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Section 0. Introduction

Let X be a complex, n-dimensional manifold. We shall say that X is homoge-
neous under the real analytic Lie group G if X is a homogeneous G-space for which
the mapping � : G �X ! X is real analytic in the G variable and holomorphic in
the X variable. Suppose that there is a G-invariant volume form ! on X. In local
coordinates, we may express ! as

(i=2)nK(z; z)dz1 ^ : : : ^ dzn ^ dz1 ^ : : : ^ dzn:

Homogeneity implies that K is strictly positive. In [Kl], Koszul introduced the
following form which we refer to as the Koszul form:

g = (i=2)n
X @2

@zi@zj
logKdzidzj : (1)

This form is bi-linear and satis�es

g(Z;W ) = g(W;Z)

for all complex vector �elds Z and W . We let H be the Hermitian form de�ned by

H(Z;W ) = g(Z;W ):

The form g is invariant under any bi-holomorphic mapping which preserves the
measure �. We shall say that X is a Koszul manifold if g is non-degenerate. This
givesX the structure of a pseudo-K�ahler manifold for which the measure preserving
bi-holomorphisms are isometries. The pseudo-K�ahler form is de�ned by

�(U; V ) = g(JU; V ):

Examples of Koszul manifolds include all bounded homogeneous domains (and
thus, all Hermitian symmetric spaces). In fact, all pseudo-Hermitian symmetric
spaces are Koszul. There are also many lesser known examples. Even in rank one,
the class of homogeneous Koszul manifolds seems to be so large as to defy precise
classi�cation, although much is known. (See [P2].) That rank one Koszul manifolds
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exist in such abundance is somewhat surprising, considering that of course, the only
rank one Hermitian symmetric spaces are the unit balls in Cn.

This work is based upon the belief that the class of homogeneous Koszul mani-
folds represents a natural generalization of the class of Hermitian symmetric spaces.
It seems interesting to ask to what extent results obtained for symmetric spaces are
true for general Koszul manifolds. Speci�cally, we are interested in attempting to
understand to what extent harmonic functions, and their generalizations, may be
described in terms of their boundary values. Ideally, we would like an analogue of
the solution to the Helgason conjecture obtained in [KKMOOT].

At the moment, this ideal seems quite far away. Just to formulate a Helgason
conjecture, one needs to de�ne an appropriate concept of boundary for such man-
ifolds. One must also de�ne and understand the appropriate class of di�erential
operators. In rank one, however, many of these technical di�culties disappear. The
class of operators seems apparent. Corresponding to the pseudo-K�ahler structure
there is a canonical, second order di�erential operator �, the Laplace-Beltrami
operator. (See below for the de�nition.) For a rank one symmetric space, this
operator generates the algebra of invariant di�erential operators. The `harmonic
functions' one studies are the eigenfunctions for this di�erential operator.

There is also a natural concept of boundary for a rank one Koszul manifold X.
In [P2], we showed that X could be realized as a domain 
 in Cn. The speci�c
realization will be described in x2 below. However, let us mention a few of the
general features of this realization. Since X is rank one, there is a group G = AN
which acts transitively on X where N is nilpotent and A is a one parameter group
which normalizes N . In the realization of [P2], N has one dimensional center and
acts transitively on the topological boundary of 
. Thus, the boundary may be
identi�ed with N=R where R is a closed subgroup of N . It will be seen below that
the domain 
 may be identi�ed with AN=R. Furthermore, there is an isomorphism
of A with R+ such that approaching the boundary is equivalent with approaching
0 in R+. It turns out that relative to this boundary, � has regular singularities
in the sense of [O] (or [OS]). This allows us to de�ne the boundary value of any
eigenfunction (or more generally, eigenhyperfunction) provided the eigenvalues stay
away from a certain `singular set'.

The goal of this work is to study the eigenvalue problem for � in the case that X
is rank one. It turns out that o� of the singular set, the boundary map is one-to-one.
We would like to be able to describe its image and to compute an explicit inverse
(the Poisson kernel). In this work we achieve this goal, modulo certain restrictions.
The Poisson kernel is explicitly given in terms of the exponential of a certain pseudo-
di�erential operator ~� on N . Whenever these exponentials exist and are explicitly
computable, and when the eigenvalues stay away from the `singular set', then the
Poisson kernel is explicitly computable as well. More precisely, suppose that X is
identi�ed with AN=R as in the above paragraph and A is appropriately identi�ed
with R+. Let us denote the general element of N=R by n and the general element
of A by y. Let � 2 C have re � � 0. Consider the following integral:

T�(f)(y; n) = y(�+n�2)=2
Z 1

�1
ei�

~�f((exp(�xZo)n)((xy
�1)2 + 1)(��1)=2dx (2)

where � = tan�1(xy�1), Zo is a basis for the center of the Lie algebra of N and where
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~� acts in the n-variable. We prove that (under the above mentioned restrictions)
this formula makes sense for all f in a dense subset of L2(N=R) and de�nes an
eigenfunction for � with eigenvalue (�2�n2)=4. Furthermore, the boundary value
of T�(f) turns out to be the function

�D��(f)

where

D� = ��1
Z �

2

��
2

(cos t)��1e�it
~�dt:

(We describe how to de�ne this integral for the values of � of interest.) The Poisson
kernel operator then is the operator

(�D��)�1T�:

We also describe how to compute (�D��)�1. There is also a description of the class
of solutions so obtained (the so called `moderately growing' solutions.) The singular
set is described in formula25n below where � may be taken to be the representation
of R de�ned by exponentiating �i~�.

