Jy (t) < oo for any ¢ > 1. Then, for any ¢ > 1 and M < oo
define Kpyy:= {A: M — Ay pm(A) > Jpoo(t)}. Since Ay ar(A) is non-decreasing in M, it follows that
the sets K are nested and decreasing. Also, implies that K is compact for all large M.
Therefore, we can conclude that there exists a A; o € (13, Knrt, and thus

Jn,oo(t) < ]\}lm At,oot — AmM()\t,oo) = )\t,oot - An(At,oo) < Jn(t)
—00

Since we showed previously that J, () > J,(t), this completes the proof of and thus also the
proof of the large deviations lower bound.

5. PROOF OF THE AVERAGED LDP FOR HITTING TIMES

The main goal of this section is to prove the averaged large deviation principle for the hitting
times as stated in Theorem However, before giving the proof of Theorem we must first
study some properties of the rate function J, ().

5.1. Properties of the averaged rate function for hitting times. Recall that the averaged
rate function for hitting times is defined by the variational formula in involving the specific
relative entropy function h(:|n). It is known that h(aln) < co only if v € M7 (), but it will be
useful below to show that there is an even smaller subset of M{(Q,) where the specific relative
entropy is finite. To this end, let M, denote the set of stationary measures o with supp o C EZ
(recall the definition of 3, from Lemma .

Lemma 5.1. If n is locally equivalent to the product of its marginals, then h(a|n) < oo implies
that o € My, = {a € M (%) : suppa C 323

Proof. Recall that the specific relative entropy is defined by h(a|n) = sup, L H/(an)| g,» Where
Gn =0(wy, x=1,2,...n) and H is the general relative entropy function defined by

H(olr) {f [log fdm if f = 27 exists

otherw1se

If a ¢ M, then it is clear that a((wi,ws,...,wn) € X7) < 1 for some n < oo, and since 7 is locally
equivalent to the product of it’s marginals this implies that « is not absolutely continuous with
respect to n when restricted to G,. Thus h(a|n) > H(«a|n) ‘g = 00. O
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We will also need the following lemma which extends the definition of A,()) in Lemma [3.3|from
ergodic to stationary measures.

Lemma 5.2. Let a € M{(€2.), then we can define
ey
AN = {Ea llog(o(\@0(\1)] i A < Acri(a)

o0 otherwise,

where Aepig() = sup{ : a(||Po(N)|| < 00) = 1}. Moreover, if a € My, then Aerir(c) > Aerin(n), and
for any initial distribution © (even depending on the environment w)

(49) lim B, [;log ET [eAT"l{Tn@o}H = Aa(N).

n—00

Proof. Since « is stationary, it is a convex combination of ergodic measures on €2,. Then since
Ay, (X) is well defined for each n € M{(€2) it is clear that the definition of A,()\) above makes
sense since the vectors po(\) are defined a-a.s. when A < Agit(«r). Also, since the uniform bounds
on ®y(\) only depend on the fact that w € Q, and ||®x(N)|| < oo for all k, then it follows that
ex < Po(A)(3,7) < 1/ey for all A < Agit(ar), a-a.s. Following the proof of Lemma we see that
these uniform bounds imply that still holds a-a.s. In particular, taking expectations of
gives
2

1 [ AT,
_ n _ < -
(50) ’nEa [10g B2 17, <oc}| AQ(A)‘ < ety

from which follows easily. O

Lemma 5.3. If n satisfies Assumptions[3 and[{}, then the map
()‘7 Ck) = Eq [log(MO()‘)(I)O(A)l)] = Aa()‘)

is jointly continuous on (—00, Aerit(n)) X My, and lower semicontinuous on (—00, Aerit(n)] X My,
where M, C Mi(Qy) is equipped with the induced topology of weak convergence of probability
measures.

Proof. Recall the definition of the truncated moment generating functions ® ps(\) given in (18]).
For any M,n < oo and i € [d] it is easy to see that the function

1
() = | 08Pl (1)
(51) 1
=F, [n log EL(UO’Z) [eanl{TkgM, k1,2,...n}:|:| =: Aq, Mni(N)

is jointly continuous on R x M,, since the inner quenched expectation can be expressed as the sum
over finitely many possible paths. We would like to show that if (A, a) € (=00, Aerit(n)) x M,, then
A (X) can be approximated by Ay arni(A) for sufficiently large n and M. To this end, we first
need to be able to give a uniform error bound on the difference between the entries of ®5(\) and

Djo 01 ().
0 < ®p(N) (0, §) — Prar(N (i, §) = ES [e”kﬂ1{M<Tk+1<oo,ka+1:j}]

< A MM (ki) [eAmt(n)Tk-’_l1{Tk+1<oo,YTk L=

Therefore, Lemma, [2.3] implies that
w2
K )

[ (A) = Rp s (V)| < P Aerie() YA < Aarit(n), w € T
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Using this bound and the fact that || @4 a7 (N)|| < [|Px(N)|| < 2d/k we can then obtain that

(52 [Dpon1/(N) = By <M<nfd

) A At MM gy < Aarit (), w € Z%.
K

Assumption 2| implies that e;®(g,,_1) 3/ (A)1 > ke M. Since |log(z) — log(y)| < (1/6)]x — y| for
x,y > 6, this together with implies that
1
|log(ei®(o,,—1)(A)1) — log(ei®(o n—1],m (M) 1)] < o |€i®(0,n—1) (N1 — €i®pg 170 (A1

<n < 2d >n€(,\_,\crit(n))M’

K2eX

for all A < Agig(n) and all w € Z%. Combining this with we can conclude that for any
A < Aait(n) and a € My,

2 2d \"
Aa(N) — A (\)] < (A=Acrie (M) M
36l) = Ao € s + (3 ) ¢
Thus, by first taking n sufficiently large and then taking M large enough (depending on n) we can
approximate Aq () uniformly well by Aq a7,n4(A) on the set [N, A] x M, for any X' < A < Aerie (7).
Since (A, &) = Aq Mn,i(A) is jointly continuous this then implies that (A, o) = A, () is also jointly
continuous as claimed.

