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CHAPTER SEVEN

LIFE TABLES AND
POPULATION PROBLEMS

7.1 INTRODUCTION

In Chapter 6 we saw how to combine the theory of interest with
elementary probability theory to obtain the present value of contingent
payments. [n practical situations the following question is crucial: how
do we determine the appropriate probabilities to be used in these
calculations?

The answer is that we must have data to guide us. We must know
what percentage of borrowers do not repay their loans, and we must be
able to identify high-risk borrowers and either refuse to lend them
money at all, or lend them money at higher rates of interest than we use
for low-risk customers.

[n almost all of the examples we study in the remainder of this
text, the probabilities required are those of surviving to certain ages or of
dying before certain ages. Data required to calculate these probabilities
is collected empirically and is published in life tables. In this chapter we
will introduce the basic notation underlying life tables, and see how to
calculate required probabilities. Section 7.2 will consider the life tables
as presenting survival data for a given fixed initial population. In
Section 7.4 we will sec how the same table can also be interpreted as
giving information about a stationary population.

Historically, attempts were made by de Moivre, Gompertz,
Makeham and others to find an analytic function S(x) which would
describe survival from age 0 to age x. In Section 7.3 we will examine
some of these possibilities.

Finally, we briefly examine in Section 7.6 a few of the basic ideas
of multiple decrement theory.
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7.2 LIFE TABLES

Age 2 d. | 1000g,

0 | 1,000,000 | 1580 | 1.58

1 | 998420 680 | 68

2 | 997,740 | 85| 49
3| 997255 | 435] 44

In Table 7.1 we have presented an excerpt from a typical life table. In
such a table the column ¢, denotes the number of lives which have
survived to age x. For this to make sense, we have to assume a starting
population ;. In our case £, = 1,000,000, but any value would have
sufficed. As we shall see, it is the ratio of entries in the table, not the

individual numbers, which is important. In particular, the ratio g—g repre-

sents the probability of surviving from birth to age x. As a general
function of x, it is called the survival function and is denoted S(x).

Note that in Table 7.1, ¢; = 998,420. This means that 1580 lives
have died in the first year of life, and this is the entry dj. In general, d;
denotes the number of lives, out of those aged x, which do not survive to
agex + 1. Thus

de = b — £qy. (7.1)
qx denotes the probability that a life aged x will not survive to age
x + 1. Thus
d,
4 = 5. (12)
In our case, the final column tells us that ¢, = % =.00049, and
gooasg = 00049 as well.

Using a life table we can compute numerous probabilities concern-
ing survival. In Example 7.1, we use Table 7.1 to assist us. In Examples
7.2 and 7.3 we will determine expressions which could be converted to
numerical answers if we had access to a complete life table.
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Use Table 7.1 to find each of the following:
(a) The probability that a newborn will live to age 3.
(b)  The probability that a newborn will die between age 1 and age 3.

. 4 997,255
(a) This equals é = 1,000,000 — .997255.
{(b) The number of deaths between ages | and 3 is £; ~ £3. Thus the
probability is & €_053 — 1165 91165, O

~ 1,000,000 -
Example 7.2

Find an expression for each of the following:

(a) The probability that an 18-year-old lives to age 65.

(b) The probability that a 25-year-old dies between ages 40 and 45.

(c) The probability that a 25-year-old does not die between ages 40
and 45.

(d) The probability that a 30-year-old dies before age 60.

(a) This equals g%.

(b) Since the number of people dying between age 40 and age 45 is
by — 545, this is &Of—;—&i
D
(c) This is the complement of (b), so the answer is given by

I - g“%—;_gﬁ. Alternatively, we could obtain this as the sum of
b]

ézséz—_&o, the probability of dying before age 40, and %—f, the

D J
probability of dying after age 45.

(@) Thisis 0 —fs0. O

Example 7.3]

There are four persons, now aged 40, 50, 60 and 70. Find an expression
for the probability that both the 40-year-old and the 50-year-old will die
within the five-year period starting ten years from now, but neither the
60-year-old nor the 70-year-old will die during that five-year period.
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Working out each probability separately and multiplying the results, we
obtain (ESO - 555) (560 — Les ) (1 _ bp—bs ) (1 _ €80"'€§5)‘ O
bao €50 50 £70

This is all well and good, but how was such a life table
constructed in the first place? The numbers £, and d, do not represent
actual numbers of real people, so where did they come from? The
answer Is that g, was estimated from observations of mortality data from
a suitable study sample, and these values of g,, together with the
arbitrary starting value £, determine the whole table.

