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Analysis of Nematic Liquid Crystals
with Disclination Lines

PATRICIA BAUMAN*, INHAE PARK' & DANIEL PHILLIPS*

Abstract

We investigate the structure of nematic liquid crystal thin films described by the
Landau—de Gennes tensor-valued order parameter model with Dirichlet boundary
conditions on the sides of nonzero degree. We prove that as the elasticity constant
goes to zero in the energy, a limiting uniaxial nematic texture forms with a finite
number of defects, all of degree % or all of degree —1, corresponding to vertical
disclination lines at those locations. We also state a result on the limiting behav-
ior of minimizers of the Chern-Simons—Higgs model without magnetic field that
follows from a similar proof.

1. Introduction

We investigate disclination line defects in a thin nematic liquid crystal by using
a tensor-valued order parameter description based on the Landau—de Gennes the-
ory.. The unknown field Q in this theory is .%’-valued such that Q@ = Q(x,y),
where . is the space of 3 x 3, real symmetric, traceless matrices, and (x, y) varies
in a bounded domain §2 in R2. For simplicity, we assume that 2 is a simply con-
nected bounded domain with a C3 boundary in the plane, representing the reference
configuration of a very thin liquid crystal material.

The Landau—de Gennes model is based on a phenomenological theory in which
stable states of the liquid material correspond to minimizers (or stable states) of
an energy formulated in terms of Q on . The matrix Q(x) models the second
moments of the orientations of the rod-like liquid crystal molecules near x. Its
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values describe the average orientation and phase of the liquid crystals near x, mea-
sured through its eigenvectors and eigenvalues. (See Section 1.1 for more detail
on this structure.) As such, Q is a measure of the microscopic anisotropy of their
relative positions. In this paper, we consider fields @ € W12(Q; %) with fixed
uniaxial nematic boundary conditions of the form @ = Q¢ on 32 (in the sense of
trace). We assume throughout the paper that (Qo);; € C3(32) forall 1 £, j £ 3,
and that

1
Qo(x,y)=s (ng(x, y)@no(x,y) — 3 I) for (x,y) € 92, (1.1

where I is the 3 x 3 identity matrix, s is an arbitrary fixed nonzero real number,
and ny is a fixed vector field defined on 8 satisfying ng = (1, ny, 0}, |ng| = 1,
and (1.1) on 2. Note that Qg is invariant under changes in direction: mp(x, y) —
—ng(x, y) at any point (x, y) in 92, which allows boundary conditions of degree
one-half, or integer multiples of one-half, for Qy. Nonzero boundary conditions of
this type are observed on the sides of thin liquid crystal materials exhibiting defects
along curves, known as “disclination lines” in the material, whose intersections
with horizontal cross-sections are isolated points of degree % or —%. (See [3,20].)
We analyze a class of equilibria for the Landau—de Gennes energy

F.(Q) = /Q [£:(Q) + 2 fo(Q)],

where ¢ > 0, defined for all Q € WL2(Q;.%). Here, f, is the elastic energy
density in €2 given by

L L
fe(Q) = 71 Qijk Qijk+ —23 Qij.j Qirk

L3
= Qijk Qikj»

where each term above is summed over all Z, j, kK from 1 to 3. Here L1, Lo, L3 are
constants, Qi o denotes %QT;], and (x1, x2, x3) = (x, y, z). The above formula is
valid in two- or three-dimensional reference domains. Since here we are consider-
ing a two-dimensional reference domain, €2, we identify Q(x, y) with Q(x, y,0)
above, so that Q;;,3 = Oforall 1 £, j < 3. We assume throughout the paper that

L1>0 and L{+ L+ L3 > 0. (1.2)

The term f}, is the bulk energy density given by a smooth real-valued function which
depends on temperature as well as on Q. We assume that temperature is fixed and
f» = f»(Q) is a nonnegative C* function defined on .% such that f,(0) = 0
ifandonlyif Q e Ay, ={Q € .¥: Q0 =sm®m — %I) for some m € S?},
where s is the fixed nonzero constant in the definition of Q. From our definitions
in the next subsection, we shall see that the energy well, A, corresponds to a set of
uniaxial states. Liquid crystals satisfy the principle of frame indifference and are
macroscopically isotropic. As a consequence, fp is assumed to be invariant with
respect to orthogonal transformations, that is, we require
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fo(ROQRY) = f,(Q) forall Re O(3) and Q € .%. (1.3)
Set
H={0e: Qi3=03=0 fori =1,2},
o = {Q(x,y) € W@ HA): Q= Qo ondQ},
and

o ={0 e Wh(Q; %) Q= Qpondf.

Our goal in this paper is to investigate minimizers for Fy in 4, and to analyze
their behavior in the vanishing elastic energy limit, ¢ — 0. The relevance for doing
this is that due to the symmetries described above, these minimizers are critical
points (equilibria) for the energy F; over the larger space &7, and thus satisfy the
full set of Euler—Lagrange equations with respect to variations in &7 . (We prove this
in Lemma 2.1,) In addition, each Q € .% is described in terms of an orthonormal
set of eigenvectors. (See (1.8).) For Q € .%, we have

1
Q0 =sm®m+s;m-@m’ — 3 (s1+ s2)1 (1.4)

for some real numbers s1 and s2, and @ has an orthonormal basis of eigenvectors
of the form

{m, m", e3} where [m| =1, m = (m1,m2,0),
and mt = (—my, m1,0), (1.5)

with eigenvalues
1 1 1
A= 5(2S1 —$2), A= 3(2S2 —s1), A= —§(S1 + 52). (1.6)

(See [17].) Thus the minimization problem of F, over &% models the behavior
of a thin liquid crystal material occupying € x (—n, ), with its top and bottom
surfaces treated so as to fix e as a principal axis (eigenvector of Q) of the liquid
crystal molecules throughout the body, with the other two principal axes (eigen-
vectors) in R? x {0} and boundary values on its sides given by @ = Qo(x, y).
The above problem includes a classic example from the liquid crystal literature, in
which

2b
f(@) = Q) = a1r(QD) = T 1r(@) + 2 (er (@) +2

3 2 (3 A 2
= a(Zx,?) -5 (ZA?) +3 (ZA,?) +0. (17D
i=1 i=1 i=1

Indeed, taking b, ¢ > 0, a < %Zc, and an appropriate choice of 9, we have fb0 =0
and f0(Q) = Oif and only if O € A; where s = (6 ++/62 = 24ac). (See [17].)
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1.1. Definitions and Structural Assumptions

Our results require some structural assumptions on the bulk energy density
f». In this section, we state these assumptions, along with some definitions and a
change of variables in &%, that will be needed to state our main results.

It is well known (see [17]) that each O € % has an orthonormal set of eigen-
vectors and can be written as

1
Q:sln®n+s2k®k—§(s1+s2)1, (1.8)

where n and k are orthogonal unit vectors in R3; moreover, the eigenvalues of Q
are given by the formula in (1.6).

Definition 1. Let Q € .. We say that Q is isotropic if all its eigenvalues are equal.
(In this case, the structure of Q is that of a “normal” liquid.)
We say that Q is uniaxial if exactly two of its eigenvalues are equal. (In this
case, Q has an axis of symmetry and its structure is “rod-like” or “disk-like”.)
We say that Q is biaxial if all its eigenvalues are distinct. (In this case, there is
no axis of complete rotational symmetry for Q and its structure is “board-like”.)

By formula (1.6) for the eigenvalues of @ € ., it follows that Q is isotropic
if and only if 51 = 53 = 0 (and hence all eigenvalues are zero); Q is uniaxial if and
only if one of the following three conditions hold: s1 = 0 and s2 # 0, 52 = 0 and
51 # 0, or 51 = 53 # 0 (and hence all eigenvalues are nonzero and exactly two of
the eigenvalues are equal). Finally, Q is biaxial for all other values of 51 and s5.

The above definition, when applied to a minimizer Q. (x) of F; in &/ or &,
allows one to identify subregions of 2 in which the liquid crystal material is in the
isotropic, uniaxial, or biaxial phase; nonempty subregions of any of these phases are
possible for functions in & or &%. Note that A; 1. is a disconnected set of uniax-
ial states in .9 with two connected components: A;NS = A, U{s(e3®e3 — %I )1,
where A, = {s(m®m — %I): m = (mq,my, 0), jm| = 1}; also, the boundary
values Qq(x, y) are valued in A.

