WEAK WEAK QUENCHED LIMITS FOR THE PATH-VALUED
PROCESSES OF HITTING TIMES AND POSITIONS OF A TRANSIENT,
ONE-DIMENSIONAL RANDOM WALK IN A RANDOM ENVIRONMENT

JONATHON PETERSON AND GENNADY SAMORODNITSKY

ABSTRACT. In this article we continue the study of the quenched distributions of transient,
one-dimensional random walks in a random environment. In a previous article we showed that
while the quenched distributions of the hitting times do not converge to any deterministic
distribution, they do have a weak weak limit in the sense that - viewed as random elements of
the space of probability measures - they converge in distribution to a certain random probability
measure (we refer to this as a weak weak limit because it is a weak limit in the weak topology).
Here, we improve this result to the path-valued process of hitting times. As a consequence, we
are able to also prove a weak weak quenched limit theorem for the path of the random walk
itself.

1. INTRODUCTION AND NOTATION

A random walk in a random environment (RWRE) is a very simple model for random motion
in a non-homogeneous random medium. A nearest-neighbor RWRE on Z may be described as
follows. Elements of the set = [0, 1]% are called environments since they can be used to define
the transition probabilities for a Markov chain. That is, for any w = {w;}.ez € Q and any
z € Z, let X,, be a Markov chain with law P7 given by P3(Xo = z) = 1 and

Wy ify=ao+1
P Xpt1=y|Xpn=2)=(1-w, ify=2-1
0 otherwise.

Let 2 be endowed with the natural cylindrical o-field, and let P be a probability measure on
Q. Then, if w is a random environment with distribution P, then P2 is a random probability
measure and is called the quenched law of the RWRE. By averaging over all environments we
obtain the averaged law of the RWRE

P*() = /Q P2 () P(dw).

For ease of notation, the quenched and averaged laws of the RWRE started at z = 0 will be
denoted by P, and P, respectively. Expectations with respect to P, F,, and P will be denoted
by Ep, E, and E, respectively.

Throughout this paper we will make the following assumptions on the distribution P on
environments.
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Assumption 1. The environments are i.i.d. That is, {wy }zez is an i.i.d. sequence of random
variables under the measure P.

Assumption 2. The ezpectation Ep[log pg] is well defined and Ep[logpg] < 0. Here p; =
pilw) = =¥ for all i € Z.

Wi

Assumption 3. The distribution of log py is non-lattice under P, and there exists a k > 0
such that Ep[pf] =1 and Ep|pf§log po] < 0.

From Solomon’s seminal paper on RWRE [Sol75], it is well known that Assumptions 1 and 2
imply that the RWRE is transient to +oo; that is, P(lim,, . X, = co) = 1. Moreover, Solomon
showed that there exists a law of large numbers in the sense that there exists a constant vp
such that lim,_,~ X, /n = vp, P-a.s. Solomon also showed that the limiting velocity vp is
non-zero only if Ep[py] < 1, which equivalent to x > 1 when Assumption 3 is in effect as well.
Assumption 3 was used by Kesten, Kozlov, and Spitzer in their analysis of the averaged limiting
distributions for transient one-dimensional RWRE [KKS75]. The parameter x in Assumption 3
determines the magnitude of centering and scaling as well as the type of distribution obtained
in the limit. Define the hitting times of the RWRE by

T,=inf{n>0: X, =2z}, z€Z,

and for k € (0,2) define the properly centered and scaled versions of the hitting times and
location of the RWRE by

Xn
T K€ (0,1) W K €(0,1)
Xn—
(1) th = T"’%D(n) k=1 and 3, = 771/(1410;2))2 k=1
Tn—n/v Xn—nvp
Tnnlve e (1,2) V;H/Qj;jn K€ (1,2),

where in the case K = 1, A > 0 is a certain constant, and D(n) and é(n) are certain functions
satisfying D(n) ~ Alogn and 6(n) ~ n/(Alogn), respectively. Also, let L, denote the
distribution function of a totally skewed to the right stable random variable with index x €
(0,2), scaling parameter b > 0, and zero shift; see [ST94]. The following averaged limiting
distribution for RWRE was first proved in [KKS75].

Theorem 1.1. Let Assumptions 1 - 3 hold, and let k € (0,2). Then, there exists a constant
b > 0 such that for any x € R,
lim P(t, <) = Lyp(x), v €R,
n—oo
and
1 — Lop(z7V%) forxz>0if k€ (0,1)
1—Lyp(—2) forz eRifk €]l,2).

n—0o0

lim PG, <z) = {

Remark 1.2. The cases k = 2 and kK > 2 were also considered in [KKS75], but since our main
results are for k € (0,2) we will limit our focus to these cases. We note, however, that when
K > 2 the averaged limiting distributions for the hitting times and the location of the RWRE
are Gaussian.

It is important to note that the limiting distributions in Theorem 1.1 are for the averaged
measure P. However, for certain applications the quenched measure P, may be more applicable
(e.g., for repeated experiments in a fixed non-homogeneous medium), and one naturally wonders
if there is a quenched analog of Theorem 1.1. Unfortunately, it was shown in [PZ09] and [Pet09]
that there is no such strong quenched limiting distribution. That is, for almost every fixed
environment w, there is no centering and scaling (or even environment-dependent centering
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and scaling) for which the hitting times or location of the RWRE converge in distribution
under P,,.

The negative results of [PZ09] and [Pet09] were recently clarified by showing that quenched
limiting distributions do exist in a weak sense ([PS10, DG10, ESTZ10]). Let M;(R) be the
space of probability measures on R equipped with the topology of convergence in distribution.
Then, since the environment w is a random variable, the quenched distribution p,, ., = P, (t, € )
is an M (R)-valued function of that random variable. This function can be easily shown to be
measurable, hence pi,, is itself a random variable, namely a M;(R)-valued random variable.
It was shown in [PS10] that there exists a family of M;(R)-valued random variables () x)
such that p, , = m , for some A > 0, where = denotes weak convergence of M;(R)-valued
random variables'. We will refer to such limits as weak weak quenched limits since the quenched
distribution converges weakly with respect to the weak topology on M;(R). Similar results were
obtained independently in [DG10] and [ESTZ10].

In [PS10], this weak weak quenched limiting distribution for the hitting times was also used
to obtain a result on the quenched distribution of the location of the RWRE. It was shown that

(2) Po(Gn < ) => Tawlr ™% 00) for x> 0if x € (0,1)
“on = T\ k| —T,00) forz e Rif k €[1,2),

and here = denotes weak convergence of R-valued random variables. Note that this is a weaker
statement than the quenched limit that was obtained for the hitting times. Unfortunately,
weak convergence of all one-dimensional projections of a random probability measure is not
enough to specify the weak limit of the random probability measure. For example, suppose that
k € (0,1). If oy 4 is the transformation of the random probability measure 7 ,, defined by letting
ok(—00, x] equal the right hand side of (2), one is tempted to guess that P,(3, € -) = o),
in the sense of weak convergence of random probability measures. However, it can be seen from
our results below that this is not true (see Corollary 1.8).

1.1. Main Results. The original goal of the current paper was to obtain a full weak limit for
the random probability measure P, (3, € -). However, it turned out to be necessary to obtain
a weak limit for not just the quenched distribution of the hitting 7}, but also for the quenched
distribution of the path process of the sequence of hitting times. This result, in turn leads to
not only a weak limit for the quenched distribution of X,, but also to the weak limit of the
quenched distribution of the entire path of the RWRE, as we will see in the sequel.

To begin, let D4, be the space of cadlag functions (continuous from the right with left limits)
on [0,00). We will equip Dy with the M;-Skorohod metric d (instead of the more standard
and slightly stronger J;-Skorohod metric d’1; the definitions of the Skorohod metrics are given
in Section 3). Let M;(Dy) be the space of probability measures on Dy, equipped with the
topology of weak convergence induced by the Mj-metric d¥* on D,. Since (D, d!1) is a
Polish space, this topology is equivalent to topology induced by the Prohorov metric p™ (see
Section 3 for a precise definition).

For any realization of the random walk and € > 0, let T, € D, be defined by

61/HTt/€ k€ (0,1)
3) T.(t) = { e(Tyye — t/eD(1/2)) 5 =1
61/”(Tt/5 —t/(evp)) k€ (1,2)

(here and in the sequel we define hitting times of non-integer points by T, = Tig .) In the case
k = 1 the function D is the function in (1) extended to all x > 0; we will define it explicitly

1Throughou‘c the paper, if (Z,), Z are random variables in some space ¥, then Z, = Z will denote weak
convergence (i.e., convergence in distribution) of W-valued random variables.
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in Section 4. It is easy to see that, for each environment w and any € > 0, T, is a well-defined
D -valued random variable; we denote by m. ,, the quenched law of T, on D,,. This law is a
measurable function of the environment, hence a Mj(Dy)-valued random variable. We wish
to show that this random variable converges weakly as € — 0. In order to identify the limit we
need to introduce additional notation.

Let M, ((0, 00] x [0,00)) be the space of Radon point processes on (0, 00] x [0,00). These are
point processes assigning finite mass to [e, 00| x [0, T] for any € > 0 and T' < oco. The topology of
vague convergence on this space is metrizable, and converts M, ((0, o] x [0, 00)) into a complete
separable metric space; see [Res08, Proposition 3.17]. We denote by ./\/lg ((0,00] x [0,00)) the
subset of M,,((0, 00] x [0, 00)) of point processes that do not put any mass on points with infinite
first coordinate. Let 7= {7;};>1 be a sequence of i.i.d. standard exponential random variables.
For a point process ( = i~ 0(z,1,) € ./\/lg((O, oo] x [0,00)) and § > 0 we define a stochastic
process (random path) W5 (¢, 7) with sample paths in Dy, by

Wé(Cv F) (t) = Z xiTi1{$i>5,ti§t}‘
i>1

We also let

(4) W(¢,m)(t) = {

Y is1 TiTilyy, <y if the sum is finite
0 otherwise.

Remark 1.3. The notation Ws(¢,7) and W (¢, T) is somewhat misleading since the actual def-
initions depend on the (measurable) ordering chosen for the points of {. Since 7 is an i.i.d.
sequence of random variables, the choice of ordering will not affect the laws of Ws((,7) and
W (¢, T), and we are only concerned with the laws of these processes.

It is clear that lims_,o W5s(¢,7) = W((,7T) in D for every choice of 7 for which W (¢, 7)(t) <
oo for each t < co. We will impose assumptions on the point processes ¢ such that this holds
with probability one.

For any point process ¢ such that, with probability 1, W (¢, 7)(t) < oo for each ¢t < oo, the
definitions of Ws(¢,7) and W ((,T) induce in natural way probability measures on Do,. Define
functions Hs, H : Mp((0,00] x [0,00)) = M1 (Ds) by

() Hs5(Q)() =P-(Ws(¢,7) € ), and H(()() = P-(W((,T) € ),

when ¢ € M{;((O, oo] x [0,00)) and (in the case of H(()) when W((, T)(t) < oo for each t < oo
with probability 1. Otherwise we define Hs(¢) or H((), respectively, to be the Dirac point mass
at the zero process in D,,. Here P is the distribution of the i.i.d. sequence of the standard
exponential random variables 7 = {7;}i>1.

Before stating our theorem we need one last bit of notation. The cases k € [1,2) require a
centering term in the limit. Thus, for any m € R let {(m) € M;(Dx) be the Dirac point mass
measure that is concentrated on the linear path ¢t — mt. If X is a Dy-valued random variable
with distribution y € M1(Dy), then px¢(—m) is the distribution of the path {t — X (¢) —mt}.