Practical application of our results would require not only the ability to exponen-
tiate the ~� operators but also a detailed knowledge of their spectrum (in order to
determine the singular set). Remarkably, it turns out that in most cases of interest,
this information is available. In fact, these operators were studied in [P1] where
the required information was worked out in considerable detail. Thus, the present
work, together with [P1], amounts to a complete solution of the eigenvalue problem
for � for large classes of groups. Even for groups for which these exponentials are
not explicitly computable, our techniques yield considerable information.

Our results also, however, are considerably less precise and less general than
what is obtained in the Hermitian symmetric case. The space of boundary values
we work with is a space of rapidly decreasing C1 functions. (T�1N (L+) in the
notation of Corollary27n below.) Certainly, one can do much better. However, this
is a topic for further investigations at some later date. It is probable, however, that
some restriction on the boundary values is to be expected. The boundary we use
is not a precise analogue of the boundary of a symmetric space. Our realization
of X is always non-compact. Thus, for example, we study the upper-half plane
instead of the unit disc. Our boundary would then be R instead of T. This
has the consequence that in the general theory, one must control the regularity
at the in�nite point. One can de�ne compacti�cations for the spaces in question.
However, the transformation de�ned in x3 below does not seem to exist on the
compacti�cation.

Our calculations are all based on a fascinating relationship between the Casimir
operator on Sl(2;R) and the operator �. Explicitly, in x3 we de�ne a unitary trans-
formation which transforms � into the Casimir operator of the universal cover of
Sl(2;R) acting on an in�nite dimensional Hilbert bundle over the upper half plane.
We then proceed to solve the eigenvalue problem for this operator by generalizing
the methods of [O]. That such a transformation would exist is somewhat remark-
able in that, in general, Sl(2;R) does not act in any natural way on X. In fact,
there exist very simple examples of X with solvable isometry groups. Presumably,
in higher rank, other semi-simple groups would play a role.
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Section 1. Vector Valued Boundary Values

In this section, we describe the modi�cations of the boundary theory developed
in [O] necessary to deal with solutions valued in in�nite dimensional vector spaces.
All of our arguments are motivated by the arguments given in [O]. We should note
that we deal solely with the C1 category while [O] treats primarily the analytic
category.

Let V be a countably normed, complex Frechet space. Let 
 � R be an open
set and let D(
;V) be the space of compactly supported, V-valued C1 functions
on 
, given its usual topology. If K � R is compact, we de�ne D(K;V) to be the
direct limit of the spaces D(
;V) where K � 
. By a V valued distribution on 
,
we mean an element of End(D(
;C);V) (The space of continuous, linear mappings
of D(
;C) into V.) We denote this space by D0(
;V). In general, we shall endow
all such `End' spaces with the strong topology (uniform convergence on bounded
sets). This space is a module over both C1(
) and End(V).

The space C1(
;V) injects into D0(
;V) in the same manner that C1 functions
inject into the space of ordinary distributions. The following may be proved by a
convolution argument in much the same way as in the standard case:

Lemma 1. C1(
;V) is dense in D0(
;V).

Let W be a complete, locally convex topological vector space. There is a natural
mapping of D0(
;V) � C1(
;End(V;W)) ! D0(
;W) which we would like to
describe. Let F 2 D0(
;V). For functions of the form �A where � 2 C1(
;C)
and A 2 End(V;W) we de�ne

<  ; (�A)F >= A < � ;F > :

for all  2 D(
;C). To extend this de�nition to all of C1(
;End(V;W)), we note
that according to Theorems 50.1 and 44.1 of [T], C1(
;End(V;W)) is isomorphic
with C1(
;C)
̂�End(V;W). Furthermore, Proposition 43.4, loc. cit., guarantees
that the map �A! �AF in fact extends to the whole tensor product and hence to
all of C1, as desired.

It is a consequence of the above comments, that we may also `apply' elements F
of D0(
;V) to elements  of D(
;End(V;W)) producing elements ofW. Explicitly,
we de�ne

<  ;F >=< �; F >

where � 2 D(
;C) is one on the support of  . It is easily seen that this does not
depend upon the choice of �.

Let A � 
 be relatively closed and let u 2 D0(
;V). We say that u is supported
in A if u is zero on 
 n A. The smallest such A is called the support of u. The
space of all distributions whose support is contained in a given set B is denoted by
D0B(
;V). The following simple lemma is crucial to the de�nition of the boundary
values.

Lemma 2. Let 0 2 
 and let u 2 D0f0g(
;V). Then, there is a �nite sequence of

vectors vi 2 V such that

u =
X

vi 
 �i
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where �i is the i
th derivative of the Dirac delta function �0 at 0.