Definition 2. Let y: [0, 1] — 89 be a C? positively oriented parameterization
of 9§ such that y is one-to-one on [0, 1). For Qo as assumed above, choose a
unit vector field fig(x) = {(7i1(x), fi2(x), 0) defined on 92 satisfying (1.1) such that
ng(y (1)) € ([0, 1)). We define the degree of Q¢ on 32 by

1 1 di
o /0 oty - POV 41— deg 0o,

Since limgy1 mp(y (£)) = £mg(y(0)) by (1.1) and the continuity of Qy, it fol-
lows that deg Qo = X for some k € Z. Since we are interested in boundary con-
ditions that correspond to a thin liquid crystal material with disclination-line type
defects, we assume that k is nonzero, and thus without loss of generality, we shall
assume throughout the paper that k > 0. As ¢ | O the effect of the bulk energy
density f; becomes more pronounced and minimizers tend to have their values
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located in a neighborhood of A () . We prove this rigorously in Lemma 3.2 and
Corollary 3.3. Due to the boundary conditions, however, this cannot happen
throughout 2. We prove that the regions in which minimizers, Q. (x), of F, take
values outside a neighborhood of A}, concentrate and quantize into k small subdo-
mains. Moreover, for a subsequence as &; — 0, these subdomains tend to k distinct
points {az, . . ., ax} representing the cross sections of the limiting disclination lines.

In [20], ScuoroHL and SLUCKIN carried out a numerical investigation of equi-
libria for F, in &, where fp = f[? is as in (1.7), with parameters so that the
energy well is a set of uniaxial states A. They gave numerical evidence that uniax-
ial boundary conditions with nonzero degree give rise to equilibria that are nearly
uniaxial away from topologically induced defects, about which the solutions are
strongly biaxial. They pointed out that there is a subclass of equilibria which is
contained in .27, and they developed simulations for the equilibria in this subclass.
This is the class of solutions that we are studying here.

To state our main results, we use the following linear change of variables for
the coefficients of each Q € & in terms of unique functions p = (p1, p2) and r:

pi+5  p2 0

0=0®nr=| po 5—p 0. (1.9)

0 0 —r
By (1.1) and (1.4) each Q € & corresponds to a unique (p, r) € wi2(Q; R?) x
WL2() satisfying plag = Po, rlag = ro, where |po] = &L, ro = £, and

deg (l—g—g—l, 0Q) = k = 2 deg Qp. This can be seen by writing (since ng ® ng =
(—np) ® (—no))

ny(y(#)) = £{cosa(t), sinx (), 0)

for each ¢ in [0, 1), where (cosa(z), sina(?), 0) = fo(y (1)) and o € cl(o, 1)).
Then, using (1.1) and(1.4), we observe that

N

poly () = 5 {cos 2w (t), sin 2a(2)).

The representation (1.9) was motivated by the setting used for the simulations in
[20]. We may then recast our minimum problem by considering the set

Ag = {(p, 1) e Wh2(Q: RY) x Wh2(Q): p = po and r = % on asz} :

The mapping Q = Q(p,r) : Ap — &% is one-to-one and onto, and the eigen-
values for Q(p, r) are A} = —g— +1pl, A2 = 5 —[pl, A3 = —r. By (1L.3), f» depends
only on the invariants of Q; since trQ = 0, these are det 0 = (pl* - %)r and

02 = 2|p? + % 2. Thus, f5(Q) = g»(|p|?, r) for some function gs. We prove
in Section 2 that minimizing F,(Q) over % is equivalent to minimizing

Ge(p, 1) = /ﬂ [g.(Vp, Vr) + s 2g(IpI%, 1] for (p,r) € Ap,  (1.10)
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where g.(Vp, Vr) is defined by

g0 = (L1+ (L2+L3)) Vpl? + (é_l;l+ (L2+L3)) V2

2 4 8
(L + L3)
+——j2——— (p1xTx — PlyFy +rxp2y + 7y pax)
+|L2 + L3|(p1xp2y — plyPZx)- . (1.11)

This can be rewritten as

3
ge = Li (|Vp|2+ ZIVrlz)

_}__(i_;_éiz ((Plx + %x + pzy)z + (P2x —piy + %)2)

ifLp+ L3 20, (1.12)

3
ge = (L1 + Lo+ Ly)(VpI* + 71Vr )
Lo+ L3) (7 2 ry\2 )
B — ((%“Plx - sz) +(p2x = Ply — _2y_) +[Vr|
if 0 > Ly + L3. (1.13)
The following structural conditions are assumed for gy (p, v) = gb(|p|2, r):
[ i) g5 € C*°([0,00) x R), g5 = 0 and g5(5, $) =0,

ii) For some m1, my, m3 > 0
lgs,p(IPI%, NPl + 185, (P12 )| S mi(pP + [r?) + ma,
« ma(lpl* + Ir1*) — 1 £ gp(Ipl%, 1), (1.14)

iii) For some &, m4 > 0

2
ma((|p|* — ‘-‘4—)2 +|r - %IZ) < e(pl? 1)
for |[p| — Bl +1r — §| < 6.

Since fp(Q) = gb(Ipl%, ) = gp(p, v) under the change of variables (1.9), these
are additional assumptions on f5. From (1.2), (1.12), and (1.13) we see that g isa
positive definite quadratic. Thus G, is strongly elliptic. It follows that minimizers
for G, in Ag exist and that the Euler-Lagrange equation is a semi-linear elliptic
system for which minimizers are classical solutions (C*°(2) () C 2(Q) in our case).
(See Theorem 2.2.)

In general the bulk energy well for g»(Ip|?, r) corresponds to {(p, 7) : g»(|p 12, )
= 0}. From our assumptions on f3, the bulk energy well for fj restricted to %
is A U {s(e3 ® e3 — %I)}. By the change of variables 0 — (p,7), A} corre-

sponds to Iy := {(p, r): Ipl? = %, r =%}, and {s(e3 ® e3 — %I)} corresponds to
{(p,7) = (0, —%5)}. We note that the structural conditions (1.14) require only that
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{g» = O} contains Iy as in (i), that it is bounded as in (ii), and that g, has quadratic
growth away from I'y as in (iii).

For the classic example, fp = flf) from the liquid crystal literature (with coef-
ficients a, b, ¢, and 0 as described above (see (1.7)), fl? minimizes precisely on the
uniaxial well Ag,

0 _ 2 22 _ Z_ﬁ
(@)= a(21pl + > ) 2br (Ipl 4)

c 2. 3.2\ 0/ 1m2
+§ 2|p| +§r +0=:gy(Ipl*, 1)

for Q € S and Q = Q(p, r), and one can easily show that the structural assump-
tions (1.14) are satisfied for this example of g.

1.2. Main Results

In this section we state our main results on the structure of minimizers of the
energy functional F,(Q) over &%, using the fact that Q is a minimizer of F; in &
if and only if (p, r) is a minimizer of G, in Ag and Q@ = Q(p, r).

Theorem A. Let {(p;, 7;)} be a sequence of minimizers for {Gs, }, respectively over
Aq, such that € | 0. For ease of notation we consider p; as a complex-valued
function by identifying R? and C. Then for a subsequence {(p s 7j1)} there exists

a harmonic function h € C2(Q) and k points {ay, . .., ax} C 2 such that
sl s —
(Ip @, rjr(x)) = ('—i—l 5) in Cloc(Q\{a1, ..., a}), and

(), 1 (x)) > (P*(X), r*(x)) = (l;—l RICCEDY ML) %) (1.15)

in Wﬁ)’cz(ﬁ\{ah oo @) N Cloe(2\ar, ..., ax}) and in Cip (Q\{a1, . . . , ax}) for
allm > 0, where 9y = 8;(x) denotes the polar angle of x with respect to the center
ag. In particular, for each sufficiently small p > 0, if j’ is sufficiently large, setting
Q, = Q\ Ub_; B,(ar), we have
N k —_
pj/(x) = |pjy(x)]e/ By DT Leat 000y G (1.16)
where h () is a function in Cz(ﬁp) so that 7™ has degree zero on 3%, and
pj has degree 1 about each of the k defects {a1, .. ., arl.
From Theorem A and the change of variables between Ag and &%, we obtain:

Corollary A. Let (Q;} be a sequence of minimizers of { g, }, respectively over 2
suchthat &; | 0. Then for a subsequence of minimizers, we have Q j» = Q(pj,rjr)
where {pj/,rj/} C Ao satisfies Theorem A, and hence for each sufficiently small
o > 0, if j' is sufficiently large, we have:

Q) = 5;7, (X1 (X) ® My (X)) + 57, (%) (M55 (x) © M3 (X))

1 =
—g(sj/l(x) +sj,NT in Qp,
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Fig. 1. % degree defect in a nematic texture

where
1 k 1 k
mj(x) = { cos | = (00 + Eeg(x)) sinf = 00 + ;ge(x) ,0),
3 3
sjn(x) = Ipy®)|+ Erj/(X), 5jrp (%) = Erj’(x) = [Pl
and Q j» has degree % about each ay. (See Fig. 1.)

