WEAK QUENCHED LIMITING DISTRIBUTIONS FOR TRANSIENT
ONE-DIMENSIONAL RANDOM WALK IN A RANDOM ENVIRONMENT
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ABSTRACT. We consider a one-dimensional, transient random walk in a random i.i.d. environment.
The asymptotic behaviour of such random walk depends to a large extent on a crucial parameter
K > 0 that determines the fluctuations of the process. When 0 < k < 2, the averaged distributions
of the hitting times of the random walk converge to a x-stable distribution. However, it was shown
recently that in this case there does not exist a quenched limiting distribution of the hitting times.
That is, it is not true that for almost every fixed environment, the distributions of the hitting times
(centered and scaled in any manner) converge to a non-degenerate distribution. We show, however,
that the quenched distributions do have a limit in the weak sense. That is, the quenched distribu-
tions of the hitting times — viewed as a random probability measure on R — converge in distribution
to a random probability measure, which has interesting stability properties. Our results general-
ize both the averaged limiting distribution and the non-existence of quenched limiting distributions.

Nous considérons une marche aléatoire unidimensionnelle dans un environnement i.i.d. Le com-
portement asymptotique d’une telle marche aléatoire dépend largement d’un parametre crucial &
qui détermine les fluctuations du processus. Si 0 < k < 2, alors les distributions moyennisées
des temps d’atteinte de la marche aléatoire convergent vers une loi k-stable. Cependant, il a été
récemment prouvé que dans ce cas 13, il n’existe pas de distribution limite des temps d’atteinte a
environnement fixé. C’est-a-dire, il n’est pas vrai que presque tout environnement fixé , les distri-
butions des temps d’atteinte (centrés et normalisés de quelque maniére que ce soit) convergent vers
une distribution non dégénérée. Nous montrons néanmoins que les distributions & environnement
fixé ont une limite au sens faible. Plus précisément, les distributions a environnement fixé des temps
d’atteinte — vues comme des mesures de probabilité aléatoires sur R — convergent en distribution
vers une mesure de probabilité aléatoire qui a dintéressantes propriétés de stabilité. Nos résultats
généralisent a la fois la limite des distributions moyennisées et la non existence de distributions
limites & environnement fixé.

1. INTRODUCTION

A random walk in a random environment (RWRE) is a Markov chain with transition probabilities
that are chosen randomly ahead of time. The collection of transition probabilities are referred to
as the environment for the random walk. We will be concerned with nearest-neighbor RWRE on
Z, in which case the space of environments may be identified with Q = [0, 1]%, endowed with the
cylindrical o-field. Environments w = {w; },ez € 2 are chosen according to a probability measure
P on Q.
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Given an environment w = {wy }zez € £ and an initial location z € Z, we let {X,,},>0 be the
Markov chain with law P? defined by P*(Xp = z) = 1, and

Wy z=y+1
Pl (Xppi=2z|Xn=9y)=q1l-w, z2=y—1
0 otherwise.

Since the environment w is random, P*(+) is a random probability measure and is called the quenched
law. By averaging over all environments we obtain the averaged law

WU=A%OH®)

Since we will usually be concerned with RWRE starting at = 0, we will denote PY and P by P,
and P, respectively. Expectations with respect to P, P,,, and P will be denoted by Ep, E, and
E, respectively. Throughout the paper we will use P to denote a generic probability law, separate
from the RWRE, with corresponding expectations E.

We will make the following assumptions on the distribution P on environments

Assumption 1. The environments are i.i.d. That s, {wy}zez s an i.i.d. sequence of random
variables under the measure P.

Assumption 2. The expectation Ep[log po| is well defined and Ep[log po] < 0. Here p; = pi(w) =
1;—‘;’1’, for alli € Z.

In Solomon’s seminal paper on RWRE [18], he showed that Assumptions 1 and 2 imply that the
RWRE is transient to +o00. That is, P(lim, . X, = +00) = 1. Moreover, Solomon also proved
a law of large numbers with an explicit formula for the limiting velocity vp = lim,_ oo X, /n.
Interestingly, vp > 0 if and only if Ep[py] < 1, and thus one can easily construct examples of
RWRE that are transient with “zero speed.”

Soon after Solomon’s original paper, Kesten, Kozlov, and Spitzer [11] analyzed the limiting
distributions of transient RWRE under the following additional assumption.

Assumption 3. The distribution of log pg is non-lattice under P, and there exists a Kk > 0 such
that Ep[pf] =1 and Ep|p§ log po] < oo.

Kesten, Kozlov, and Spitzer obtained limiting distributions for the random walk X, by first
analyzing the limiting distributions of the hitting times

T, :=inf{n > 0: X,, = z}.

Let ®(z) be the distribution function of the standard normal distribution, and let L, ;(x) be the
distribution function of a totally skewed to the right stable istribution of index x € (0,2) with
scaling parameter b > 0 and zero shift; see [16].

Theorem 1.1 (Kesten, Kozlov, and Spitzer [11]). Suppose that Assumptions 1 - 3 hold, and let
r € R.

(1) If k € (0,1), then there exists a constant b > 0 such that

. Ty _
TLILHQOP (nl/” < x> = L p(x).
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(2) If k = 1, then there exist constants A,b > 0 and a sequence D(n) ~ Alogn so that
lim P

i # (5220 )

n
(3) If k € (1,2), then there exists a constant b > 0 such that

lim P <Tn_n/VP < x) = Ly ().

n— 00 nl/"'i

(4) If k = 2, then there exists a constant o > 0 such that

(5) If k > 2, then there exists a constant o > 0 such that

lim P <Tn_n/VP < .CU) = ¢(x).
n—oo g\/ﬁ

Theorem 1.1 is then used in [11] in the natural way to obtain averaged limiting distributions for
the random walk itself, but for the sake of space we do not state the precise statement here. It
should be noted that a formula for the scaling parameter b > 0 appearing above when x < 2 has
been obtained recently in [8, 6].

It was not until more recently that the limiting distributions of the hitting time and the random
walk were studied under the quenched distribution. In the case when x > 2, Alili proved a quenched
central limit theorem for the hitting times of the form

(Tn — Bl < a:) =®(z), VreR, P-—as,

O'lﬁ
where 0? = Ep[Var,Ti] < oo [1]. The environment-dependent centering term E,T, makes it
difficult to use (1) to obtain a quenched central limit theorem for the random walk, but this
difficulty was overcome independently by Goldsheid [10] and Peterson [12] to obtain a quenched
central limit theorem for the random walk (also with an environment-dependent centering).

(1) lim P,

n—oo

When k < 2 the situation is quite different. Even though one could reasonably expect that, sim-
ilarly to (1), a limiting stable distribution of index & existed (possibly with environment-dependent
centering or scaling), this has turn out not be the case. In fact, it was shown in [14, 13] that
quenched limiting distributions do not exist when x < 2. For P-a.e. environment w, there exist
two (random) subsequences ny = ng(w) and my = my(w) so that the limiting distributions of T,,,
and T, n, under the measure P, are Gaussian and shifted exponential, respectively. That is,

i P (TET) _3(s), VecR,

k—o0 Var, T,

k

and
T, —E,T 1 —e L -1
hmpw<mkwmk<x>_{0 e x> Ve € R,

/Var, Tp,, r < —1,
These subsequences were then used to show the non-existence of quenched limiting distributions
for the random walk as well [14, 13].

These results of [14, 13] are less than completely satisfying because one would like to be able to
say something about the quenched distribution after a large number of steps. Also, the existence
of subsequential limiting distributions that are Gaussian and shifted exponential begs the question



4 JONATHON PETERSON AND GENNADY SAMORODNITSKY

of whether and what other types of distributions are possible to obtain through subsequences.
The proof of the non-existence of quenched limiting distributions in [13] implies, for large n, the
magnitude of the hitting time T, is determined, to a large extent, by the amount of time it takes
the random walk to pass a few “large traps” in the interval [0,n]. Moreover, as was shown in [13,
Corollary 4.5], the time to cross a “large trap” is approximately an exponential random variable
with parameter depending on the “size” of the trap. Therefore, one would hope that the quenched
distribution of 7T), could be described in terms of some random (depending on w) weighted sum
of exponential random variables. Our main results confirm this by showing that the quenched
distribution — viewed as a random probability measure on R — converges in distribution on the
space of probability measures to the law of a certain random infinite weighted sum of exponential
random variables.

Before stating our main result, we introduce some notation. Let M7 be the space of probability
measures on (R, B(R)), where B(R) is the Borel o-field. Recall that M; is a complete, separable
metric space when equipped with the Prohorov metric

(2)  p(ryp)=inf{e >0 : w(A) < p(A%) e, u(A) <7(A%) +eVAecBR)}, mue My,

where A® := {z € R : |[x—y| < ¢ for some y € A} is the e-neighbourhood of A. By a random prob-
ability measure we mean a Mj-valued random variable, and we denote convergence in distribution
of a sequence of random probability measures by u, = p; see [2]. This notation does carry the
danger of being confused with the weak convergence of probability measures on R, but we prefer it
to the more proper, but awkward, notation £, = £,, with £, being the law of a random measure

.

Next, let M,, be the space of Radon point processes on (0, 00]; these are the point processes
assigning a finite mass to all sets (z,00] with z > 0. We equip M,, with the standard topology of
vague convergence. This topology can be metrized to make M, a complete separable metric space;
see [15, Proposition 3.17]. For point processes in M, we denote vague convergence by (, 5 ¢
An M,-valued random variable will be called a random point process, and, as above, we will use
the somewhat improper notation (,, = ( to denote convergence in distribution of random point
processes.

We define a mapping H : M, — M; in the following manner. Let { = > i>10x;, Where (z;)
is an arbitrary enumeration of the points of ¢ € M,. We let H(() to be the probability measure
defined by

(3) H(O)() =

do(+) otherwise,

. {P (ZiZI zi(ri —1) € ) Dlim1 % < 00

where, under a probability measure P, (7;) is a sequence of i.i.d. mean 1 exponential random
variables. Note that the condition ) ,.; 27 < oo guarantees that the sum inside the probability
converges P-a.s. It is clear that the mapping H is well defined in the sense that H(¢) does not
depend on the enumeration of the points of (. We defer the proof of the following lemma to
Appendix A.