Proof We shall let t denote the coordinate function on R. Let � 2 D(
;C) be
equal to one on a neighborhood of 0. De�ne

vi = (�1)i < ti�; u > =i!:

Let w 2 V 0 be given. Since the lemma is known for C valued distributions, we can
say that there is an N such that w is orthogonal to vn for all n � N and

<<  ;u >;w >=
NX
1

<  ; �i >< vi; w > :

for all  2 D(
;C). It follows from the Banach-Steinhaus theorem that the se-
quence of partial sums of vi <  ; �i > is bounded in V. In particular, fvi <  ; �i >g
is a bounded set. However, this implies that the set fcivig is bounded for any choice
of constants ci. This is only possible if the sequence vi is �nite. This proves the
lemma.

Let f : (0; a)! V be given. We shall say that f has moderate growth if there is
an � 2 R such that t�f(t) is bounded as t! 0+.

Lemma 3. Let u : (0; a)! V be C1 and have moderate growth. Then there is a

v 2 D0((�1; a);V) which is supported in [0; a) and which agrees with u on (0; a).

Proof There is an n 2 N such that v(t) = tnu(t) is bounded near t = 0. It follows
that the lemma is true for v. The desired distribution is obtained by division by
tn. This is possible since the image of the operator de�ned by multiplication by
tn is closed and complemented in D((�1; a);V). (The complement is spanned by
functions of the form tk�vk for integers 0 � k < n and vk 2 V and where � is a
�xed `cut o�' function as in the proof of Lemma2n.) This �nishes the proof.

Let (b; a) be some open interval in R containing 0. By a di�erential operator on
D((b; a);V) we mean an operator of the form

P =
mX
k=0

Ak(t)(
d

dt
)k

where the Ak 2 C1((b; a);End(V)).

Let � = t
d

dt
. Following [O], we shall say that P has regular singularities at t = 0

if it can be expressed in the form

P =

mX
k=0

Dk(t)�
k (3)

where the Dk 2 C1((b; a);End(V)) and Dk(0) = ckI for all 0 � k � m where
ck 2 C and cm 6= 0. The indicial polynomial of P is the polynomial

�(P )(s) =
mX
k=0

cks
k:
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The roots of �(P )(s) are denoted s� and are referred to as characteristic exponents.
(Note: In [O], it is assume that the coe�cients are analytic. Dealing with the more
general case, however, adds essentially no additional complications.)

The following is a version of Lemma 3.2 of [O]. The proof is essentially the same
as that in [O]. However, we shall include the proof for sake of completeness.

Theorem 4. Let P be a di�erential operator on D((b; a);V) with regular singulari-

ties. Suppose that s� =2 �N. Then P de�nes a linear isomorphism of D0f0g((b; a);V)

onto itself.

Proof We note that we may express P in the form

P = �(P )(�) + tR (4)

where R is expressible in the form

R =

mX
k=0

Ek(t)�
k (5)

with C1 coe�cients Ek.
Now, let u =

Pn
0 ui 
 �i be an element of D0f0g((b; a);V). Let v =

Pn
0 vi 
 �i be

another such element and consider the equation Pu = v. Clearly,

P (un 
 �n) = �(P )(�(n + 1))(un 
 �n) + ::::

where `....' refers to terms involving �k with k < n. For Pu = v, clearly we require
un = (�(P )(�(n + 1))�1vn. Furthermore, for this choice of un, v � P (un 
 �n)
will only involve �k with k < n. Thus, we may continue by induction to uniquely
determine u so that P (u) = v.

Corollary 5. Let u 2 D0((0; a);V) satisfy Pu = 0. Suppose that u extends to an

element v of D0((b; a);V) which is supported in [0; a). Then there is a unique such

extension ~v which satis�es P ~v = 0.

Proof Pv is supported at f0g and hence de�nes an element of D0f0g((b; a);V).

From the above theorem, there is a unique h 2 D0f0g((b; a);V) with Ph = Pv. The

desired extension of u is ~u = v � h. The uniqueness follows from the injectivity in
Theorem4n.

Now, to de�ne the boundary value, suppose that P is some di�erential operator
on D(b; a) with regular singularities at 0. We consider one particular characteristic
exponent si and assume that si � sj =2 N for all j. Let u 2 D0((0; a);V) satisfy
Pu = 0. Assume that t�siu has an extension v as in the hypothesis of the above
corollary.

Since si are roots of �(P ), there exists a di�erential operator Qi (with C1

coe�cients) which satis�es
t�siPtsi = tQi: (6)

Let Pi = tQi. Then Pi satis�es the hypotheses of Theorem4n. Moreover, on (0; a),
Pit

�siu = t�siPiu = 0. The distribution vi = t�siu satis�es the hypotheses of
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Corollary5n above relative to Pi. Let ~vi be the solution to Pi~vi = 0 described in
Corollary5n. Then tQi~vi = 0 implies that Qi~vi = v0 
 �0 for some unique v0 2 V.
We de�ne

BVi(u) = v0

As a partial justi�cation of this de�nition, we have the following version of The-
orem 3.5 of [O].