Theorem 1.4. Let m. = m.,, = P, (T € -) be the quenched distribution of the path T.. For
0 <k <2let \=Cok/v, where Cy and v are given, respectively, by (12) and (11) below. Let
Ny be a Poisson point process on (0,00] x [0,00) whose intensity measure puts no mass on
infinite points, and is given by Az~""Ldx dt on finite points.
(1) If k € (0,1), then me = H(Nyx)-
(2) If k =1, then
me = lim H5(Ny1) + £(=Alog(1/5)).
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(3) If k € (1,2), then
me = %in(l) Hs(Noy) # € (=X /(k — 1))
—

Remark 1.5. The limits as 6 — 0 in parts (2) and (3) of Theorem 1.4 are weak limits in
M1 ((Dso, d¥1)). In fact, we will see in the sequel that these limits exist even as a.s. limits in
My ((Doo, dM )) Furthermore, part (1) of the theorem includes a well-known fact that for each
t < 00, W(Ny,T)(t) < oo with P-probability 1 for almost every realization of the Poisson
point process.

As mentioned above, we will prove a weak limit for the quenched distribution of the the
entire path of the RWRE. To this end, we define a centered and scaled path of the random walk
Xe € Do by

sﬁX\_t/aJ K € (0, 1)
(6) Xs(t) = m (Xl_t/EJ - té(l/e)) oY
Vl_gl_l/){zfl/N (XLt/€J —th/s) K € (1,2),

where in the case k = 1, (x) is a function that satisfies §(z)D(d(z)) = = + o(1) as © — oo.
Here D is the same function as in (3). Note that, since D(xz) ~ Alogx, this implies that
d(z) ~ x/(Alogz) so that the scaling factor in the definition of y. when x = 1 is asymptotic
to e(Alog(1/€))? as € — 0. Let p., = P,y(xe € -) be the quenched law of y. on Du. It is a
M (Dy)-valued random variable defined on €.

The weak limits of p., will be obtained by comparing the paths of the location of the
RWRE . to appropriately transformed paths of the hitting times T.. To this end, we define
two transformations of paths. Let DIT C Do consist of functions that are (weakly) monotone

increasing, with z(0) > 0 and lim;,o 2(t) = oco. Define the time-space inversion function
J: D:T — D:T by
(7) Jz(t) =sup{s > 0:xz(s) <t},t >0, x € D;‘T.

Also, define the spatial reflection function R : Doy — Doo by Rz(t) = —x(t), t > 0, z € Du.

Theorem 1.6. (a) The following coupling results hold.
(1) If k € (0,1), then for any s < 0o

lim P <sup IX(t) — ITen(t)]| > 77) =0, Vn>0.
e—0 t<s

(2) If k =1, then
lim P(d2) (xe, —T1/51/)) = 1) =0, V> 0.

e—0
(3) If k € (1,2), then
- M
gg%lp)(dool (Xes _Ts/vP) >n)=0, Vn>0.

(b) Let p. = pew = P.(xe € ) be the quenched distribution of the path x., and let puy , be
the limiting element of Mi(Dwo) given in Theorem 1.4. Then p. = ux,. 03~ if K € (0,1)
and p. => py o R if k € [1,2), weakly in Mi (D).

Remark 1.7. Note that the nature of conversion from time to space in the limiting random
probability measure in M;(Dy) is very different in the absence of centering term (x € (0,1))
from the case when there is a centering term (k € [1,2)). When s € [1,2) the conversion is
accomplished by multiplying a random path distributed according to the limiting (random)



6 JONATHON PETERSON AND GENNADY SAMORODNITSKY

measure by -1. This is, of course, very different from the switching the time and space axes
required when « € (0,1).

Observe that, for any 0 <t < oo, the map ®; : M1(Ds) = M1(R) defined by
(8) D (p)(A) = p({xr € Dy : x(t) € A}), for any Borel A C R,

is continuous at every pu € M;j(Dy) concentrated on paths continuous at ¢. Since the lim-
iting probability measures on M;j(Dy) obtained in Theorem 1.6 is concentrated on p with
this property, the continuous mapping theorem immediately implies the following weak weak
convergence for the distributions of the location of the random walk at fixed times.

Corollary 1.8. For 0 < t < oo let pet = Pewit = Po(xe(t) € -) € Mi(R) be the quenched
distribution of x<(t), and let vy, be the limiting element of M1(Dx) given in Theorem 1.6.
Then pey = P¢(vy ) weakly in My (R).

Theorems 1.4 and 1.6 imply the following corollaries on the convergence of T. and x. under
the averaged measure P.

Corollary 1.9. For any k € (0,2), the hitting time paths T., viewed as random elements of
(Doo, dM1), converge weakly under the averaged measure P. Furthermore,
(1) if k € (0,1), the limit is a k-stable Lévy subordinator;
(2) If k € [1,2), the limit is a k-stable Lévy process that is totally skewed to the right.
Moreover, if k € (1,2), the limit is a strictly stable Lévy process.

Since a stable subordinator is a strictly increasing process, its inverse has continuous sample
paths. Correspondingly, we can strengthen the topology on the space D, when considering
weak convergence of the paths of the location of the RWRE under the average probability
measure P in the case x € (0,1). To this end, let (Dso,d%) denote the space Dy, equipped
with the topology of uniform convergence on compact sets. This space is not separable, but
Theorem 6.6 in [Bil99] allows us to conclude weak convergence on the ball-o-field in that space,
the so-called weak® convergence. Moving from the M; topology to the J; topology, on the other
hand, does not cause any difficulties.

Corollary 1.10.

(1) If k € (0,1) then the paths x., viewed as random elements of (Deo, d2L), converge weakly
under the averaged measure P to the inverse of a k-stable subordinator. Furthermore,
Xe as random elements of (Doo,doUo) equipped with the ball-o-field, we have weak® con-
vergence to the same limit.

(2) If k € [1,2), then the paths xe, viewed as random elements of (Duo,d1), converge
weakly to a k-stable Lévy process that is totally skewed to the left. Moreover, if k € (1,2),
then the limit is a strictly stable Lévy process.

Remark 1.11. The statement of Corollary 1.10 in the case x € (0,1) appeared in Remark 2.5
in [ESZ09]. To the best of our knowledge the other statements in Corollaries 1.9 and 1.10 are
new.

Part (2) of Corollary 1.10 is an immediate consequence of the corresponding part of Corollary
1.9, the coupling results in parts (2) and (3) of Theorem 1.6 and Theorem 3.1 in [Bil99]. Further,
[Whi02, Corollary 13.6.4] says that the operator J from the subset D:TT C DIT of strictly

increasing, non-negative, unbounded paths endowed with the d*/t metric to DIT endowed with
the doUO metric, is continuous. Since, in the case 0 < k < 1, a k-stable subordinator is in DITT
with probability one, the continuous mapping theorem shows that part (1) of Corollary 1.10
also follows from the corresponding part of Corollary 1.9.

The proof of Corollary 1.9 is also rather straightforward, but, because it introduces certain
key ideas and notation used later in the paper, we present the proof here.
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Proof of Corollary 1.9. Let N, be the Poisson point process on (0, 00| x [0, 00) defined in The-
orem 1.4, and let 7 = {7;};>1 be an i.i.d. sequence of standard exponential random variables; we
assume that N) , and 7 are defined on two different probability spaces, with the corresponding
probability measures P and P,. On the product probability space we define

W (N, T)(t) k€ (0,1)
(9) Zyx(t) = { lims—o W5(Nak, 7) () — Atlog(1/0) k=1
lims 0 Ws(Nay, T)(t) — M /(k — 1) k€ (1,2),

t > 0. The definition is understood as a.s. convergence in (Do, d1) on the product probability
space. This convergence takes place by the proposition in Section 2 of [Kal74], and it is standard
to see that Z) , is a k-stable Lévy process with the required properties of Corollary 1.9. In order
to show that the averaged distribution of T. converges to the distribution of Z, , under the
product probability measure P x P, it is enough to show that P(T. € A) = P xP.(Z) , € A)
as € — 0 for all cylindrical sets A C Dy such that P x P.(Z, € 0A4) = 0. (Recall that
the Borel o-field under all the Skorohod topologies coincides with the cylindrical o-field; see
Theorem 11.5.2 in [Whi02].) Let A be such a set. Recall that P x P,(Z) ., € A) = E[uy (A)],
where f1) , is as in Theorem 1.4. By Fubini’s theorem, puy ,(0A) = 0 almost surely. Also,
the evaluation mapping mapping p — p(A) on Mj(Ds) is continuous on the set of measures
{1 € Mi(Ds) : u(0A) = 0}. Since the random measure f , is in this set with probability
one, and since Theorem 1.4 implies that m. ., = p) ., then the mapping theorem implies that
Mew(A) converges in distribution to my ,(A). Since these random variables are between 0 and
1, this implies that

lim P(T. € A) = lim Ep[meo,(A)] = E[pas(A)] = P x P,(Z,,. € A).
e—0 e—0
]

The limiting random probability measure py , is a k-stable random element of M;j(Dx)
under convolutions. That is, the convolution of two independent copies of this random prob-
ability measure is (after re-scaling and shifting) a random probability measure with the same
law. This can be seen in the same way as the stability of the limiting random probability
measures on R was checked in [PS10]. Stability of random probability measures on D, does
not seen to have been investigated before, but a systematic description of infinitely divisible
(in particular, stable) random probability measures on R was given in [ST06]; we recall these
notions in Section 7. The latter paper introduced also a notion of M;(R)-valued Lévy process.
If we recall the maps ®;, 0 < t < oo, defined in (8), then we can define a (measurable) map ®
from M (Dso) to Doo(M1(R)) by setting ®(u) to be the measure-valued path {®:(u), t > 0}.

One would expect that a version of Theorem 1.4 would give us a convergence to a M (R)-
valued Lévy process as well. The following corollary gives such convergence, but only in the
sense of convergence of finite dimensional distributions.

Corollary 1.12. Let juy .. and me, be the random probability measures on Dy, given in Theorem
1.4, 0 < Kk <2 (so that me = py ). Then ®(m.) converges weakly to ®(py ) in the sense of
finite dimensional distributions. Moreover, for any k € (0,2), ®(ux ) is a stable Lévy process
on M1(R). It is a strictly stable Lévy process if k # 1.

Remark 1.13. One would like to improve the finite dimensional distribution convergence in
Corollary 1.12 to a full convergence in distribution of Mj(R)-valued path processes. Such
a statement seems would require setting a topology on the space Do(M;7(R)) of measure-
valued path processes. Choosing an appropriate topology seems to be a difficult task as neither
the Skorohod Ji-topology nor a natural definition of the Skorohod Mj-topology appear to be
sufficient. This is complicated by the fact that the mapping ® : My (Do) — Doo(M1(R)) is
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not continuous in these topologies (even on the support of the limiting measure py ). These
issues are discussed further in Section 7.

2. RANDOM ENVIRONMENT

It will be important for us to identify sections of the environment that contribute the most
to the distribution of the hitting times. To this end, we define the ladder locations (v) of the
environment by

7—1
(10) vp=0, and wvy=1inf< j>vp_1: H pi <13 for k>1.

1=vE_1

(The ladder locations are those locations where the potential of the environment introduced by
Sinai [Sin83] reaches a new minimum to the right of the origin.) Occasionally we will denote v
by v instead for compactness. Since the environment is i.i.d., the sections of the environment
{wy + vk < & < vp41} between ladder locations are also i.i.d. However, the environment
immediately to the left of vy is different from the environment immediately to the left of vy
for any k£ > 1. Thus, the environment is not stationary under shifts of the environment by the
ladder locations. To resolve this complication we define a new measure () on environments by

-1
Q)= P(-|R), where R = w: Hpj <1,Vi<-—-1
j=i
It is important to note that the definition of the measure @) only affects the environment to the
left of the origin. Therefore, the blocks of the environment {wy : vy < x < vgy1} between the
ladder locations are i.i.d. and have the same distribution under both P and ). For instance
(11) v = Epvy = Egu.