This is done as follows. Start with £5. We know that qpfy = db.
Now we can find £y = €y —dy. Then ¢4, =d,, €3 = €4 — d), and so

on. In general, we continuc with the basic identitics

qxby =.dx (7.3)
and

€x+1 = £, — dr. (74)

A scientist studies the mortality patterns of Golden-Winged Warblers.
She establishes the following probabilities of deaths: ¢y = .40,
g1 =.20, g2 =.30, g5 =.70 and g4 = 1. Starting with ¢, = 100,
construct a life table.

Age s dy gx
100 40 .40

60 12 20
14 30
34 24 .70
10 10 1.0

PN = O
B
)

a

Before continuing let us introduce a bit more notation. We let p,
represent the probability that an individual just turning age x will survive
to age x -+ 1. Hence )

éx—i—] _ 1
=1 - g (7.5)

Px =
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More generally,

#Dx = the probability that an individual just turning age x will survive
to age x + n. v

«gx = the probability that an individual just turning age x will not

survive to age x + n.

Thus

R (7.6)
X

The reader should rewrite the answers to Examples 7.2 and 7.3 using this
new notation. In the special case of x = 0, we have ,py = S(n), the
survival function defined on page 128.

Example 7.5]

Explain both mathematically and verbally why each of the following is
true.
(a) b~ byyn =dy + Aoyt + -+ + dx+n-l~
(b) m+nPx = mPx " nPx+m-
(a) Mathematically,
dy + dx+1 + e+ dx+n71 = (Ev - E.\'—f—l) + (€x+l - €x+2)

+ -+ (£x+n~l - €x+n) ={; — €x+n-

Verbally, 4, — £, ., is the number of people alive at age x but dead
at age x + », (i.e., the number of people who die between age x
and age x+#n). But dy + --- + deyny is just the sum of the
numbers of people dying at various ages between age x and age
x + n — 1 (inclusive), which is the same as above.

(b) Mathematically,

_ €x+m+n _ €x+m B Ex+m+n — .
m+npx - é‘ - 2 é - mp,\' npx—f—m-
X X X+m

Verbally, ,.+npx is the probability that a person aged x lives m + n
years. To do this, he has to first live m years and then, at age
x4+ m, live n more years. Hence ,.,p, is the product of the
probabilities of these two events, namely .0, * 1Prrm- d
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Example 7.6

30% of those who die between ages 25 and 75 die before age 50. The
probability of a person aged 25 dying before age 50 is 20%. Find 35psg. -

We want to find 135050 = g—% We are given .30(525 — 575) = {5 — €50,
5

and that QDE;&O = .20. The second relation says that .80£,5 = €5, or

25
£35 = 1.25655. When substituted in the first expression, this gives
30(125€50 — 675) = 125550 — 65(). Thus 125€50 = .30575, and ﬁnally
A2 = 4167, O

Finally, let us remark that the expressions ,p, and ,gq. have only
been defined thus far for integral values of n. What should we do in
other cases? Say, for example, we want to find 14p20, the probability
that a person aged 20 lives to age 20%. This information is not obtain-
able directly from a life table, but we can obtain a good approximation
by assuming that deaths occur uniformly over a given year. In that case
we would expect that % - dho individuals die dur?ng the first 211— of the

b5 _
€50

year, leaving £y — % - dhg alive. Hence an approximate value for y;py
is
by — 1 -dy

1/4P20 = £20

b0 — 3(b0—En)
£
200 + 16
bo

In other words, we have used linear interpolation between £ and 45 in
the life table. It is possible to use more sophisticated finite difference
formulace, but linear interpolation secems to be sufficiently accurate for

most purposes.

Example 7.7

Using Table 7.1 and assuming a uniform distribution of deaths over each
year, find each of the following:

(@) 3py
(b) The probability that a newborn will survive the first year, but die in

the first two months thereafter.
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(a) By linear interpolation we obtain

b—tody =L, —¢ e, + 1
mp = = 7 2= 2 3fg|2 ) _ 3 223 2 = 999157,
(b) The number dying in the period described is % -d,. Hence, the
answer is Eéo L~ 00011333 1

7.3 ANALYTIC FORMULAE FOR ¢,

Calculations of the type described in the previous section are often
straightforward if we assume a simple analytic formula for ¢,. Here is
an example.

Example 7.8 ]

Given £, = 1000(1 - %), determine each of the following:

(@ & (b) 35 (c) g20 (d) 15p35 (e) 15925
(f)  The probability that a 30-year-old dies between ages 55 and 60.
(g) The probability that a 30-year-old dies after age 70.
(h)  The probability that a 15-year-old reaches age 110.
(1)  The probability that, given a 20-year-old and a 30-year-old, one
but not both of these individuals reaches age 70.

Solution

_ 0 _
@) & = 1000(1 _ 105) = 1000.