Finally, to prove lower semicontinuity at (Aerit(n7), @), let (An,an) — (Aerit(n), ). Since A —
An/(X) is non-decreasing and continuous for any o/ € M, it follows that

imi > lim li () —6) = li +(n) —0) = ; )
hnrglo%f Ao, (An) 2 %1_{% nlggo Ao, (Aerit(17) — 6) %1_{% Aa(Acrit(n) = 6) = Aa(Aerit(n))

Note that in the second to last equality we used the continuity away from At (n) that we proved
above. [l

Recall that the averaged rate function is defined by the variational representation in . The key
to proving the averaged large deviation principle with this variational formula for the rate function
is the following lemma which gives an alternative formula for J,(¢) as a Legendre transform.

Lemma 5.4. Let the distribution on environments n satisfy Assumptions[q -[J. Then,

(53) J,(t) = sup{rt — A,(N)}, where Ay(X):=  sup {A(N) —h(a|n)}.
by aeM;(Q%k)
Moreover, A,(\) is a convex, non-decreasing, lower semicontinuous function and A,(X\) < oo if

)
and only Zf)\ < Aerit(n).

Before giving the proof of Lemma note that together with standard properties of Legendre
transforms it implies the following Corollary.

Corollary 5.5. Let the distribution on environments n satisfy Assumptions @ - . Then, I, (t) is
a convex function in t and

inf J,,(s) = sup {\t — A,(N)}

s<t A<0
and if Aerie(n) > 0 then

infJ,(s) = sup {AM—A,(N)}.
st 0<A< Xerie()
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Proof of Lemmal5.4 Since Ay () is convex and non-decreasing in A for any a € M7 (), it follows
that A, () is also convex and non-decreasing in A. The definition of A;()) implies that A,(X\) >
Ay (X), and thus it follows that Ay,(X) = oo for any A > Aeit(n7). On the other hand, if A < Aeie(n)
then
Ay(N) = sup {Aa(N) —R(an)} < sup Aa(A) <log(d'/ecy),
aEMy, aEMy,

where the first equality follows from the fact that h(a|n) = co for a ¢ M, and the last equality
follows from the uniform upper bound in on the entries of ®g(\) for environments w € ZTZ].
This shows that the domain of A, () is (—00, Aerit(n)]. For any a € M,, the function A — Ay ()
is continuous on (—o00, Aqit(n)] (continuity follows from Lemma [5.3| when on (—o00, Aeit(n7)) and by
monotone convergence at A = Aqit(n)). Since A,(A) is the supremum of a family of continuous
functions this implies that A, (\) is lower semicontinuous.

We have thus shown the claimed properties of A,(\) and it remains to show that J,(¢) is the
Legendre transform of A,(\). First, note that the supremum in the definition of A, (\) can be
restricted to o € M,, by Lemma Next, we claim that

sup {At — A,(A\)} = sup inf {At —A.(N) + h(afn)}
) A< Acrit () €M

(54) = inf  sup {M—AL(A)+h(an)}.

M Aheri ()
The restriction of the supremum to A < Agit(7n) in the first equality is justified by the fact that
Ay(X) = oo for A > Agit(n) and the interchange of the supremum and infimum in the second
equality above follows from a minimax theorem [Sio58, Theorem 4.2’] since the function (A, «) —
At — Ao (A) + h(a|n) is concave in A, convex in «, and the set M, is compact.

To finish the proof of the lemma, we need to show that the infimum in can be restricted to
a € M{(S2;). To this end, first note that since the function v — h(a[n) +supycy (i IAt — Aa(A)}
is lower semicontinuous and the set M, is compact, there exists an o/ € M,, that achieves the
infimum in . As in the proof of Lemma the uniform ellipticity assumptions imply that
Ay(X) > A +logk for all A < 0. Thus, for any ¢ > 1 the supremum in can be restricted to A >
Ky :=1logr/(t—1). Since A — At— A,/ (X) is concave there exists a pair (o, \') € My, X [K¢, Aerit ()]
such that

inf sup {M—A.(\) + h(a =Nt — Ay (\)+h(d|n).
(55) S DN A0+ hlal) (V) + h(o/])

By Assumption [4] there exists a sequence of ergodic measures o, — o/ with h(ay|n) = h(c/|n). For
each ay, let A,y € [Kit, Aerit(n)] be such that supy<y . ;) {M — Ao, (A)} = Ant — Aq,, (An). Thus, by
passing to a subsequential limit we can assume without loss of generality that A\,, — A* for some
A* € [Ky, Aerit(n)]. Finally, by the lower semicontinuity proved in Lemma we can conclude that

inf sup  {M —Ag(A) + h(aln)} < liminf A\t — Aq, (An) + R(an|n)
a€MF (k) A< erig (1) n—+00

(56) <Nt — Ay (X)) + h(d|n).
Combining and we conclude that

inf sup  {AM — AN+ h(aln)} < inf sup  {M — AN +h(aln)}.
il PR RS im0 &) + hiel)

Since the reverse inequality is trivial, recalling we can conclude for ¢ > 1 that

sup{\t — A, (A)} = inf su M—AL,(N\) + h(a = inf J,(t) + h(a|n) = J,(t).
PN AL} = s (A +h(aln) = nt () + hob) = 1,00
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It is easy to see that both sides of are infinite when ¢ < 1 since A,(A) < X for A < 0 and
Jo(t) = oo for t < 0 and any «. Thus, it remains only to show that holds when ¢ = 1. We will
show this by a slight variation in the minimax argument used above in the case when ¢ > 1. First,
note that since A, (\) is convex and A +logk < A,(A) < X for A <0, it follows that

(57) Slip{A — AN} = lim {A = Ay (N}

Secondly, note that the continuity of a — A, (A) implies that the supremum in the definition of
A, () can be restricted to a € M{(€y) if A < Aarit(n) (Note that here we are also using Assumption
here to approximate the entropy for stationary « by entropy of ergodic «.). Combining these two
facts we obtain that
(58) sup{A — Ay(A)} = sup  inf  {A—As(X) +h(an)}.