In particular, Q j/(x) converges to a uniaxial field 0*(x) in Wl})’cz (Q\(ay, ...,
arDNCroc(Q\{a1, . .., ax}) and in Chc(@\{a1, ..., ar}) forallm > Oas j = oo,
where

0*x)=ys (m(x) ® m(x) — % I) in Q\{ai,...,ar} whens >0,
and
0*(x) = s(mt(x) @ mt(x) — % ) inQ\{ai,...,ax} whens <O.

Here,

k k
m(x) = { cos -;- h(x) + D 6¢(x) | ], sin %— h(x) + D 0.0 ) ), 0
=1 i=1

(1.17)

for all x in Q\{ay, ..., ar}. Note that m;» and m are discontinuous while Q - and
Q are continuous on £2,.

The points {a1, . .., a} represent the cross sections of the limiting disclination
lines perpendicular to . We prove that this set of points minimizes a renormalized
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energy W (b) defined forb = (b1, ...,b¢) € QF, which was introduced by BREZIS
et al. [1] in connection with their analysis of minimizing sequences {v.} for the
Ginzburg-Landau energy

1 1
E,g(v)——‘-E/Sz[|VV|2+§8—2—(1—|V|2)2:| (1.18)

forv e {w e Wh2(2; R?): w = po/|po| on 8Q2}. (The renormalized energy W (b)
is defined by equation (3.24).) On the other hand, we analyze the limiting behavior
of the energies, {F; (@)}, as j — oo and show that it depends strongly on the

coefficients L1, La, and L3 as well as the parameters s and the degree % of the
boundary data Q¢. More precisely, we have:

Theorem B. Let {(pj, 7;)} be a sequence of minimizers for {G, }, respectively over
Ag (or equivalently, let {Q ;} be a sequence of minimizers for {Fy;(Q )}, respec-
tively over spy), for which (a1, ..., ax) is a limiting configuration of defects as
&j | 0as described in Theorem A. Then
s’k
Fe (Qj) = Gg;(pj,rj) — Ly — Lo+ |L3+ LzI)T-
Furthermore, the renormalized energy W (b) for the limiting problem minimizes
at a and we have

In —
4 ngj

2Ly + Lo+ L3)s?mk 1
j—oo

2
= QLi+Ly+ L3)%W(a) +ky.

Here y is a fixed constant associated to the energy of each defect core.

Investigations from the physics literature of nematic textures in thin flat
or curved surfaces (thin shells) can be found in [3,6,16,18], and [23]. In [5]
FaTKULLIN and SLASTIKOV proposed and investigated a model for two-dimen-
sional nematics (assuming that Ly > 0, Ly = L3 = 0, and ( is a two-dimensional
tensor, that is, @ = Q(p,r) is in &% with r(x) = 0) combining Onsager-Ma-
ier-Saupe and Landau-de Gennes theories. This led them to analyze a variational
problem closely related to the Ginzburg-Landau energy (1.18).

Our final theorem describes how our results in this paper relate to earlier inves-
tigations of complex Ginzburg—Landau type functionals that have multiply-con-
nected energy wells. The closest study in this respect is [8] by HAN and K,
in which they analyzed the asymptotic behavior for sequences of minimizers to
the Chern—Simons-Higgs (CSH) and the Maxwell-Chern—Simons—Higgs (MCSH)
energies used to model aspects of superconductivity.

For the (CSH) model one seeks (using our notation) minimizers p, to

g!
Ce) = [ [5190F+ e pl0 - 1977 (1.19)
Q

forp € By = {v e Wh2(Q; R2): v = pg on 9Q2}. Here pg € C3(3Q), |pol = 1,
and deg (pp, 9Q) =k > O withk e N.
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For the (MCSH) model one seeks minimizers (Pe,q, 7¢,q) t0

1
Cea®.1) = [ [1V0l +g Vo + Iplr® + g2 (pl2 = 1)+ 77
(1.20)

for (p,r) € By x W(} ‘Z(Q). The following two results are from [8]:

i) . For fixed & > 0, from any sequence of minimizers for (1.20) with ¢ — oo
one can find a subsequence {(p;,q,, 7¢,4,)} and a minimizer pe to (1.19) for
which

Pege — Pe and Cs,qe(Ps,qg, ra,qg) —> Cg(pg) a8 q¢ —> 00,

ii) For fixed ¢ > 0, from any sequence of minimizers for (1.20) with & — 0

there exists a subsequence {(Ps;, ¢ 's;,4)}, @ point a = (a?, e ,aZ) e QF,
and a function pj‘I as in (1.15) so that pg,,q — pj; in the sense of Theorem A
as gg — 0.

The functionals (1.10) and (1.20) are quite different. The bulk energy well for
Cgqis St x {0} Uf{o, ¢~ 1)} and the second component is eventually outside of any
bounded set as ¢ — 0. This is in contrast to the bulk energy well for G, which does
not vary with &. The analysis in [8] is based on this feature and cannot be applied to
(1.10). Furthermore, the bounds in the estimates used to prove ii) diverge as g —>
00, so they cannot be used to determine limg_o(limg, 00 Ce g, (Pe,ges Te,qe)) =
lim,;— 0 Ce(ps) or the limiting behavior of minimizers of C,, and this was left
open. Our analysis, however, applies to these issues directly. The same arguments
we use to prove Theorems A and B give the following result:

Theorem C. Let {p,} be a sequence of minimizers for (1.19) such that & — 0. Then
there exists a subsequence {ps,}, a pointa = (a1,...,a;) € Q*, and a function
p* as in (1.15) for which pg, — p* in the sense of Theorem A. Moreover W ()
minimizes at a and

1
lim [Csl(pge) — mkln —] = W(a) + ky
£—00 &y

for a fixed constant y.

Other related work is given in the papers [11,12], and [21] in which the authors
develop asymptotic properties for the (CSH) energy using '~ convergence tech-
niques. This approach gives less detailed information than in our setting. However,
it is not restricted to sequences of minimizers as in our case, and the authors apply
it to more general energies and scalings.

Our paper is organized as follows. In Section 2 we prove regularity of mini-
mizers and show that minimizers for G, in Ag correspond to a family of equilibria
for F, in »7. In Section 3 we prove a number of a priori estimates for minimizers
of G, and use them to prove Theorems A and B, developing the qualitative fea-
tures of minimizers for G,. Our results in this section expand on investigations of
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minimizers for the Ginzburg-Landau energy E, (1.18) done by Brezis—Bethuel-
Hélein, Fanghua Lin, and Struwe. (See [1,13,14], and [22]). The energies E; and
G, differ in two main respects. First, the elastic term in the energy density for E;
is the Dirichlet energy density, whereas for G, it is a coupled quadratic in VQ.
Second, the energy well for the bulk energy density for E; is S, while the energy
well for G, is a bounded disconnected set consisting of the circle I'y and the point
(0, —%s). In Corollary 3.3, we prove that for ¢ small, minimizers of G, take their
values near I'y outside an exceptional set whose measure is O (g%). As a result, I’
plays a role similar to the energy well for E;, and we prove that this exceptional
set is contained in a neighborhood of k defects (vortices). The results in Section 3
are proved assuming the a priori estimate

S‘Z/ng(lpelz,rg) <M (1.21)

for some constant M < oo, for the family of equilibria {(ps, 7:): 0 < & < &1}
that are considered. In Section 4 we prove, using a Pohozaev identity, that (1.21)
is always satisfied if € is a disk and 0 < & < 1. We then use this result to estab-
lish (1.21) for the case in which € is a C3 bounded simply connected domain and
{(pe, 7¢)} are minimizers, where £; depends on s, L1, Ly, L3, 2, k, and the con-
stants in (1.14), and M depends on these terms and in addition on [|pollw1.2¢30)-
Our approach for this part is similar to one used by DEL PiNo and FELMER [4] in
which they established the analogue of (1.21) for the simpler energy (1.18).

2. The Landau-de Gennes Energy

By definition of f,, we have

(2+ L3)

L
fo(Q) = FIVOP + == div 0

L3
+—2—(Qij,k Qik,j ~ Qij.j Qik k)

where div Q is the column vector whose ith entry is the divergence of the ith row
of 0, Qij,;. The last termin f, is a null-Lagrangian; its integral over €2 is constant
on

M ={Q e W R33): 0 = Qg on 902}
and its first variation at any element of .# is zero. Set

L
7@ =Hvor + 22 i op.