Lemma 1.2. The map H is measurable.

We are now ready to state our first main result, describing the weak quenched limiting distribu-
tion for the hitting times centered by the quenched mean.



WEAK QUENCHED LIMITS 5

Theorem 1.3. Let Assumptions 1 - 3 hold, and for any w € § let ji, ., € My be defined by
_ Tn - Ean
(4) ) = P e

nl/k
Then there exists a A > 0 such that fiy ., = ﬁ(N,\,,Q) where Ny ,, is a non-homogeneous Poisson
point process on (0, 00) with intensity Az~

Remark 1.4. The Gaussian and centered exponential distributions that were shown in [13] to be
subsequential quenched limiting distributions of the hitting times are both, clearly, in the support
of the random limiting probability measure obtained in Theorem 1.3. Indeed, letting (;, = k01,2 €
M, we see that H((1) is a centered exponential distribution, and the central limit theorem implies
that limg_,oo H((k) is a standard Gaussian distribution.

Remark 1.5. One can represent the non-homogeneous Poisson process Ny ,, as

oo
Naw = Z 6()\//1)1/”1“;1/” ’
j=1

where (I'j)j>1 is the increasing sequence of the points of the unit rate homogeneous Poisson process
on (0,00). In particular, the points of N} , are square summable with probability 1 if k < 2 (and
square summable with probability 0 if £ > 2.) Furthermore, the random limiting distribution in
Theorem 1.3 can be written in the form

(5) H(Ny)() = P(m) =S T = 1) € )
j=1

and we recall that the probability in (5) is taken with respect to the exponential random variables
(75), while keeping the standard Poisson arrivals (I';) fixed.

The random probability measure L = H(N) ,) above has a curious stability property in M;: if
Lq,..., L, are i.i.d. copies of L, then

(6) Lix...x Ly(") faw L(-/nl/”)
for n = 1,2,.... To see why this is true, represent each L; as in (5), but using an independent
sequence of Poisson arrivals for each ¢ = 1,...,n. Then the n-fold convolution Lq ... * L, has

the same representation, but the sequence of the standard Poisson arrivals has to be replaced by
a superposition of n such independent sequences. Since a superposition of independent Poisson
processes is, once again, a Poisson process and the mean measures add up, we conclude that

Lis... % Lo(")'% P((A/m)l/“ifjl/n(q ~1)e ) :
j=1

where (fj)j is the increasing sequence of the points of a homogeneous Poisson random measure
on (0, 00) with intensity n. Since the sequence (I';/n); also forms a Poisson random measure with
intensity n, (6) follows.

Since we know that when k < 2 there is no centering and scaling that results in convergence to a
deterministic distribution, we have some flexibility in choosing what centering and scaling to work
with. For example, if we use the averaged centering and scaling in Theorem 1.1, then a slightly
different random probability distribution will appear in the limit. Before stating this result we
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need to introduce some more notation. Define mappings H, H, : M, — M1, € > 0, as follows. For
¢ =2 i>1 0z, H(C) and Hc(() are the probability measures defined by

P (ZiZI T € ) if Zizl T; < 00

50 2121 Tr; = OQ.

(7) H(O)() = {

(8) He(Q)() =P inTil{fEi>5} €

i>1

As was the case in the definition of H in (3), the definition of H({) does not depend on a particular
enumeration of the points of . Furthermore, an obvious modification of the proof of Lemma 1.2
shows that the map H is measurable. The maps H. are even (almost) continuous, as will be seen
in Section 7.

Theorem 1.6. Let Assumptions 1 - 3 hold. For A,k > 0 let N , be a non-homogeneous Poisson
point process on (0,00) with intensity A\x=""1. Then for every r € (0,2) there is a A > 0 such that
the following statements hold.

(1) If k € (0,1), then
fnw(:) = P, (:;T/ZH € ) = H(Ny,).
(2) If k =1, then

T, —nD(n) ,

Nn,w(') =P, <n € ) = 61_1>I(I)1+ [HE(N/\,l) * 5—0)\’1(5)]a
where ¢y 1(g) = f; Ax~ldz = Mlog(1/¢), and D(n) is a sequence such that D(n) ~ Alogn
for some A > 0.

(3) If k € (1,2), then

T, —n/v .
n() = P (/P ) ) = lim [He(Now) * 9y 0]

nl/x e—0t
where ¢y () = [2° Xa™" da = ﬁef("*l).

Remark 1.7. The limits as € — 07 in the cases 1 < kK < 2 in Theorem 1.6 are weak limits in M;.
The fact that these limits exist is standard; see e.g. [16]. As we show in Section 7, fixing a Poisson
process N, on some probability space (for example, as in Remark 1.5), even convergence with
probability 1 holds.

The limiting random probability measures obtained in the different parts of Theorem 1.6 also
have stability properties in M, similar to the stability property of H(N ) described in Remark
1.5. Specifically, if L1, Lo, ..., L, are i.i.d. copies of the limiting random probability measure L in
Theorem 1.6, then the stability relation for the convolution operation (6) still holds if x # 1. In
the case k = 1, the corresponding stability relation is

9) Li*...x Ly() lgVL(-/n—)\logn).

The proof is similar to the argument used in Remark 1.5. We omit the details.

The statement (and proof) of the weak quenched limits with the quenched centering (Theorem
1.3) is much simpler than the corresponding result with the averaged centering (Theorem 1.6).
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However, in transferring a limiting distribution from the hitting times 7,, to the location of the
random walk X, it is easier to use the averaged centering.

Corollary 1.8. Let Assumptions 1 — 8 hold for some k € (0,2), and let X > 0 be given by Theorem
1.6.

(1) If k € (0,1), then for any x € R,
Xn _
P, <m < m) = H(Ny,)(a" /%, 00).

(2) If Kk =1, then there exists a sequence 6(n) ~ n/(Alogn) (with A > 0 as in the conclusion
of Theorem 1.6) such that for any x € R,

X, —d(n) .
(e <) = Jim (B0 0.0 0) (- 4%0.0),

(3) If k € (1,2), then for any x € R,

P, (XRnl/ZVP < ac> = El_iglJr (HE(N,\W) * 5—%&(5)) (—ZL’VI_DI_I/H, 00).
Remark 1.9. The type of convergence in Corollary 1.8 is weaker than that in Theorems 1.3 and
1.6. Instead of proving that the quenched distribution of X,, (centered and scaled) converges in
distribution on the space M1, we only prove that certain projections of the quenched law converge in
distribution as real valued random variables. We suspect that, with some extra work, the techniques
of this paper could be used to prove a limiting distribution for the full quenched distribution of
X, but we will leave that for a future paper. Some results in this direction have previously been
obtained in [7]

Remark 1.10. Theorem 1.6 and Corollary 1.8 generalize the stable limiting distributions under the
averaged law [11]. For instance, when € (0, 1),

P (nT/ < m> _ By [pw <T < )] L, B[H(Ny ) (—o0.2]]

nl/"f n—00

and it is easy to see that E[H(N) x)(—00,z]] = L, (x) for some b > 0.

The structure of the paper is as follows. In Section 2 we introduce some notation and review
some basic facts that we will need. Then, in Section 3 we outline a general method for transferring a
limiting distribution result for one sequence of random probability measures to another sequence of
random probability measures by constructing a coupling between the two sequences. The method
developed in Section 3 is then implemented several times in Section 4 to reduce the study of the
quenched distribution of the hitting times T;, to the quenched distribution of a certain environment-
dependent mixture of exponential random variables. Then, these environment-dependent mixing
coefficients are shown in Section 5 to be related to a non-homogeneous Poisson point process Ny 4.
In Section 6 we complete the proof of Theorem 1.3 by proving a weak quenched limiting distribution
for this mixture of exponentials. The proof of Theorem 1.6 is similar to the proof of Theorem 1.3,
and in Section 7 we indicate how to complete the parts of the proof that are different. Finally, in
Section 8 we give the proof of the Corollary 1.8.

Before turning to the proofs, we make one remark on the writing style. Throughout the paper,
we will use ¢, C, and C’ to denote generic constants that may change from line to line. Specific
constants that remain fixed throughout the paper are denoted Cpy, C1, etc.
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Remark 1.11. Soon after this work had been completed and posted on the arXiv, two other papers
[5, 6] appeared giving independent proofs of some of the main results of this paper. A few brief
remarks are in order on the differences between these papers. Neither of the above papers state weak
quenched limits with the averaged centering as in Theorem 1.6 (although this should follow easily
from Corollary 1 in [5]) nor do they discuss the quenched distribution of X, as in Corollary 1.8. In
[5], instead of studying the hitting times 7), directly the authors study the amount of time spent in
the interval [0, n) - which can easily be seen to have the same weak quenched limiting distributions as
the hitting times. In [6], the authors prove Theorem 1.3 under the stronger Wasserstein W1 metric
on the space M;. However, an analysis of the proof in the current paper (especially the coupling
technique introduced in Section 3) reveals that it should be easily adaptable to the Wasserstein
metric as well.

Remark 1.12. After the initial submission of this paper, we also became aware of [17] which pro-
vides a systematic study of stable random probability distributions - that is, random probability
distributions with stability properties like (6) or (9). Moreover, in [17] the authors study a simpler
model of random motion in a random environment and obtain weak quenched limiting distributions
for the hitting times similar to Theorems 1.3 and 1.6.

2. BACKGROUND

In this section we introduce some notation that will be used throughout the rest of the paper.
For RWRE on Z, many quenched probabilities and expectations are explicitly solvable in terms of
the environment. It is in order to express these formulas compactly that we need this additional
notation. Recall that p, = (1 — wy)/w,, € Z. Then, for i < j we let

J J J
(10) H@j = Hpm, Ri,j = ZHU?? and W@j = ZHkJ'
=1 k=1 k=i
Denote
00 J
(11) Rz = Jli}félo Ri,j = ;HUQ and Wj = z_l)lgloo Wiﬂ‘ = kz Hk,j-
=1 =—00

Note that Assumption 2 implies that R; and W; are finite with probability 1 for all 4,j € Z. The
following formulas are extremely useful (see [19] for a reference)

Riq— I p 1Ry i
(12) PE(T; > T;) = R”‘” L and PY(Ti < Tj) = %
i,5—1 i1

1< x <y,
(13) E'Ti 1 =1+2W;, icZ.