For any i > 1 let 8; = Bi(w) be defined by B8; = E [Ty, — T, ,]. Since the measure @ is
stationary under shifts of the environment by the ladder locations, the sequence {3;};>1 is
stationary under (). The following tail asymptotics of the f3; were derived in [PZ09] and will
be crucial throughout this paper.

(12) Q(p1 > ) = QELT, > x) ~ Coz™ ", as r — oo.
We conclude this section with a simple lemma that will be of use later in the paper.

Lemma 2.1. Let 3 = Eg[B1]. If K > 1, then B =1 /vp.
Proof. First, note that the sequence {E,[T; — T;—1]}i>1 is ergodic under the measure P (since
it represents the shifts of a fixed function of an i.i.d., hence ergodic, sequence). Therefore,
Birkhoft’s Ergodic Theorem implies that

E,T,
(13) lim —=

n—oo N

= Ep[Ele] = ETl, P-a.s.

Since the measure @) is defined by conditioning P on an event of positive probability, we see
that this holds Q-a.s. as well. Moreover, if k > 1, then the limiting velocity vp = 1/ET} > 0
(see [Sol75] or [Zei04] for a reference).

Secondly, note that, since the {v; —v;_1};>1 are i.i.d. under Q , it follows that lim,,_,o v /1 =
U, Q-a.s. This implies that

n

1 E,T, E,T, %
lim — g Bi = lim = = lim Zwlve Un L, Q-a.s.
Finally, since the j3; are stationary under @), it is a consequence of Birkhoff’s Ergodic Theorem

that this nonrandom limit of 1/n """ | 5; must coincide with Eg[f31]. O
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3. TOPOLOGICAL GENERALITIES

3.1. Skorohod Topologies. In this section we recall the definitions of the Skorohod J; and
M metrics on the space D, and the corresponding topologies. We also give certain technical
results that will be needed in the sequel. The details that we omit can be found in [Bil99] and
[Whi02].

For 0 < t < oo the J; and M; Skorohod metrics on the space D, of cadlag functions on [0, ¢]
are defined as follows. Let A; be the set of time-change functions on [0, ¢] — functions that are
strictly increasing and continuous bijections from [0,t] to itself. The Skorohod J;-metric (on
D) is defined by

d}'(z,y) = inf max {Sup [A(s) = sl, sup |z(A(s)) — y(S)I} :
AEA: s<t s<t

Next, recall that the completed graph of a cadlag function = € Dy is the subset ', C [0,¢] x R
defined by

Iy ={(u,v) : wel0,t], v=(1-60)x(u—)+ 0z(u), for some 6 € [0,1]}.

The natural order <, on the completed graph is given by (u1,v1) =<, (ug,vs) if either u; < ug
or u; = ug and |v; — x(u1—)| < |vg — x(u1—)|. A parametric representation of the completed
graph I'; is a function from [0, 1] onto I'; that is continuous with respect to the subspace topol-
ogy on I'; and non-decreasing with respect to the order <p_ . Let II(x) be the set of parametric
representations of I';,, with each parametric representation given by a pair of functions u and v
on [0,1] such that T, = {(u(s),v(s)) : s € [0,1]}. The Skorohod M;-metric on D; is defined by

M T,Y) = inf max<{ sup |u(s) —u/(s)|, sup |v(s) — (s .
i (7,y) () ell(z) o )ell(y) {SGM\ (s) —u'(s)] SG[OJ}\ (s) = v'(s)]
The Skorohod J; and Mj-metrics on D; for all finite ¢ produce corresponding metrics on the
space Dy, by

(o) o0
dl1 (z,y) :/ et (dih (z®,y®) A 1) dt, and di(z,y) :/ e’ (di\/ll (2®,y®) A 1) dt.
0 0
Here, for 2 € Do, the function () € D; is the restriction of z to the finite time interval [0, t].
Using instead the uniform metric on each D; produces the metric dJ, on the space Dy.
The following is a list of several useful properties of the Skorohod metrics that we will use
throughout the paper; see [Whi02].
o &(2,y) < d(a,y).
o dli(z,y) < e * + sups<, |2(t) — y(t)| for any 0 < s < oo; thus uniform convergence on
compact subsets of [0,60) implies convergence in the .J;-Skorohod metric.
o dMi(z,y) > |x(t) — y(t)| for each 0 < t < .
o dl1(x,,z) — 0if and only if d;* (,,, ) — 0 for all continuity points ¢ of z. An analogous
statement is true for the M;-Skorohod topology.

The J; and Mj-metrics generate topologies on the space of cadlag functions. Even though
the two metrics are not complete, each of them has an equivalent metric that is complete.
Therefore, the J; and M; topologies are the topologies of complete separable metric spaces.

The J; and Mj-metrics on Dy, induce in the standard way the corresponding Prohorov’s
metrics, p/t and pM' on the space of Borel probability measures Mi(Dy,). For example, for
any p, ™ € Mi(Doo),

oMt (u, ) = inf {5 >0: p(A) < 7(A%M) 45 for every Borel A C Doo}
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(recall that the J; and M;j-metrics generate the same Borel sets on D.; these are also the
cylindrical sets). Further,

ASMy — £y dMi(z ) < 8, for some x € A}.

Since (Duo, dM1) is a separable metric space, convergence in the Prohorov metric p™! is equiva-
lent to convergence in distribution in (D, dX1); see Theorem 3.2.1 in [Whi02]. Moreover, the
space (./\/ll(Doo), le) is a complete separable metric space (Theorem 6.8 in [Bil99]).

3.2. Continuity of functionals. We proceed with two results on the continuity of certain
functionals that we will need later. We begin, by recalling the following result from [Whi02] on
the continuity of the composition map.

Lemma 3.1 (Theorems 13.2.2, 13.2.3 in [Whi02]). The composition map ¢ : Do X DE, — D
defined by ¥(x,y) = x oy is continuous on the set Doy X C’%, where DI is the set of all

nonnegative functions in Dy, and Cﬁ is the set of continuous, non-negative, strictly increasing
functions on [0,00). The continuity holds whenever either the Jy-topology is used throughout,
or the Mj-topology is used throughout.

The composition map 1 induces a map ¥ : M1 (Do) X DI — M1(Ds) by

V(i y)({z: z € A}) = p({z: zoy € A}).
Lemma 3.1 leads to the following continuity result for W.

Corollary 3.2. The map ¥ is continuous on the set My(Dy) X C%FT’ if the same topology
(either Jyi or M) is used throughout.

Proof. Suppose that (un,yn) — (1,y) € Mi(Ds) X C%FT' By the Skorohod representation
theorem (e.g. Theorem 3.2.2 in [Whi02]), there are Doo-valued random elements (X,,), X defined
on a common probability space such that X,, ~ p, for each n, X ~ yu, and X,, - X a.s. in
the corresponding Skorohod metric. By Lemma 3.1 we know that X,, oy, — X oy in the same
metric. Since a.s. convergence implies weak convergence, the claim follows. O

3.3. Deducing weak convergence of random probability measures. In order to prove
weak convergence of a sequence of random probability measures on D,, we will often use the
coupling technique which we now describe. Suppose that p,m € M;(Ds). Then a coupling
of ; and 7 is a probability measure 6 on the product space Dy X Do with marginals p and
m, respectively. A coupling of two random probability measures on D, defined on a common
probability space is a random element of M1 (Dy X D) defined on the same probability space
that couples the two measures for every w. The following simple lemma, which is a path space
extension of Lemma 3.1 in [PS10], is the key ingredient in our approach.

Lemma 3.3. Suppose that (uy), () are two sequences of random elements in My (Do) defined
on a common probability space with probability measure P and expectation E. Suppose that one
of the following conditions holds.
(1) limy, 500 P(pM (i, m2) > 1) = 0, for all n > 0.
(2) For each n there exists a coupling 0y, of the random probability measures p, and m, such
that

nh_)n(r)loE [Hn({(ac,y) : d%l(x,y) > 77})] =0, foralln>0.

(3) For each n there exists a coupling 0y, of the random probability measures p, and m, such
that
lim P(Ey, [d* (z,y)] > 1) =0, for alln >0,
n—oo

where Ey, denotes expectations under the measure 0,,.
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If p, = p weakly in (M1(Dso), pM1), then m, => p weakly in (M1(Dso), p™).

Proof. Under condition (1) the statement follows from Theorem 3.1 in [Bil99]. Next, note that
the definition of the Prohorov metric implies that if 6,({(x,y) : dM(z,y) > n}) < n then
oM (i, 7)) < 1. Therefore,

P (o™ (s, m0) > 1) < PO.({(2,y) : d(2,y) > n}) > )
E [0,({(z,y) : d}*(x,y) > n})] .

Thus, condition (2) implies condition (1). Furthermore, condition (3) implies condition (2) by
Chebyshev’s inequality. O

P
1
n

The following lemma will allow us to reduce checking condition (3) in Lemma 3.3 to the finite
time situation. We note that a similar reduction holds under the metrics d’t and dV as well.

Lemma 3.4. Suppose that (i), (7y,) are two sequences of random elements in M (Do) defined
on a common probability space with probability measure P and expectation E. If for each n there
exists a coupling 0, of the random probability measures py, and m, such that for every 0 <t < oo

(14) T P(Ep [d (29, )] > ) =0, Vi >0,
then condition (3) in Lemma 3.3 holds.

Proof. By the bounded convergence theorem, (14) implies that
lim E [Egn [dM (2@ 4] A 1} =0, Vt<oo.
n—oo

By the definition of @, Fubini’s Theorem and dominated convergence theorem we immediately
see that

E [Ey, [d (z,y)] = E [Egn [ /0 et (d%(x@),y(t)) A 1) dt”

- [ enl e )]

vanishes as n — co. This implies condition (3) in Lemma 3.3. O

4. COMPARISON WITH SUMS OF EXPONENTIALS

The main goal of this section is to reduce the study of the hitting time process T, to the
study of a process S that is defined in terms of sums of exponential random variables. To this
end, recall the definition of the ladder locations of the environment in (10) and the notation
Bi = Bi(w) = Eu[T,;, — T,,_,] for the quenched expectation of the time to cross from v;_; to v;.
Also, we expand the measure P, to include an i.i.d. sequence of standard exponential random
variables (7;); it will be used in the coupling procedure below by comparing T,, — T,, , with
BiTi-

For any realization of the environment we construct random paths U, S, € D, as follows.
For t > 0,

EI/HTVWSJ k€ (0,1)
Ue(t) = 0 e(Ty,,., —t/eD'(1/e)) w=1

51/H(Tvu/sj — Bt/e) k€ (1,2),
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and
gl/x Z}t:/fJ BiTs k€ (0,1)
(15) Se(t) = S (N Bim —t)eD'(1/2)) k=
VRS B - Bt/e) ke (1,2),
where D'(z) = Eq[filig,<s] ~ Cologz when k = 1 and 8 = Eg[f1] = Eq[E.,T,] when
k€ (1,2).
Remark 4.1. The proof below will show that in the case k = 1, the function D in definition of

T, can be chosen to be D(x) = D'(x)/v (recall that 7 = Eg[v1].) In particular, the constant A
in Theorem 1.1 satisfies A = Cp/v.

Let ue = Ue ), 5 = e € M1(Doo) be the quenched distributions of U, and S, respectively.
That is,
Uew = Py(Us € ), and s, = P,(S: € ).
We view u. and s, as random elements in M (D). The proof of Theorem 1.4 is accomplished
via the following two propositions. The first proposition establishes weak convergence of s, in
Mi(Ds). The notation and the terminology are the same as in Theorem 1.4.

Proposition 4.2. Let A = Cyk, where Cy is the tail constant in (12). The following statements
hold under the probability measure (Q on the environments.

