MA 301 Practice Questions for Test 3, Fall 2006
You should bring a calculator to the test to be able to do
problems such as Problem 12

(1) The following questions refer to Figure 5 on p. 103 of the
notes. Assume that it is given that the graph represents a
function y = f(z) which is increasing on [0, 2.5] and decreas-
ing on [2.5,00). Let a, = f(n) and s = > ay,.

(a)

Find a specific value of n, a and b such that the following
inequality is guaranteed to hold. Choose both n and b
as large as possible and a as small as possible, consistent
with the information provided. Justify your answer with
a diagram.

b
a1+a2—|—~~-—|—an>/ f(z)dx

Solution: Interpret a; and a, as the areas of rectangles
of width one having their right edges extending from
the x-axis to the graph of y = f(z) at z =1 and x = 2
respectively. Since f increases over [0, 2] the top of these
rectangles are above the curve. Hence, we may choose
a=0,b=2 and n =2.

Find a specific value of n, a and b such that the following
inequality is guaranteed to hold. Choose both n and a
as large as possible and b as small as possible, consistent
with the information provided. Justify your answer with
a diagram.

b
a1+a2+-~-—|—an</ f(z)dx

Solution: Interpret a; as the area of a rectangle of
width one having its left edge extending from the z-axis
to the graph of y = f(z) at x = 1 . Since f increases
over [1,2] the top of this rectangle is below the curve
over [1,2]. Hence, we may choose a = 1, b = 2, and
n = 1.

REMARK. The graph seems to indicate that the rectan-
gle of width one having its left edge extending from the
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(2)

(3)

x-axis to the graph of y = f(z) at = 2 lies below
the curve. However, there is nothing in the given that
guarantees that this is true. Since f is decreasing over
[2.5, 3] there is no way of telling whether the right edge
of this rectangle is really below the curve.

State the “official” definition of “lim,_,, f(z) = L.”
Solution: See p. 143 of the notes.

Prove, using well labeled diagrams, the following version of
Theorem 2 in the text. Be careful to bring in the role of the
Bounded Increasing Theorem and the decreasing nature of f
into your proof. (The proof is given at the end of this review
sheet.)

THEOREM (2’). Suppose a,, > 0 for all n and f(x) is an
integrable, decreasing function on [0, 00) such that a,, = f(n)
for alln € N. Then s =3 " a, exists if

/Ooof(x)dx<oo

Prove, using well labeled diagrams, the following version of
Theorem 4 in the text. Be careful to bring in the role of the
decreasing nature of f into your proof. (The proof is given
at the end of this review sheet.)

THEOREM (47). Suppose a,, > 0 for all n and f(x) is an
integrable, decreasing function on [0, 00) such that a, = f(n)

for alln € N. Then

Sp > /n+1 f(z)dx

Use the integral test to prove that the following series
converges. Then write a sum that expresses s to within
+107°. Hint: To evaluate the integral, make the substi-
tution u = x* + 5.

> 4n3
5T 21: (nt+5)2
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According to Theorem 2, the sum will converge if | 100 (L dr <

x4+45)2
oo. Letting v = x* + 5, du = 423dx

o g3 oo
——dr = 24
/1 (@ +5)2 " /“ !

proving convergence. [t is required that you name the theo-
rem betong used. A list of theorems will be provided. A copy
of this list is on the course web page.

According to Theorem 1,

</°° 473 J
5 — S, ——dx
n (@t +5)?

o0
= / w2 du
nt+45

B 1
Cnt45
This will be less than 10~ provided

<107°
n*+5
n*+5>10°
n > (10° — 5)Y4 = 17.78257181

Hence
18

4n?
= - 4107°.
=2 Girep

Prove, using M, that the following series diverges.

o0

1
2

1

Scratch work: According to Theorem 2’
n+1
Sy > / V3 dx
1

- g (14 ) — 1)



Then s, is greater than M if:

g(u +n)*P —1) > M

2
(14 n)*? > SM+1

N 3/2

Proof: Let M > 0 be given. Let N = (%M—i— 1)3/2 - 1.
From the scratch work, for n > N, s, > M, proving that
lim,, o0 Sy, = 00.

(7) Classify each of the following series as either (a) condition-
ally convergent or (b) absolutely convergent or (c) divergent.
Prove your answers.

(a)

n3+5n+5
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Solutions
(a) Absolutely convergent.