As in [14, 13], we define the “ladder locations” v; of the environment by
(14) vy=0, and vy; = mf{n > Vi—q - Hyi717n71 < 1}, 1> 1.
Since the environment is i.i.d., the sections of the environment {w, : v;—1 < = < v;} between
successive ladder locations are also i.i.d. However, the environment directly to the left of vy = 0 is

different from the environment to the left of v; for i« > 1. Thus, as in [14, 13] it is convenient to
define a new probability law on environments by

(15) Q) =P (|1 <1, alli<—1);

by Assumption 2 the condition is an event of positive probability.
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Two facts about the distribution @) will be important to keep in mind throughout the remainder
of the paper.

e Under the measure ) the environments stationary under shifts by the ladder locations v;.
e Since, under P, the environment is i.i.d., the measure ) coincides with the measure P on
o(wg : x> 0).

Often for convenience we will denote v4 by v. It was shown in [14, Lemma 2.1] that the distribu-
tion of v (which is the same under P and Q) has exponential tails. That is, there exist constants
C,C" > 0 such that

(16) Pv>z)=Qv>z)<Ce % z>0.
In particular this implies that lim, . v, /n = ¥ := Egv = Epv, both P and @ - as..

In contrast, it was shown in [14, Theorem 1.4] that, under Assumption 3, the distribution of the
first hitting time E,T}, has power tails under the measure ). That is, there exists a constant Cy
such that

(17) Q(E,T, > x) ~ Coz™ ", © — 0.
3. A GENERAL METHOD FOR TRANSFERRING WEAK QUENCHED LIMITS

Our strategy for proving weak quenched limits for the hitting times will be to first prove a weak
quenched limiting distribution for a related sequence of random variables. Then by exhibiting a
coupling between the two sequences of random variables we will be able to conclude that the hitting
times have the same weak quenched limiting distribution. The second of these steps is accomplished
through the following lemma. It applies to random probability measures on R?, which are simply
random variables taking values in M7 (R?). The latter space is the space of all probability measures
on R? which can be turned into a complete, separable metric space in the same way as it was done
to the space M in Section 1. The two maps assigning each probability measure in M (R?) its two
marginal probability measures are automatically continuous.

Lemma 3.1. Let 0,, n = 1,2,... be a sequence of random probability measures on R? defined on
some probability space (Q,]—', P). Let 7, and ~), be the two marginals of 0,, n =1,2,.... Suppose
that for every § > 0

(18) nh_)ngoP (0n({(z,y) : |z —y| > 6}) >0) =0.
If vy, = v for some v € My, then v, =~ as well.

Remark 3.2. Generally the space €2 will be the space of environments and P will be the measure
() on environments defined in (15). However, in one application (Lemma 4.2 below) we will use
slightly different spaces and measures and so we need to state Lemma 3.1 in this more general form.

Proof. The definition of the Prohorov metric p in (2) implies that, if Hn({(x, y): lx—y| > 5}) <9,
then p(yn,7,) < d. Therefore, the assumption (18) implies that p(7,,7,,) — 0 in probability. Now

the statement of the lemma follows from Theorem 3.1 in [2]. O

The following is an immediate corollary.
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Corollary 3.3. Under the setup of Lemma 3.1, assume that
(19) Eo |X —Y|— 0, in P-probability

(here X andY are the coordinate variables in R? and By, is expectation with respect to the measure
). If v => v for some v € My, then ), = 7 as well.

Proof. The claim follows immediately from Lemma 3.1 and Markov’s inequality via
P(0,(]X —Y|>06)>6) <P(Ep, | X — Y| >6?).

Remark 3.4. By the Cauchy-Scwarz inequality, a sufficient condition for (19) is
(20) Ep, (X —-Y)—0 and Varg, (X —-Y)—0, in P-probability.

4. A SERIES OF REDUCTIONS

In this section we repeatedly apply Lemma 3.1 and Corollary 3.3 to reduce the problem of finding
weak quenched limits of the hitting times 7T, to the problem of finding weak quenched limits of a
simpler sequence of random variables that is a random mixture of exponential distributions.

First of all, instead of studying the quenched distributions of the hitting times, it will be more
convenient to study the hitting times along the random sequence of the ladder locations v,. Since by
(16), the distance between consecutive ladder locations has exponential tails, and v, /n — U = Ep1y
the quenched distribution of T}, should be close to the quenched distribution of 7}, with @ = 1/v
(for ease of notation we will write va,, instead of v|4,|). Based on this, we will reduce our problem
to proving a quenched weak limit theorem for T,,, = > |(T,, — T}, ,). Secondly, as mentioned
in the introduction, the proof of the non-existence of quenched limiting distributions for hitting
times in [13] hinged on two observations. The first of these says that, for large n, the magnitude
of T}, is mainly determined by the increments 7,, —T,, , for those i = 1,...,n for which there
is a large “trap” between the ladder locations v;_; and v;. The second observation is that, when
there is a large “trap” between v;_; and v;, the time to cross from v;_; to v; is, approximately, an
exponential random variable with a large mean. That is, 7,, — T,, , may be approximated by 3;7;
where

(21) 52 = Bz(w) = Ecl:i_lTl/i = Ew(Tlxi - Tyi_1>7

and 7; is a mean 1 exponential random variable that is independent of everything else.

When analyzing the hitting times of the ladder locations 7),, the measure ) is more convenient
to use than the measure P since, under (), the environment is stationary under shifts of the
environment by the ladder locations. In particular, {3;};>1 is a stationary sequence under Q). The
main result of this section is the following proposition.

Proposition 4.1. For w € €, suppose that P, is expanded so that there exists a sequence T; which,
under P, is an i.i.d. sequence of mean 1 exponential random variables. Let 6y, € My be defined

by
(22) 6n,w(') =P, (nll/li 251(7—2 - 1) € ) )
=1

where B; = Bi(w) is given by (21). If Gy N H(N),) then i £, H(Ny/p ), where fin, is
defined in (4).
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Lemma 3.1 says that weak imits for one sequence of M;j-valued random variables can be trans-
ferred to another sequence of Mj-valued random variables if these random probability measures
can be coupled in a nice way. We pursue this idea and prove Proposition 4.1 by establishing the
series of lemmas below. All of these results will be proved using Lemma 3.1 and Corollary 3.3.

Lemma 4.2. If i, % fI(NA’H) then [y L FI(NA’,{).
Lemma 4.3. For w € ), let ¢p, € My be defined by

_ T, — E.T, 1 &
¢n,w(-> =P, <nl/,‘i € ) =P, (W Z(Tw - TVi—l - BZ) € > :

=1

If @gn,w :Q> I_{(NA,K) then ﬂn,w :Q> FI(NA/D,/@)'

Lemma 4.4. If 6y, 2, H(Ny ) then ¢n 2 H(Ny ).

Proof of Lemma 4.2. Recall that P and @ are identical on o(w; : = > 0). We start with a coupling
of P and ) that that produces two environments that agree on the non-negative integers. Let w
be an environment with distribution P and let @ be an independent environment with distribution
Q. Then, construct the environment w’ by letting

, wy =< -1
W, =
wy; x>0.

Then ' has distribution @ and is identical to w on the non-negative integers. Let P be the
joint distribution of (w,w’) in the above coupling. Given a pair of environments (w,w’), we will
construct coupled random walks {X,,} and {X/} with hitting times {7, } and {7}, respectively,
so that the marginal distributions of {X,,} and {X] } are P, and P,, respectively. Let P, . denote
the joint distribution of {X,,} and {X],} with expectations denoted by E,, ./, and consider random
probability measures on R? defined by

an() _ wal |:<Tn - Ew,w’Tn’ Tr/L - EW,w’qum> c :| )

nl/k nl/k

We wish to construct the coupled random walks so that
(23) lim n_l/HEw,w’KTn - Ew7w/Tn) - (T7/z - EW,WIT;L)| =0, P-as.
n—oo

This will be more than enough to satisfy conditions (19) of Corollary 3.3, and the conclusion of
Lemma 4.2 will follow.

We now show how to construct coupled random walks {X,,} and {X}. Since the environments
w and w’ agree on the non-negative integers, our coupling will cause the two walks to move in the
same manner at all locations x > 0. Precisely, on their respective ¢th visits to site > 0, they
will both either move to the right or both move to the left. To do this, let £ = {&,i}zcz,i>1 be a
collection of i.i.d. standard uniform random variables that is independent of everything else. Then,
given (w,w’) and &, construct the random walks as follows:

Xn+1 if X, =z, #{k<n: Xy=x}=14 and §; < w,

Xo=0, d X, = .
0 an 1 {Xn—l it X, =z, #{k<n:Xy=z} =i, and &; > w,

and

Xp+1 X, =z #{k<n: Xj=2}=iand & Sw

/
X! =0, d X, ., = /
0 an n+1 {Xé—l if X, =z, #{k<n: X, =2}=1i and &; > w..
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Having constructed our coupling, we now turn to the proof of (23). It is enough in fact to show
that

(24) sup B, o/|T,, — T)| < oo, and sup|E, T, — E,wT,| < oo, P-as.
n n

To show the second inequality in (24), we use the explicit formula (13) for the quenched expectations
of hitting times, so that

n n n
E,T, =n+2 Z Wi=n+2 Z(Wo,z' + 1o W_1) =n+2 Z Wo,i +2W_1Rg .
i=0 i=0 i=0
Similarly, (with the obvious notation for corresponding random variables corresponding to w’)

n n
EyTy=n+2> Wi, +2W Ry, 1 =n+2> Wo;+2W Ron,
i=0 i=0
where the second equality is valid because w, = w/. for all z > 0. Thus,
sup |EywTn — By Ty =sup2Ron|W_1 — W | = 2Ro|W_1 — W' | < 0o, P-as.
n n

Turning to the first inequality in (24), let

Th T,
Ly = Z 1ix, <0y Ly, = Z lix,<o0}s
k=0 k=0

be the number of visits by by the walks {X,,} and {X }, correspondingly, to the negative integers,
by the time they reach site x = n. The coupling of T, and 7T, constructed above is such that
|Tn, —T)| = |Ln — L,|. Therefore,