A A<—1 €M} (k)
For convenience of notation define f,(X, a) = A — Aq(X) + h(a|n). Note that as in (57)), the upper
and lower bounds on A, (\) in imply that

(59) Stip{k —Aa(W)} = lim {A=A(N)}, Vo€ My(Qy).

Thus, we can define f,(—00, o) = limy_,_ fy(A, @) so that we may write
sup{A —A,(N)} = sup inf  f(\ a).
A ¢ e AE[—o0,—1] €M (%) *e)
Since [—o0, —1] is compact, if we can show that f, (), a) is lower semicontinuous in « for any
A € [—00, —1] we will be able to apply the minimax theorem [Sio58, Theorem 4.2°] to conclude that

sup{A — A,(AN)} = inf sup A—A(N) + h(a
P A= it s (A= Aa(3) + hlah)

- ae]\i}%EQ,{) {Ja(1) + h(aln)}t = Jy(1).

(60)

(Note that we are applying a different minimax theorem here than we did above.) Lemma
implies that f,(\, «) is lower semicontinuous in « for any A € (—o00, Aait(n)). To prove lower

semicontinuity in o when A = —oo0, if a;,, — « then for any fixed Ay > —o0
hnrr_lgor.}f Jn(=00, ) = hnlglo%f /\EIPOO{)\ —Aqa,,(N) + h(an|n)

> liminf{Ao — Aa,, (Ao) + h(am|n)}
> Xo — Aa(Xo) + h(aln),

where in the second to last inequality we used and in the last inequality we used Lemma
and the fact that h(«a|n) is lower semicontinuous in «. Since this is true for any \g € (—00, Aerit (1))
we can conclude that liminf, . fy(—00, ap) > limy, o f(Xo, @) = f(—00, ). This justifies our
application of the minimax argument in and thus finishes the proof of the Lemma. U

The final property of the averaged rate function J,(t) that we will consider is a characterization
of the zero set. Lemma [{.3] gives a description of where the quenched rate function for hitting times
Jy(t) is zero. A consequence of Lemma is that the averaged rate function has the same zero set.

Lemma 5.6. If the measure n on environments satisfies Assumptions @, @ and |4, then J,(t) =
0 <= Jy(t) = 0. In particular, if the RWRE is recurrent or transient to the right then Jy(t) is
non-increasing on [1,1/vq] and non-decreasing on [1/vg, 00).

Proof. Obviously from the definition of the averaged rate function in , it follows that J,(t) <
Jy(t) for all t and so J,(t) = 0 implies that J,(t) = 0 also. On the other hand, assume for
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contradiction that Jy(¢) > 0 but J,(t) = 0. Then, there exists a sequence o, € M7 () of ergodic
measures such that J,, (¢) — 0 and h(ay|n) — 0 as n — oco. If h(ay|n) — 0, then it must be true
that oy, — 1. However, if J, (¢) > 0 then there exists a A’ < At (1) such that A't — A, (N) > 0, and
thus Lemma [5.3| implies that

lin_1>inf Ja, (t) > lin_1>inf Nt — Aq, (V) = XNt — Ay (X) > 0.

Since this contradicts the claim that J,, (t) — 0 as n — oo this completes the proof that the zero
sets of J,, and J, are identical. The final claim follows from the fact that J,(t) is a non-negative
convex function and J,(1/vo) = J,(to) = 0. O

5.2. Upper bound. As in the quenched case, the key to proving the large deviation uppper bound
is computing the asymptotics of the averaged log moment generating functions of 7.

Lemma 5.7. Let the distribution on environments n satisfy Assumptions[d,[3 and[f] Then,
. 1 ”
lim sup — IOgEn [eATnl{Tn<oo}} < An()‘)v VA < )\crit(n)'

n—oo N

Proof. We begin by noting that
1 . 1 ™
ﬁlog E} [ekT"l{Tn@o}] = log B, |:Ew |:€>\T"1{Tn<oo}]:|

- %log E, [exp {1Og E; [eanl{Tn@O}} H '

Then, since we can approximate log E, [eATnl{Tn@o}] by Zz;é log (g (A)®@r(A)1) with uniform
error bounds given in it follows that

(61) N

1 1
—log ET [ ATnq } — —logE _
n OB (€ {Tn<oc} OB ~ (1—=c})cion

n—1
exp {Z IOg(Nk()‘)(I)k()‘)l)}]

k=0
Moreover, recalling the definition of the empirical process L,, in @, we can re-write the sum inside
the second expectation on the left as

n—1
(62) > log(u B (N1) = [ 1o (uo(NBo(AN1) Lu(d).
k=0 Q

Recall that L, satisfies a large deviation principle on M;(€2,) with rate function h(-|n). Then
Lemma allows us to apply a version of Varadhan’s Lemma (Lemma 4.3.6 in [DZ98]) to conclude
that

(©3)  timsup 1og B exp {n [ log(uo(N)BND) Lu(d) b < sup {440 = htaln).

n—oo N aeM;(Q%k)
Combining , and and recalling the definition of A, () in finishes the proof of the

Lemma. O

We are now ready to prove the large deviation upper bound for Theorem Since the rate
function J,(t) is convex, it is enough to prove the large deviation upper bound for the left and
right tails of the hitting times. To this end, note that P7 (T, < nt) < e_/\"tEg[e’\Tnl{Tn@o}] for
any A < 0. Thus, Lemma [5.7] and Corollary imply that

1
lim —log P7(T,, < nt) < —sup {\t — Ay(A\)} = —inf J,(s).

n—oo N A<0 s<t
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The large deviation upper bound for the right tails is proved similarly. In particular, since IP”T(T €
[nt,0)) <e ’\”tIE”[ )‘Tnl (T <oo}] for any A > 0, then Lemma [5.7 E and Corollary [5.5(imply that

lim sup — log PP (T € [nt, 00)) < sup  {At—A,(N)} = —inf J,(s).
n—oo M AE[0 Acrie (1) 5=t

5.3. Lower bound. To prove the averaged large deviation lower bound for hitting times it will be
enough to show that

lim hmmf—logP”(\T —nt| <nd) = —=J,(t), Vt>1.