. _ 35\ =
(b) f35 = 1000(1 105) — 667
(note the answer must be an integer).

b0y _ _
(©) g =g = =1-.98824 = 01176,

%5—? = 78571
33

€) 1gs=1—15p5=1- %:—(5’ = .1875.
e — 0667

il

) 15p3s

(g) This is equal to the probability that a 30-year-old reaches age 70,

which is 49p30 = % = .4667.
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EXERCISES
7.1 Introduction; 7.2 Life Tables

7-1. For a certain type of insect, we find that ¢go =.70, g, = .30,
g2 = .40 and g3 = 1.0. Starting with £, = 1000, construct a life
table.

7-2.  Write expressions for each of the following:

(a) The probability that a 20-year-old lives 25 years.

{b) The probability that a 20-year-old reaches age 25.

(¢) The probability that a 20-year-old dies between ages 25 and
26.

(d) The probability that a 20-year-old lives for at least 40 years.

() The probability that a pair of 20-year-olds do not both
survive to age 60.

7-3. 80% of people age 25 survive to age 60. 40% of people who die
between age 25 and age 60 do so before age 45. Find the
probability that a 45-year-old will die before reaching age 60.

7-4. Four persons are all aged 30.
(a) Find an expression for the probability that any three of them
will survive to age 60, with the other dying between age 50
and age 55.
(b) Find an expression for the probability that at least 2 of the
persons will survive for at most 30 years.

7-5. Explain, both mathematically and verbally, why the following are

true.
(a) gx:dx+dx+l+dx+2+
(b) gx-ﬁ-n = £, “Px Px+1 0 Pxtn—1

(©)  mtnPx = nPx - mPrin
(@) g+ P Gey1 F 20 ez + - =1
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7-6. Complete the missing entries in the following table.

x £, dy Dx qx
. 0 1000 100
, 1
3 2 750 .80
3
4 300 60
5
6 0

7-7. Hp, = .95 forall x, find each of the following:

(@ pw (b) 2930

(c) The probability that a 20-year-old dies at age 50 last birth-
day.

(d) The probability that a 20-year-old dies between age 50 and
age 5S.

7-8. Find an expression for the probability that a 30-year-old will die in
the second half of the year following her 35th birthday.

7-9. Derive each of the following approximations, where 0 < 7z < L.
@ b=t -1 d;
(b) Ll ==0)- b+ t- Ly
© wp=1-tq

7-10. Let ,|»g. denote the probability that a person aged x will die
between ages x +# and x +n + m. (When m = | it is omitted in
this notation.)

(a) Show that nlmdx = é‘x+—" _€£x+n+m .

X

(b) Show that ,|ngr = npx — ,,;r,,,px. Explain this identity verbal-
ly.

(¢) Show that ,|mgx = apx(1 — mPx+n)- Explain this identity
verbally.




7-12.

7.3

7-13.

7-14.

7-16.

7-17.

7-18.

Chapter 7

. You are given the following probabilities:

(i) That two persons age 35 and 45 will both live for 10 years
equals .80.

(it) That a person age 60 will die within 5 years, whereas
another person age 55 will live for 5 years is .05.

(iii) That a person age 35 will live 30 years is .60.

Find the probability that a person age 35 will die between ages 55

and 60.

The probability that a person age 10 will survive to age 30 is .80.
Sixty per cent of the deaths between ages 10 and 40 occur after
age 30. The probability that three lives aged 30, 50 and 70 will all
survive for 20 years is .20. Find 5pp40.

Analytic Formulae for £,

Given ¢, = 1000(1 - 1’)26‘(7)’ determine each of the following:

@ & (b) fo  (¢) d53 (d) 20730 (€) 30920

(f)  The probability that a 25-year-old lives for at least 20 years
and at most 25 years.

(g) The probability that three 25-year-olds all survive to age 80.

For the ¢, given in Question 13, calculate general formulae for p;,
gy and p,. Then sketch graphs of all four functions.

5. Prove that in the general case of de Moivre’s formula, given by

(7.7), we have p, = a;_l_—x.

Obtain an‘expression for p, if £, = ks‘w"zgcx. (This is called
Makeham’s second formuia.)

Show that Gompertz’ formula for £, implies p, = g€},

Show that Makeham’s formula for £, implies p, = sg <V,
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7-19.

7-21.

7-22.

7-23.

7-24.

7-25.

7-26.

7-27.

(a) Starting with Gompertz’ formula ¢, = kg¢, verify that the
force of mortality is p, = Bc* for suitable B.

(b) Starting with Makeham’s formula ¢, = ks*g¢", verify that
x = A + Bc* for suitable 4 and B.

. Show that, under de Moivre’s formula, ,|g, is independent of n.

(See Question 7-10 for the definition of this notation.)

I £ = 100000($5%) and 635 = 44,000, find each of the

following:

(a) The value of c.

(b) The terminal age in the life table.