(1) If k € (0,1), then s = H(Nxx)-
(2) If k =1, then
Se = %in(l)/H(;(N)\,l) x 0(—Alog(1/9)).
%
(3) If k € (1,2), then
se = lim Hs(Ny ) # (=X /(5 — 1)).
—
The second proposition relates a weak limit of s, in Mj(Dy) to the corresponding weak
limit of m..
Proposition 4.3. Define A\ € C{? by Mo(t) =t/v. If s = p weakly in M; (D) under @,
then me = V(p, Ag) under P.
Before giving the proofs of Propositions 4.2 and 4.3, we show how they imply Theorem 1.4.

Proof of Theorem 1.4. The proof is essentially the same, whether k € (0,1), k = 1, or k € (1,2),
therefore we only spell out the details in the case k € (1,2).
First, note that by Propositions 4.2 and 4.3 and Corollary 3.2, under the measure P,
A5_”+1
me = lim ¥ (’H(s(N,\,,{) x 0 (— > ,)\0> .
6—0

k—1

Therefore, it is enough to show that, for any A > 0, with \' = \/7,

A57n+1 w /V67n+1
(16) v <H(5(N>\,H) *{ (- > ,Ao) (N ) # £ <— > :

k—1 k—1
To see this, note that for any m > 0,

U Ho | ) 0y | #L=m) X0 | =Hs | D 0uininy | *L(=m/D).
i>1 i>1
However, if Zi21 O(z;,t;) 1s a Poisson point process with intensity measure Ax~" 1 dxdt then
> i1 O(as t,v) 15 @ Poisson point process with intensity measure (A/)z™%"! dx dt. This implies
(16). O
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It remains to prove Propositions 4.2 and 4.3. Proposition 4.2 will be proved in Section 5,
and in the remainder of this section will focus on the proof of Proposition 4.3 which follows
immediately from Lemma 3.3 and the following lemmas.

Lemma 4.4. There exists a coupling of Uz and S; such that, for any n > 0,
. J
lim Q (E,[d2} (Us, S2)] > ) = 0.

Under the assumption of Proposition 4.3, this lemma and part (3) of Lemma 3.3 will imply
that u. = p in M;(Ds) under Q.

Lemma 4.5. If u. = pu in M1(Do) under Q, then m; = V(u, \g) in M1(Ds) under Q.

Under the assumption of Proposition 4.3, this lemma will imply that m. = ¥(u, Ag) in
M (Do) under Q.

Lemma 4.6. There exists a measure B on pairs of environments (w,w’) such that the marginal
distributions of w and W' are P and Q, respectively, and, for each € > 0, there exists a coupling
P. =P, . of the random measures mg ., and m. . such that

lim B (E[d% (z,y)] > n) =0, for alln > 0.
e—0

Under the assumption of Proposition 4.3, this lemma and another appeal to part (3) of
Lemma 3.3 will imply the claim of the proposition. We proceed now to prove the three lemmas.

Proof of Lemma 4.6. We use the same construction as in the proof of Lemma 4.2 in [PS10].
First let w and @ be independent with distributions P and @ respectively. Then, construct w’

by letting
o wy < —1
v we x>0.

Then ' has distribution @ and is identical to w on the non-negative integers. Let 3 be the
joint law of (w,w’).

Given a pair of environments (w,w’), we construct coupled random walks {X,,} and {X]}
so that the marginal laws of {X,} and {X]} are P, and P, respectively. We do that by
coordinating all steps of the random walks to the right of 0. That is, since w, = w! for any
x > 0, we require that on the respective i** visits of the walks X,, and X, to site z they both
either move to the right or both move to the left. The details of this coupling can be found in
[PS10]. Let P. = P.,, . denote the joint quenched law of the two random walks coupled in this
manner; the corresponding expectation is denoted by E. = E.,,.s. Let Ty, T} and T., T. be
the hitting times and the path processes of hitting times corresponding to the random walks
{X,} and {X] }, respectively. Note that

dY (T, T.) < sup |To(t) — TL(t)| = e¥/* sup |T;, — T2
t<oo n>1
However, it is easy to see that the coupling of X, and X, is such that sup,,~; |T,,—7T,| = |L—L/|,
where L and L’ are the number of steps that the walks {X,} and {X’}, respectively, spend
to the left of 0. It is easy to see (and was shown in the proof of Lemma 4.2 in [PS10]) that
E.,w|L—-L|<E,L+E,L < oo, P-as. Therefore, for any n > 0

: U : 1 _
31_1}(1)‘3 (EE [doo(TaT/e)} 2 77) < ;E}%m (5 /HEW,w’|L -L> 77) = 0.
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Proof of Lemma 4.5. We start with a time change in the process U, to align its jumps with the
hitting times of corresponding ladder locations in the process T.. To this end, define \. € D,
the space of nonnegative non-decreasing functions in D, by

Ae(t) = emax{k : ey, < t}, t >0.

Then, the renewal theorem implies that lim._,0 A-(¢) = Ao(t), Q-a.s, for any fixed ¢ > 0. Since
e is non-decreasing and A is continuous and non-decreasing, the convergence is uniform on
compact subsets of [0,00). Therefore, lim._,0dZl (A, \g) = 0, Q-a.s. Furthermore, it follows
from the functional central limit theorem for renewal sequences with a finite variance that
e~1/2(\. — Xg) converges weakly in (Do, J1) to a Brownian motion, as ¢ — 0. See Theorem
7.4.1 in [Whi02].

The assumption u. = p and Corollary 3.2 show that U(us, A\c) = ¥(u, A\g) under @, so
by Lemmas 3.3 and 3.4, the claim of the present lemma will follow once we show that for every
0 <t<ooandn>0,

(17) lim @ (Ew [di\/h (UE o Ae, Ta)] > 77) =0.

e—0
To simplify the notation, we omit the superscripts in functions of the type Tg). Because of the
centering present when « € [1,2) but not when s € (0,1), we treat the two cases separately.

Case I: k € (0,1). Note that the definition of A\; implies that U, (A:(t)) = 51/”Tyj = T.(t)
when ¢ = cv;. We arrange the respective parametric representations of the completed graphs
of the two random functions, U; o A and T, so that at each s; = j/(k + 1) € [0,1) both
parametric representations are equal, to (51/]-, gl/ "“T,,].). Here k is the largest j so that v; < t/e.
For s; < s < sj41 with 7 =0,1,...,k—1 we arrange the two parametric representations so that
the vertical (v) coordinates always stay the same (see Figure 1). Then the distance between
the corresponding points on the completed graphs on the interval in that range of s is taken
horizontally, and it is, at most, e(vj4+1 — ;). This horizontal matching cannot, generally, be
performed on the interval (sg, 1] since the two functions may not be equal at time ¢. On this
interval we keep horizontal (u) coordinates the same. The distance between the corresponding
points is now taken vertically, and it is, at most, e!/% (T, — T,)- Therefore,

dM(U, o A\, T.) < max {r§1<alz( e(Vjr1 —v5), 51/”(Tuk+1 - T,,k)} .

Since k < t/e, we conclude, using stationarity of the sequence (vj;1 — v;) under @ that for
0 < & < 1 so small that e(log1/¢)? < n,

Q (Buld!™ (Uz 00, 7)) 2 ) < 2Q (1 > log2(1/e))

+Q (51/H,8k+1 > 7 for t € [evy, EVk+1)> .

Since v; has some finite exponential moments (see [PZ09]), the first term on the right above
vanishes as ¢ — 0. For the second term note that ¢ € [evy, evg11) is equivalent to A\.(t) = €k,
hence

Q <€1/K5k+1 >nforte [5Vk,€1/k+1)>
<Q(IN() = t/2] > /*) +Q (ks [k — t/(ve)| < ™4, Byy > net/")

=@ <‘)‘5(t) —t/v] > 61/4) +2e73/4Q(By > e/,

using the stationarity of the (f;) under @ in the last inequality. The functional central limit
theorem for renewal sequences implies that the first probability on the right vanishes as ¢ — 0.
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k<1 k>1
T, (t) I
T(t)
Uz (A (t
. (-(0) v
EJZ/j Ejl/j.t,_l E‘I/]' EJZ/j_H

FIGURE 1. A demonstration of the matching of the parameterizations of the
completed graphs of T. with the completed graphs of U. o A, and V. when
k € (0,1) and & € [1,2), respectively.

The second term also vanishes as € — 0 by the tail decay (12) of ;. This finishes the proof of
(17) in the case x € (0,1).

Case II: k € [1,2). To overcome the difficulty of matching the centering terms of U, o A,
and T, we define V. € D, by

_ D) w=1
Ve(t)=¢ / Tyisye) — {(t/vp)s—l-i—l/ﬁ k€ (1,2).

V. is defined so that the hitting times portion is the same as in U, o A; while the linear centering
is the same as in Tk.

Since the only difference between U, o A. and V. is in the centering term, we have for any
t < oo

M , ., 1 D(1)e k=1

(18) dy ' (Uc oA, Vi) < i‘lglz [Ae(t') —t'/7] {E‘E"'{/’z,@ ke (1,2),

using D'(1/e) = vD(1/¢) when k = 1 and 8 = 7/vp when « € (1,2). Recall that the random
element of Dy, t' — e~ Y/2(\.(t')—t' /D), converges weakly in (Dy, .J;) to Brownian motion, which
is a continuous process. Every continuous function in D; is a continuity point of the mapping
x +— supy <, |x(t')| from D, to R. Therefore, we can use the continuous mapping theorem to
show that the term in the right hand side of (18) converges to 0 in Q-probability as e — 0, by
noticing that both D'(1/¢) (when x = 1) and e~ '*1/% (when x € (1,2)) are o(¢~/2). Therefore,
in order to prove (17) it is enough to show that for every 0 < ¢t < oo and 1 > 0,

(19) lim Q (Ew [d,ﬁ“l (V. TE)} > n) ~0.

The proof of (19) is very similar to the proof of (17) when s € (0,1). Indeed, note that
V.(t) = T.(t) whenever t = ev; for some j. Again, we arrange the respective parametric
representations of the completed graphs of the two random functions so that, for k£ being the
largest j so that v; < t/e, both parametric representations are equal, to (suj,al/ “Tl,j) at
sj=j/(k+1),j=0,1,...,k. Fors; <s < sji1 with j =0,1,...,k — 1 the two parametric
representation can be chosen in such a way that the line connecting the two corresponding points
is always parallel to the segment, connecting the points (ev;, V. (ev;)) and (evjq1, Ve(evjp1—)).
See Figure 1 for a visual representation of this matching. In this case the distance between the
two corresponding points does not exceed the length of the above segment, which is shorter
than £!/2(vj 41 —v;) for € small enough. As in the case s € (0, 1), on the interval (s, 1] we keep
horizontal (u) coordinates of the two parametric representations the same. Overall, we obtain
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the bound
di\/h (Vea TE) < max {61/2 Iilgg((l/jJrl - Vj)) 51/H(Tuk+1 - Tuk)} .

From here we proceed as in the case k € (0,1) above. O

Proof of Lemma 4.4. By Lemma 3.4 it is enough to show that for each 0 < s < oo and 1 > 0,

lim Q (Ew [St?; U:(t) — Sa(t)!] > n) =0.