Eyuw|T, =T, = Eyu|Ly — L,| < E,Ly, + Ey L),

Letting L = lim,,_o0 Ly, and L’ = lim,,_,+, L/, denote the total amount of time spent in the negative
integers by the random walks {X,,} and {X] }, respectively, we need only to show that E,L +
E L' < oo, P-a.s. To this end, note that L = chil U; where GG is the number of times the
random walk {X,} steps from 0 to —1 and the U; is the amount of time it takes to reach 0 after
the ith visit to —1. Note that G is a geometric random variable starting from 0 with success
parameter P,(T_; = oo) > 0, and that the U; are independent (and independent of G) with
common distribution equal to that of the time it takes a random walk in environment w to reach
0 when starting at —1. Thus, by first conditioning on G, we obtain that

_ _ P, (T_1 < OO)
E,L=E,|G(E;'Ty)] = (E;'Ty) =2——2.
k= B (6 (BT0)] = (') P20
Similarly,
_ P /(T_l < OO)
Ey L = (E'Ty) = i——.
@ ( v 0) Pw/(T_l = OO)
This completes the proof since E Ty and E;,lTo are finite, P-a.s. by (13). U

Proof of Lemma 4.3. For w € Q, let (ﬁw € M be defined by

n TVEWL - EWTV&TL i nl/ﬁ
Onw(A) =Py, (W € A) = ®lan)w (L A) :

dnJ 1/k
Since n'/*/|an|'/* — a~/* = /% as n — oo, it follows (for example, by Lemma 3.1) that

nw() =5 H(Ny)()  implies that  dpw() == H(Nye) (777 )
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Now, it follows from (5) that H(Ny ) (7% ") Low H(Ny/5.4)(-). Therefore, the claim of the lemma
will follow once we check that

(25) dnw =2 H(Ny,) implies that Jine == H(Ny)

To show (25) we will verify condition (20) of the remark following Corollary 3.3. Since both an,w
and fi, ., are mean zero distributions on R, it is enough to show that

(26) lim Q <n—2/*”~ Vary, (T, — Ty > 5) =0, V5>0.

To this end, note that if va, < n < vy then Vary(T, — T,,,) = 20—, 4 Vary(T, — Tp1) <
Var,, (T, — Ty.,)- A similar inequality holds if v, < n < vg,. Using this, we obtain that for any
e>0

Q (Varw(Tn T, > 5nz/m> < Q(In — van| > en) + Q (Varw(Ty[aan] _
+Q (Varw (Toan = Ty ) > 0%/ H)

(27) — QI — van| > en) +2Q (Varw(Tl,m) S W/m) ’

where the last equality is due to the fact that, under the measure @, the environment is stationary
under shifts of the ladder locations. The first term in (27) vanishes since vg,/n — 1, Q-a.s., by
the law of large numbers. For the second term in (27), recall that n=2/% Var,, T,, has a k-stable
limiting distribution under @ [13, Theorem 1.3]. Thus, there exists a b > 0 such that

'r‘Lh—>H§O Q <Va]:‘w (Tysn) > 5n2/n> - 1 - Lﬁ,b(5€_2/n)'

Tva,) > 5n2/“)

Since the right hand side can be made arbitrarily small by taking ¢ — 0, we have finished the proof
of (26) and, thus, also of the lemma. O

Proof of Lemma 4.4. The proof of the lemma consists of showing that we can couple the standard
exponential random variables of Proposition 4.1 with the random walk {X,,} in such a way that
condition (20) of the remark following Corollary 3.3 holds. Since the relevant random probability
measures have zero means, we only need to ensure that

. —2/k o o N _
(28) lim Q (n Var,, (Tl,n BTy, =Y _ Biln 1)) > 5) 0, Vé>0.

i=1
We will perform the coupling in such a way that the sequence of pairs (T, —7), ,,7;) is independent
under the quenched law P,,. Since E,T,, = Y .~ 5, this will imply that

Var,, <Tl," - E,T,, — Z Bi(mi — 1)) = ZVarw (T, — Ty, — BiTi) -
=1 i=1

As in [14], for any ¢ define
(29) M; = max{HVi_hj v <5< Vi}-
The utility of the sequence M; is that it is roughly comparable to 3; and /Var,(T,, — T, ,), but

M; is an i.i.d. sequence of random variables (see [14, equations (15) and (63)] for precise statements
regarding these comparisons). In [14, Lemma 5.5] it was shown that for any 0 < & < 1,

n—0o0

. IR
lim @ (712/’“ ZVarw(Tl,i — T,,i_l)l{MiSn(l_g)/ﬁ} > 5) =0, Vé>0.
i=1
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A similar argument (see also the proof of [14, Lemma 3.1]) implies that

. 1 ¢

n—00 ¢
=1

Then, since Var, (T, — Ty, , — Bimi) < 2Var, (T, — T,,_,) + 282, in order to guarantee (28) it is

enough to perform a coupling in such a way that for some 0 < e < 1,

n—oo

1 n
(30) hm Q <’nz/k ZV&I‘W(TV_L- - Tl’ifl - BlTl)l{Mz>n(1—s)/fc} > 6) = 0, V5 > 0
=1

Recall that we separately couple each exponential random variable 7; with the corresponding cross-
ing time 7,, — T,, ,. For simplicity of notation we will describe this coupling when ¢ = 1, and we
will denote v, 81 and 71 by v, 8 and T, respectively.

First, note that 7, can be constructed by doing repeated excursions from the origin. Let TO+ =
inf{n > 0: X, = 0} be the first return time to the origin, and let {F7)};5; be an i.i.d. sequence
of random variables all having the distribution of T, under P,(-|Ty" < T,). Also, let let S be
independent of the {F)} and have the same distribution as T}, under P,(-|T, < Ty ). Finally,
let N be independent of S and the {F()} and have a geometric distribution starting from 0 with
success parameter p,, = P,(T, < T0+ ). Then we can construct T,, by letting

N
(31) T,=85+Y FY.
j=1
Note that
(32) 8= BT, = E,S + P2 (g, )
Pw

Given this construction of T}, the most natural way to couple 7, with 7 is to provide a coupling
between 7 and N. We set

-1
(33) N = |cuT], where ¢, =

log(1 —py)’

so that N is exactly a geometric random variable with parameter p,,.
For this coupling, we obtain the following bound on Var, (7, — 7).

Lemma 4.5. Let T, and B7 be coupled using (31) and (33). Then,

2 (B, F1)? 142
(34) Vary(T, — A7) < (Eu8)* + ~—*5—— + Varu(T,) — (E,FM)2 Var,(N).
Proof. First of all, note that
N .
Var,, (T, — f7) = Var, | S+ ZFU) - BT
j=1
N .
= Var,(5) + Var, ZF(J) — BT
j=1

(35) = Vary,(S) + Var, (FU) (By|cur]) + Var, (pwf [(E,FW) - m) .
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Since | ¢, 7| is independent of ¢, 7 — |¢,7], we can use the identity for 5 in (32) to write, with the
help of a bit of algebra,

Var,, (mﬂ |(E,FW) - 57) = (B, FOY2Var, (|eor]) + 8% — 2(E,FD)3 Cov ([cur], 7)

= ((BoFO)? = 2(B.FD)B/c,,) Var, (|eur]) + 52

2
w

— (B.S)+ 2<Ews><EwF<1>>1;p°“ (P + og(1 — o)

- 1
+ (EwF@))?pr <2 ot 2— Do 1og(1 - pw)> .

w w

Using a Taylor series expansion of log(1 — p) for |p| < 1, one can show that for any p € [0, 1),

ptlog(l—p)=-) =<0,
k=2
and .
1—p 1—p > 4p 1
2—p+2 log(1—p) ) =1/3 - <.
P2 < P+ 2— = log( p)> / ;(k+1)(k+2)(k+3)_3
Therefore,
. (1))2
Var,, (Lw |(E,F9) - 57) < (EuS)? + (E“];)

Recalling (35), we obtain that

(B FW)?

Var, (T, — B7) < Var,(S) + (E,S)? + 3

+ Var, (FW) (B, |cuT])
Since (31) implies that
N
Var,(T,) = Var,(S) + Var, (Z F@) = Var,(S) + (E,FM)? Var,(N) + Var,(FW)(E,N),

i=1
the bound (34) follows. O

The utility of the upper bound in Lemma 4.5 is that F,F(!) and E,S are relatively small when
M is large.

Lemma 4.6. For0<e <1,

(36) Q <EWS > nGE/”, My > n(l_s)/“> = O(n_l)7
and
(37) Q <EwF(1) > n%/% My > n(l_a)/“) =o(n1).

The bound (36) on the tail decay of E,S was proved in [14, Corollary 4.2]. The proof of (37)
is similar and involves straightforward but rather tedious computations using explicit formulas for
quenched expectations and variances of hitting times conditioned on exiting an interval on a certain
side. We defer the proof to Appendix B.

We now proceed to finish the proof of Lemma 4.4 by extending the coupling of T;, with 7 to all
crossing times and showing that the resulting coupling satisfies (30). As was done for T, in (31)
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we may decompose T, — T, , so that, with the obvious notation,

T,

k3

N;
~ T, =8+ F.
j=1
Lemma 4.5 tells us that

n
Zvarw (Tl/l - TVZ',1 - /BZTZ) 1{Mi>n(1*5)/ﬁ}
=1

- o (BLEMY (132 |
<> | (B.S) + S Vars(Ty, = Ty ) = (BB ) Varo(N0) | L spi-o/m-
=1

An immediate consequence of Lemma 4.6 is that for any 0 < € < 1, on an event of probability

converging to one, all the E,5; and EwFi(l) with ¢ < n are less than n%/% when M; > n(1=¢)/%
Thus, by choosing 0 < 12¢/k < 2/k — 1 we obtain that

n (1)y2
, 1 3 (EwFy )

i=1

Therefore, to prove (30) it is enough to show

(38)
: 1 & (1)\2 _
lim Q <n2 7 §A1j <Varw(Tw ~T,_,) — (E,FV)? Var, Ni) L pfonG-a/ny > 5) =0, V§>0.