Theorem 6. Let P have regular singularities. Suppose that for all i 6= j, si� sj =2
Z. Let u : (0; a)! V be a solution to Pu = 0 which is expressible as

u(t) =
nX
1

uj(t)t
sj

where the uj are C
1 on a neighborhood of 0 in R. Then the boundary value of u

corresponding to si is
BVi(u) = �(P )0(si)ui:

Proof It of course su�ces to assume that i = 1. Replacing u by t�s1u and P by
t�s1Pts1, allows us to assume that s1 = 0. In particular, there is a di�erential
operator Q with C1 coe�cients such that P = tQ.

Let Pj = t�sjPtsj . Then Pj has C1 coe�cients and on (0; a),

0 = Pu =
nX
1

tsjPjuj :

Lemma 7. Each Pjuj vanishes to in�nite order at t = 0.

Proof Assume that each Pjuj has been shown to vanish up to order kj . Then there
are C1 functions vj such that tsjPjuj = trjvj where rj = kj + sj . Let r be the
minimum of the real parts of the rj . We claim that if re rl = r, then vl(0) = 0.
This will allow us to write vl = t~vl where ~vl is C1. This increases the value of r.
Thus, our result will follow by induction on r.

To show our claim, let re rl = r. We note that on (0; a),

0 =
X

trj�rlvj :

Let �j = rj � rl. Letting t tend to zero, we see that

lim
t!0

X
re �j=0

t�jvj(0) = 0:

The �j are distinct and purely imaginary. Such a limit can be zero only if all of the
vj(0) in the sum are zero. (This is a simple `uniform distribution' argument which
we leave to the reader.) This �nishes the proof of Lemma7n.

To continue with the proof of Theorem6n, let v : [0; a) ! V be C1 on some
open set containing [0; a). For re s > �1, we may de�ne a V-valued distribution
vts+ on (�1; a) and supported in [0; a), by integration against v(t)ts over [0; a).
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By analytic continuation, this distribution may be de�ned for all s which are not
equal to a negative integer. (See [GS], vol. 1, (1.3)). Let ~uj = ujt

sj
+ and set

~u =
nX
1

~uj:

Then P ~u is supported at 0. Furthermore, since s1 = 0, each sj is non-integral,
j > 0. It follows that �~uj = t

sj
+ (� + sj)uj . More generally, P ~uj = t

sj
+ (Pjuj).

Thus, from Lemma7n, P ~u is C1 and hence vanishes identically. It follows that
BV1(u) is computable from Q~u where P = tQ.

To compute this, we apply formula4n. Since s = 0 is a root of �(P ), we may
write �(P )(s) = sb(s) for some polynomial b. Then

Q =
d

dt
b(�) +R:

Note that for all s not equal to a negative integer, �ts+ = sts+. Note also that t0+
is the Heavyside function. It follows that Q~u1 = b(0)u1(0)
 �0 + h1t

0
+ where h1 is

C1 near 0. Also, it is easily veri�ed that Q~uj = hjt
sj�1
+ for some C1 function hj.

Then tQ~u = 0 shows that

h1t
1
+ +

X
hjt

sj
+ = 0:

It follows (from the argument in Lemma7n)that

h1t
0
+ +

X
hjt

sj�1
+ = 0:

Thus, Q~u = b(0)u1(0) 
 �0, proving the theorem.

In addition to the above results we shall require a `change of variables' formula.
Let P be as in Theorem 5. Assume that V = C1(
1;V1) where 
1 is an open
subset of Rn and V1 is a countably normed Frechet space.

Suppose now that we are given a di�eomorphism � mapping ~X = (��; �) � 
1

onto an open subset of R � 
2 where 
2 � Rn is open. Let the coordinates of ~X
be denoted (t; x) and let

� (t; x) = (�1(t; x); �2(t; x)): (7)

We assume:

(1) There is a strictly positive C1 function b on ~X such that �1 = tb.
(2) For all x 2 
1, the function �x = �1(�; x) is injective on (��; �).
(3) There is an interval (�c; c) contained in the images of all of the �x.
(4) There is a 0 < a � � such that � : (�a; a) � 
1 ! (�c; c)� 
2.

We de�ne a C1 function h : (�c; c)� 
1 ! R by

h(y; x) = ��1x (y): (8)

We let X = (�a; a) � 
1 and Y = (�c; c) � 
2. Let X+ be de�ned as the set
of elements in X where t > 0. We denote the general element of Y by (y; z) and
de�ne Y + to be the subset de�ned by y > 0. From (1) above, � maps X+ into Y +.
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LetW = C1(
2;V1). Observe that C1((�c; c);W) = C1(Y;V1) andC1((�a; a);V) =
C1(X;V1). ([T], Theorem 40.1 and Corollary 1, p.415). Thus, composition with �
de�nes a continuous linear transformation T fromC1((�c; c);W) to C1((�a; a);V).
Clearly, T has dense image since, for example, D(X;V1) is contained in the image.
Similar comments hold with (�c; c) replaced by (0; c) and (�a; a) replaced by (0; a).
We refer to the resulting transformation as T+. Finally, we shall let T0 denote the
operator from W into V de�ned by composition with x ! �1(x; 0). The following
proposition is crucial.

Proposition 8. T has a unique extension to a continuousmapping of D0((�c; c);W)
into D0((�a; a);V). This extension maps distributions supported in [0; c) onto dis-

tributions supported in [0; a).