E—0Q

Since both U and S; are piecewise linear with the same slope between times t € €Z,

k
T, — Z BiTi| -
i—1

Now, it is easy to see that My, =T, — Zle B;T; is a martingale under P,,. Therefore, by the
Cauchy-Schwartz and LP-maximum inequalities for martingales,

B, s 0.0 - 5.00)| < (B [sup 000 - sm?Dm

_ _ /x
S;;I;!Ue(t) Se(t) =« R

< gl/m (4Ew {Mﬁs/d})w

[5/¢] 12
= 2¢'/% | Var, Torye — Z BiTi
i=1
Therefore,
[s/e]
20)  © (E [sup ULt) - Sga)@ > n) <Q (4 Vary (T, — 3 i | =P
t<s i=1

In the proof of Lemma 4.4 in [PS10], a natural coupling of 7; and T,, — T, , was constructed
so that for any n > 0,

: —2/k o o _
nlgrolo Q (n Var,, (Tyn Z; Bﬂl> > n) =0.
Applying this to (20) completes the proof of the lemma. O

5. WEAK WEAK QUENCHED LIMITS FOR S,

In this section we prove Proposition 4.2. For any environment w and ¢ > 0, define a point

process by
Ne - Z 5(61/,152_782»).
i>1

We view N. as a random element of M,,((0, 00| x [0,00)). Recalling the definitions of H in (5)
and S; in (15), we see that the quenched law of S, satisfies

H(Ne) k€ (0,1)
(21) se = H(N:) xl(—=D'(1/e)) k=1

H(N.) * 0(—=Be /") ke (1,2).
The key to the proof of Proposition 4.2 is the following lemma which shows weak convergence
of the point process V..
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Lemma 5.1. Under the measure @), as € — 0, the point process N converges weakly in the
space My((0,00] x [0,00)) to a non-homogeneous Poisson point process Ny , with intensity
measure Az~ " tdx dt. Moreover, A = Cyk, where Cy is the tail constant in (12).

Proof. The idea of the proof is similar to that of the proof of Proposition 5.1 in [PS10]. It was
shown in the above proof that for 0 < € < 1 there is a stationary under ) sequence of random

variables (ﬁi(s), 1=1,2,.. ) on {2 such that BZ-(E) and BJ(E) are independent if |i — j| > e~ Y2 and
such that, for some C,C" > 0,

(22) Q (| -8
We define an approximating point process by

(1) —
N = Zé(al/ﬁﬁfs>,ai)’ 0<exl,
i>1

~1/2

, 0<ex<l.

> 6_671/4) < Ce ¢

and proceed by proving the convergence
(23) N — Ny . weakly in M, ((0, 00] x [0,00))

as € — 0, under the measure Q).
We start by considering measurable functions f : (0,00] x [0,00) — R4 of the form

k
(24) fla,t) =" fi@) 1o, 0 (t), (@,1) € (0,00] x [0,00),
i=1
where k =1,2,..., f; : (0,00] = R4, i =1,...,k are continuous functions that vanish for all

0 < x < 9§ for some 0 > 0, and are Lipschitz on the interval (§,00), and 0 = ap < a1 < ... <
ap < 0o. We will prove that for such a function,

k o0
. O PN
(25) ;%EQ [e Ne (f)} :exp{ E (a; ail)/ (1— e Fi@\g ld:v}.

i=1 0
To this end we define, as in [PS10], for 0 < 7 < 1,
K. (1) =card{i=1,..., ax/e] : both BZ-(E) > e~ Y/* and 5J(-5) > gel/n

forsomei+1<j<i+7/e, j< ak/e.};
as in the above reference we have
(26) lim lim sup Q(K(7) > 0) = 0.

70 -0

Define random sets
DY = {a; 1fe <i<ajje: B >V, j=1,.. k
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so that

k
EQ [6_ a(l)(f)] :EQexp —Z Z fj(gl/"fﬁi(e))

7=1 ieDéj)
k
=Eq [exp{ — > Y (V58 p 1(Ko(r) = 0)
= iepl)
k
+Eq |expd =3 Y fi(eB7) p 1K) > 0)
j:lieng)

= HWY + H?,

It follows from (26) that the term Hg(z) is negligible as ¢ —+ 0 and then 7 — 0. Furthermore,

given the event {K.(7) = 0}, for a fixed 0 < 7 < 1 and e small enough, the points in the

random set D, := Ungj ) are separated by more than e~1/2, so that, given also the set D., the
random variables ﬁi(e), i € D, are independent, each one with the conditional distribution of

B given B > 5e=1/x. Since for every j =1,. ..k,
Eq <eXP{—fj (el/“/ﬁf))}{ﬁf) > 55‘”"‘) _>/1 e~ 1000 o= (v t1) gy

the claim (25) will follow once we check that

exp{—Cod " zk;( a; —aj—1)(1 —ay)} < }%llggf Eg ﬁa?ardDéj) K.(1)=0
j= =
k k
= lim llrglj(l)lpE 1;[ o K () =0 ] < exp{—Cpd~ ]21 —aj-1)(1 —aj)}
for any 0 < a; < 1,j =1,...,k. This, however, can be proved in the same way as (48) was

proved in [PS10].

In order to prove weak convergence in (23), it is enough to prove that for any Lipschitz
continuous function f : (0, 00] x [0,00) — R4 with support in [d, 0] x [0, a] for some 0 < §,a <
m?

(1)
— f(ac t) —rk—1 .
(27) il_I)I(l) Eq |e { = exp { / / YAz dx dt} ;

see [Res08] and Remark 5.2 in [PSlO]. To this end, for m =1,2,... we define
fi(x) = f(z,ja/m), x € (0,00}, j =1,...,m,
and

ij 1[] 1 a/m,]a/m)( )7 (I‘,t) € (0,00] X [0,00) :

Note that |f(x,t) — f(, t)\ < La/m for all finite (z,t), where L is the Lipschitz constant of f.
Therefore,

Eq [0 — Bq [e- “)<f>” @EQ[ N ([5,00] x [0,a])]
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Notice that, by stationarity,
Eq [Na(l)([57 00| x [O,a])} <ae1Q(B > e/,

which, by (12) and (22), remains bounded as ¢ — 0. Since the function f is of the type (24),
it follows from (25) that

N(l)( _ —f(z,t) —k—1
il_I)I(l)EQ { exp{ / / )Ax dz dt} .

This proves (27) (and, hence, also (23)). It follows by (22) and the Lipschitz property that for
any function f as in (27) we also have

—Ne(f)| —f(:I,‘t —k—1
21_1)1(1)EQ [ exp{ / / )Ax d$dt}.

As before, this establishes the weak convergence stated in the lemma. O

We would like to use the representation (21) of s, and the fact that N. = N , to obtain
a weak limit for s, as a random element of M;(Ds). Unfortunately, the function H is not
continuous and so we need the following lemma which shows that the truncated function Hg is
“almost continuous”.

Lemma 5.2. Define subsets Cs5, E C M,y((0,00] x [0,00)) by
Cs ={C: (({0,00} x [0,00)) = O}

and
E={C: ¢((0,00] x {t}) < 1,Vt € (0,00)} N{¢ : C((0,00] x {0}) =0}

Then Hs is continuous on Cs N E.

Proof. Suppose that ¢, — ¢ € Cs N E. We will couple the paths Wy((,,7) and W5((,T) by
using the same sequence 7 of i.i.d. standard exponential random variables. Using this coupling
we will show that limy, 0o W5((pn, 7) = Ws((, T), Pr-a.s. Since almost sure convergence implies
weak convergence, Hs(¢,) — Hs(C).

To prove that Ws((,, T) converges a.s. to Ws((,7T) it will be enough to show that for every
0 < s < oo such that Ws((, T) is continuous at s, and for every realization 7 with finite values,

(28) Tim d (WG, ), Wi(C, 7)) =

To this end, take s as above. Then (([d, 0] x {s}) = 0. The assumption that ¢ € E implies
that we may order the atoms of ¢ in [0, 00] x [0, s] so that for M = (([, o0] x [0, s]) we have

C( N ([(5, OO] X [0, S])) = Z(S(x“tl)(), with 0 <t <ty <... <ty <s.

Similarly, we can order the atoms of ¢, in [0, 00] X [0, s] so that for M, = (,([d, o0] x [0, s]) we
have

Go((- 11 ([6, 00] % Zé () ymys With 0 < <l << <

n
z ’ 7

The vague convergence of ¢, to and the fact that ¢ has no atoms on the boundary of [J, oo] x
[0, s], imply that for n large enough M,, = M and

(29) lim max <|az n) — x| V \tl(") - tz’) =0

n—oo <M
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Therefore, for n sufficiently large, 0 < tgn) < tgn) <...< tg\z) < s. For such n we define a

time-change function AJ of the interval [0,s] by A3 (0) = 0, AJ(s) = s, AJ(ti) = tgn) for all
1 < M, and extend it everywhere else by linear interpolation. Then,

_ (n)
Stlglg\)\fL(t) — | = max|t;" — til,

and, since Wy((,, 7) and Ws((, T) are constant between jumps,

S ()

=1

sup [Ws (G, 7) (An () — Wi (¢, 7)(1)] = max
t<s VS

Ti-

M
<> Mn) —
=1

Ti}a

which vanishes as n — oo by (29). This completes the proof of (28) and thus of the lemma. O

Therefore, for n sufficiently large,

ZL‘l(n) — Xy

M
J1 = =)\ < (”) _t.
ds (W(S(CnaT)aW(S(CvT)) = max{%z}\}dtl tl‘a;

The relationship between s, and N; in (21) and Lemma 5.2 will allow us now to complete
the proof of Proposition 4.2.

Proof of Proposition 4.2. For § > 0 we define a truncated version of S; by

[t/e]
S€,§(t) = 51/5 Z BiTi1{€1/~5i>5} - t7ﬂ,s,67 t>0,
i=1
with
0 k€ (0,1)
(30) Tres = EQ [B1liep e k=1

61/H_1EQ [,811{51/n51>5}} K € (1, 2).

Then the quenched law of S, 5 is s 5 = Hs(Ne) * £(—Vie.5)-

If Ny, is the Poisson point process as in the statement of Lemma 5.1, then P(N,, €
CsNE) =1 forany § > 0. Thus, Lemma 5.1, Lemma 5.2, and the continuous mapping theorem
imply that, under the measure Q, Hs(N:) = Hs(Nx ), where A = Cyk. Also, by (12) and
Karamata’s theorem,

) ) Coln(1/6) k=1
2 Mo = {5’3*;5—*@“ k€ (1,2).
Since the mapping from Mj (D) X R to M (D) defined by (u,y) + p* £(7) is continuous,
we conclude that, under the measure Q,
7‘[5(]\/')\7,{) K € (0, 1)
(31) Se.5 = § Hs(Ny ) * €(=A1n(1/0)) k=1
Hs(Nyy) * L(—=X6"T1/(k = 1)) k€ (1,2).

To relate (31) to a limit statement about s., we use [Bil99, Theorem 3.2]. To this end, it is

enough to show that the limit in My ((Doo, d3I1))

Hs(Nxx) k€ (0,1)
(32) 61311 Hs(Ny ) * £(—X1n(1/9)) k=1 exists P,-a.s.
T Hs(Na) #6207 /(= 1)) k€ (1,2),
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and
(33) lim lim sup Q (le(S&(g, se)>1n) =0, Vn>0.

=0 50

As in the case of Lemma 3.3, (33) will follow from following, stronger, statement: for every
0 < s < o0,

(34) lim lim sup @ (Ew [sup ISe,5(t) — Ss(t)|] > 77) =0, Vn>0.
=0 -0 t<s

Therefore, to complete the proof of Proposition 4.2, it remains only to prove (32) and (34).
We divide the proof of these statements into two cases: k € (0,1) and s € [1,2).