(¢) The probability of surviving from birth to age 50.

{(d) The probability that a person aged 15 will die between age
40 and age 50.

If £, = 250 (64 — .80x)'3, find each of the following:

(@ 70po
(b)Y  pw
(c¢)  The terminal age of the population.

If u, = .0017 for 20 < x < 30, find each of the following:
(@ po (b) spo () q23 (d) 5q23  (€) 4lgaz (D) al3g23

Show that if uniform distribution of deaths over year of age x is
assumed, then pyp, = g, forall 0 < ¢ < 1.

During the first 12 months of life, infants in a developing country
are subject to a force of mortality given by p, = ﬁ;, where x is

measured in months. Calculate the probability that a newborn will
survive for 4 months but not for 7 months.

X+n n
(@) Show that ,p, = e Jr Hrdr — o= Joreridt,

(b)  Use (7.8a) to derive the formula ,q, = / D s dL.
0

[f x is fixed and ¢ is a variable, show that 1, ,, = —2LPx)

Px




CHAPTER EIGHT
LIFE ANNUITIES

8.1 BASIC CONCEPTS

In Section 6.3 we saw how to calculate the present value of contingent
payments, and in Chapter 7 we learned how probabiiities concerning
survival can be calculated from life tables (or, occasionally, from an
analytic formula). In the next two chapters we will combine these ideas
to solve problems involving payments which are contingent on either
survival or death.

Example 8.1

Yuanlin is 38 years old. If he reaches age 65, he will receive a single
payment of 50,000. [f /= .12, find an expression for the value of this
payment to Yuanlin today.

The probability of survival to age 65 is j7p33. Hence the answer is
50,000(37p33)(1.12)7%". O

To obtain a numerical answer to Example 8.1 we could consult life
tables. If, for example, £33 = 8327 and {£g; = 5411, then we would have

27p3g:§§1—%;: 64981, so the value would be equal to

50,000(.64981)(1.12)7%7 = 1523.60. On the other hand, if we assumed
in Example 8.1 that £, = ¢, [1 — ﬁ], then ;7033 = %2—; = %(7), and the

value would be 50,000(%%)(1.12)-27 — 1399.81.

Example 8.1 is an.illustration of what is called a pure endowment,
and a formula for the general case is easy to find. Assume that a unit of
money is to be paid ¢ years from now to an individual currently aged x, if
the individual survives to that time. The value of this payment at the
present time is equal to

Ly = ()1 + D7 = v 8.1
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This important expression will be used to move payment values from
one time point to another in the rest of this text. The present value of a
pure endowment is also called the net single premium for the pure
endowment.

A more common type of situation is called a /ife annuity. Example
6.14 was one illustration of a life annuity, and here is another.

|E§;rr;;;le 8.2]

Aretha is 27 years old. Beginning one year from today, she will receive
10,000 annually for as long as she is alive. Find an expression for the
present value of this series of payments assuming i = .09.

ISolutionl

10,000 10,000
1 1

1 1 !

27 28 29 e
[FIGURE 8.1]

We can view this as a series of pure endowments of the type described in
the previous example. Thus the answer is

10,000(p27)(1.09)~" + 10,000(3p27)(1.09) % + - --

= §(10,000>(kp27>(1.09>"‘.
k=1

Although this appears to be an infinite sum, in practice it will be finite
since gpy7 = 0 eventually. O

Now, however, we have a serious problem. If yp27 is obtained
from a life table for each k, it appears that there is no nice way of
calculating this sum. Unlike our examples in Chapter 3, where the terms
formed a geometric sequence, we would here have to resort to adding
ferms one at a time.

To get around this difficuity life tables have columns in which
these terms have already been added together. In other words, there are
life tables constructed in conjunction with a number of commonly
encountered rates of interest, and for various values of x and 7 it will be
possible to look up such sums in the tables. The name given to these
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with interest-only annuities, we will assume constant payments of | per
year for as long as the individual is alive, with the first payment due at
the end if the year, as illustrated in Figure 8.2.

] 1
—1 | !
I T ]
X x+1 x+2 e
FIGURE 8.2

The symbol for the present value of these payments to a lifc aged x is a,,
and the formula is

ay = (V)7 e+ (L)% ope + -+

o
> A+ ps
1=1

oC

=) Vi (82)

=1

i

Again we remark that the present value is also called the ner single
premium for the annuity. (In some texts the phrase actuarial present
value is also used; in this text we will continue to use the simpler present
value.)

If we have a formula for ¢, or p,, we might be able to sum the
above series algebraically.

Example 8.3]

Consider Aretha’s life annuity in Example 8.2. Find the net single
premium for this annuity in each of the following cases:
(a) px = .95 foreach x

(b) £, = éo[l - -1%5—]



































