We say that Fy and F} = [o[f, + &~ 2 f},] are equivalent since their first variations
on .4 agree, 8y F.(Q) = 8y F.(Q), where

SyF(Q) = DF(QIV]:=8F(Q+tV) at t=0
forall Qe and Ve Wyi(;R¥S),
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For O € & we write

z1(X) z2(X) 74(x)
0x) = | z2(x) z3(%) z5(X)
74(x) z5(x) —z1(X) — 23(X)

and for Q0 € & we additionally have z4(x) = z5(x) = 0. The Buler-Lagrange
equations for F, derived by variations in &7 (#/) consist of the five (three) equations
8 Fi=0fore=1,...,5£=1,2,3).

We can now show that an equilibrium with respect to variations in & is also
an equilibrium with respect to variations in 7. We have:

Lemma 2.1. Let O € 2 solve §;, F:(Q) = 0 for £ = 1,2, 3, then 8, F;(Q) =
825 Fe(Q) =0, as well,

Proof. Since f = fb(det 0, | Q]?) itis easy to see that 824]"1,(Q) = Oz fb(Q) =0

for O € 7). It follows directly that 8,, F/(Q) = 8, F.(Q) = 0forany Q(x) € #%.
O

Theorem 2.2. For each & > 0, minimizers for F.(Q) in & exist and are of class
C®(Q) N C*(%).

Proof. Recall thatby (1.2), L1 > Oand L1+ Ly + L3 > 0. We consider two cases.

i) Lo+ L3 = 0. From the discussion above we can work with the energy F,
instead of F;. Its energy density is the sum of nonnegative terms and f, is
a positive definite quadratic in Vz, z = (21, 22, z3). The first variation of
F! in o results in a semilinear elliptic system of three equations in three
unknowns. From standard elliptic theory (see [7]) minimizers for F, in 27
exist, they are weak solutions to the resulting elliptic system and they are
classical (C®(2) () C*(22)).

il 0 > Ly + L. Let curl Q denote the matrix-valued function whose ith
row is the curl of the ith row of Q. Then |V Q|* — |div O — |curl 07 =
(Qij .k Qik,j — Qij,j Qik,k) is a null Lagrangian. As a result, if we set

L L L L L
(L1 -+ 22+ 3) ( 2—‘!7: 3)|0uﬂQ[2,

then f, — f/ is a null Lagrangian, f,’ is a positive definite quadratic in Vz,
and we can argue as in the previous case. [

Q) = Vo —

Setting p1 = (z1 — z3)/2, p2 = 22, and r = z1 + 23 then O € o is given
in terms of (p, 7) € Ag by (1.9). The minimum problem for F, in &% is recast as
the minimum problem for G, as defined in (1.10) in Ag, where g. as expressed
in (1.12) and (1.13) directly corresponds to f, and f,’ in cases i) and ii) above,
respectively. Moreover, we have

(L3 — Ly +|L3+ La))
4

ge(,7) = fe(Q) — (Qijx Qik,j — Qij,j Qik,ke)-
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Corollary 2.3. If (p, r) € Ag and Q = Q(p, r) then

s2rk
Gs(p,r)=F(Q)+ L3z —La+|L3+ L2|)T'

Proof. It suffices to evaluate fQ(Q,-j,ink,j — Qij,j Qikk). As this is a null-
Lagrangian we are free to choose (p,r) € Ag, and we set r = % It follows
from (1.9) that

/Q(Qij,ink,j ~ Q4,i Qik k) = —4/Q(pl'xpzy — PlyDP2x)
= —4k|Byy (0)] = —s2mk.
O

Corollﬂ‘y 2.4, Minimizers (pe, ¥s) for G in Ag exist, they are of class C*(2)
N C2(2), and they correspond to minimizers for Fy in 2 by the relation (1.9).

3. The Asymptotic Problem

By Theorem 2.2, equations (1.12)~(1.13), and our assumptions on Qo, it fol-
lows that minimizers (p;, 7;) for G, in Ag are classical solutions to the boundary
value problem

Li(p, r)i=—2L1Ap1 — (Ly + L) Ap1+ Yrax —ryy)1=—Bhg
P, r)i==2L1Aps — (Ly + L3)[Ap2 + rey]= —%%;gb,p
Lyp,r)i=—3L1Ar — L [ py o pr 4 2Py 3 A== 80

(3.1)
in &,
andr=%, P=po onoaL, (3.2)
with [po| = ! on 32 and deg (£, 00) =k > 0.

Choose a finite covering % of the C3 manifold € by coordinate neighborhoods
with uniformly bounded C? structure, and a constant &g in (0, 1) (depending only
on §2 and %) such that for all xy € Q, Fggo (xp) is contained in a setin % . Through-
out this section we assume (1.21) holds for all minimizers z, = (ps, #s) for G¢ in
Agforall 0 < & < g1 < 89, where g1 depends only on s, L1, Ly, L3, 2, k, and the
constants in (1.14), and M depends on these terms and in addition on [[po [l w1.2¢30)-
This will be proved in Section 4.

We begin this section by proving several a priori estimates, namely Lemma 3.1
to Lemma 3.6, for solutions to (3.1) and (3.2) that satisfy (1.21) for the above M
and 0 < & < &1. These and Proposition 3.7 to Corollary 3.13 will be applied to
minimizers of G to prove Theorems A and B at the end of this section.

In this section, unless otherwise stated, we denote by C and C}, positive con-
stants depending at most on po, s, L1, L2, L3, §2, and the constants in(1.14). Addi-
tional dependence, for example on M, will be denoted by C(M).
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Lemma 3.1. Let z, = (ps, 1) satisfy (1.29, (3.1), and (3.2) for 0 < ¢ < g;. Then
|ze| and |eVz.| are uniformly bounded in Q by a constant C(M) independent of ¢
forallQ < e < g1

Proof. LetX € Qandlete € (0, £1). Set

Z(y) = 2 (6y +X) fory65= {y: 8y+§e§}.

Then in Q, Z satisfies the system obtained by setting ¢ = 1 in (3.1). Let B, =
B.(0)N 2. From (1.21) and the growth estimate (1.14) on g5, we have

IZ] o5,y S CM)  for0 <e <e1.

Write (3.1) as Lz = £~2f(z), where f(z) = [—2p1gb,p, —2P28b.p) —gp )’ and
& is the second order elliptic operator with constant coefficients. From (1.21) and
the L* estimate, we have

@zt CM) for0<e <ey.

By
In addition, we have ||Z] Cted) Scpfor0 < & < g1 and £ £ 3, where ¢, depends
only on €2 and po.

We use ¢2(Z — ) as a test function in (3.1), where g is a cutoff function van-
ishing near |y| = 1, such that ¢ = 1 on B34, and ¥ is a smooth function equal to
7 on 9S2. The above inequalities and elliptic estimates give ||i||1,2; By < C(M).
This implies that f(Z) € L2(1§3 /4) and we see that ]]2“2,2; By < C(M). Ellip-
tic estimates imply that Z € W32(By /16), and by differentiating the equation we

e < s < )
obtain ||z||3'2;39/16 < C(M). Tt follows that qucl(ﬁm) < C(M) uniformly for
0 < & < €1. The assertions then follow by scaling back to z,(x). O

Set ,: = {(p,7): |Ip| — |_s2_|| +|r — 5 < u}. Note that &y = I's. Below,

2" (E) denotes the n-dimensional Hausdorff measure of E.

Lemma 3.2. Let z, satisfy (1.21), (3.1), and (3.2). Set B(e, u) = {x € Q: z:(x) &
Oul, Pi(x,y) =x, and Py(x,y) = y. Let 0 < p < 8, where § is given in (1.14).
Then

SN (PY(Be, W) £ Clp, M)e and  H'(Po(B(s, w) < Cu, M)e
forall0 < ¢ < €1.

Proof. Note that z,(x) € & for each x € 3. Let (x/, y') € HB(e, 1), and set
£ = {(x', y): y € R}. Since this line intersects 3£2, there must exist (x’, ") € £
sothat z(x’, y"') € 80, 2. It follows from Lemma 3.1 that there is a C1(u, M) > 0
so that

z(x',y) € O34\Opjs forly —y"| < Cre.
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From (1.14), then, we see that there exists Ca(it, M) > 0 so that Cre <
Je, 86(pel?, 7e)d A (). Thus

Cos N (Py(Ble, 1)) < /Q as(1psI2, o) < 62M.

The estimate for P (e, 1)) follows in the same manner, [
Since %(e, ) C P1(PB(e, 1)) x Po(B(e, w)) for > 0 we have the following.

Corollary 3.3. Let z, satisfy (1.21), (3.1), and (3.2). Forany p. € (0,8) if 0 < ¢ <
&1 then H2(B (e, 1)) < C(u, M)e?.