5.1. Case I: k € (0,1). To prove (32) we let F; C M, ((0,00] x [0,00)) be defined by

F1 = Q = Z(S(lﬂ“tl) : inl{tigt} < 00, Vt < oo
i>1 i>1
(Note that on the set Fy, the sum in the definition of W (¢, 7) is P,-a.s. finite.) Since P(N) , €
F1) =1 when k € (0,1), it will be enough to show that Hs(¢) — H(() as § — 0 for any ¢ € F}.
Fix ¢ = ) 51 6(a,,t:) € F1. For 0 < s < 0o the obvious coupling of W (¢, 7) and W;5(¢,T) gives
that -

(35) sup [W (¢, 7)(t) — Ws(¢, 7)(t)| = sup Zl‘ml{xiga,tigt} = Zﬂﬂml{mga,tigs}c

t<s t<s |i>1 i>1

Since ¢ € Fi, finiteness of the mean of an exponential random variable shows that the sum on
the right is finite with probability one for any § > 0. Letting § — 0 the dominated convergence
theorem shows that Ws(¢, T) converges almost surely to W((, 7) in the space D; in the uniform
metric, hence also in the M;-metric, for any 0 < s < co. Therefore, W5((, T) converges almost
surely to W (¢, T) in Do as 6 — 0 and, since a.s. convergence implies convergence in distribution,
Hs(¢) converges to H(¢) in the space M ((Doo,d’?)) as § — 0. This proves (32). Further,
since W5(Ng, T) = S. 5 and W(N¢, T) = S., we have by (35) with { = N,

[s/e] ls/e]
b [igp Se.a(t) = Sg(t)'] =B | Y eV Bimliampcny | =% Y Biliams,<sy-
=8 i=1 i=1

By Chebyshev’s inequality and stationarity of 3; under @,
ls/<]
Q (Ew [stgp [Se,5(t) — Ss(t)|:| > 77) =Q [ Biljamgesy 2
=S8 i=1

881//&71

Karamata’s theorem and (12) imply that Eg [5’51{61/”&36}} ~ Cok/(1—k)S1 el =1k as e — 0.
Therefore,

fim lim sup @ <Ew {Sup [Se.s(t) — Se(t)‘:| > n> < lim C0% g1k g

=0 <0 < =0l — k)
This proves (34).
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5.2. Case II: k € [1,2). To prove (32), note that the right hand side of (32) is the law (with
respect to P;) of the random element of D,

) Alog(1/8) k=1
t— W(S(NA,K,’T)(t) - {)\61”1&( / ) c (1 2)

Kk—1

It was shown in the proof of Corollary 1.9 that this random element converges almost surely,
in the uniform metric, under the joint law P x P, of (N, ,, 7). Therefore, convergence takes
place in the M;-metric as well. Fubini’s theorem implies that the convergence also holds P ,-a.s.
for almost every realization of the point process Nj .. Once again, a.s. convergence implies
convergence in distribution, so (32) holds.

To prove (34), note that the definition of 7, . 5 in (30) implies that
sup|Se 5(t) — Se(t)]
t<s

[t/e]
= Stl<1p EI/KJ Z BiTil{El/"ﬁiSJ} - EQ[ﬂll{al/mﬁlg(g}}EilJrl/ﬁt
=8 i=1
[t/e]
(36)  <supe . Z Bi(ri = Dliarrng,<s)
[t/<]
o Y {Bil{e”“ﬁisa} - EQ[ﬂll{el/%sa}]} + e/ Eq(B11 /gy <))
=9 i=1

where the last term comes from rounding in the number of terms in the sum. This terms is,
clearly, bounded by §.

For f3; fixed, the sum inside the supremum in the first term in (36) is a sum of independent,
zero-mean random variables. Thus, by the Cauchy-Schwartz and LP-maximum inequalities for
martingales,

1/2
[t/¢] ls/e] 2\ Y
Ew Stlip 61/’62,31 1—1 1{61/n5 <6} S 4E 61/"{ Zﬁz 1—1 1{51/f<5 <6}
s =1 =1
ls/e] 1/2
— 281/5 Z /87;21{51/'€5i§5}
i=1
Therefore, for n > 0 fixed and § sufficiently small we have
Q (B, [sup 5.5 - 5.01| )
Ls/e]
S Q Ez/li Z 62'21{21/“ﬁi§5} Z n2/36
i=1
[t/e]
(37) +Q Stl<1p cl/r Z {511{51/% <5y T EQ[Bll{gl/N51<5}]} >n/3

i=1
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Notice that

2 e 2 2 36sc2/K1 2
limsup @ [ £%/% Y Bl amp <y = 0?/36 | <limsup ——5——Eq |81 1/mp,<4)
e—0 =1 e—0 n
_ 365 Cor 52—k
n?2—k ’

where the last equality follows from (12) and Karamata’s Theorem. This vanishes as § — 0
since k < 2. It remains only to show that the term in (37) vanishes as first ¢ — 0 and then
d — 0. A similar statement (without the supremum inside the probability) was shown in [PS10,
Lemma 5.5]. One can modify the techniques of [PS10] to give a bound on (37) that vanishes
as first € — 0 and then § — 0. Since the argument is somewhat technical, we postpone it until
Appendix A. O

6. WEAK WEAK QUENCHED LIMITS FOR THE POSITION OF THE RANDOM WALK

In this section we prove Theorem 1.6. We start by defining the running maximum version
of the scaled path process of the random walk x. in (6). For ¢t > 0, let X} = max{Xj : k < t}
denote the running maximum of the RWRE. The corresponding random element in D is

" X k€ (0,1)

1 _
Xz (t) = { /a2 (Xt*/s - t5(1/5)> k=1
T (Xf/s - th/5> ke (1,2),
with the same function 6 in the case k = 1 as in (6). The path xI is easier to compare
to transforms of the hitting times path T. than the path x. is. The following lemma shows

that the quenched distributions of x. and x! are asymptotically equivalent, since the distance
between x. and x} is typically very small.

Lemma 6.1. For any s < oo and n > 0,
iy P (sup - (0) < X2(0)] = ) =
e—0 t<s

Proof. The definitions of x. and x} imply that for all € > 0 small enough,

er k€ (0,1)
) —xi(t)| = X=X o k=1 < et/ X — Xp).
stgglxs( ) = xz(t)] ;2375( k= Xk) § /e <e ;ﬁ‘;?ﬁ( r— X&)
= gl/x ke (1,2)
If, for some 0 < k < s/e, X} — X, > 775_“/4, then, for some location 0 < j < s/e the
random walk returns to X; — (775*"/ 4] after visiting location j. Thus, by the stationarity of the
environment under the measure P,

P (sup et =01 2 ) < P (a6 = X0 2 07/ ) < (1 /)BT ey < ).
t<s k<s/e

Since P(T_, < oo) decays exponentially fast as x — oo (see [GS02, Lemma 3.3]), the term on

the right vanishes as ¢ — 0. U

We now prove Theorem 1.6. According to Lemma 6.1, we may and will replace x. by xZ when
proving the coupling part. We consider the cases k € (0,1), k =1, and & € (1,2) separately.
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6.1. Case I: k € (0,1). We wish to compare x? with JT.~ where J is the inversion operator
defined in (7). To this end, note that

Xie=max{k € Z: T, < t/e}t =sup{z = 0: Tyen) < t/ete" — 1.
Therefore, for every t > 0,
Xe(t) =sup{z > 0: Ter(z) <t} — e = TTer(t) — &7,

which implies that sup,. [x5(t) — 3T (t)] = €*. Hence, we obtain the stated coupling in
Theorem 1.6. By Lemma 3.3, it remains only to show that, under the measure P,

(38) Mer 03 H = H(Ny,) oI L.

To this end, first note that J is continuous on the subset D%FT C DX of strictly increasing
functions, when the M; topology is used both on the domain and the range (see [Whi02,
Corollary 13.6.4] for even topologically stronger statement). Therefore, the mapping theorem
implies that the function p + po 37! on Mj(Dy) is continuous on the subset of measures
{n € Mi(Dwo) : u(D3;) = 1}. In the notation introduced in (9), H(Nyx) = Pr(Zrx € ).
Since Zy , is a k-stable subordinator under P x P, then ’H(N,\ﬁ)(D%) =P, (Z), € D%FT) =1
for almost every realization of N) ., and so (38) follows from Theorem 1.4 and the continuous
mapping theorem.

6.2. Case II: k € (1,2). We start by replacing the piecewise constant path of the hitting times
in (3) by a piecewise linear and continuous version via linear interpolation. Specifically, for
x € Zand 0 € [0,1) we let

Toro=(1— 0Ty + 0Tps1.
Correspondingly, we will define T, (t) = El/N(Tt/E —t/(evp)), t > 0. The following lemma shows
that the M;-distance between T- and T is typically small.

Lemma 6.2. For any 1 > 0, lim._,o P(d*(T.,T.) > n) = 0.

Proof. As in Lemma 3.4, it is enough to prove that for every 0 < t < co, P(d)"* (T, T.) > 1) — 0
for every n > 0. We use a matching of the kind similar to that constructed in the proof of
Lemma 4.5. We will describe this matching in the case x € (1,2), but a similar argument
works when k = 1 or k € (0,1). For every k = 0,1,2,... such that ¢k < t we arrange both
parametric representations to contain the point (ek,e'/*(T) — k/vp)). If e(k + 1) < ¢, then
between the points (5k,51/”(Tk —k/vp)) and (e(k + 1), VR (Thy1 — (k + 1)/vp)) we keep the
parametrization of T, at the former point until the parametrization of T. reaches the point
(e(k +1),eY*(T}, — (k + 1)/vp)), at which time we complete the two parametrizations in the
interval by keeping the slope between the matched points equal to —e!/#~1 /vp. Clearly, within
this interval the horizontal distance between the two parametrizations is at most € and the
vertical distance is at most e'/%/vp. If ek < t < e(k + 1), then we use the obvious vertical
matching of the parameterizations, with equal horizontal components, and vertical components
at most 1/ ®(Tt/ej+1 — T|1)c)) apart. Therefore, for € small enough

" (T., T.) < max {81/”/VP, eV (Tyje) 11 — TLt/sj)} :

Since T'4/c)41 — T|¢/e) has, under the measure P, the same distribution as T we conclude that

(39) limsup P’ (diwl (Te, Te) = 77) < lim P (TLt/strl = Tise) 2 3*1/“77) =0,

e—0
as required. 1
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Note that @ + T}, is a strictly increasing and continuous function on [0, 00). Let ¢(t) be its
inverse. Then Ty =t for all t > 0. If T), <t < Tp41 then XJ =n < ¢(t) < n+ 1, so that
sup;>o | X{ — #(t)| < 1. One consequence of this comparison is that

t X
(40) lim 9(t) = lim — =vp, P-a.s.
t—oo ¢ n—oo 1

Next define ¢.(t) = e¢(t/e) for ¢ > 0 and ¢o(t) = vpt. Then, (40) implies that ¢. converges
pointwise to ¢g9 as € — 0. Moreover, since ¢. and ¢y are monotone increasing and ¢q is
continuous, we conclude that ¢. converges uniformly on compact subsets to ¢g. In particular,

lim. 0 dZ (é., ¢o) = 0, P-a.s. )
Now, recalling the definition of T, we obtain that

To(:(t) = €/ (Tg. (/e — 9(1)/(evp))
=¢el/" (Tqb(t/a ¢(t/e)/vp)
= —vp'e"(d(t/e) — tvp/e)
= —vp'e/N(X}) — tvp/e) +vple (XY - 6(t/e))

1/k_ « K
= i) + VRl M (X — o(t/e)).
Since | X}, — @(t/e)| <1 for all ¢, this implies that

(41) dU (x5, —vp /" T 0 9) < vpt Vrel/s,

Next, we compare T. o ¢, with T o ¢9. To this end, let n,n" > 0 be fixed. By Corollary 1.9,
the laws of (T.) under P are tight in (Duo,d}t). Therefore, we can choose a compact subset
K C Dy so that P(T. € K) > 1 — 1/ for all € small enough. Further, the composition function
Y(x,y) = x oy is continuous at any point (z,¢g) € Do X Cﬁ C Dso X Doy Therefore, it is
uniformly continuous (with the d2/1 metric on each coordinate) at the points of the compact set
K x {¢o}. Choose now & > 0 such that d¥/1 (2’0 ¢/, 2 0¢y) < n whenever z € K, d¥1(x,2') < 4,
and dM1(¢g, ¢') < 5. Then
lim sup P(d21 (T, o ¢, T. o ¢o) > 1)

e—0

< limsupP(T. ¢ K) + P(dM (T, T.) > 6) + P(d* (., ¢o) > 0)

e—0
<7,
where the last inequality follows from our choice of the compact set K, Lemma 6.2, and the

almost sure convergence of ¢. to ¢g. Since ' > 0 was arbitrary, we see that P(d: ('ﬁ‘e o, Teo
¢o) > n) — 0 for any n > 0. Combining this with (41) we conclude that

(42) lim P(d3)! (xZ, ~vp'/"T= 0 6o) 2 ) =0, ¥ > 0.
E—
Finally, note that the definition of T, and ¢ imply that

v "Te(d0(t) = vp "€ H (Tprje = t/e) = Topup (1),
so that (42) proves the coupling part of Theorem 1.6 in the case x € (1,2). Since m, ol Lis
the quenched distribution of —T,/,,, and R is a continuous operator, the continuous mapping
theorem implies that m, o R~! = [k © M~ The coupling now implies that we also have
DPew = Mk © "L



26 JONATHON PETERSON AND GENNADY SAMORODNITSKY

6.3. Case III: k = 1. The proof here is similar to the proof in the case K € (1,
omit some of the details. As above, let T, and ¢(t) be as above, so that Ty =
that

e 1 N
(43) tliglo gt~ A4 in P-probability,

where A is the positive constant from Theorem 1.1. To see this, first note that by Theorem 1.1,
limy, 00 T/ (nlogn) = A in P-probability, hence also lim,_,~, T /(2 log ) = A in P-probability.
Using x = ¢(t) gives us

2), so we will
t. We claim

t

lim ——=A4 in P-probability,
% §() log(6(2))
which proves (43).