Proof

Let u 2 C1(Y;V1)) and let  2 D((�a; a);C). We extend  to all of R by
requiring  to be 0 o� of (�a; a). Then

<  ;T (u) > (x) =

Z a

�a
u(�1(t; x); �2(t; x)) (t)dt:

We make the change of variables t = h(y; x) where h is as in formula8n. Then, the
integral may be expressed

<  ;T (u) > (x) =

Z c

�c
u(y; �2(t; x)) (h(y; x))hy (y; x)dy:

Now, we de�ne a function A 2 C1((�c; c);End(W;V)) by setting, for y 2 (�c; c)
and f 2 W,

A(y)f(x) = f(�2(h(y; x); x)):

We also de�ne a mapping B 2 D((�c; c);End(V)) by

B (y)g(x) =  (h(y; x))hy (y; x)g(x):

where g 2 V.
Then, using the notation de�ned after Lemma1n,

<  ;T (u) >=< B ; Au > : (9)

This formula makes sense for any u 2 D0((�c; c);W) and de�nes a V valued distri-
bution. The extension is unique due to Lemma1n. The statement about supports
is clear. This proves the proposition.

Now, suppose that there is a di�erential operator P 0 on D((�c; c);W) with
regular singularities such that

PT = TP 0:
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Lemma 9. �(P ) = �(P 0).

Proof Let the coordinates of Y be (y; z) where y 2 (�c; c). Let �0 = y
@

@y
. It is

easily veri�ed that

T�0 = tbT
d

dy
= (tbb�1

d

dt
+ tR)T = (� + tR)T

where R is given by an expression such as formula5n withm = 1. Hence, expressing
P 0 in a form similar to formula4n,

PT = TP 0 = T (�(P 0)(�0) + yR0) = (�(P 0)(�) + tR00)T

where again R00 is as in formula4n. Our result follows from the density of the image
of T .

Now we come to the change of variables theorem. Let P and P 0 be as above and
let s be a �xed characteristic exponent for P 0 (and hence for P ). We shall denote
the respective boundary maps by BV 0 and BV .

Theorem 10. Let P 0u = 0 where u 2 C1((0; c);W) has moderate growth. Then

T+u has a well de�ned boundary value and

BV (T+u) = bs0T
0BV 0(u)

where bs0 denotes multiplication by the function bs0(x) = (b(0; x))s in C1(
1;V1).

Proof We begin by applying formula6n to P 0, concluding that there is a di�erential
operator Q0 such that

y�(s+1)P 0ys = Q0:

Then
TQ0 = b�(s+1)t�(s+1)PtsbsT:

We conclude that there is a di�erential operator ~Q such that TQ0 = ~QT . We repeat
the above sequence of arguments, beginning with the equality P 0 = ys+1Q0ys,
concluding that

P = ts+1bs+1 ~Qb�st�s:

Comparing with formula6n, we see that

Q = bs+1 ~Qb�s:

Now, let P 0u = 0 where u has moderate growth. From Lemma3n and Corol-
lary5n, the function y�su extends to a unique W valued distribution ~u supported
in [0; c) satisfying

yQ0~u = 0:

Then,
0 = bsT (yQ0~u) = tbs+1 ~QT ~u = tQbsT ~u:
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Of course, bsT+y�su = t�sT+u. Hence bsT ~u extends tsT+u. We conclude that
T+u has a well de�ned boundary value which is de�ned by the equality

QbsT ~u = BV (T+u)
 �0:

On the other hand

T (BV 0(u)
 �0) = T (Q0~u) = b�(s+1)QbsT ~u = b�(s+1)(BV (T+u)
 �0):

Our result follows from this and the observation that for all uo 2 W

T (uo 
 �0) = b�1o T 0uo 
 �0:

(See formula9n.)

Section 2. The Laplace-Beltrami operator

In this section, unless otherwise stated, we shall adopt the convention that Lie

groups will be denoted by upper case Roman letters and the corresponding Lie al-

gebra will be denoted by the corresponding upper case script letter. We shall also

assume that all Lie groups explicitly stated as being nilpotent are realized so that

the exponential mapping is the identity mapping.

We continue the notation established in the introduction. We begin by recalling
the general de�nition of the Laplace Beltrami operator. We consider g as a real
two-tensor on the bundle T (X). Let T �(X)c be the complex cotangent bundle for
X. By duality, H gives rise to a Hermitian scalar product H� on this bundle. Let

T �(X)c = T �(X)0;1 � T �(X)1;0

be the decomposition of the complex cotangent bundle into types. Let E (resp.
E0;1, E1;0) be the spaces of compactly supported C1 sections of these bundles. If
� and � belong to E, we de�ne

< �; � >=

Z
G=R

H�(�; � )(g) dg:

where dg is the invariant measure on G=R. (This exists because R is nilpotent,
and hence, unimodular.) It is easily veri�ed that this is a non-degenerate pairing.
Furthermore, this form remains non-degenerate when restricted to sections of E0;1.
Let @ : C1c (G=R) ! E0;1 be the usual antiholomorphic di�erentiation and let @

�

be its formal adjoint. We de�ne � : C1! C1 by � = �@
�
@. More explicitly,

� < ��; � >=< @�; @� > (10)

Then � is the `Laplace-Beltrami' operator for the manifold. In general, this oper-
ator will be non-elliptic and non-hypoelliptic, due to the fact that H, while non-
degenerate, will usually be non-de�nite.