This estimate leads to a statement for all x € €. We use the fact that (pg, r;)
is bounded together with Corollary 3.3 for x € %(¢, w), and the growth estimate
(1.14) for x € Q\%(¢g, ) to get

Corollary 3.4. Let z,, satisfy (1.21), (3.1), and (3.2). If 0 < ¢ < &1 then

2 2\ 2
52 /Q ((rg(x) -3) + (1pe<x>|z _ SZ) ) < e, (3.3)

Lemma 3.5, Let 7, satisfy (1.21), (3.1), and (3.2). If 0 < ¢ < &1 then
[ vn < can.
Q

Proof. We firstrecord an energy estimate for linear elliptic systems applied to (3.1)
and (3.2),

1P+ e B 0 < et (57 (Ipegnpliq + gouclia) + IR0l 200)
where ¢ depends on L1, Ly, L3 and 2. Since g, minimizes on &) we have

|2b,p (10 )2, rs XD + 85, :(1Pe 1, rs (X))

2\ 2 2
2 N 5
= C((mg(xn -5) (w0 -3) ) G4

Thus, using (3.3) we find
7613 5.0 £ C€™2 + D).
It then follows from this inequality and (3.3) that

N : _ N
Jronf == [ (re=3) are < 7 = S ogelrelano
Q Q 3 3
< .
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Lemma 3.6. There is a constant &3 € (0, 81] depending only on Q and k =
deg (%’)—l, 0%2), and a constant C(M) independent of & so that if (pe, r¢) is a mini-
mizer for Gg in Ag and 0 < & < g then

2 1
/ IVpe2 < L 2m kin = + C(u).
Q 4 &

Proof. We first construct a comparison function for the energy in (1.18). Choose
a set of distinct points {b1, ..., bx} C £2, depending only on 2 and k such that

min{|by — bel, dist(by, 8Q2);1 Sn,LSk,n#L}=F

is maximal. Define

k
we(x) = H§ (|X—bg|> &~ by) el

e > [x — by

where ¢(t) € C*(R) such that ¢(¢) = 0 for t < %, (@) = 1forl £ ¢, and

Je(+) is harmonic in € such that w, = '—’l;—gT on 0X2 for ¢ < €. Then, one has

E.(wy) Sk ln(%) +¢g for 0 < & < E, where E, is given in (1.18) and co depends
only on Q and pg. We next set (W, ') = ('iz'wg, $) € Ap and use this as our
comparison function for G,. Set &o = min (g, £1}. Then, for ¢ € (0, &2], using
(1.11) and (1.14) we find that

Lo+ L
GuW, ) S @i+ 252 [ v
Q

Ly + La / ) wh, — wh,wh) + Cr.
Q

The second integral on the right depends only on w'|3q. Thus we get

L2+L3) 52

‘ 1
Gg(w’,r’)g L+ — 2nkIln — 4 Cq.
2 4 £

Next, we use
Age(vpe, Vrg) S Ge(ps, 7e) < Gs(wla r,)~

From (1.11) and suppressing the subscript € we see
(L2 + L3 Ly + L3)
(L1+—2“2—)) /Q [VP!2+(—2”“ SZ(Plx"x_Ply”y"H"xPZy + 7y Pax)

s2 1
+|Lp + L] /Q(pleZy —piypa) S @RL1+ Lo + L3) -4—7Tk1n (;) +Cy.

Again, the third integral is a constant depending on po. The lemma will follow
once we show that we can bound the second integral appropriately. To do this we
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multiply the third equation in (3.1) by (= — §) and integrate over 2. We get using
Lemma 3.5thatfor0 < e < &) :

(Lo + L3)
‘__é‘_‘ /S;(plxrx — Plyty + paxty + P2yrx)
< g2 s
Se gl - Ir — = |+ C2(M)
Q 3

— N
gez/(mmﬁ+v—4ﬁ+cxMy
Q 3

Finally using (3.3) and (3.4) we see that the last integral is bounded by a constant
C(M) independentof ¢ for0 < ¢ < g3, O

We are in a position to apply Lin’s Structure Proposition; see [15]. Significant
parts of the proposition were also proved by JERRARD [10] and SANDIER [19]. Define

Je(v) = / Je(v), where
Q

1 1 (s? 2
Je(v) = 3 [IVVI2 + 72 (SZ - IVI2) } :

Proposition 3.7. For fixed s # 0 and a constant K suppose that
psef{ve W1’2(S2; RZ): v = po on 92} such that

po € C3(3%), Ipol = =, deg (1’9—, asz) —k>0,
2 Ipol

52 L
Js(Pe) S —kln -+ K,
4 £
where 0 < & < n. Fix0 < ap < L. There are positive constants no € (0, )
and py > O depending on K, Q2, po, and ag so that if € < 1o then for each ps,
there are points {a, . .., a;} satisfying

feel

min{|aZ — af|, dist(a,,d0Q); 1S n, 8 Sk,n # £} 2 po,

n

and constants o (€), o S o < 200 for 1 < m < k so that £ [, 5, Jo(Ps) <C

for a fixed constant C(s), |ps| 2 %-l on 0B, and deg (Ig_ZI’ dB;;) = 1 where
By = Bgew (af,). Furthermore, for any sequence {pg,} with e¢ |, O, there exists a
subsequence {g¢(g)}, points {a1, ..., ax} and a function h(X) so that

X —am) oh M

k
8e(q)
a — ay, and - px =
m m Py p | I X — an] )

m=1
as g — 00, where the convergence is strongly in L%(2), weakly in
2 P —
Wie@\(a1, ..., &), and [hllyrag) £ C1

for some constant C1 = C1(K, 8, Po).
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We take into account (1.21), Corollary 3.4, Lemma 3.5, Lemma 3.6 and apply
the Proposition to a sequence of minimizers.

Lemma 3.8, Let {(p., re)} be a sequence of minimizers for {Gg} in Ag such that
& | 0. Then for a subsequence {(pg,, rs,)} we have ps, — p* as in Proposition 3.7
and

s
oo = 3 in wh2(Q).
The next two lemmas strengthen the notion of convergence using the fact that
we are working with a sequence of minimizers. Set £, = 2\ U]]‘.=1 By(a;).
Lemma 3.9. Let {(pg, r¢)} be a sequence of minimizers for {Gs,} in Ag such that

(x—a;) i
|x—aj~| ¢ (X)'

g¢ 4 0, converging to (p*, 3), in L?(2), where p*(x) = lizl H?’:l
Then for each 0 < p < 2,

§ . —
@er0 — (07.5) W@ and Jime? [ gulipeir) =0
sg—0 Q,

Moreover Ah = 0 in Q.

Proof. Applying Lemma 3.8 and using a diagonal argument, we have (pg, r¢) —
(p*, %) in W1'2(S'2p) for each p > 0, as above. Furthermore, (p¢, r¢) is a local
minimizer for

/Q [6e(VD, Vr) + 65 2gp(1p 1% )]
»

To prove strong convergence it is enough to show that for eachX € Q\{ay, ..., a}c}
there exists a neighborhood %4 of X, on which (p, r¢) — (p*, §) in w2240 Q).
We first consider the case X ¢ 9Q and take d = d(X) > O such that By7 =
fg(i) c Q\{ai1, ..., ar}. Then ZIJ°-=1 6;(x) 4 h(x) is single-valued here and we
write p* = % 9™ on B,7. From Lemma 3.8 and (3.3), for each p > 0, there

exists Co(p, M) < oo independent of £ so that
2 ) 2 s? 2 5.2
/ (1m0l + Ve + &7 2(pel? = 2+ 2 = )] < Coto, M.
2p
(3.5)

Take p < d. Then for any subsequence {(pg jsre)tof {(pe, re)} (possibly after pass-

ing to a further subsequence that we do not relabel) d can be chosen, d<d<2d
so that

_ S2 S
/a _ loepey P+ 1dere; Peg 2oy P~ P+ 0, = DAL LR, M),
d
3.6)
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where 9; denotes the tangential derivative. Thus (|p¢; |, r¢;) — ('—;—l, %) uniformly
on 3By and (pe;, r¢;) = (p*, §) in WL2(3By). Since deg (l-g—l 3B,) = 0, it fol-
lows that deg (%2’%[, dBg) = 0 for j sufficiently large, and we can write p¢; (X) =
J

Ipe; (x)|eiw€f ® forx e dBg. We define &y, (x) and @(x) on By as the harmonic
extensions of wy; laB, and w|yp,, respectively. It follows that

by, ~ win W'2(@Bg) and &g > @in WH(Ba). (3.7)

The first limit follows from [9] and the second follows from elliptic regularity
theory. We next construct comparison functions