The function §(z) = sup{u > 0: uD(u) < z}, x > 0, satisfies §(x) ~ z/(Alogz) as v — oo
and 6(x)D(6(x)) = x +o0(d(x)) as x — oo. We define ¢. € Do by ¢<(t) = ¢(t/c)/5(1/e). Then
the asymptotics of ¢ from (43) and the asymptotics of § imply that for any ¢ > 0,

¢(t/e)

lim o (1) = lim 5 7

Once again, since ¢. is non-decreasing, and the identity function is continuous, ¢. converges

uniformly on compact subsets (and thus also in the d/! metric), in P-probability, to the identity
function.

Let T(t) = e(T}). —t/eD(1/)), t > 0. Then
To(1e)-1(9=(8)) = 6(1/e) ™ (T, (mys1/e) — $=(8)3(1/e) D ((1/6)))

(Tor
=0(1/e)7! <~¢(t/5) Zi §+0 (1/e) ))
=6(1/e)7! <t/€— t?(l/s) W < o(0 (1/5))>>

— 1 * t/E 1
= 50/ (#601/€) = i) + 05755 i/ TO (55(1/5)2>

Xi/e 1
= —x*(t) + o(1) (1//6) +0 <85(1/s)2> ’

where in the third equality we used that |¢(t) — X;| < 1 for all t. Since 1/(e6(1/€)?) ~
A?%clog?(1/e) — 0 as € — 0, while t/e/é(l/s) converges in probability by Theorem 1.1, this
implies that

(44) lim d% (X2, —Ts(1/e)-1 0 ¢e) = in P-probability.
E—

=1 in P-probability.

As in case k € (1,2) we can use the fact that ¢. converges to the identity function to show that
for any n > 0,

(45) lim P (dgl (Ts(1/6)-1 © ber To(a/e)-1) = 77) =0.

Combining (44), (45) and Lemma 6.1 establishes the coupling part of Theorem 1.6, and the
rest is the same as in the case k € (1, 2).
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7. M1(R)-VALUED STABLE LEVY PROCESS LIMITS

In this section we discuss Corollary 1.12. We begin with a short proof of the convergence of
the finite dimensional distributions of ®(m.). Let m > 1 and 0 < t; < t3 < ... < t;,, be given,
and define @, 4 Mi(Ds) = M1 (R)™ by

P oyt (M) = ((I)tl (M)? Py, (M)’ N (N))

It is easy to see that @y 4, . is continuous at every p € M;(D) concentrated on paths

otm
that are continuous at ¢;, ¢ = 1,2,...,m; see p. 383 in [Whi02]. Since m. = py , and py 4 is,
with probability, one concentrated on paths that are continuous at ¢;, i = 1,2,...,m, then the

continuous mapping theorem implies that ®, ¢, ¢, (me) = P, 1, ., (1trx). This proves the
convergence of finite dimensional distributions claimed in Corollary 1.12.

We now turn to the stated properties of the random measure-valued path ®(yy ,), namely
that ®(py ) is a stable Lévy process on M;(R). We start by recalling the notions of stable
random variables and Lévy processes on M;(R); the reader is referred to [ST06] for more
details.

Definition 1. A M;(R)-valued random variable x is a stable random variable on M;(R)
if for any n > 2 there exist constants b, € R and ¢, > 0 such that
1, L
(1% pz %% ) (b + e ) 57 ().
Here py, po, . ..ty are independent copies of u. Moreover, if b, = 0 for every n > 2, then p is a
strictly stable random variable on M;(R).

Definition 2. A M;(R)-valued stochastic process {Z(t)}+>0 is a Lévy process on M;(R) if
there exists a two parameter family of M;(R)-valued random variables {=Zs;}o<s<¢ such that
E(t) = E(),t and

(1) E(0) = dp with probability one.

(2) Foranyn >2and 0 =1ty <t; <tp <--- <ty =1, {8 , 1}~ are independent and

—

E(t) =Zigt * Sty 40 ¥ ¥ Z¢, 1 1., almost surely.

Law —

(3) Forany 0 < s <t,E(t —s) = Eg.
(4) For any fixed to > 0, the process {Z(t) }+>0 is continuous at ¢y in probability.
(5) There is an event of probability 1 on which every path {t — Z(¢)} is in Dy (M7 (R)).

Remark 7.1. Part (2) of Definition 2 is a version of the independent increments property for
stochastic processes with values in M;(R) with convolution of measures playing the role of
addition. The version of the independent increments property used in the above definition is
necessary due to absence of an inverse operation to convolution.

Definition 3. A Lévy process {Z(t)};>0 on M;(R) is a (strictly) stable Lévy process on
M (R) if for every fixed ¢ > 0, Z(¢) is a (strictly) stable random variable on M; (R).

We are now ready to show that ®(suy ) is a stable Lévy process on M;(R) and is strictly
stable when x # 1. It is easy to check that for any ¢ > 0, ®;(1) ) is a stable random variable on
M (R) and is strictly stable if x # 1 (see the Remark 1.5 and the paragraph following Remark
1.6 in [PS10]), so we will concentrate on showing that ®(u, ) is a Lévy process on M;j(R).

We already know that the paths of ®(uy ) are in Do (M1(R)); see the discussion before
Theorem 1.12. It is also obvious that ®o(uy ) = dg with probability one since Ny .((0, c0] x
{0}) = 0 with probability one. Next, recall the stochastic process Z) , defined in (9). Then
P4 (pr ) is the distribution of Z) .(t) under the measure P, and we define for any 0 < s <t

(I)(,U)\,n)s,t =P (Z)\,H(t) - Z)\,Ii(s) € ) .
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Then, the independent increments condition (2) in Definition 2 follows from the fact that
{Nax(- N ((0,00] x (ti—1,%])}i are independent for any 0 = tg < t; < --- < ty, and the
stationarity condition (3) in Definition 2 follows from the shift invariance of the Lebesgue
measure governing the time component of the Poisson random measure Ny .. Finally, stochastic
continuity of ®(uy ) at fixed points follows from the fact that for each fixed tg, Ny .((0, 00] x
{to}) = 0 with probability 1.

7.1. Topologies on D, (M1(R)). We now give a brief discussion of the difficulties of extending
Corollary 1.12 to a full weak convergence ®(m.) = ®(u ) of M1(R)-valued path processes.
It is first necessary to decide on a topology for Dy, (M;j(R)), the space of cadlag paths taking
values in the space of probability measures on R. Recall that the Prohorov metric p on M;(R)
induces the topology of convergence in distribution and that (M;(R), p) is a Polish space. Then,
both the uniform and the Ji-topologies have natural extensions to Do (M1 (R)).

In the proof of Theorem 1.4, it was necessary to equip Dy, with the Mi-topology to accom-
modate the fact that the macroscopic jumps of the process of ladder location hitting times were
an accumulation of smaller jumps T; —7T;_1 for ¢ between consecutive ladder locations. The M;-
topology naturally accomodates such accumulations of jumps while the Ji-topology does not.
A similar phenomenon occurs when trying to establish weak convergence ®(m.) = ®(u x)
in the space of probability measure-valued functions, and thus it is natural to try to equip
Do (M1(R)) with a Skorohod M;-topology. This is less standard than defining the Skorohod
Ji-topology?, but, since convex combinations (1 — @) + 67 of two probability measures form
a “line segment” between p and 7 in M;(R), one can define the M;j-topology and metric on
Di(M;1(R)) and Doo(M1(R)) in the natural way. Moreover, the resulting Mi-topology on
Do (M1(R)) defined in this way is the topology of a complete separable metric space.

Unfortunately, to this point we have been unable to prove weak convergence ®(m.) —-
P (1)) in the Mi-topology (as defined above) on Dy (M;i(R)). In fact, some preliminary
computations suggest that {®(mg)}eso is not a tight family of Dy (M;j(R))-valued random
variables in this topology, and thus a weaker topology on Dy, (M;j(R)) may be needed. We
hope to address this in a future paper.

We close this section with an example that demonstrates some of the difficulties establishing
weak convergence ®(m.) = ®(uy ). A natural approach to proving ®(m.) = ®(u» ) would
be to apply Theorem 1.4 and the continuous mapping theorem. Unfortunately, the mapping
¢ : Mi(Dx) = Doo(Mi(R)) is not continuous. The following example demonstrates this
lack of continuity even when in M;(Dy) we endow the space Do, with the strongest of the
Skorohod topologies, the Ji-topology, and endow Dy, (M1 (R)) with the weakest of the Skorohod
topologies, the Ms-topology.

We restrict everything to the interval [0,1] and consider real-valued stochastic processes
X =(X({),0<t<1)and X,, = (Xn(¢),0 <t <1),n=12,... on the probability space
([0, 1], B, Leb), defined by

0, 0<t<3,
X(tw)={ 1, y<t<l0<w<y,
2, 1<t<li<w<l,

and
0, ggtf%—yh, )
l, :— 5= <t<1,0<w< >
Xptw)y=4 7 F o o7 T Y
n(t;w) 0, %—ﬁ§t<%+2n1+17% w<1,

2, %+2n+1§t§1’% w=1,

2For instance, Whitt defines the Skorohod M;-topology on Dy (V) if ¥ is a separable Banach space [Whi02,
p.- 382], but M;(R) is not a Banach space.
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n=1,2,.... Clearly, each process X and X, has its sample paths in D; = D[0, 1]. We denote
by u (correspondingly, u,,) the probability measures these processes generate on the cylindrical
sets in D[0, 1].

Obviously, for any w € [0,1], d*(X,X,,) < 2-"*D  so, with probability 1, X,, — X in
DI0,1] equipped with the Ji-topology, so that p’t(u,, 1) — 0.

Next, in the notation of (8), we have

5o 0<t<i
d — ) = 2
) { 101+ 30, §<t<l
and
8o, 0<t<§— g,
1 1 1 L 22 1
q)t(ﬂn): ?50"1'7617 ?_ on+1 <t < §+W7
3014502, 3+ g <t <1,
n=1,2,..., where for x € R, §, is the point mass at x. Note that for any n, there is a point

on the completed graph of the element ®(uy,) of D1(M;(R)) with the second component equal
to (1/2)d0 + (1/2)d1, and the distance from that point to the completed graph of the ®(u) has
a positive lower bound that does not depend on n. Therefore, ®(u,) does not converge to ®(u)
in D;(M7(R)) even if the latter space is endowed with the Mas-topology (see Section 11.5 in
[Whi02] for the definition of the Ma-topology).