6—0 n—oo

To this end, recall the definition of Qw:n from in the proof of the quenched large devi-

ation lower bound for hitting times. Qi‘,ﬁ\l/[ is a distribution on paths of the random walk up
to time T, that depends on the environment w and so for any ergodic measure a on environ-

ments we may define the corresponding averaged measure (@éf\ff() = FE, [Q;\)]X[()} Now, let

Fomr = o({m}iq, {wx}g;iMH) and FY = U({Wx}x——MH) Then it is easy to see that
7r AM | pr
(64) H@EN P, , = H) e + [ HQENIFD), , olde),

where in the above H(:|-) is the relative entropy function. The definition of the measure Qi‘,:ﬁ/[
implies that

H(Quw'|1PD)| 5, ,, = Bgan Wl = log EF [ L car kmr 2,3
Then as in the proof of the quenched large deviation lower bound, choosing A; s as in Lemma
and then applying (47) and Lemma we obtain that

)\t ; )
lim / H( oM | P} ’]_.n L, oldw) = Aat — Ao v (Aenr) = Jan(t).

n—oo N

Note that in taking this limit we used the fact that the measure Q;\;’Jy is constructed so that
Qg%(T /n < M) = 1. Then, since lim,_,oo n~"H(a|n) ‘fw = h(«a|n) we conclude from that

1
lim ~H(Qan"" |PT) |5, = Janr(t) + h(aln).

n—,oo N

Finally, since (47) implies that lim, .o Qun
[CGZ00, Lemma 7] that

LA, M(]Tn —tn| < én) =1 for any § > 0, it follows from

1
lirginf —log P} (|7, — tn| < dn) > —{Ja,m(t) + h(aln)}.
n—oo N
This inequality holds for any § > 0, M < oo and a € M{(£2). Thus we conclude that

il 7T _ > — i
lim lim inf ~ log P} (|, ~ n] < on) L e (®) + hial)

=— inf {J, h(a,
aeﬁ%mﬁ){ (t) + h(a,n)}

= _Jﬁ(t)v

where the second equality follows from . This completes the averaged large deviations lower
bound for hitting times.
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6. TRANSFERRING A LDP FrOM T,,/n TO X,,/n

Having proved the quenched and averaged large deviation principles for the hitting times, we
now use these to prove quenched and averaged large deviation principles for the speed X, /n of the
random walk. We begin by defining what will be the quenched and averaged rate functions for the
speed.

xJy(1/x) x>0 xJ,(1/x) x>0
(65) Iﬂ(x) = Acrit (77) r=0 and Hn(x) = Acrit (77) x=0
|z Jy(1/]2]) 2 <0 ||y (1/]]) 2 <0.

Lemma 6.1. If the distribution n on environments satisfies Assumptions[ and[3, then the function
I, as defined in is continuous and convex on [—1,1]. Moreover, if Aeri > 0 then Ip(x) = 0 if
and only if x = vo while if Aerie = 0 then Ip(x) = 0 if and only if x is in the interval between 0 and
vo.

Lemma 6.2. If the distribution 1 on environments satisfies Assumptions then the function I,
as defined in is continuous and convex on [—1,0) and (0, 1] separately. Moreover, the averaged
rate function has the same zero set as the quenched rate function: I (x) =0 <= I,(x) = 0.

Remark 6.1. Since I, (x) is non-negative, it follows that I, (x) is convex on all of [—1,1] if Aerit(n) =
I,(0) = 0. We suspect that I,(x) is a convex function even when Auit(n) > 0, but are currently
unable to prove this with our techniques. Nonetheless, convexity of the rate function is not needed
to prove the averaged large deviation principle for X, /n. It is likely that the techniques of Varadhan
[Var03] which were later generalized by Rassoul-Agha [RA04] can be used to give another proof
of the averaged large deviation principle for RWRE on the strip and show that indeed the rate
function is convex.

Proof of Lemmal[6.1. If f(x) is a convex function, then x + zf(1/x) is also convex. Thus, the
definition if I,, implies that I, is continuous and convex on [—1,0) and (0, 1] separately. We still
need to show that I, is continuous and convex at the origin. The continuity at the origin will follow
from the following two facts.

(66) lim J,(t)/t = Aerit(n)  and  Aerie(1) = Aerie(n™).

t—o00

The first assertion in follows easily from the fact that J,(t) is the Legendre transform of the
convex function A, () and Ap(XN) < oo if and only if A < Aerit(n). To prove the second assertion in
(66]), define the matrices ®,,()) by

Bu(N)(ir7) = BSD [T, ey =y
Note that ®,,(\)(w) is ®_,(A\)(w™) and thus Lemma [2.1) implies that
(67) B©) [e”ﬂl{ll@}} <o = A< dan(™).
Now, for any n > 1,

> B |:€XT711{T71<Tn,YT_1:j}} ®1(N) () ESY) eATnl{Tn@o}} '
J
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If A < Aait(n), then Lemma 2.3 implies that g% [e’\Tnl{Tn@o}] < oo and ®_1(N)(j, 1) > ¢y for all
j € [d]. Thus, we obtain that

EOD [&111{11@}} <1/ex Yn>1,i€[d], A < Aeit(n).
The monotone convergence theorem then implies that g0 [ =111 | cooy] < 1/cy for any i € [d]

and A < Aqit(n). Applying this to we obtain that Acyit (1) < Acrit (nln"). The reverse inequality
follows from a symmetric argument.