¢

(Be;, 7e;) = (e le' ™, F;) on By,

such that (f)zj,f@j) = (pe;, r¢;) on 4 By.
This is done by setting

Y- ls| s
(|P€j|;"lj)= (?:3 on Bd—Egj:
and for each 6 define (|p¢; |, 7e;) (X[, 6) to be linear for d — &y, < x| £ d.
Then based on (3.6) and (3.7) it follows that (pe;, 7¢;) — ®, 7= (% el®, %) in

w2 (Bg). Moreover,
[ 93,0 = tim [ (6B, V7)) + s U o )
By J—00 By J

From the minimality of (pe;. re j) and the weak lower semicontinuity of f By 8e We
have

/B ge(Vp*, 0) = limsup [ge(Vpej,Vre,)+s;jng(lpe,|2,re,-)]
d

j—oo By

= / 8:(VP, 0). (3.8)
By

From (1.11) it follows that | B, 8¢(Vp, 0) minimizes in the set {p = % el e
wi2(By): f = won 3By} if and only if Af = 0in By. Thus p is the unique mini-
mizer and p = p* on By; see [2]. From (1.12) and (1.13) we see that de g.(Vp, Vr)
is the sum of weakly lower semi-continuous integrals. We have shown that the sum
is weakly continuous on the sequence {(pe;, 7¢ 1)} It follows that each of its terms

is weakly continuous on this sequence, as well. Thus S B, VDY 2 — f By |Vp*|?
and de IVr@jI2 — 0 as j — oo, Thus (pg;, re;) — (p*, %) in Wh2(By) and, as
a result, the full sequence (p¢, r¢) — (p*, %) in WI’Z(BE). A further consequence
is that

lim &;? / ar(pel?s re) = 0.
£—o00 B+

d
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Moreover, we have shown that p* = % ¢ (Z§‘=1 0 +h(x)), where Ah = 0 in
Q\{a1, ..., ax}. From Proposition 3.7 we have that i € WI*Z(Q); this implies that
the singularities are removable.

Lastly if X € 9%, we take a neighborhood % and d € (0, gg) so that there
exists a smooth diffeomorphism defined on By satisfying ¥ (X) = X and

ViBf =ly+X:yi+y) <d 220} = %

We can then carry out the radial construction of ([Pe], #¢) in B;, push this forward

to %, and then argue as in the previous case. 0O

We next prove that {(|p¢|, r¢)} converges uniformly to (%, %) outside of a
neighborhood of {a, . .., ax}. The proof is similar to that in [13] Theorem A. This
is possible since the density g, can be expressed as the positive definite quadratic

(1.12) or (1.13).

Lemma 3.10. Let (s, rs,) = (P¢, 7e) be a convergent sequence of minimizers for
{Ge,}in Ap as in Lemma 3.9. Given p € (0, 2y and . € (0, %), there exists £y so
that

(pe(x), re(x)) € O, forall xeQ, and £ > £.

Proof. Assume there exists x; € £, such that

(Pe(xe), re(x¢)) ¢ O, for LeN.

Since 82, it follows that there exists z¢ € €2, such that (pe(z¢), 7¢(ze)) € 30),.
Using Lemma 3.1 we see there is a ¢(u) > 0 so that

e, re(X) € O \ O for X € Begy(20) (] 2.
1t follows from (1.14) that there is a constant (u) > 0 so that

gr(Ipe®, re®) 2 B for X € Bee,(2e) | -

Thus we conclude for £ sufficiently large that there is a constant C2 > 0 so that
822/ go(Ipel®, ) 2 Ca.
Bcse (z¢) ﬂ Qp

On the other hand, it follows from Lemma 3.9 that the left side tends to zero as
L —o00. O

In the next two lemmas we prove that if a sequence of minimizers {(pe,, 7&,)}
converges in Wlf)‘f(ﬁ\{al, ..., ar}), then in fact it is bounded in WI{)’CZ (Q\{a1, ...,
ai)) for all j. Our arguments are based on three features: first that {(|pe, |, 7¢,)}
converges uniformly to (—lf;_—l, %) on K foreach K cC Q\{ai, ..., ar}, sccond that

%, %) is a nondegenerate minimum point for g, and third that g, is strongly
elliptic. A corresponding result is proved for minimizing sequences to the Ginz-
burg—Landau energy (1.18) in [1]. In that case the Euler-Lagrange equations are
diagonal and the authors are able to apply estimates for elliptic equations. Here,
our arguments rely only on L? estimates for elliptic systems.
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Lemma 3.11. Let {(ps,, 75,)} be a sequence of minimizers for {Gg,} in Ag converg-
ing in Vl/'}z‘g(ﬁ\{al, ... ax)) as ¢ — 0. Then for K cC Q\{a1, ..., ax} there
exist constants £y and E so that if £ 2 Lo, then

| D*(pe,, o)l S E

Proof. It suffices to establish the estimate in a neighborhood of each point in
Q\{a1, ..., ar}. Wefirstconsider the case of xg € Q\{a1, ..., ag}. Then Byg (xg) C
Q\{ay, ..., ar} for some d(xp) € (0, gp). Fixingxpand 7,0 < 5 < ‘%‘i’ we take d
and £g so that

/ (1DDs, P + Dreg®) <7 (3.9)
Bog(x0)

and
|s| s
IPeel = 571+ Ire, = 31 < 1 on Bau(x0) (3.10)

for all £ = &g.

Let¢ € Ccz(Bzd (x0)) be such that ¢ = 1 on By(xq). We suppress the sub-
scripts and write (pg,, 7¢,) = (p, 7). Then multiplying (3.1) by —d, (;Zaxj ®, 7)),
we get using the strong ellipticity of the system that there exists a constant
A(L1, Ly, L3) > 0 for which

AllE Doy, (0 IR 5, + 572 /B (D)3, (D12, 1)) - (B, (pI% 1)
2d
< ClIDE Iy, (0 DI, gy, — 672 /B 20,0105, pI2C2.
2d

Here 2gp = (9pgp, 0:&p) and [92g] is the Hessian of g. Using (1.14), (3.10)
and taking n sufficiently small, we have

» /B 1o, (pP P < [ £219P)0, (R 1) - 8, (B )
2d

By

for some A > 0.
From equations (3.1), using |p| 2 % on Byg, we get

it [y +sio=s | ewaisc| cinent
By Boa Bag
Thus we find

I D2(p, P12 ,, + 5718 Dbll3. 5, + 6721 DUPE, PG, 5y,

<co | ppt+C

Ba

<c [ %P / \DpP + Cs. @3.1D)
Byy Bag
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The last estimate follows by applying the Sobolev estimate

ENY:
( / ¢2) <e / (1Dl + ¢, (3.12)
Q Q

with ¢ = ¢|Dp|? and ¢ = ¢(2). Choosing 1 small in (3.9) the first term on the
right of (3.11) can be absorbed into the left and the lemma is proved for the case
of K cc Q\{ai, ..., ar}. :

Assume next that xo € 92 and d < &g, so that Bag(xg) is contained in a coor-
dinate patch in which we can locally flatten 9£2 near xg. We consider the special
case where 9€2 is already locally flat,

Bag(xo) N (2\{a1, ..., ak})
= B3y(x0) = {(x1, x2) 1 (x1 — x01)* + (¥2 — x02)* < 4d* and x3 Z x02).

Let { € C(Baq(xp)) such that ¢ = 1 on By(xo). Let (B, 7) € W22() such
that (, 7) = (po, §) on 8K Again suppressing subscripts, we multiply (3.1) by
0x, (gzaxl (p — P, r — 7)) and integrate by parts. Then, for any 0 < 6 < 1 we get

AlED3 (NI . < CLIIDL 8 @, DI+
2By, 2,85,
_ 1
+95€ 4||§@gb“§;BZI + -é‘ (A+ |8x1pl4§2 + Cz). (3.13)
2d

We next multiply (3.1) by
— 83y (6705, (B, 7)) = —£202, (D, 1) — 20 02y £ 0y (B, 7).
Using the ellipticity of £ we get
L1202, 0,1 g — M (162D IR
+IIDZIID @, Ml 51 )

<- / LG, ) - 8y (20, (0 7)) = 1, (3.14)
5,

where A1 = A1(L1, Ly, L3).
From (3.1) we have

I = /+[Zplgb,p,zngb,p,gb,t]t B, (€285, (D, 7).
By

Here we integrate by parts. Since g, minimizes at (Ipl% r) = (52, %), it follows
that g5,p = gp,« = 0 on 9<2. Thus the boundary term will vanish and we find that

I=—672[ 85,[2p18b,p, 2P28b,p, 8b,e) £701y (P, T)
B"l-

2d

< 28,?2/+ |g6,p!13x,p1¢ . (3.15)

BZd
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Combining (3.13), (3.14), and (3.15) we see that there exists A2(L1, L2, L3) > 0
so that

Ao(IE2 D2, NS,y + 7 WDl 1) S CoUIDEID®, PN, g

- 1
+0¢, 4|I§9gb||§;32+d +t3 (/B+ |Dp[*c2 + Cs).
2d

From this point, the argument proceeds just as above. In the general case one first
flattens the boundary and analyzes the system in local coordinates in the same
manner. O

Lemma 3.12. Let {(ps,, rs,)} be the sequence of minimizers for {Ge,} from the
previous lemma. For each integer j > 2 and set K CC Q\{ay, ..., a} there are
constants Ej so that

”(psg: rsg)”j,Z;K é Eij?‘e 2 £Lo.