APPENDIX A. ESTIMATION OF THE TERM IN (37)

In order to finish the proof of Proposition 4.2 we need to estimate the term in (37). In this
appendix we achieve that by proving the following lemma.

Lemma A.1. If k € [1,2), then for all 0 < s < 0o and n > 0,
[tn]
lim lim sup @ | sup “_UNE:{ﬁﬂ{&s&ﬂM}‘“EQW£Hms&ﬂmﬂ} >n| =0.

—0 n—oo t<s i—1

Remark A.2. Lemma A.1 is an improvement of [PS10, Lemma 5.5], which stated that

n_l/KZ {ﬁil{ﬁigdnl/"} - EQ[511{51§5n1/n}]} 2 77) 5 \V/’I’] > 0.

=1

%im lim sup @ (

—0 n—ooo

Before giving the proof of Lemma A.1, we introduce new notation. Recall that p, = (1 —
Wy ) /wz, and for i < j let

J J J J
(46) Hi,j = Hpk, Ri,j = ZH’i,kv Wi,j = ZHk’j’ Wj = Z Hk,j-
k=i k=i k=i k=—o0
This notation is often useful for writing certain quenched expectations or probabilities in com-
pact form. For instance, it is easy to show that E[T;11] = 1+ 2W; (see [Zei04] for a reference).
In particular,
vi—1 vi—1
(47) Bi = EW[TW - TVi—l] = Z Eg.z [Tj+1] =V —Vi-1+2 Z Wj'
J=vi-1 J=vi—1

It will be important for us to be able to control the tails, under the measure Q, of the
random variables of the type W,, _1. Since under () the environment is stationary under shifts
by the ladder locations, these random variables all have the same distribution under Q) as W_j.
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Further, it was shown in [PZ09, Lemma 2.2] that W_; has, under @), exponential tails. That
is, there exist constants C7,Co > 0 such that for any z > 0,

(48) QW_y > ) < Cre 2"
We now proceed to prove Lemma A.1.
Proof of Lemma A.1. First, note that ﬁil{ﬁisénl/ﬁ} = B A dnt/r — 5n1/ﬁl{6i>5n1/“}' Thus,
[tn]
Q | sup nt/r z; {Bil{ﬁiﬁénl/”} - EQ[ﬁll{ﬁlganw}]} > 17

[tn]

(49) <Q|sup ntEy {Bz A n'/* — Eq[Bi A 6n1/“]} > /2
=8 i=1
|tn]
(50) +Q | dsup > 15 ogniey — [I0]Q(B; > 6n'/%)| > /2
S8 1i=1

Note that (12) implies that [tn|Q(8; > dn'/*) — tCyd—* and, moreover, that the convergence
is uniform in ¢ € [0, s]. Therefore, to bound the term in (50) it is enough to show that for all
0 <s<ooandn>0,
Ltn]

(51) %iir(l) li;n_)scgpQ (525 ; Ligssn1/my — tCod " >n ] =0.
Now, for any 6 > 0 let G5 : M((0,00] x [0,00)) — DI (we equip the latter space with the J;
topology) be defined by

G5(Q)(t) = ¢((8,00] x [0,]), £ = 0.
Then tht:nlj Lig,son/xy = Gs(N1yn)(t). It is easy to see that G is continuous on the set of point
processes with no atoms on the line {4} x [0, 00). Since N} ,, belongs to this set with probability

1, and Ny, N N, the continuous mapping theorem implies that Gs(Ny/y,) N G5(Nyx)-

Furthermore, the supremum over a compact interval is a continuous mapping from D7 equipped
with the J; topology to the real line. Therefore,

tn
D Ypimont/ny = tC00 ™"
i=1

Note that G5(Ny ) is a homogeneous one-dimensional Poisson process with rate A\/ké™" =
Cod~". Therefore, using once again the LP-maximum inequality for martingales, we have

ke 52 562"
Q 5St1<lp |G5(Nak)(t) = tCo0 ™ | > 1) < n—zva (Gs(Nrk)(s) = —5—.

lim sup Q <5 sup > 77> <Q (5 sup |G5(Ny ) () — tCod—"| > 7]> :
t<s t<s

n—o0

K
Since k < 2 this last term vanishes as § — 0 for any 7 > 0 and s < co. This completes the
proof of (51) and, therefore, it only remains to estimate the term in (49).
To this end, we assume for (notational) simplicity that s = 1, in which case our task reduces
to showing that for any n > 0,
k
> n) =0.

=S {8 et — Bl A on'7] |

=1

(52) lim lim sup @ (max
k<n

=0 n—oo
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For a fixed n and § € (0, 1] denote

j
(53) Sj=nry" {ﬁi A ont% — EgBy A (Snl/“]} . j=1,....n
i=1
For n > 0 let A, = {max;p, |S;| <n < |Sn|}. Then,

k n
Q (?35‘ n RS {8t — Bl non' M} > n) =3 Q4
- =1 m=1
n—1
<Q(ISal = n/2)+ Y Q(Am N {ISal < n/2})
m=1
n—1
(54) <QISal Zn/2)+ Y Q(Am N {[Sn — Sl > 1/2}).
m=1

It was shown in the proof of Lemma 5.5 in [PS10] that for some constant C,

n
(55) Varg (Z Bi N 5n1/”> < O ¥k,

i=1
By Markov’s inequality this shows that the term @ (]S,| > n/2) does not contribute to the
limit in (52). Therefore, it remains only to bound the sum on the right in (54). If the j3; were
independent, then the general term in this sum would be equal to Q(A;,)Q(|Sn — Sm| > n/2)
and the sum could be handled in the same way as the term @ (|S,| > 1/2) above. While the
B; are not independent under @, they have good mixing properties and the following lemma
gives an upper bound on the general term in the sum, not far off from what it would be if the
0B; were independent.

Lemma A.3. There are constants C,C" > 0 such that for any n = 1,2,..., § € (0,1], m =
1,....,nandn >0,

! K 1
Q(Am N {[Sn — Syl > n}) < Ce=Cm/~/logn 4 FOF T @A)+ 1/n).

Assuming the statement of Lemma A.3, the proof of Lemma A.1 can be completed by writing
(changing the constants as necessary)

n—1 n—1
! K 1
Z Q(Am NSy — Sm| >n/2}) < Z {CG—C /% /logn + ?052_1{ (Q(An) + 1/”)}
m=1
C(SH—Q
U
Both terms vanish under the limits in (52), so we only need to prove Lemma A.3. O

m=1

—(Vml/E
< Cne C'nn /logn+

Proof of Lemma A.3. Define a (discrete time) filtration on Q = [0,1]% by G, = o(w; : i < n),

n = 0,1,2,.... Then for each m = 0,1,2,..., v, — 1 is a stopping time with respect to
that filtration, and we denote F,,, = G,,,—1, m = 1,2,.... Since each §; with j < m is Fy,-
measurable, so is each S; with j < m. Therefore,

(56> Q(Am N {‘Sn - Sm| > 77}) = Eq [1{Am}Q (’Sn - Sm’ > ‘ ]:m)] .

Conditioned on F,,, the difference S,, — S;, no longer has zero mean, but we will show that the
conditional mean is typically small. We begin by comparing the conditional and unconditional
means of §; A on'/%. To this end we make explicit the dependence of Bj on Fy,. Recall the
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definitions of II; ;, W; ; and R;; in (46) and note that W; = Wy ; + II;, ;W) for any k < 4.
Therefore, for any 1 < m < j we can rewrite(47) as

Bj =vj—vj-1+2 Z Wopii + Wo,, 11l )
1=Vv;_1
vi—1
=Vvj—Vvj_1+2 Z Wopi+2Wy,, 11l v, 1R,y ;-1
1=Vvj_1
= B+ 2Wy 1l v 1Ry 01
Note that (3, ; is independent of F,,. We enlarge, if necessary, the probability space to define
a random variable W with the same distribution as W,, _; and independent of all (w,); in
particular, W is independent of F,,. Denote Bj = Bm;+ 2W I ,,j_l_lRl,]._th_l, so that

Eq [B; Non'/™ | Fu| = Bql8; non'/) = Bq |8 non'/ = B A on'/* | F|.

Observe that Ryj_hyjl_/l < Bmyj < min(ﬁj,ﬁj). Thus, if Ry, ;-1 > ont/%  then both Bj and

Bj are larger than on
Eq [63 Aénl/n‘]:m} — Eo[B /\5”1/5}
< EQ [|BJ - Bj|1{Ruj_1,uj—1§5nl/'{} ’fm}

= Eq [QHVijA*lRijl,Vj*l|va*1 - I/T/|1{Rl,j_

as well. This implies that
(57)

l,uj—lglsnl/ﬁ} ‘ fm:|

j—m—1 z
< 2(EqlMou—1)) " EqlRow-11(r,, <5y (EQlW]+ Wiy-1) |

where in the last inequality we used the fact that the blocks of environment between ladder
locations are i.i.d. under the measure ). Since Rp,—1 < 1, there exists a constant C so that
Q(Ro—1 > ) < Cz~". This implies that EQ[RO,vfll{Ro,,,,lgénl/“}] < EQ[Ro,,—1) < 0o when
k > 1 and EQ[R07V_11{R07V_1§5n1/,€}] < Clogn when k = 1 for some other C. Thus, we can
always bound this expectation by C'logn for some C' > 0. Also, the definition of v implies
that 7 := Eg[Ily,_1] < 1 and (48) implies that Eg[W] = Eg[W_1] < co. Thus, there exists a
constant C' so that

‘EQ [5]- A dni/x }fm] — EolB; Adn'/)| < Clognri=™1(1+W,, _1),

implying that
[BQlSu = S| Full <07V 37 |Eq [B; A on'/* | Fun| = B8 nom'/™)
j=m+1
<Cn Yelogn(1+W,, _1).
Applying Chebyshev’s inequality conditionally, we obtain
Q(|Sn — Sm| > n[Fm)
< Y[EQ[Sn — Sm | F]l > n/2} + Q (IS — Sm — EQ[Sn — Sm | Fml| > 1/2)

4
(58) <1{1+W,, _1 >n'"n/(2Clogn)} + 2 Varg (Sp — Sm | Fin) -
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To handle the conditional variance in (58) we write

Varg (S, — Sm | Fm) = n=2/" Z Varg (ﬁj A dnt/" | fm)
j=m+1

(59) +2072% Y Covg (ﬁj ASnM%, By A snl/" yfm) .
m<j<k<n
Upper bounds on the conditional variance and conditional covariance terms above can be ob-
tained in a similar manner to the proof of (49) in [PS10]. One adapts this approach to take into
account the conditioning on F,,, by replacing 3; by B, ;, and then controlling the difference
between the two similarly to what was done above when bounding E[S,, — S, | Frn|. Doing this
we obtain that there exist constants C' > 0 and r € (0,1) such that
Varg <5j A dnt/ | fm> < 092 rp?/nl (L4 tw2 )

m—1
and
Covg (@ Aont/E, By, A ont/r yfm) < OO 2R (1 g2 )R

Using these bounds in (59), we see that for some C' > 0,

W2
(60) Varg(Sn = S | Fn) < C6F (14 o=t

Combining (56), (58), and (60) we obtain
Q(Am N {[Sh — Sm| > n})
1
<Q(C'(1+W,,,_1) > nn'/*/logn) + ;052_”% [La,y (L+ W2 _1/n)]

< Ce—C/nnl/n/logn + %0(52—5 (Q(Am) + 1/n)
n

where the constants C, C’ may change from line to line (in the last inequality we used (48) and
the fact that W, _; has the same distribution as W_; under Q). This gives us the statement
of the lemma. ]

Acknowledgment: We would like to thank Olivier Zindy for pointing out that the conver-
gence in distribution in Corollary 1.10 could be improved to the uniform topology.
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