We wish to explicitly compute � in the rank one context. We shall require the
basic structure theory of rank one Koszul manifolds as developed in [P2]. Explicitly,
we showed in [P2] that every rank one, homogeneous Koszul domain is realizable
as a homogeneous nil-ball. To recall the de�nition, let N be a nilpotent Lie group
with Lie algebra N . Let � 2 N �. A complex subalgebra P 0 � Nc is a totally
complex polarization for � if it satis�es the following properties:

(a) Z 2 P 0 if and only if [Z;P 0] � ker�.
(b) P 0 + P 0 = Nc.
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Given a totally complex polarization, there is a canonical way of associating a
domain with it. Explicitly, we let P = P 0 \ ker�. By forming a quotient, we
may assume that the kernel of � contains no non-trivial ideals. We refer to this
condition as `e�ectivity'. In this case, the center Z of N is one dimensional and �
is non-trivial on Z. Let Zo be a basis for the center, normalized by the condition
that �(Zo) = 1. Then, clearly,

Nc = N + iRZo + P:

Let X = Nc=P . From the nilpotency of Nc, this space is bi-holomorphic with Cn

for some n. The above equality implies that the image of N in X under the quotient
map is a real co-dimension one submanifold which divides X into two connected
components


� = N(expR�Zo)P=P:

We refer to 
+ = 
 as the domain associated to the polarization. (Note that

� is the domain associated to (P;��).) Such domains are what we refer to as
the nil-balls. The boundary of each of these domains is smooth and equals N=R
where R = P \N . In fact, we may identify 
 with N=R�R+ in an N-equivariant
fashion. In particular, N does not act transitively.

However, suppose that t! �(t), t 2 R+, is a one parameter group of semi-simple,
R-split automorphisms of N . We shall say that the pair (�;P 0) is homogeneous
if �(t) preserves P 0 and �(t)�(�) = t� for all t. In this case, the action of �(t)
on Nc projects to an action on Nc=P . Furthermore, �(t)(Zo) = tZo. It is follows
that under these assumptions, each of the nil-balls is homogeneous under the group
G = Ns �R+ where R+ acts on N by means of �. In this case, we shall choose
zoP where zo = exp iZo as our base point. Then the isotropy subgroup is just R.
This allows us to identify 
 with Y = G=R. The Lie algebra G of G is Ns �R.
Note that R+ normalizes R. The basic structural fact concerning rank one Koszul
domains is the following:

Theorem 11. Let X be a rank one Koszul domain on which a completely solvable

Lie group acts transitively. Then X is bi-holomorphic with a dilated nil-ball.

In passing from algebraic data on G to geometric data on Y , it will be useful to
use the well known description of T (Y ) as a homogeneous G-bundle. Explicitly, let
� be any representation of R in a vector space V. We let R act on G� V by

(g; v)k = (gk; � (k�1)v)

We let � denote the mapping of G�V ! G=R de�ned by the quotient mapping on
G. We then de�ne G�� V = (G�V)=R. This de�nes a homogeneous vector bundle
over G=R with the projection mapping induced from �. The sections of G �� V
may be identi�ed with mappings F : G! V which satisfy

F (gk) = � (k�1)F (g)

for all g 2 G and k 2 R.



POISSON INTEGRALS FOR HOMOGENEOUS, RANK 1 KOSZUL MANIFOLDS 13

The real tangent bundle T (Y ) is obtained in this manner using the adjoint
representation of R in Y = G=R. Clearly, the sections are de�ned by vector �elds
on G which satisfy the above formula, modulo R. We may describe the action of
such a section on C1(Y ). Let us agree that if f is a C1 function on G and X
is a lie algebra element, then R(X)f is the action of X on f as a left invariant
di�erential operator and L(X)f is the right invariant action of X on f . Hence R
is the derivative of the right regular representation and L is the derivative of the
left regular representation. Any C1 function f on Y may be identi�ed with a right
R-invariant function on G. Then the action of F on f is given by

(Ff)(g) = R(F (g))f(g):

Every Lie algebra element X in G de�nes a section of this bundle by the formula

X(g) = ad g�1X:

The corresponding vector �eld on Y is again denoted by L(X). Now L is the
derivative of the left action of G on Y .

The complex tangent bundle is similarly obtained by projection from Gc. Gener-
ally speaking, the requirement that a algebraic concept on Gc de�ne a G-invariant
geometric structure on Y is that it project to an ad R invariant object on Yc.