In [14], it was shown that, when M is large, 8 = (E,T,)? is comparable to Var,, T),. In fact, as
was shown in the proof of Corollary 5.6 in [14],
> (Vary(Ty, = T, ,) = BY) Lagsna-o/n)

lim Q (nz/“
=1

Therefore it only remains to show that

n

>6>:0, Vo > 0.

nh—{%oQ (n—Q/n Z (512 — (EWFz‘(l))2 Varw(Ni)) 1{Mi>n<1*€)/“} > 5) =0, V§>0.

=1
Note that by (32)
B2 — (E,FW)2 Var, (N) = (E,S)? + 2(E,S)(E,FW)(E,N) — (E,FY)2(E,N?)
< (E,S)*+2(E,S)(E,T,).

On the event where E,,S; < n%/# for all i < n with M; > n(1=9)/% we have

n

n
Z <,312 — (EwFi(l))2 Varw(Ni)) 1{Mi>n(1*5)/“} < n1+125/n + 2n6£/n ZEZi_lTVi
i=1 i=1

— nl+12€//{ + 2n6€/“EwT,,n.
Again, applying Lemma 4.6 with 0 < 12e/k < 2/k — 1, we see that for any § > 0,
n
lim sup @) (n_Q/H Z (522 - (EwFi(I))QVarw Ni) Lipssna-o/my > (5>

n—00 :
=1

< limsup @ (n_z/”+6€/“EwT,,n > 5) ,

n—oo 2
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and so the proof will be complete once we show that n~2/ "eR,T,, = n2/rte > iy Bi converges
in probability to 0 for £ > 0 small enough.

If k < 1, then since n~'/*E,T,, converges in distribution [14, Theorem 1.1], choosing ¢ < 1/x
works. If x > 1 then since E,T,, = > ., (; and the §; are stationary and integrable under @
(see (17)), the ergodic theorem implies that n~'E,T,, converges and, hence, choosing ¢ < 2/k — 1
works. Finally, when x = 1 it follows from (17) that for any 0 < p < 1, Eg(>_7", 8i)? < apn for
some a, € (0,00), so choosing ¢ < 1 works. O

We conclude this section by noting that with a few minor modifications of the proof of Proposition
4.1 we can obtain the following analog in the case of the averaged centering.

Proposition 4.7. For w € €, suppose that P, is expanded so that there exists a sequence T; which,
under P, is an i.i.d. sequence of mean 1 exponential random variables. Let oy, € My be defined

by
P, (# Yo Bimi € ) k<1
(39) Onw() =S P (230 (B —D'(n))e-) r=1
I (# i1 (Bimi — B) € ) k€ (1,2),
where D'(n) = EqQ[Bi1s,<im}] ~ Colog(n) and B = Eq[f1] = EqQ[E.T,). Let cy(e) be as in
Theorem 1.6, and set ¢y 1(c) = [V Ao~ dx = ¢y 1(e) + Nog(p). If
H(Nyx) k<1

On,w % lim,_,o+ H€(N>\,1) * 5—5A,1(5) k=1 ’
lim€_>0+ Ha(N)\,ﬁ) * 5—c>\,,@(5) S (1, 2)
then
P H(N, /5 k<1
[ = ‘ ( )\/V,K) 7
hme—>0+ HE(N/\/D,H) * 5—c>\,,§(a) K€ [17 2)

where (i, 15 as in Theorem 1.6.

Remark 4.8. In the case k = 1, the relation between the sequences D(n) and D'(n) can be given
by

o) = P o)y = P g (811 5y

5. ANALYSIS OF THE CROSSING TIMES

By Propositions 4.1 and 4.7, our work is reduced to studying the distribution of a random
mixture of exponential random variables, where the random coefficients are the average crossing
times 8; = E. ‘T, in (21). The following proposition, which is the main result of this section,
establishes a Poisson limit of point processes arising from the random coefficients g;.

Proposition 5.1. Forn > 1 let N, be a point process defined by

(40) Nuw =Y 05 /-
i=1

Then, under the measure @, N, ., converges weakly in the space M,, to a non-homogeneous Poisson
point process with intensity A\x~"!, where A = Cok and Cy is the constant in (17). That is,

Q
an — N)\,n'
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Proof. For a point process ( = Y .0, € M), and a function f : (0,00] — R4, define the
Laplace functional ¢(f) = 3.~ f(2;). Since the weak convergence in the space M,, is equivalent to
convergence of the Laplace functionals evaluated at all continuous functions with compact support
of the type [0, 00] for some 6 > 0 (see Proposition 3.19 in [15]), the statement of the proposition
will follow once we check that for any such f
o

(41) lim Eq [e_N""”(f)] = exp {—/ (1 — e F@yag=r1 dx} .

n—oo 0
Remark 5.2. An inspection of the argument of Propositions 3.16 and 3.19 in [15] reveals that the
convergence in (41) for all continuous functions with compact support as above will follow once it
is checked for such functions that are, in addition, Lipschitz continuous on (0, c0).

Recall from (17) that Q(81 > z) ~ Cox~". Thus, if the (5;) were i.i.d., the conclusion of the
proposition would follow immediately; see e.g. Proposition 3.21 in [15]. Since the sequence (/3;)
is only stationary under @, our strategy is to show that the dependence between the (f;) is weak
enough so that the point process Ny, converges weakly to the same limit as if the (5;) were i.i.d.

Recalling the notation in (10) and (11) and the formula for quenched expectations of hitting
times in (13), we may write

v;—1
Bi=E;'T, =vi —vi—1 +2 Z W;
J=vi—1
v;—1
=V —Vi1+2 Z Wy, 15 +2Wy,_ 1Ry, 1.
J=Vi—1
Thus, 8; = A;Z; +Y;, where
vi—1
A, = Wyi_1_17 Z; = 2Ryi_l7yi_1, and Y, =v;, —v;_1+2 Z Wyi_17j.
J=Vi-1

Note that Y; and Z; only depend on the environment from v;_; to v; —1, and therefore {(Y;, Z;) }i>1
is an i.i.d. sequence of random variables with the same distribution as

v—1

(Y1, 21) = (v+2)_ Wo,, 2Ro1).

§=0
Also, note that the sequence {A;};>1 is stationary under the measure ). From this decomposition
of 5; we can see that the reason (/3;) is not an i.i.d. sequence is that the sequence (4;) is not i.i.d.
The random variables (A4;) all have the same distribution under @ as A; = W_;. Furthermore,
W_1 has exponential tails under Q. That is, there exist constants C,C’ > 0 such that

(42) QW1 >z) < C'e™;

see Lemma 4.2.2 in [12]. In addition, W_; can be very well approximated by W_; _; for large j.
That is, there exist constants Cp, Co, C's > 0 such that for every j =1,2,.. .,

(43) Q(Wfl - ij,fl > €_Clj) S 026_03‘j.

To see this, defining the ladder locations v_j to the left of the origin in the natural way (see [14]),
observe that for any ¢ > 0,

QW_1 =W, , 1>eF) <eFEgW_y —W,_, 1]
= eV EQLy_,, -1 Wy —1] = % Eg[Io,-1]" Eq[Wi].
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Since Eg[Ily,—1] < 1 by the definition of the ladder locations, choosing ¢ small enough gives us an
exponential bound Q(W_; —W,_, 1 > e %) < C'e=“% k =1,2,... for some positive C,C’. The
bound (43) now follows by writing, for a > 0,

QW 1 —W_j 1>e ) <QW_1 =Wy, 1 >e Y)+Qug; > j),

and noticing that, by (16), for a > 0 small enough, the latter probability is exponentially small as
a function of j.

Keeping the exponential bounds (42) and (43) in mind, we modify the sequence of the crossing
times in order to reduce the dependence. For n > 1 we set Agn) =W, _ —|vnw_.—1 and Bl-(n) =

AZ(.”)Zi +Y;,i=1,2,.... Notice that Bi(n) and B](-") are independent if |i — j| > \/n. Next, we give a
comparison of BZ-(n) with B; that will allow us to analyze the tail behaviour of the random variables
3",
Lemma 5.3. There exist constants, C,C’ > 0 such that

Q (51 - 5?) > 6_"1/4> <Ce VP p=12....

Proof. From the decompositions of 8; and Bl-(n) we obtain that 5; — Bi(n) = (4;— Agn))Zi. Note that
Z1 =2Ry,—1 < 2Rp. By (17) there exists a constant C such that Q(Z; > z) < Cz™" for all z > 0.
Therefore, for any x > 0

Q (ﬁl - ﬂin) > 1’) <Q <A1 — A§") > efcl‘/ﬁ> +Q <21 > ecl‘/ﬁx>
< Coem OV 4 Cem Vg TR,

nl/4

Choosing z = e~ completes the proof. O

(n)

ngfg - Zéﬁ,ﬁm/nlm n=12....
i>1

Based on the truncated crossing times (3;’) we define a sequence of point processes by

Lemma 5.4. N,(chz N Ny asn— oo for X = Cy, the constant in (17).

Proof. Let f : (0,00] — Ry be a continuous functon vanishing for all 0 < z < ¢ for some ¢ > 0,
and Lipshitz on the interval (d,00). We will prove the following analogue of (41):

(44) lim Fg {efN’%(f)] = exp {—/ (1 — e T@)xg=r1 dx} .
0

n—o0

According to Remark 5.2, this will give us the claim of the lemma.

For 0 < 7 < 1 we define a sequence of random random variables
Ky(t)=card{i=1,...,n: both ﬁi(n) > on'/* and ﬁj(n) > ont/"
forsomei+1<j<i+7n,j Sn.}.
We claim that
(45) lim lim sup Q(K,(7) > 0) = 0.

T—0 n—o00
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To see this, let 0 < € < 1, and consider a sequence of events
By(e) = {for some i =1,...,n, 61(”) > on'/* but max(Y;, Z;) < snl/“}.