\V3n + 2

n3+5n+5

\V3n 4+ 2n

n3

|an| =
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Then

N RN
Zn3+5n—i-5 ;n_

1

since > # < oo for p > 1, proving absolute convergence.
(b) Absolutely convergent.

Then

proving absolute convergence.
(c) Absolutely convergent.

n27 n?7

8n+n — 8"

There is an N > 0 such that for all n > N,
n*7" < (7.5)".

|an| =

Then
N = (75\"
S a2 (%) <o
N+1 +n N+1

since Y 2" < oo for |z| < 1. It follows that

2, p27m
DAL
- 8" +n

proving absolute convergence.
(d) Divergent:

n2

lim ———— = 1.
n—oo \/nt + 3



Hence )
—1)n
i (2D
n—oo \/nt + 3
does not exist. Hence the sum cannot converge since if »  a,
converges, then lim,, .., a, =0
(e) Conditionally convergent:
2] 3n?+1
ap| = ———
Vnd +3
- 3n?
T V/n®+3n°
31
- 2nd
an > - — = X0
since > nip = oo for p < 1, proving absolute divergence.

However, this series converges by the alternating series
test since

Hence

I 3n?+1 0
im — =
n—oo /Mo +3
(8) For each of the series Y {" a, in (a)-(e) above, what is the set
of  for which Y {° a,z" converges? (No proof is required,

although some explanation should be provided.)

Solution:

(a)Answer: —1 <z < 1.

Explanation: |a,x"| grows like a multiple of |z|"/n*5 If
|z| <1 the sum converges because

|$|n/n2,5 < 1/n2.5‘
If |z| > 1, the sum diverges because lim,, ., |z|"/n*® = oo.

(b) Answer: —% <z < &L,
Explanation: |a,z™| grows like a multiple of

7 n| " 7|z \"
- x — -
7.1 7.1
which converges if 77|—ﬁ| < 1 and diverges if 77|—”i| > 1 since in

this case, lim,, o, a,x™ # 0.



(c) Answer: —2 <z < &,

Explanation: Similar to (b)

(d) Answer: —1 <z < 1.

Explanation: Similar to (a) except now |a,z"| grows like
2"

(e) Answer: —1 <z < 1.

Explanation: Similar to (a) except now |a,x"| grows like
|z|"/n®. We get convergence (but not absolute convergence)
at x = 1 as explained in the solution to problem 7.

(9) Prove that the following series converges.

f: n(lnn)?
— n’+3

Solution: There is an N such that for n > N, Inn < n!/%

Hence,
= n(lnn)? = n(nt/?
Sor ey e
n3 +3 n3
N+1 N+1
= m < X0
N+1
Thus

= n(lnn)?

DI,
— n’+3

since this sum differs from the above sum only by a finite

number of terms.
(10) Let

S_in2+\/lnn+1
a - nt4+3n+7

(a) Prove that this series converges.
(b) Write a sum which computes s to within #1073,

Solution:



(a)For n >1

n?2++Inn+1 < n? 4+ v/nt +nt
nt+3n+7 — nt
- n2—|—l/§n2

n
3

< —
_n2

Thus, the series converges since » " % < 00.

(b) The number of terms it takes for ¢ = >-1° 2 to ap-
proximate its sum to within 1072 will also work for our
series. To find this we compute

* 3 3
t—t, </ —dr == < 1073,
n T n
This is true if n > 3000 Hence

3001 o
V1 1
S:Zn + nn + +1
1

073,
nt4+3n+7

(11) Prove that Z = 1/(37 + 5) is irrational. You may assume
that 7 is irrational. You MAY NOT use Proposition 1 from
Chapter 9.

Solution: Assume that Z is rational. Then Z = . where p
and q are integers with ¢ # 0. It is also true that p # 0 since

Z # 0. Then
P 1
g 31m+5
T_3r45
p
—5
q p:37r
p
q—9op
=T
3p

Since ¢ — 5p and 3p are both integers, we conclude that 7 is

rational, which is nonsense. Hence Z must be irrational.
(12) Find
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(a) an explicit irrational number Z satisfying 17/13 < Z <
18/13. You need not prove that Z is irrational.