To show that I,;(x) is convex at & = 0 it is enough to show that I,,(—z) + I,(x) > 21,(0) = 2\cit
for any « > 0. However, since J;(t) > Acritt — Ay (Acrit) for any ¢ we have that

Iy(—z) + Iy(x) = 2Jym (1/2) + 2y (1/2) > 2Xerit — 2 { A (Aeait) + Ay(Aerit) } -

Therefore, convexity at the origin will follow if we can show that Anlnv()\crit) + Apy(Aarit) < 0. To
see this, first note that for any n > 1 and A < Ay,

EQD [GAT”‘ 1{Tn<T,n<oo}]

= Z EQY [eATnl{Tn<T_n,YTn=j}] E{D) [e/\Tol{T0<oo,YT0:l}] EQY [eAT_”l{T_n@o}} :

jleld]
Choosing i = ip(w) that minimizes g [eAT*"l{T_n <oco}] we obtain that
(68) 1 2 Z E{S}Oy’in) |:€>\Tn1{Tn<T_n,YTn:j}:| E{S’l:]) |:e/\TO]'{T0<OO,YTO=l}:|
Jileld]

For any k£ > —n and A < A, define the matrices CD,(:)()\) by

N (0,9) = B [0 cr v =y
With this notation, taking logarithms in and dividing by n we can write
1 n n = =
0= ~1og (e, (2670 @ (V) (@a(N) -+ B1(1)) 1)
1 n n 1 =
(69) = —log (4, @7 (X) -+ @[ (V1) + ~ log (Ta@a(A) - B1(N)1) |

where

Now, recall the definition of the matrices ®, pr(A) from (18) and note that ®y ar(N)(4,75) <
@,gn)(/\)(i,j) < @,(N)(4,7) when M < k +n. Then Lemmas |3.3| and m imply that

1 n n
(70) lim ~ log <einq>g J(\)- --<I>£L_)1(/\)1> = Ay(\), 7-as.

n—oo n

Also, as in the proof of Lemma [3.3] we can show that

2
n(l—c})eld’

Llog (B,(0) -+ B1()1) — - > log( () B(AD)| <
k=1

sup
where fir,(\)(w) = p_x(\)(w™). Thus, we can conclude that

1 _ _ o
(71) lim —log (1, ®n(A) -+ @1(A)1) = E, [log(fio(N)Po(A)1)] = Apmv(A),  n-as.

n—o0 N
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Applying and to implies that A,()\) + A,mv(A) for any A < Aeyg which, as noted
above, shows that I;, is convex at x = 0.

Finally, we note that the claimed properties of the zero set of I, follow from the corresponding
properties for the zero sets of J; and J,mv which can be deduced from Lemma O

Proof of Theorem[6.3. As with the quenched case, convexity on [—1,0) and (0, 1] separately follows
from the convexity of J,(t) and J,mv(t). Since Lemma5.4{shows that J;(?) is the Legendre transform
of Ay () and since Ay(A) < oo if and only if A < Auit(n), it again follows that

1

lim ——=
t—o00

= Acrit (77)

Since the same is true with 7 replaced by 7™ and since Ait (1) = Acrit (™), this proves that I,,(z)
continuous at z = 0. Finally, the fact that I, (z) and I,(z) have the same zero sets follows from
the corresponding property for J,(t) and J,(t) in Lemma O

In addition to the properties of I, and I,, that we proved above, the crucial tool in transferring
the large deviations from T, /n to X,,/n will be the following lemma which gives a uniform quenched
large deviations upper bound for slowdowns.

Lemma 6.3. Assume the distribution n satisfies Assumptions [1] and [3 and that the RWRE is
recurrent or transient to the right. Then,

1 .
(72) limsup — log { max sup P% ( inf X, <0} p < —1,(0),
n—oo 1 iowe, m2n

where Q, C ) is the support of the distribution 7.

Remark 6.2. A similar statement for RWRE on Z with holding times was proved in [DGZ04, Lemma
4]. The main difference in Lemma is that the need to take the maximum over the initial starting
height i as well. The proof below is essentially an adaptation of the proof in [DGZ04] but we present
it here for completeness and to complete some minor gaps in the proof from [DGZ04]|.

Proof. For notational convenience, let o, = inf{m > n: X, <0} and

Bn(w) = max PO (0, < 00), and a, = sup SBp(w).
¢ wely,

With this notation, the statement of the lemma is that lim sup,,_, % log oy, < —1,(0). We will first
show that

1 1 1 ;
(73) lim —loga, = lim —log Bn(w) = lim —log PO (o, < 00), Vield], n-as.
The proof will then be finished by deriving quenched large deviation estimates for Pogo’i)(an < 00).
First of all, note that the uniform ellipticity in Assumption [2] implies that
PO (g, < 00) > k2P (0,5 < 00) > k2P0 (5, < o0), Vi, j € [d].