Since by (17) there exists a constant C' such that Q(max(Y7,Z1) > z) < Cz™" for all z > 0, while
by (42) the random variable A; has an exponentially fast decaying tail, we see that

Q(Bu(e)) < nQ(max(¥, Z1) < en'/r, 5" > 6nl/")
< nQ(max(Yl, 7)) < anl/“, (A1 + 1) max(Y1, Z1) > 5n1/“)
- O(nQ(maX(Yl, Z1) > 6" Eo ((Ay + 1)F1(A; +1 > 5/5)))

- O((S‘”EQ((Al F1)F1(A 41> 5/5)))
as in, for example, Breiman’s lemma ([3]). Therefore,
(46) hr% lim sup Q(By(¢)) = 0.

n—oo

For 7,6 >0
Q(Kn(1) > 0) < Q(By(e)) + Q(for some i =1,...,n, some i + 1 < j < i+ 7n,
max(Y;, Z;) > en'/" and max(Yj, Z;) > Enl/”)
< Q(By(e)) + ™?(Q(max(Y1, Z1) > Enl/”)2
Q(Bn(e)) + C?*c2rr

We conclude that
lim lim sup Q(K,,(7) > 0) < limsup Q(By(¢)),

70 nooo n—00

and so (45) follows from (46).

Fix, for a moment, ¢ > 0 and take 7 > 0 such that for some ng we have Q(K,(7) > 0) < ¢ for
all n > ng; this is possible by (45). Consider the random sets

D,={i=1,...,n: ﬁl(n) >5n1/“}.

Since f(z) =0 if z < 0, we can write

(47) Eo [B_fo?l(f)] = Eg exp{ Z f /nl/n }
€Dy,
= exp{ Z f /711/”i } 1(Ky(7) = 0)]
i€D,,
+ Eq exp{ Z f /nl/"i } 1(K, (1) > 0)]
i€Dp,
=H + H?

By the choice of 7,
(48) lim sup H'? < limsup Q(Kn(7) > 0) < e

n—oo n—oo
Moreover, given the event {K,(7) = 0}, the points in the random set D,, are separated, for large
n, by more than y/n and, hence, given also the random set D,,, the random variables ,Bi(n), 1€ D,
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are independent, each one with the corresponding conditional distribution. That is,
cardD,,
H{ = QU (1) = 0B { [Bo (exp{~1 (8" ")} |31 > /%)) ™ | () = 0.
The power law (17) and Lemma 5.3 show the weak convergence to the Pareto distribution

QB /mtr > 1] 8" > ont/) — (1/6)

for ¢t > §, and so by the bounded convergence theorem,
Eq (exp{—f(6§")/n1/“)}}ﬁ§”) > 5n1/“) — /1 e T =40 gy

Now the claim (44) follows from (47), (48) and the following limiting statement: for the constant
Co in (17),

(49) exp{—Co(1 — @)5*} < lim lim inf E, (acaran

7—0 n—o0

Ko(r) = 0)

= lim limsup Eg (acardD n
7—0 n—oo

Ko(r) = o) < exp{—Co(1 — a)6 "}
for all 0 < @ < 1. In order to complete the proof of the lemma it, therefore, remains to prove (49).

We split the set {1,2...,n} into a union of the following sets. Let
L= {1, .. 0¥}, Jip = {04 +1,.... %4 + [0,
Iy = {n¥ Y+ n¥3) + 1,... 24 + [n¥3))},
Jom = {2[n3 Y + 23] + 1,...,2[n3Y] + 2023},
etc. (the last interval can be a bit shorter than the rest). Clearly, the cardinality m,, of the union

of all intervals Jy, satisfies m,/n — 0 as n — oco. We write D,, = D,(ZI) U D%J), where DT(ZI) (resp.

DT({])) contains all the points of D,, that are in one of the intervals Iy, (resp. Ji.,). Observe that
the intervals Iy, are separated by more that \/n, so for i and j in two different of this type, B-(n)

7

and ﬁj(.n) are independent. We have
EQ (aCaTanl(Kn(T) = 0)) S EQ (aC&YdD%”)
= (EQacard(Dnﬁan))[”/([n3/4]+[n2/3])] |

Repeating the argument leading to (45) (that shows that ﬂi(n) and Bj(-n) can both exceed dn'/* for
0 < |i — j| < n®* only on an event of a vanishing probability) tells us that
Q(Card(D, N I1.,) = 1) ~ n¥1Q(B™ > 5n'/F) ~ n31Co5 ™" = Coo~ n /4,
Q(Card(D, N L15) > 1) = o(n~1),

Therefore,
EQaCard(DnﬁILn) -1— (1 o a)CO(;fnnfl/él + O(n71/4)?
implying that

cardDy, exp{—Co(1 — )5 "},

limsup Eq (a Ky(r)= 0) <

n—o0

1
Q(Kn(7) = 0)
and the upper limit part in (49) follows from (45).
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Similarly,
Eq (0= 4Pn1 (K, (7) = 0) ) > Eq (ac421(K,(7) = 0, D) = 0))
> g (a2} — Q(Ku(7) > 0) - QD) > 0).
The last term vanishes in the limit since m,/n — 0. Therefore,

lirginf Eq (acardD" K, (1) = O) > exp{—Co(1l — @)d "} — Q(Kn(r) > 0),

and the lower limit part in (49) follows from (45) as well. O

Now we are ready to finish the proof of Proposition 5.1, which we accomplish by checking (41) for
nonnegative continuous functions f on (0, cc] with compact support that are Lipschitz continuous
on (0,00). For any such function f,

exp {—Zf(ﬁi/nl/”)}]
=1

e_Nr(f,L;Z(f) exp {— Z (f(ﬂz/nl/ﬁ) - f(BZ-(n)/nl/H)) }] .

i=1

E [e*Nw(f )} —E

=F

Now, let
1/4

Qn::{wEQ:Bi—ﬁ(")ge_”

( ,vz':1,2,...n}
Lemma 5.3 implies that Q(Q¢) — 0 as n — oo. Since f is Lipschitz with some constant ¢, on the
event (), we have
n
S (F5s/n) = 15 )

i=1

nl/k 4

¢ — n
< Z’ﬁi—@( d
=1

_ _nl/4
enl 1/r{e n

IN

)

and so by Lemma 5.4
lim E [e—Nn,wm} — Iim E [e-wfmhﬂn} —E [e—m,n(f)}’
n—oo n—oo

proving (41). O

In addition to the already established convergence of the point processes (N,,), in the sequel
we will also need the following tail bound on the sums of the average crossing times 3; that are not

extremely large.
Lemma 5.5. Let k € [1,2). Then for any 6 > 0,
> 5> _o.

n

> (5i1{5i§5n1/n} - EQ[ﬁll{glggnl/H}D

1
lim limsup @ (1
n /" =1

e—=0t n—oo
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Proof. Clearly, ﬁil{ﬁ_in/m} = B; Nenl/s — anl/”l{ﬂpml/ﬁ}. Therefore,

<n1/n > 6)

Z (Bil{ﬂigﬁnl/”} B EQ [ﬁl]‘{ﬁlgsnl/“}])

(50) <Q (nl/n ; (BZ-/\enl/”—EQ[Bl/\snl/“]) 25/2)
(51) +Q (E Z 1{Bi>en1/"} —nQ(b1 > 5711/&) > 5/2> .
i=1

We will first handle the term in (51). For ¢ > 0, let G. : M, — Z, be deﬁned by G:(¢) =
> i>1 La;>ey when ¢ =} ;5 0y, Then, since G. is continuous on the set /\/l = {(({e} = 0},

we conclude by Proposition 5.1 and the continuous mapping theorem that 27,:1 1 (Bi>enl/n} =
Ge(Nyp ) = G=(Ny ). Further, it follows from (17) that nQ(81 > en'/*) — Coe ™ = E[G<(Nx x)]
as n — 0o. Now, since G.(N, ,) has Poisson distribution with mean Ae™"/k, we see that

> 5/2)

nQ(Br > enl/*)

lim lim sup @ (5
e=0 pooo

s
< lim P (]GE(NA k) — E[Ge(Ny )] > )
e—0 ’ ’ 2e
452 482_HA
< — 1 = .
iy g Var(Gelioe)) = iy =~ =0

Next, we estimate the probability in (50). By Chebychev’s inequality and the fact that the 5;
are stationary under (), this probability is bounded above by

4
o 2/KVarQ (Zﬂz/\an )
=1

K 8 K K
(52) = 57" Varg (B A en/®) + oY > (n— k) Covg(Bi Aen'/", Biyy Aen'/").
k=1
Now, the tail decay (17) of 51 and Karamata’s theorem (see p. 17 in [15]) imply that

limsupn~ /%Y Varg (8, A en'/*) < hm n~ /D EG 82 A e2n?/") = 270062_”.

n—o00 2—kK
Since x < 2 this vanishes as ¢ — 0 and so to finish the proof of the lemma it is enough to show that

(53) lim lim sup ——— nz/ Z n — k) Covg(B1 Aen Uk Beit Aen'/®) =0.

e=0 pooo 1

To bound the covariance terms, we use (13) to write

Vgt1—1
Beyr= Y (1+2W))
J=Vk
Vgt1—1
= Vg1 — Vg + 2 Z Wlll,j + 2WV171HV1,Z/]€71R1/]€,V]€+171
JI=Vk

= ﬁk+1 + 2WV1—1HV1,Vk—1RVk7Vk+1—1'
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Note that Bk+l is independent of 1, so that for some constant C’
Covg(B1 A enl/", Bri1 A snl/”) = Covq(p1 A enl/" Bri1 A enl/s — Bk+1 A 5n1/“)

< \/VarQ(51 A snl/“)\/VarQ(ﬁkH Aenl/® — By Aenl/®)

(54) < Olelr2p1/K-1/2 \/EQ[(ﬁkH - Bk+1)21{3k+1§5n1/~}]

for n large enough. An examination of the formula for Bk’—l—l shows that Ry, ., ,—1 < BkH. There-
fore,

EQ[(Brs1 = Brs1)* L, <oniiny] = 4Eq {W31—1H12,1,uk—1R3k,yk+1—1 1{5“135”1/@}

2 2 [ 2
< 4EQ [Wvlfl] EQ [Hlfl,kal] EQ _RVkJ/kH*l1{Ruk,uk+1—1éanl/”}}

]k—l

(55) = 4EQ [Wzl] EQ [H%J/—l EQ _Rg,l/—ll{RO’V,lgsnl/ﬁ}} )

where in the last step we used the invariance of the distribution @ under shifts by the ladder
locations v;. Further, Eg[W?2,] < oo by (42), and Eg[lly,—1] < 1 by the definition of the lad-

der locations. Also, since Ry ,_1 < B1, Eg _Rg,u—ll{Ro y71§€n1/’i}:| < Ole2rp2/r1 for large n.
Combining this with (54) and (55) we see that for some 0 < p < 1,
COVQ(BI A Enl/ﬁaﬁkJrl A Enl/n) < (C/)262—nn2/n—1pk,

and this bound on the covariance is sufficient to prove (53). This finishes the proof of the lemma. [

We conclude this section by giving a corollary of Lemma 5.5 that is of independent interest. In
[14] it was shown that, if 0 < & < 1, then n=V/*E,T,, =n~/*3"" | B; converges in distribution to
a r-stable random variable. The following corollary shows that E, 7}, has a stable limit law when
k € [1,2) as well.