Proof. Choose n < % so that [22gp] 2 AT on O,. We suppress the subscript ¢
and assume that £ = £g, where £y is from the previous lemma. We further assume
that d € (0, &g) is sufficiently small so that Bi(x0) C Q\{at, ..., ar} and so that
(3.10) holds. Assume that there exists a constant £, < oo so that

2
- s s
1@, 12 55, + €2l (|p|2 - 5) 12 1.0,
+e *1(8bpr 8513 2.2.8, S Eq (3.16)
holds for g = j — 1. We prove this estimate for ¢ = j where E;_ is replaced
by a possibly larger constant, E, and d by d/2. Note that we already have (3.16)
for g = 2 from Lemma 3.11. Let 3” be a derivative of order j — 1 and D7 be the

collection of all partial derivatives of order g. Let ¢ € C°(Bg) besuch that ¢ =1
on Byp. We use (— 17137 (287 (p, r)) as a test function in (3.1) and find

AlIg2ID8Y (p, M1, < ClIDIY (b, M3,
e / (207 (epp2pr gor) - 3 (@) =T —TL (3.7)
Q
From (3.16) we have I < Co(Ej—1,d). We write

37 (gb,p2P, gb,0) - 87 (D, 1) = 37 (gb,p» gb,v) - 2P - 37 P, 37'r)

+ > agd%gpdPp-87p, (3.18)
oS j~2
a+p=y

2p-8"p=20"[pP+ D bud"p-9'p, (3.19)

atf=y
15)el£)-2
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and
3 (8b.p» 8b,0) = [D%£6187 (Ip1%, 1) (3.20)
+ > cp J] @D [ @rme,
SoplalatiBlmp)=j-1  |a|Sj-2 18IS -2

where ay, by are constants, £o = mg = 0, and cug(x) = (céﬂ(x), cgﬂ(x)) are
bounded. Inserting (3.18), (3.19), and (3.20) into the right side of (3.17), we have
for B; = B4(xp):
1= [ 19107 (o, r) 57 o)
d
v [ 623 apTIGo IR 1oy 5 (ol )
d
+e 2 / 20 gb,p (Z ba0%p - 8%)
Bq

+a;2/B ¢2 (Zaaa“gb,paﬁp : an)
d
—III+IV+V+VIL

Just as in Lemma 3.11, we have
i [P nP < 11
Bq

From Sobolev’s theorem, the derivatives in IV of order less than j —2 are bounded.
It follows then for any 6 > 0 that

j—2
|IV|§cla;2/ g2 DD (plP I | 187 (pl% )l
By r=1
— f— CZ(E'—I’d)
<oegt | DIl I+ L
B; 0

Then, using (3.12) and (3.16) we see

- i— C4(E'—1:d)
|1V|§003<Ej_1)s//B o (L
d

To estimate | V|, we write 8¥ = ax/ay' for some x’ and integrate by parts to get

Co(Ej-1,d)

|V|§esz4/ ;2|Df“2gb,p|2+ecs<Ej_1>/ ¢\ + S
By By 0

To bound |V I|, we first consider the terms with a # 0. For these || < j — 1 and
we see we can bound these terms just as was done for V. The term with & = 0

2 :
can be bounded by %1 g—g”é}’- + 0|¢ DI~ 1p|*. The integral of the first term over By is
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bounded by applying (3.16) for ¢ = 2 (which follows from Lemma 3.11), and the
second by 6Cy(E 1) [5, ¢|D/pl* 4 Co(E—1, d). Thus

_ i - Ci11(Ej—1,d
VIS CuoE08(s5* [ DI+ [ 2ipipR) + LD,
By By 0
Summing on |y| = j — 1 and collecting the estimates for I'11, ..., VI we find

A / 21D p, PP + M) / 2D (pl?, )2
By By

<ocuE;( [ @i+ [ i nf
d d

Ci3(Ej-1,d)

vt [ DI e n0F) + 25 (3.21)
d

From (3.1) we have azz(gbm, 8br) = —(lp% (L4, D), L) (p, r). Using this, the

estimate |p| = Il and Sobolev’s theorem we get

6t /B £ DI (gppy 859 < Cra(Ej1) /B £21Di (p, PP + Cis(Ej_1, d).
d d

Inserting this estimate into (3.21) and choosing 6 sufficiently small, we obtain
(3.16) for g = j and d replaced by d/2. @

Corollary 3.13. Let {(pe,, r's,)} be a sequence of minimizers for {G¢,} in Ag con-
verging to (p*, r*) in WI})'CZ (Q\{a1, ..., a}). Then for each integer m,

(Pae, rEg) g (p*1 r*) in CIOC(—Q—\{GL ey ak}),

and in C7 (2\{a1, ..., ar}) as £ — oo.

Proof of Theorem A. Let {(p;, 7:)} be a sequence of minimizers for {G,} in Ag
for which (1.21) holds and such that & | 0. Then by applying Lemma 3.8 it follows

that there exists a subsequence {(ps,, s,)} and points {a1, ..., ar} C £ so that
s Y ox—a; s §
_\_”_‘_Lih(X)_=*_
(Psvrse) 2 j—l |X“£11| € ;3 (p ’3)

in WL2@\{a1, ..., @) x WHA(Q).
Is] s

By Lemma 3.10 for each p € (0, €0), (Ips|, s,) — (5, 3) uniformly on ﬁp =
Q\U"_, B,(a)), and from Lemma 3.9

SN .
(Pecs o) = (p%5) in W),

Moreover h(x) is harmonic in .
Finally, by applying Corollary 3.13 we see that

x 5y =
(Ps¢> 7o) = (% 3)in C(2p) and  Ci5.(2))

loc

for each integer m. O
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We need to establish several properties for the following minimum problem in
order to prove Theorem B. Let 8 € C, || = 1 and define

L (-8-; ﬂ) =L (5, I; ﬂ) = L(e, u; B)
7z 2

= inf (8. (VV, Vr) + & 2gp(IvI2, )]
(v,r)eUs B, ;
Is|2 g
+@Li+ Lyt La) 7 win{ ), (3.22)
where
s = (v, € WHA(B): viw = £ Zand 0 =  for x| = ).

Lemma 3.14. L(z; B) is independent of B for all 8 € C with |f] = 1. More-
over L(t) := L(t;B) is a nondecreasing function of v for v > 0 such that
y = limgyo L(z) > —oo.

Proof. For any T € SO (2), consider the change of variables by rotation, y = T'x
for x € By and set

ti1 tz O
R=|tn tn O
0 0 1

The energy density is frame indifferent and, as such, satisfies
£ (T 0 + 172 () = fe(Vx QM) + 772 f5(Q(X)),

where Q(y) = RQ(T'y)R'. This translates into a statement of invariance for g,
and gp,

g (Vyb(®), VyF () + T 28 (DY), F(3)) = ge(Vap(X), Va7 (X))
+2g5(IpX) %, 7 (%)),

where p(y) = T2p(T'y) and 7(y) = r(T"y). Let B = By +iB2. Then the boundary
condition for p(x) as a vector in R? reads as po(x) = L;—'K x for x| = 1, where

_ B =B
K_[ﬂz ,31}

Given T € SO(2), the boundary condition for p(y) becomes po(y) = lizl T2KT'y
for ly| = 1.Inparticular,ifweletT = K', we getpo(y) = %y for|y| = 1. Thusthe
mapping (p, ) € Ag — (P, 7) € Wy isanisometry such that G (p, r) = G, (P, 7).
In particular, we see that L(t; 8) = L(t; 1) = L(7).

The monotonicity property of L(t) follows by the same argument for (1.18)
given in [1], Chapter 3. A lower bound m for minimizers for the energy (1.18) with
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Q = By is proved in [1], Chapter 5. Let u, be such a minimizer with ug(x) = T;%I
on 0 By. If (v, r¢) is a minimizer for (3.22) with & = 1 and ¢ = 7, it follows that

Er(ﬂvr) 2 Er(ug) 2 —mIn(t) —m.

Thus, using (3.3) we have
2 s?
3 A [Vve}* 2 — 2 7 ln(r) —m'.