From this it is easy to see that S, 41(w) > k2B, (w)Br(w) for all n, k > 1. This super-multipicative
property, combined with the fact that g, (w) > &" for all n > 1, is enough to show that the limit

1
B(w):= lim —log fn(w)
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exists, and B(w) € [logk,0]. Moreover, since (3, (w) > P (0 < 00) > K2Bp(w) for any i € [d],
the third limit in is also equal to B(w). To prove the first equality in , first note that it’s
obvious that B(w) < liminf, oo n 'logay,. Let A := limsup,,_,.,n 'loga,. Then for any fixed
k > 1, it can be shown that there exists a ny > k, wk) e €2, and £, > 1 such that

1

— log { max P On / A——.
ng g{ (k)( e < k)}> k

Since for fixed n,¢ < co the mapping w — max; PUSO’Z)(Un < /) is continuous on £, we conclude
that for every k > 1 there exists a relatively open subset G, C 2, such that n(w € Gj,) > 0 and

1 ; 1
— log {max sup Pu(jo’z)(crnk < Ek)} > A— T

Nk i weG

Since n(w € Gi) > 0 and 7 is an ergodic measure on environments, it follows that for any k& and
n-a.e. environment w there exists a dy = dj,(w) < 0 such that §~%w € Gj. Then,

Bu(w) > 6% P (5, < c0)

Ak

[n/ny] 1 [n/ng]
> b {KJ rnjaxPe( dk) (o, < Kk)} > g {RQe”k(A*E)} .

Therefore, we can conclude for n-a.e. environment and any fixed k that

1
B(w) = lim —log f(w) >

ng k
Taking k — oo we conclude that B(w) > A = limsup,, ,,,n~ ' log as,.

We have thus shown that the three limits in all equal the constant A. It remains to
show that A < —1,(0). This is obviously true when Aeit(n) = 1,(0) = 0, and so we need only
to consider the case when Agit(n) > 0. Recall that to(n) = A%()\) < oo when Aqit(n) > 0.

Since Acrit(n) = Aerit(n™) > 0 this implies that to(n),to(n™") < oo and that J,(t) and J,m(t)
are non-decreasing on [tg(n),00) and [to(n™V), 00), respectively. For convenience of notation let
P(k*)() max; pk )() Then, for any i € [d], K < oo and 0 <wu < ; (77) /\ﬁ,

PO 2)((7” < 00)

Y (i [S52 )) P (1o 52 ) g,
uK<k <K

where by convention we let 5_,,(w) = 1 for any m > 0. Note that in the last sum above we have
restricted k, ¢ > uK since otherwise the probabilities inside the sum are zero.

Next we derive large deviation upper bounds for all of the terms on the right side of . For
the first term on the right, Theorem [I.2] implies that

1
hmsup P(0 2 (T[ u] = n) < —udy ( > =—Iy(u),
n—00 u
where in the first inequality we used that 1/u > to(n). Similarly, we claim that
1 1
(75) lim sup — P19 (T} € [n, 00)) < —UJymy () = —Ip (—u).
n—oo T U

Note that does not follow directly from Theorem since the starting location of the random
walk is changing with n. However, it can be shown that the proof of Theorem still carries
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through in this case. Indeed, the key to the large deviation upper bound is the computation of
the asymptotics of the quenched log moment generating function, and as was shown above in ,

lim,, 00 2~ ! log g [e)‘Tol{TOQO}} = A, (). From this the proof of is standard. Finally, in
the same way it can be shown that for fixed k, ¢

lim sup 1 log {Pogo’i) (T[mﬂ € [w, %)) Pog”“]’*) <To € {(E—lez’ %)) B[nu—%ﬂ (W)}

n—oo N

: . k+¢
< - {te gfi} uJy(t) —i—te ﬁfi anInv(t)} + (1 — K)+A

Ku’Ku Ku’Ku

k l k+7¢
< - p— nv Iy— e — u, Ky
(76) {an <Ku) UJ"I <Ku)} (1 K > A+ ul,

where the error term A, g vanishes as K — oo for any fixed u (this follows from the fact that .J,,
and Jymv are uniformly continuous on [1,1/u]). For the terms inside the braces in we have

k / k Ku 4 —Ku k+/¢
o () o () = 26 () + 2 (527) = S5 00

where the last inequality follows from the convexity of I;,.

Since we are trying to show that A < —1I,,(0), we may assume for contradiction that A+ I,,(0) > 0
in which case

K

—1,(0) itk+0> K
A—2u(l,(0)+A) ifk,¢>uK, and k+/{ < K.
Combining all of the above large deviation estimates for the terms on the right side of and
using the fact that A = lim, oo 7" log Pbgo’i)(an < 00), we obtain that

A <max{-1I,(—u), —I (u), —=I;(0), A —2u(l,(0) + A)} + ul, k.
Letting K — oo we get the same inequality without the last term since A, x — 0 for u fixed. Since
we assumed for contradiction that I,,(0) + A > 0, the last term in the maximum is strictly less that

A, and thus the maximum must be attained by one of the first three terms. Then taking u — 0 we
conclude that A < —1I,(0), contradicting our previous assumption that A > —1I,(0). O

k+¢ k+¢
+

< UAu,K + {

6.1. Proof of Theorem We are now ready to prove the quenched large deviation principle
for X,,/n as stated in Theorem Note that by symmetry, we may assume that 7 is such that
the RWRE is recurrent or transient to the right so that vo > 0. Since I,(z) is non-increasing on
[—1,vo] and non-decreasing on [vg, 1], to prove the large deviation upper bound it is enough to
show that

1
(77) lim sup - log P7(X,, > an) < —I(x), n-as. VYo > v,
n—oo
and
1
(78) limsup —log P71 (X, <an) < —I,(z), n-as. Vz <vg,

n—oo N
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To prove , note that Theorem 1.2] n implies that

lim sup — logP (X, > an) < limsup — logP (Tren) < 1)

n—oo N n—oo N

< -z gg Jy(t) = —ady(l/x) = —Iy(z), Vx> v,
t T

where the second to last equality follows from the fact that J, is non-increasing on (—oo,tp] and

to = 1/vp (see Lemmas and [4.2).