Corollary 5.6. If k = 1, then there exists a b > 0 and a sequence D" (n) = E[f11(3,<n}] ~ Cologn
such that

lim @

n—oo

<EwTyn —nD"(n)

- < :):> = Ly (), Vz € R.

If k € (1,2), then

lim @ <
In both cases b" = \/k.

BT, — nEqlE.T),]
nl/k s

Proof. This is a direct application of Proposition 5.1 and Lemma 5.5 to Theorem 3.1 in [4]. O

6. WEAK QUENCHED LIMITS OF HITTING TIMES - QUENCHED CENTERING

Having done the necessary preperatory work in Sections 4 and 5 we are now ready to prove

Theorem 1.3. Recall, that by Proposition 4.1 it is enough to show that &, é H (Ny ) for
some X\ > 0, where 7, = H(N,,) is given in (22), while H and N, are defined by (3) and
(40), respectively. Since Ny, N Ny, by Proposition 5.1, if the mapping H : M, — M;
were continuous the statement of Theorem 1.3 would follow by the continuous mapping theorem.
Unfortunately, H is not a continuous mapping. To overcome this, we employ a truncation technique.
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For ¢ > 0 define the a mapping H, : M,, — M; by modifying the definition (22) as follows:

(56) £ le i — D1g,5c) €|, when (= Zém.

i>1 i>1

It turns out that this mapping is continuous on the relevant subset of M,,.

Lemma 6.1. H. is continuous on the set Mp ={(eM,: (({e}) =0}.

Proof. Let ¢, = ¢ € ./\/ll(f). Then, by [15, Proposition 3.13] there exists an integer M and a labelling
of the points of ¢ and ¢, (for n sufficiently large) such that

M M
((-N(e,00) =) b4, and Cn(~ﬂ(6,oo))226x§n>,
=1 =1

with (m&n),xgn), o :US\Z)) — (x1,x9,...23) as n — oo. Consequently,
M
A He(Gu)() = Jim P (ZW mi=1) ) =P (Z( 1) e ) = H.(Q)()
in the space Mj. d

Proof of Theorem 1.3. Since P(N) , ¢ /\/l,(f)) = 0, Proposition 5.1, Lemma 6.1 and the continuous
mapping theorem [2, Theorem 2.7] imply that for every ¢ > 0,

(57) H.(Nyw) N H.(Nxy), asn— oc.

Next, we claim that

(58) E1_1}161+ H.(Nyx) = H(Ny,), P-as.

and

(59) lim limsup Q (p(He(Npw), H(Npy)) > 6) =0, V6> 0.

e=0 nooo

By [2, Theorem 3.2] this will show that
6n,w - H(Nn,w) :Q> -H(N)\,H)u

which, by Proposition 4.1, is enough for the the conclusion of Theorem 1.3. Thus, it only remains
to prove (58) and (59). Since the claim (58) follows from the continuity of the map Hs in the proof
of Lemma 1.2 in Appendix A, we prove (59).

Recall that for any two random variables X and Y defined on the same probability space, with

respective laws Lx and Ly, p(Lx,Ly) < (E|X — Y| )1/3. Therefore,

n

1/3
_ _ 1
p(HE(Nn7w)aH(Nn7w)) < (?7,2/” Zﬁ?l{ﬁi/nl/*‘gs})

=1
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and so by the Markov inequality, (17) and Karamata’s theorem,

. = - . 1 ¢
hmsupQ (p(Hs(Nn,w)v H(Nn,w)) > 5) < lim supQ (77,2/” Zﬁgl{ﬂi/nl/mge} > 53)
=1

n—oo n—oo
' nl*Q/li )
< 117ILH_>S£I) TEQ (8115, <cn1/n3]
Core?™"
- (2 —k)o3
Since £ < 2 the right hand side tends to 0 as ¢ — 0. This completes the proof of (59) and thus
also the proof of the Theorem 1.3. 0

7. WEAK QUENCHED LIMITING DISTRIBUTIONS - AVERAGED CENTERING

In this section we prove weak convergence with the averaged centering stated in Theorem 1.6.
The argument is similar in most respects to the proof of Theorem 1.3 in the previous section, so we
will concentrate now on those parts of the argument that are different. Recall that by Proposition
4.7 we only need to establish a weak quenched limit for

H(Nyw) k€ (0,1)
(60) Onw = H(Nn,w) * 5—D’(n) k=1
H(Nn,w) * 5,5,11—1/;4 K€ (1, 2),

where H : M,, — M is given by (7). We will use Proposition 5.1 and, once again, we have to use
a truncated version of the mapping H. We will use the mapping H. defined in (8). The following
lemma, whose proof is identical to that of Lemma 6.1, shows that H. is also continuous on the
relevant subset of M,,.

Lemma 7.1. H. is continuous on M]E,E) ={(eM,:¢{e}) =0}.

An immediate consequence of Lemma 7.1 and Proposition 5.1 is

Q
(61) Hs(Nn,w) - HE(NA,I{)'
We divide the remainder of the proof of Theorem 1.6 into two cases: x € (0,1) and k € [1,2).

7.1. Case I: k € (0,1). The case k € (0,1) is almost identical to the proof of Theorem 1.3. Due
to (61), it is enough to show that

(62) lim H.(Ny,x)=H(N),), P-as.
e—0t
and
(63) lim lim sup Q (p(H:(Nnw), H(Npw)) > 6) =0, Vo > 0.

e=0 pooo

The proof of (62) is similar to that of (58). The main difference between the proof of (63) and

that of (59) is that now we are using the fact that for any two random variables X and Y defined

1/2

on the same probability space, with respective laws Lx and Ly, p(Lx,Ly) < (E]X - Y]) , after

which one uses once again (17) and Karamata’s theorem.
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7.2. Case II: k € [1,2). The difference in this case is that centering is needed. Let
enle) = Eq [611{516(671,1774}} fr=1
n nl—l/l‘iEQ |:/611{ﬂ1>5n1/n}:| if K € (]_’ 2)

Recalling the definitions from the statement of Proposition 4.7, we see that the tail decay of (5
implies that

. e
lim ¢,(e) = Eni(e) 1 " ,  where A = k(.
n—o0 C)\’,{(é“) if k€ (1, 2)
Combining this with (61) we obtain that
H.(Ny1)*0_; ifr=1
(o4 He(Noio) *0-u) =\ g Ny ) w5 i (1,2
s( /\,fi)* —cx,i(€) 1 KJE( ) )

We use, once again, [2, Theorem 3.2]. By (64), in the case k € (1,2), weak convergence of the
measures oy, in (60) will follow once we show that

(65) H:(Nyy) %0, ,(s) converges P-as. ase — 0t
and
(66)  limlimsupQ (p (H(Nn,w) % 0_g/ns He(Nn ) * 5_%(5)) > 5) =0, ¥5>0.

The argument in the case k = 1 is exactly the same if one replaces every instance of Sn!~/% and

cax(€) with D'(n) and éy 1(e), respectively. Thus we will only give the proof in the case x € (1,2).

To prove (65), let & > & > ... be the points of Ny ,. By Theorem 3.12.2 in [16], the shifted
truncated sums

D Gmilise — eanle)

i>1
converge a.s. as € — 07. The convergence above is true for almost every realization of the joint
sequence (&;,7;)i>1, but by Fubini’s theorem the same remains true for a.e. realization of the
Poisson process N) .. Since a.s. convergence implies weak convergence, we obtain (65).

Turning now to the proof of (66)1 we use the same upper bound on the Prohorov’s distance as
in the proof of Theorem 1.3. Since Bn'~Y* — ¢, () = n' "V Eq (81143, jn1/x<2y), we have

P (H(Nn,w) % 0_g1-1/my He(N) * 5_%(5))

. o\ 1/3

2

=\ (Z{m{ﬁi/nl/@} - EQ[ﬁll{ﬁl/nl/ﬂss}]}>
=1

9 M 1/3
2
1=
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Therefore,

li H(Np)*0_gpi-1/n, He(Npw) *0_¢ (o)) = 0

lrrisogpQ(p( (Nnw) *0_gpi-1/m, He(Npw) n()> >

9 n 2 53
(67) < lim_>supQ Y (Z{ﬁil{ﬁi/nl/ngg} - EQ[/Bll{gl/nl/nge}]}> > 3
n—o0 i1
li 2§ > o

(68) +limsup @ W;ﬂil{m/nl/~<a}—g '

Lemma 5.5 implies that (67) vanishes as ¢ — 0, and (as in the proof of Theorem 1.3) Markov’s
inequality, (17) and Karamata’s theorem imply that (68) vanishes as € — 0 as well. This completes
the proof of a limiting distribution for o, ., and the proof of Theorem 1.6 follows by an application
of Proposition 4.7.

8. CONVERTING FROM TIME TO SPACE

In this section we show that the weak quenched limit theorem for the hitting times T}, in Theorem
1.6 implies the weak quenched limit theorem for the random walk X, in Corollary 1.8.

For any ¢ > 0, let
X! =max{Xy:k <t} =max{ne€Z:T, <t}
be the farthest the random walk has traversed to the right by time ¢. The usefulness of X} stems
from the identity of the events

(69) {X] <z} ={T, >t} and {X;>uz}={T, <t}
The following lemma implies that X, typically is very close to X.

X} —Xn
logn

Lemma 8.1. Let Assumptions 1 and 2 hold. Then, limsup,,_, . < 00, P-a.s.