Our �rst application of these ideas is to describe the complex structure on G=R.
Since Zo is central, the real tangent space to 
 at zo is Nc=P, thought of as a real
vector space. The complex structure is de�ned by the natural complex structure
on Nc=P. The identi�cation of G=R with Nc=P is obtained by mapping A into iZo
and N into Nc=P by means of the identi�cation

N=R = (N + P)=P:

From this, the complex structure J on G=R may be described as the inverse image
of that on Nc=P. Rather than describe it as an operator, however, it is easier to
describe the corresponding decomposition of Yc = Gc=Rc into the �i eigenspaces
of J . Let Wo 2 Gc be Wo = A + iZo. Let Q be the subalgebra of Gc spanned over
C byWo and P. It is easily veri�ed that Q projects to the +i eigenspace of J in Y.
Furthermore, this image is ad R-invariant and de�nes the bundle of vector �elds
of type (0; 1).

Next, we describe the Koszul form. Let � 2 G0 be the functional which equals
� on P and is 0 on A. Let B� be the bi-linear form on G de�ned by B�(X;Y ) =
�([X;Y ])=2. This form projects to a non-degenerate, ad R-invariant, J-invariant
form � on Y. This form de�nes the Koszul symplectic form on Y . (See Proposition
2 of [P2].) We let g(X;Y ) = �(JX; Y ). Then g de�nes the pseudo-Riemannian
structure on Y . We let gc be the extension of g to Yc. The Hermitian form is then
de�ned by

H = (g + i�)=2:

These forms, too, project to T (Y ).
The form � has an important invariance principal. Let (t) = exp tA inG. Then,

ad (t) is the extension of �(t) to G which is trivial on A. Clearly ad �(t)� = t�:
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This results in the equality

ad �(t)B� = tB�:

Since � is non-degenerate on G=R, it follows that

det
G=R

ad (t) = tn: (11)

(Note that n is one half the dimension of G=R.)

The subbundle TP (Y ) of T 0;1(Y ) de�ned by the image of P will play a special
role in our discussions. It is the bundle of vector �elds of type (0; 1) which are
tangent to the leaves of the N-foliation. Let W be the subspace of Q spanned by
Wo. Since Wo normalizes R, this subspace projects to a R invariant subspace of
Yc which de�nes a bundle TW(Y ). Then we have the direct sum decomposition

T 0;1(Y ) = TW(Y )� TN (Y ):

There are analogous decompositions for froms. We write

T 0;1(Y )� = TW(Y )� � TN (Y )
�:

From the description of the Koszul structure given above, this decomposition is
orthogonal with respect to H�. Thus, we may write @ = @W +@N , where each part
has values in the appropriate space of sections of the appropriate bundle. From
formula10n and the orthogonality, it follows that

� = �W +�N

where

�W =� @
�
W@W and

�N =� @
�
N@N

To explicitly describe these operators, we choose a subset fZ1; : : : ; Zn�1g � P
consisting of joint eigenvectors of �(t), which projects to a basis of P=Rc. These
elements, together with Wo, project to a basis for Q=Rc. There is a subset
fW1; : : : ;Wn�1g � P which is dual to the Zi in the sense that

H(Zi;Wj) = �i;j :

Note that H(Wo;Wo) = 1 and that Wo is orthogonal to the Zi as well as the Wi.
The following simple lemma is left to the reader. The idea of the proof is to prove
it at the identity coset, and then to use G-invariance to conclude it in general.
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Lemma 12. Let f and g be C1, right R-invariant functions. Then for all x 2 G,

H�(@Wf(x); @Wg(x)) = R(Wo)f(x)R(W o)g(x)

H�(@Nf(x); @N g(x)) =

nX
1

R(Zi)f(x)R(W i)g(x): (12)

As a manifold, G = N �R+. We shall denote the R+ coordinate by `y' and the
N coordinate by `u0. In these coordinates,

R(A) = y
@

@y
:

For X 2 N , we shall let Rb(X) be its action on C1(N) as a left invariant vector
�eld. We shall use the same symbol to denote the corresponding action on C1(G)
which is independent of the y-variable. Then

R(X)f(u; y) = Rb(�(y)(X))f(u; y):

In formula12n above, the Zi are all eigenvectors of �(y). In fact, the Wi may be
chosen to be eigenvectors as well. If Zi corresponds to the eigenvalue y�, then Wi

corresponds to y1��. Thus, formula12n above may be expressed as

H�(@Nf; @N g)(u; y) =
X

yRb(Zi)f(u; y)Rb(W i)g(u; y): (13)

It follows that there is an operator �b on C1(N=R) such that

�N = y�b:

To compute �W, note that since Zo is central in N , Rb(Zo) = L(Zo). Thus,

R(Wo) = y(
@

@y
+ iL(Zo)). Lemma12n then says that:

�W = �R(Wo)
�R(Wo): (14)

The adjoint of R(Wo) is easily computed from Lemma13n below.

Lemma 13. The invariant measure on 
 is y�(n+1)dydu where du is the Haar

measure on N=R.

Proof It su�ces to prove that the stated measure is invariant under both the N
and the R+ actions. The N invariance is clear. The action of s in R+ on the
general point (uR; y) in N=R �R+ is given by

(uR; y) ! (�(s)(u)R; ys):

We may identify N=R with N=R in such a way that the �(s) action on N=R is
the natural �(s) (linear) action on N=R. This identi�cation preserves the Haar
measures. It follows that the Jacobian of the transformation de�ned by the above
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formula is J(s) = sdetN=R �(s). Our lemmawill follow if we show that J(s) = sn+1.
This follows easily from formula11n.