Solution:
(a) 18/13 — 17/13 = 1/13. Choose n so that

V2 o1

13
> 13

n
n
V2
n > 13v2
For example, choose n = 26. Then % + ‘2/—65 works.
(b) an explicit rational number Z satisfying m < Z < 22/7.
(b) 22/7 = 3.14285... and 7 = 3.14159.... Hence
Z = 3.143 works.
(13) Find an explicit one-to-one correspondence between the sets
A and B where:
(a) A= (—1,3) and B = (0,1). Prove your answer.
(b) A is the set of even natural numbers and B is the set of
odd natural numbers.
(c) A is the set of natural numbers which are multiples of 2

and B is the set of natural numbers which are multiples
of 3.

Solutions:

(a) Let f(x) = ax+b. Choose a and b so that f(—1
hence a = b. Also we want f(3) = 1; hence a = b =
f) =3(z+1).

To prove our answer we must prove that (a) f maps
(—1,3) into (0,1), (b) f maps (—1,3) onto (0,1), and (c)
f is one-to-one.

)=0;
}L. So

Into: Assume —1 < z < 3. Then
O<ox+1<4

1
O<Z(az+1)<1

Hence f maps (—1,3) into (0,1).
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Onto:
Note that if y = 14(x + 1) then x = 4y — 1. Assume that
0 <y < 1. Then

0<4y <4
—1<4y—1<3
—l<zr<3
Hence, y = f(z) for some z € (—1,3).

One-to-one: Suppose that f(z1) = f(x2). Then

Lot =Yt

4 4
$1+1:$2+1
1 = T2

showing one-to-one.

(b) If n is an even number, then n — 1 is odd. Hence let
f(n)=n-—1

(c) Let f(n) = 3n.

(14) (a) Demonstrate a way of listing the set all of the rational
numbers in the interval (0,1). How does this prove that
the set in question is countable.

(b) Demonstrate a way of listing the set all of integers. How
does this prove that the set in question is countable.

(c) Show that it is impossible to list all numbers in the inter-
val (0,1). How does this prove that the set in question
is uncountable.

Solutions:

The solution to (a) is on p. 130 of the notes. This list
defines a one-to-one correspondence between the set of ratio-
nal numbers in (0, 1) and the set of natural numbers, proving
the countability.

For (b), one possible list is:

01 -12 -2 3 -3
12 3 4 5 6 7
This list defines a one-to-one correspondence between the

set of integers and the set of natural numbers, proving the
countability.
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For (c), the proof is found on p. 128 of the notes, below
formula (2). The material on p. 129 is not part of this proof.
The inability to list the set of all numbers in (0, 1) shows that
this set cannot be put into a one-to-one correspondence with
the set of natural numbers, proving the uncountability.

Various Results from the Text

THEOREM (2’). Suppose a,, > 0 for alln and f(z) is an integrable,
decreasing function on [0, 00) such that a,, = f(n) for alln € N. Then
s =Y. ay exists if

/Ooof(ﬁ)d:v<oo

Proof Fach a, is the length of a line segment drawn from the point
(n,0) on the z-axis to the graph of y = f(z) as in Figure 1.

FI1GURE 1. Theorems 2’ and 4’

The area of a rectangle of width one having this line segment as
its right edge is a,. (See Figure 2). This rectangle also lies entirely
below the graph of y = f(x) since this graph is decreasing.

Since the left side of the first rectangle extends to x = 0,

0 sn=a1+a2+---+ans/"f<x>dxs/°°f<x>dx.
0 0

Finally, since the a,, are all positive, s,, is an increasing sequence.
From the Bounded Increasing Theorem, lim s,, either exists or equals
oo. Formula (1) proves that the limit is not co. Hence the limit
exists, proving the convergence of the sum. Il
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FIGURE 2. Theorem 2’

THEOREM (4"). Suppose a,, > 0 for alln and f(x) is an integrable,
decreasing function on [0, 00) such that a, = f(n) for alln € N. Then

/ fla

Proof Each a, is the length of a line segment drawn from the point
(n,0) on the z-axis to the graph of y = f(x) as in Figure 1. The area
of a rectangle of width one having this line segment as its left edge is
an. (See Figure 3). This rectangle also lies entirely above the graph
of y = f(x) since this graph is decreasing.

FIGURE 3. Theorem 4’

Since the right side of the nth rectangle extends to x = n + 1,

n+1
(2) sn:a1+a2+---+an2/ f(z)dx
1

proving Theorem 4’. 0