Proof. The event {X — X,, > M} implies that for some x = 0,1,...n — 1 the random walk after
first hitting x then backtracks to x — M. Thus,

n—1

P(X;— X > M) <Y P (T, < 00) = nP(T_y < 00),

=0
where the last equality follows from the translation invariance of the measure P on environments.
It was shown in [9, Lemma 3.3] that Assumptions 1 and 2 imply that there exist constants C', C’ > 0
such that P(T_y; < 00) < Ce~%'M. Taking M = K logn for K > 2/C" we obtain that

P(X} — X, > §(logn)?) < Cn’(clK*1)7

which is summable over n. The claim of the lemma now follows from the Borel-Cantelli Lemma. [

We will also need the following Corollary of Theorem 1.6.

Corollary 8.2. Let k € (0,2), and let puy . be the limiting random probability measure given by the
conclusion of Theorem 1.6 (that is iy w == pirk). Then, pin ., (x,00) = py x(z,00) for any x € R.
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Proof. First of all, note that the random probability measures p, , are continuous distributions
with probability 1. That is, P(uy .({z}) > 0) = 0. To see this, note that on an event of probability
1, we can write py, = E1(-/&1) * finx, Where & is the largest point of the Poisson process, E; is
the standard exponential distribution, and fiy . is another random probability distribution. The
continuity of the exponential distribution then implies that p, , is also continuous.

For any = € R, the mapping 7 + 7(z,00) from M; to R is continuous on the set C, = {7 €
My m({x}) = 0}. Since we showed above that P(uy . € C;) = 1, the continuous mapping theorem
implies that ju, ., (x,00) = py x(x,00) as n — oco. O

We are now ready to give the proof of Corollary 1.8.

Proof of Corollary 1.8. We will first prove Theorem 1.8 with X" in place of X, and then use Lemma
8.1 to transfer the results to X,,. Since the centering and scaling used depends on x we divide the
proof into three cases: k € (0,1), k =1, and « € (1, 2).

8.1. Case I: k € (0,1). If kK € (0,1), then (69) implies that for z € R fixed
P, (X < an®) = Py (Trgne1 > n)

Tran n
=P, >
( [mnn" 1/k Lrn/q 1//{)

. n
= Hfznrw [xn"ﬂ 1/R,OO

Corollary 8.2 implies that the last term above converges in distribution to py .(z
H(Ny )(z~ % 00) (note that here we are using the monotonicity of distribution functions, the fact
that . is a continuous distribution with probability 1, and the fact that n/[zn*]"* — 2=1/* as
n — 00). Thus, we have shown that

(70) P, (X} < an®) = H(Ny.)(z" ", 00).

—1//'{7 OO) —

Next, note that X;, < X implies that
(71)  Pu(X} < an®) < Py(Xn < 2n®) < Py(X} < zn” + (logn)?) + P (X} — X, > (logn)?).

Lemma 8.1 implies that P, (X — X,, > (logn)?) converges to 0 in L', and thus also in distribution.
Therefore, (70) and (71) complete the proof of Theorem 1.8 when x € (0,1) (here we again are
using the monotonicity of distribution functions and the fact that uy, = H(Ny,) is continuous
with probability 1).

8.2. Case II: k = 1. Recall from Remark 4.8 that the sequence D(n) is given by

D) = " pr () = 1Y)

Eq [B11(g,<on/5)}] -

Note first of all that this 1mphes D(n) ~ Alogn where A = Cj/v. Moreover, this explicit
representation also gives that D(y(n)) — D(z(n)) — 0 as n — oo for any sequences z(n), y(n) — oo
with z(n) ~ y(n).
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We postpone for now the definition of the averaged centering term d§(n) for the random walk X,,.
Whatever §(n) is, for fixed = we let v(n) = [§(n) + xn/(logn)?]. Then, (69) implies that

P, <W < x) = P, (X} < 6(n) + zn/(log n)2)

n/(logn)?
=k, (Tv(n) > n)
_ T,y =)D (y(n)) _ n—~(n)D (v(n))
= (P - )
n—y(n)D (y(n
) g (2EIERGED Y

Now, we can choose d(n) so that
(73) d(n)D(6(n)) =n+o(l), asmn— oo.
Then, recalling the definition of v(n) and the fact that D(n) ~ Alogn as n — oo, this implies that

n
y(n) ~d(n) ~ Alogn’ as n — oo,

and

i P YDOM) e

n—00 ~v(n)
(Note that in this last limit we used the fact that D(vy(n)) — D(6(n)) — 0 since §(n),y(n) — oo
and d(n) ~ y(n) as n — o0).

Recalling (72) and having chosen §(n) according to (73), Corollary 8.2 implies that
X, —4(n) . )
Pw <n/(10gn)2 < :L') — 5141)1’61-0- <HE(N>\’1) * 5_0)\,1(5)) (_A l’, OO), Vx € R

Replacing X with X,, in the above statement is again accomplished by using Lemma 8.1. The
proof is essentially the same as in the case x € (0,1) and is therefore ommitted.

8.3. Case III: k € (1,2). Let z € R be fixed, and define )(n) = [nvp+zn'/*]. Then (69) implies
that

X —
(B <) = (vt

= P (Ty(n) > n)

_ Tymy —¥(n)/ve _ n—1b(n)/vp
_Pw< S ) )

n—vyn)/vp i T [nvp + zn'/*] /vp 11k
P )

Note that

li =
n1—>n;o '¢(n)1/'f n—00 (nvp + ;pnl/’ﬂ 1/k
and thus Corollary 8.2 implies that
Xy —nvp . ~1-1/k
P, (nl/“ < x) = E1_1%1+ (HE(NAW) * (5,%&(5)) (—avp / ,00), Yz eR.

We again omit the proof that X can be replaced by X,, in the above statement. O
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APPENDIX A. PROOF OF LEMMA 1.2

The easiest way to see the measurability of H is to represent it as a composition of two maps, and
to show that each one of these maps is measurable. We write H = Hp o Hy, where Hy : M, — ?
is defined by

_ Ty, (2)s---) i Dysq @7 < 00
Hi(Q)() = wise,
1(O)() {0 otherwise,

where (1) > x(9) > ... is the nonincreasing rearrangement of the points of ¢ = Zizl 0z,;, and O is
the zero element in 12, while Hy : [ — M is defined by

Hy(x)() =P > wi(ri—1) €-

i>1

for x = (x1,2,...) € I?, where 7; are i.i.d. Exp(1) random variables under the measure P. Since
the Borel o-field on [? coincides with its cylindrical o-field, measurability of the map H; will follow
once we check both that for each k =1,2,... the map H; : M, — R defined for ¢ = ZiZI 0z, by

Hy (€)= () is measurable, and also that the set

F:{Czizzléxi: izzlx?<oo}

is a measurable subset of M,,. The first statement follows since each H 1,k 18, clearly, a continuous
map. The second statement follows by writing F' = U>*_; F},,, where for each m,

F,, = {C:Z(Lﬁi : Zxa) Sm}

i>1 i>1

is, by the continuity of the maps Hj j and Fatou’s lemma, a closed set.

In order to prove measurability of the map Ho, it is enough to prove its continuity. Let x(™) =

(xgn),xgn), ...), n = 1,2,... be a sequence in [? converging to y = (y1,¥2,...) € [*>. Instead of

proving that > ., xgn) (1; —1) converges weakly to Y.~ yi(7 —1) it is, of course, sufficient to prove
convergence in probability. This latter convergence follows immediately because
2

E(Y anm-1)-Y un-1] =x" -y|3.

i>1 i>1
APPENDIX B. PrROOF OF LEMMA 4.6

The tail decay of E,S was analyzed in [13], but for completeness we will briefly outline the
argument here. By using hA-transforms one can compute a formula for the transition probabilities
of the random walk conditioned on exiting the interval (0, v) to the right. Given these conditional
transition probabilities one can apply the formula (13) for the quenched expectation of the amount
of time to move one step to the right. Before giving this formula we need to introduce some
notation. Recall that M; = max{Ilp; : 0 < j < v}. Let i9p = max{i € [1,v] : IIp;—1 = M}, and
denote

M~ =min{ll;; : 0<i<j<ig}Al, and MT =max{Il;; : ip<i<j<v}VL
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Then, following the proof of Corollary 4.2 in [13], one can show that for any 0 < i < v,

M _ 3P MT

(M=) = (M~)3°

This immediately implies that FE,S < ?(;\37114;. The proof of the tail decay (36) of E,S is then
accomplished by recalling (16) and the following Lemma from [13].

w

(74) EL[Ti | T, <Tp) <1+

Lemma B.1 (Lemma 4.1 in [13]). For any0 <e <1 and &', >0,
QM > n, My >n1=9/F) = 0(n*1+5*5f$+6’)7

and |
Q(M_ < n_‘5, M > n(l_a)/”) — O(n—1+5—5n+5 )

Applying this lemma and recalling from (16) that v has exponential tails, we obtain that for any
0<e<landé,o>0,

Q (EWS >n®, M; > n(l‘g)/*’”) < QU > n®) + Q(M* > nd, My > n(1=9/%)

+Q(M™ < n=% M, > n(l_s)/”)

_ O(n—1+8—5ﬁ+6,)‘

Choosing 55 = 6¢/k completes the proof of (36).

The proof of (37) is similar. We note first of all that
E,FW =14+ BN P, (X1 = —1| Ty <T,) + EL[To | To < T) Py (X1 = 1| T} < T,)
<1+ E,'To)+ EL [Ty | To < To)
=242W_ 1+ EL [Ty |To < T,).
It was shown in [14, Lemma 2.2] that W_; has exponential tails under the measure @, so we only

need to anlayze the tails of the EL [T | Ty < T,]. To this end, the proof of (74) can be modified by
instead conditioning on exiting the interval (0,7) to the left in order to obtain that

3v3(M+)3
T
Then, as was done above for E,.S, we can use (16) and Lemma B.1 to obtain that for any 0 < & < 1
and £, > 0,

E; [Tifl { TO < Tl/] <

w

for any 0 < i < v.

Q (EL}) [TO ’TO < Ty] > n557 Ml > n(lfs)/n) —_ O(n*1+€*5/{+s/).
Choosing again 50 = 6¢/k proves (37).
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