To prove corresponding large deviation upper bounds for the left tails note that for any x > 0
and a fixed K < oo, by decomposing according to the hitting time 77,,| we obtain

(79) K (k-1 kn o
4 — — b . < ]

Lemma [6.3) together with Theorem then implies that for z € (0, vo],

lim sup— log P73 (X, < an)

< —min {a:érllgx Jy(t), min {te[’jillf}g] xJy(t) + (1 - K) In((])}}
(80) = —min {xJn(l/:c), ll;r;l}r% {se[;nf . sIy(z/s) + (1 —s) I,(0) — <[k{ - s) In(O)}}

N
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where in the first equality we used that inf,>,/, J,(t) = J,(1/z) since J,(t) is non-decreasing on
[1/vg,00), and in the second to last line we use the fact that I,(z) is convex in z. Finally, letting
K — oo proves when x € (0,vo]. Similarly, if z < 0 then {X,, < an} C {T|;,] < n} and by
decomposing according to the hitting time 7,,,| we obtain

T 7T (k — 1)” kn (0,9) ;
P (X, <zn) < ZP < len| € (K’ N maXPeLme t>n(11rifk/K) Xy <0)p.
k=1 =

From this, the quenched large deviation principle for T_,,/n together with Lemma implies that

k
I log PT (X, < an) < — inf Jome () 4+ (1= = ) 1,0
lgsogpn og P ( zn) < —min te[f&l?«’h || ()+< K) n(0)
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Again, letting K — 0 proves for 2 < 0. Finally, since PT(X,, < 0) < PT(inf,;>5 X < 0),
Lemma implies that holds for x = 0 as well. This completes the proof of the large deviation
upper bound in Theorem

For the large deviation lower bound, it is enough to show that

(82) lim 11m1nf—logP”(|X —an| <én) > —I,(x), n-as., VeeR.

d—0 n—oo

To show this when x # 0, since | X} — Xi_1| <1 for all k£ > 1 it follows that
P(|Xn — xn| < 6n) > PJ (|T|4n) —n| < dn—1).

Then follows easily from the quenched large deviation principle for 7}, /n when z > 0 or from
the quenched large deviation principle for 7", /n when = < 0. To show for x = 0, note that the
continuity of I, implies that for any € > 0 there exists a 6y = dg(¢) > 0 such that I,(6/2) < I,(0)+¢
for all 6 € (0,dp). Applying with z = ¢§/2 implies that there exists a 0’ < d/2 such that

hrglnf logP“(|X | < dn) > hmlnf long(]Xn —dn/2| < &'n)
> —In(6/2) —e>—1,(0) — 2e.

Since € > 0 was arbitrary, this proves for x = 0 and thus finishes the proof of the quenched
large deviations lower bound for X, /n.

6.2. Proof of Theorem To prove the averaged large deviations lower bound for X, /n it is
enough to show that

(83) lim hmmf—logIP”r(\X —nx| <nd) > —I,(x), Vee(-1,1),

6—0 n—oo
As in the quenched case, when z # 0 this follows from Theorem and the fact that
PP ([ Xn —2n| < dn) > P7 (|TLﬂmJ —n|<dn—1), Vx#0,6>0.
The same argument as in the quenched case then shows that can be extended to x = 0 by the

fact that I, (x) is continuous at = = 0.

To prove the matching large deviation upper bound we will show below that it is enough to prove
that

(84) lim sup — logIP”T(X >axn) < =I,(z), Vx> v,
n—oo T
and
1
(85) limsup — log P} (X,, < an) < I, (x), Vz < vo.
n—oo N K

As with the quenched large deviation principle for X, /n we will assume without loss of generality
that the RWRE is recurrent or transient to the right. Then, the upper bound for right tails
follows easily from Theorem [I.3] since

lim sup — log PP (X > an) < limsup — log]P’ (Trzn) < 1)

n—oo T n—soo N

< :rtggf In(t) = —ady(1/2) = —I(2),

where we used the fact that J,(¢) is non-increasing on (—oo, tg] and tg = 1/vy.
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To prove for z € (0, o), taking expectations of implies that for any fixed K > 1
Py (X, < zn)

K
< Pg(TLJ:nJ >n)+ ZPZ (TLGj = [(k}l)nv kT?)) { Sup max PQSOJ) <t>n(i1nfk/K) Xi < 0) } .
k=1 -

wey,

Then, applying Theorem and Lemma (and the fact that I,(0) = L,(0) = Acrit(n)) and
repeating the steps in we obtain that for any = € (0, vo],

lim sup 1ogIP’ (X, < zn)

n—oo
< —min {xtér}fw.,]]n( ), 1161%111% {te[@fé]xﬂn(%) +(1- I@)HU(O)}}
1

= —T(2) + 2T, 0)

Then, taking K — oo proves when x > 0. The proof of when z < 0 is similar, mimicing

the steps in and using the averaged large deviation principle for 7, /n instead. Finally, (85)
holds when x = 0 by Lemma

We still need to show that indeed and imply the general large deviations upper bound

hmsup—log[P’ (Xn/n € F) < —inf I, (z), for all closed F.

n—oo N xeF

In order for this to be true, it is necessary that the averaged rate function I, () is non-increasing
on [—1,vg] and non-decreasing [vo, 1]. If Auit(7) = O then this is obvious since I, () is convex,
non-negative, and I;(vg) = 0. On the other hand, if Auit(n7) > 0 then we need a different argument
since we don’t have a direct proof that I,(x) is convex. Since I,/(0) = Auit(n) > 0 it follows that
vo # 0 and so so we may assume without loss of generality that vo > 0. Since I,)(x) is non-negative
and convex on [0, 1], I,(x) is non-decreasing on [vo, 1] and non-increasing on [0, vo]. It remains only
to show that I, () is non-increasing on [—1,0]. To this end, fix + < y < 0. Then, and
imply that
—I,,(z) < lim hmmf— log P} (| Xy, — nx| < nd) < limsup — ! logIP’”(X <yn) < -I,(y),

d—0 n—oo n—00

and so I, (z) is indeed non-increasing on [—1, 0].