The existence of a finite lower bound for L(t) follows from this and the estimates
in the proof of Lemma 3.6. O

Proof of Theorem B. The relation between Fy and G is proved in Corollary 2.3.
We establish the asymptotic relation by arguing as in [1], Chapter 8. Let

b= (... b Qb £ by D £ ),

and forb € T set

w00 = 'S'n“‘ ) gimeo,

|x — bl

where hy(x) is harmonic in €2 and is determined (mod 27 ) by the condition qp = po
on 92, From [1], Chapter 8 we have

1
! / C VP
2 Ja\ U B,vy)
=
52 1
=7 (Trkln ; + W(b)) + 0(p) as p—0, (3.23)

where W(b) is the renormalized energy for (1.18) given in [1] We express this
using our notation. Set R(x) = Zl (Injx —bj|land T = vL, where v is the
exterior unit normal to 2. Then

1
W(b) = —m »_loglbe — bjl + -2—/ RO, R
o e}

1
—/ hba,R+—/ [Vhp|2. (3.24)
a0 2J/q

Note that using (1.11), we have

Lo+ Lj
g8e(Vap, 0) = (L1 + 5 ) [Vap|?
+|L2 + L3|(gb1.xgb2,y = qb1,yqb2,x) (3.25)

and that gp1,xgb2,y — gb1,ygb2,x = 0 since |gb| = '—El
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We next construct a comparison function for (1.10). Let b € Y. Then for
0 < g¢ << p and for p sufficiently small (depending on €2 and b), we define

(ab, 5/3) forx e Q\ U5y B,(®)),
(DBey, Pep) = { (vo(x = b)), 5/3) forp/2 < x—0bj| < p,
(Vj((X — bj)), Fi(x— bj)) forx € Bp/z(bj).

Here (v}, r;) minimizes f Bya(0) [get+e, gb] with boundary Condmons (E—| %(T’ 3)

b;i—b.
on 8B,/2(0) and g; = ’%21’ e
J
monic map valued in {|v| = |5} such that p,, is continuous. From Lemma 3.14
we have

¢! ®j) The function vq is a minimal har-

/ (g (Vv;, Vrj) + 8[2gb(|Vj|2, ri)]
Bp2(0)
2
= QL1 + Ly + Lg)———— In ( ) + ¥+ 0s(1) (3.26)

as g — 0. Then from (3.23), (3.25), and Lemma 3.14 we get

ng (pEe, "ag) é G(f’&z’ FEe)
52 1
= 2L+ Ly + L3)—— (Jrkln ( ) + W(b)) + ky
+0(p) + 0s(1).

Leta € Y be alimiting configuration as in Theorem A. Then from Lemma 3.9 and
(3.23-26) we have

2
Gy (Pegr 75e) 2 QL1+ Ly +L3)~— (nkln ( ! ) + W(a)) + ky
+0(p) + 0s(1).

Just as in [1], choosing &¢ = g¢(p) << p with p — 0, we arrive at our assertion.
1t follows from these two inequalities that W minimizes at b = a and that the limit
for G, (Ps;, ¥'s,) as £ — 0o is established. O

4. The Pohozaev Identity

In this section we show that (1.21) always holds for minimizers of G in Ag if
Q is simply connected and 0 < ¢ < &1, where g1 depends on s, L1, L2, L3, 2, k,
and the constants in (1.14), and M depends on these terms and ||pollw12(55), 88
well. We first prove (1.21) for solutions to (3.1-2) in the case of a disk using the
Pohozaev identity.




Analysis of Nematic Liquid Crystals with Disclination Lines

Lemma 4.1. Let (p, ) = (ps, 1) be asolution to (3.1-2) where Q@ = Qg = Br(0)
and 0 < & < 1. Then there is a constant Co = Co(R, L1, L2, L3, lIpoll1,2;3B, 5)
so that

62 / a2, r) < Co.
Br

Proof. We muitiply the system (3.1) by —V(p1, p2, )X and integrate over Bg.
We find

3Ly Lo+ L
0= [(2L1+L2+L3)(Ap-Vp.x)+(—l+ 2t 3)ArVr-x
Br 2 4
—£72Vg -x]
+(LerLs)

[2rxyVp2 - X+ 2poy, Vr - X]
2 Br

(Lo + L)
+‘—§_— 5 [(rxx = 1yp)Vp1 - X+ (Plyx — Plyy)Vr x]

L L L L
(Lo + 3)11+( 2+ 3)1”‘

=1
+ 2 2

4.1)

We can calculate [ as in [1], Chapter 3,

Lo+ L
I=R (L1 + (——%;—3—))/ (Ipvl? — Ip1?)
dBRr

+R (ﬂﬂ—“—ﬂ) / Ul = [re ) + 2672 / o (42)
4 8 9B Br

Here p; and r; are tangential derivatives, Note that r; = 0 and p; = por on 3 Bg.
To calculate I, we write

/ FxyVp2-X= / (rxyxpay + rxnyZy)
Bp Br
= _/ (xrxp2xy + yryPny)
Bg
o / ( + )
— xy(p2,7x + p2,7y).
R 9Bg o vy
Using this and the fact that r; = 0 on 9 Bg, we get
11 2 /
=— Xypo,Fy.
R Josy v
To calculate III, we change variables, 2’ = (x — y)/ V2,9 = (x +y)/+~/2. Then

2
111 =2/ (rxry'Vp1 X+ pryyVr -X) = R / %'y pryry-
Br dBgr
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Writing (x, y) = (Rcos8, Rsin®), then, it follows that (x’, y") = (Rcos(@ +
%), R sin(@ + %)). Thus IT + 111 =R faBR ry(cos 28, sin 26) - p,. Finally, we
see that

Ly+ L3 [Ly + L3 |2 2
t( 5 )(II+III))§R——2—— (/BBR (T + pyl )) 4.3)

Thus using (4.1), (4.2) and (4.3) with (1.2), we get

(L2 + L3)
Rz 2 [ o
0Br

Lo+ L3z |Ly+ L3
> R(Li + _| >/aB D2
R

2 2

3L Ly+L L+ L
4R 3L1 Aot ly) Lot 3] / 2
4 8 8 3Bg

+28—2/ &b 228_2/ gb-
Bp Br

0O

Lemma 4.2. Let Q be a C? bounded simply connected domain in R, There is a
constant 0 < &1 < gg such that if (p, ¥) = (D, Fe) is a minimizer for G in Ag and
0 < ¢ < ey, then

62 /Q es(pl2r) < M.

Here g1 depends ons, L1, Ly, L3, Q, k, and the constants in (1.14) and M depends
on these terms and |Pollw1.2(5)-

Proof. Set R = 2(diam(2)) and assume that 0 € . We construct an extension
of p. Let p € WH2(Br(0)\2) valued in {|p| = %} and such that P is a minimal
harmonic map satisfying p = pp on 92 and p(x) = lizz(T%)k on 8B (0). Note that
IBll1,2:Brone = Clpoll1,2;80. Set

o~ | (@) forxe €,
(p,r)—[(ﬁ,%) forx € Bg \ Q.

Let G, = f Bx [ge + # g»], and let (P, 7) be a minimizer for G, such that
®, 7) = (b, §) on dBg. We can apply Lemma 4.1 (with £ replaced by +/2¢) and
the results from Section 3 to G and (p, 7) for the case of Q2 = Bg. In particular,

from the proof of Theorem B, there are constants C1 and 0 < 11 < 1, depending
ons, Ly, Ly, L3, , k, and the constants in (1.14) so that

2
s 1 o . -
QL1+ Ls +L3)Z wkln P Ci £GP S G:(p0, 1)
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for all 0 < ¢ < n;. Note that

-, 1
Ge@', 1) = / [8e(VD, V1) + 5 g (IpI*, 1]
Q £

[ a0
Br\Q
1
= Ge(p, 1) — 55 /gb(|Plz,")+C2;
& Ja

where Cp depends only on {|poll1,2;5q and the constants in (1.14). Thus

2

) 1
(L1 + Ly + La)kIn = + g (p% ) £ Ge(p, 1) + C1+ Ca.
Q

(4.4)

262

Next we consider the comparison map (w',r’) constructed in Lemma 3.6
defined for ¢ < € = ;. Since (p, #) is a minimizer for G, we get

2 1
Ge@,7) S Go(W, ") S QL1+ Ly + L3)sznkln ~+C3

forall ¢ < € = n1, where C3 depends only on po, 2, L1, L2, L3, and the constants
in (1.14). It follows from this and (4.4) that

52 /Q eb(BP ) S 2(Cy + Cy +C3) =2 M

forall 0 < ¢ < &1 = min{ny, 1y, £9}. O
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