We close the discussion of the averaged large deviation principle for X,,/n by noting that the
variational formula for J,(t) in implies a corresponding variational formula I, (z). Indeed, we
claim that

86 I = inf I + |z|h .

(56) )= nt (Lafa) + lalb(el)

Recall from Lemma [5.1] that h(c|n) = oo for a ¢ M,,, and thus for z # 0 the infimum in (86) can
be extended to v € M{ (). Then, (86]) follows easily from and the formula for I, (z) when
x # 0. To show when = 0 note that

inf Ia 0) = inf A ri =A ri )
aer%&)mMn ( ) aergzln)mM,, ¢ t<a> ¢ t(n)

where the last equality follows from Lemma
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APPENDIX A. RWRE WITH BOUNDED STEP SIZES

It is well known that RWRE on a strip can be thought of as a generalization of RWRE on Z with
bounded jumps. Indeed, if a RWRE on Z has jump sizes of at most d > 2, then by identifying points
(k,i) € Z x [d] with the point x = kd 4+ i — 1 € Z we can interpret the random walk as occuring on
the strip. However, not all natural RWRE on Z with bounded jumps satisfy the uniform ellipticity
in Assumption [2| when thought of as RWRE on a strip. In particular, there have been several
results on what we will call (L, R)-RWRE [Key84} Bré02l, Bré04, HW10, [HZ10]; that is, RWRE on
7Z with jumps of at most L steps to the left and at most R steps to the right. We will consider
(L, R)-RWRE that satisfy the following uniform ellipticity assumption

(87) n(P,(X; €[-L,R])=1)=1, and n(P,(X;=2z2)>k,Vze[-L,R\{0})=1.

(Note that the second requirement in allows, but does not require, the possibility that the
RWRE may stay at its current location with positive probability.) Such random walks can be
viewed as a random walk on the strip Z x [d] with d = max{L, R}. If L = R = d, then it is easy to
see that Assumption [2is satisfied. On the other hand, if L # R then Assumption [2]is not satisfied.
For instance, if L > R when we translate the model to the strip Z x [L] we have that

> pe(i,j)=0,Vie[1,L—R], and > pp(i,j)=0,Vj€[R+1,L].
i 7

Thus both and are violated for such RWRE.

The most crucial way in which we used Assumption [2| was in the proofs of the existence of the
vectors pn(N\) and v, (A\) where we used that the matrices @ (A\) have entries bounded uniformly
below. For RWRE on the strip Z x [L] coming for (L, R)-RWRE on Z with L > R it follows that
P")(Ty < oo, Yy, = j) = 0 for all j € [R+1,L]. Thus, ,(\)(i,j) = 0if j € [R+1,L]. On the
other hand, all other entries can be uniformly bounded below away from zero. In fact the ellipticity
assumptions imply that ®5(\)(4,7) > kLe  for all j € [1, R]. We will show how these facts can be
used to prove Lemmas and for such RWRE on the strip.

For convenience of notation, we will write the matrices ®;(A) in block matrix notation as
_ (AN |0
) = ( By(A) | 0
where Ai (M) is an R x R matrix and Bg()) is (L — R) x R matrix. As noted above, the entries of
Ag(X) and By () can be uniformly bounded away from 0. Also, a similar argument as in the proof

of Lemma shows that the entries can be uniformly bounded above for each A < Aqit(n). That
is, there exists some c) > 0 such that

- o 1
(83) ex < A0, 1), BrW) (0. J) < -
If we adopt the notation A ,j(A) = Ag(A)Agr1(A) -+ Ap(A) for k& < n then it is clear that
AN |0 >
89 (N = [k.n]
(89) i = ( B\ A1 | 0

By the uniform bounds on the entries of Ag()\) we can conclude from Lemma that there
exists a vector fi,(A\) € R® with non-negative entries summing to 1 such that

7T*Amnf ()‘) ~ 2(1 - 04 nom=1
[m,n—1] _Mn()\) ( )\)

90 sup || —————=
(90) D T A n-1)(A)1 c

0#£7>0

, Vm <n.

1
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Now, let 1, (\) = (fin()),0) € R” (i.e., append the vector fi,,(A) with L — R zeros at the end).
Then, it follows from the block matrix representation that

m,n—1]

eiAmn— A ~ e -
o s O] if i € [1,R]
1)

IN

eiBmA[m+1,n—1 ~ .
! ¢iBmApni1,n-1)(MV1 'un()\)H1 ifie[R+1,L]
2(1 = cy)nm=2

4 bl
Cx

where the last inequality follows from with 7 = e; when i € [1, R] and with 7 = €; By,(\) when
i€[R+1,I).

<

The proof of the existence of v, (\) with corresponding error bounds is similar but slightly more
involved. First of all, note that since the entries of Ai(\) are uniformly bounded above and below,
for every k € Z there exists a o1(\) € R® such that

(91) lokn(A) — oM, < 34(1 — c‘f\)”’k, where oy, ,(\) = M
’ cy ’ 1tA[k7n]()\)1
Let G4, (\) and G1()\) denote vectors in RY formed by adding L — R zeros to the end of oy ,,(\)
and oy (\), respectively. Then, using the block matrix representation in it can be shown that
PN Bp(N)Gpy1,n(N)
1@y, (A1 1E0,(A)Grs1,n ()
Since implies that 341, — 6k+1 as n — oo, it follows that

noo 1t<1>[kn]<A> T (Napa(h)

Finally, the error bounds in and the uniform bounds on the non-zero entries of ®;(\) can be
used to show that for any k < n

H Pppen) (A H Norn(d)  PeN)Fra1(N)
1t<1>,m 10, (Nriin(N)  1p(N)ret (V)

where the constant C' depends only on A.

for k£ <n.

| v-ar

Having shown the existence of the vectors ug(A) and vgx(\) as well as error bounds similar to
and , one can adapt the rest of the proofs of the quenched and averaged large deviation
principles for T;,/n and X,,/n with a few minor technical modifications. The details are left to the
interested reader.
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