It will be seen in section 3 below that our current realization of � is not
the most convenient one. Consider the unitary isomorphism U of L2(N=R �
R+; y�(n+1)dydu) into L2(N=R �R+; y�2dydu) given by

Uf(u; y) = y�(n�1)=2f(u; y): (15)

For any operator B on L2(N=R � R+; y�(n+1)dydu), we de�ne ~B = UBU�1.

Note that R(A)~= y
@

@y
+ (n � 1)=2. Thus, an easy computation using formula14n

shows that
~� = ~�W +�N

where

~�W = y2(
@2

@y2
+ L(Zo)

2) +
1� n2

4
� i(n � 1)yL(Zo): (16)

Now, we shall de�ne the space of functions on which we shall study the eigenvalue
problem. The pair of operators �b and L(Zo) commute on C1(N=R). Let V be
the space of joint C1 vectors in L2(N=R) for this pair. This is the largest subspace
of L2(N=R) which contains C1c (N=R) and is invariant under the closure of both
L(Zo) and �b. We topologize this space in the usual manner. We de�ne C to be
the space of all C1 mappings f : R+ ! V such that there is an � 2 R such that
y�f(y) is bounded in V as y ! 0 (the elements of moderate growth). Elements of
C may, of course, be identi�ed with complex valued functions on 
 = N=R �R+.
Conversely, � may be considered as a V-valued di�erential operator. It is clear
that � has regular singularities at y = 0 as a V-valued di�erential operator. Thus,
the boundary value of any eigenfunction for � in C will be in V. (See x1 above.)

Similar comments hold for ~�. Clearly, �( ~�)(s) = �(�)(s + (n � 1)=2). Thus,
there is an obvious correspondence between the characteristic exponents. The op-
erator U of course gives rise to a one-to-one correspondence between the relevant
eigenfunctions for � and those for ~�. It is trivial to see that the boundary values
for corresponding characteristic exponents also correspond under U . Thus, for our
purposes, it is entirely equivalent to consider ~� in place of �. Actually, it is also
convenient to `shift' the eigenvalue slightly. To explain this, we note the following:

Proposition 14. As a V-valued di�erential operator, the operator ~� has regular

singularities at y = 0. The indicial polynomial is �( ~�)(s) = s(s � 1) + (1 � n2)=4.

In studying the eigenvalue problem, we introduce the operator

�� = ~�� (1 � n2)=4 + (1� �2)=4

This operator has indicial polynomial

p(s) = (s � (1� �)=2)(s � (1 + �)=2)

This meets the requirements for de�ning the boundary values provided that � =2 Z.
In this case the boundary value of any eigenfunction from C is a well de�ned element
of V.
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Section 3. The N-transform

In this section, we introduce a transformation on L2(N=R) which yields a trans-

formation of ~� into the image of the Casimir operator in some representation space
of the covering group of Sl(2;R). Let f 2 L2(N=R). We let the partial Fourier
transformation of f in the Zo direction at � be denoted by f�. Thus

f�(u) = (2�)�1=2
Z 1

�1
f((exp tZo)u)e

�i�tdt:

Then f� transforms covariantly under the one parameter group L = (expRZo)R
with respect to the character � de�ned by �(exp tZou) = exp�i�t. For a.e. �, the
function jf�j is in L2(N=L) and

jjf jj2 =

Z 1

�1
jjf�jj

2d�: (17)

We denote the space of all such covariant, L2(N=L), functions by H�. We
consider this space as a Hilbert space under the obvious norm.

We de�ne, for � 6= 0,

�(f)� = j�j(1�n)=2f� � �(j�j
�1):

Then, for � > 0, �(f)� belongs to H1 while for � < 0, �(f)� belongs to H�1. The
mapping of f� ! �(f)� de�nes an isometry of H� onto H�1. Finally, we de�ne

T�N f(u; x) = (2�)�1=2
Z 1

0

eix��(f)��(u)d�

for u 2 N=R and x 2 R. This integral exists for a.e. u since, from formula17n and
the Fubini theorem, the integrand is in L2(R+) for a.e. u.

The image of T�N is easily described. Let L2
+(R) be the subspace of L2(R)

consisting of those functions whose Fourier transform is supported in R+. We
identify the Hilbert space tensor product L2

+(R)
H�1 with a space of functions on

N=R�R. It is clear that T�N de�nes a mapping of L2(N=R) onto the corresponding
space. Furthermore, the map

TN : f ! (T+
N f; T

�
N f)

de�nes a unitary isomorphism of L2(N=R) onto L2
+(R)
H where H = H1�H�1.

The signi�cance of the operator TN is that it `decouples' the operators L(Zo)
and �N . To explain this, note that H� may be interpreted as the space of square
integrable sections over N=L of the Hermitian line bundle E = N �� C. The
manifold N=L has a complex structure where the space of tangent vectors of type
(0; 1) is de�ned by the projection of P to Nc=L. This structure is pseudo-Kahlerian,
relative to the Hermitian form de�ned from the projection of the restriction of H to
N . In this complex structure, E is a holomorphic line bundle. As was done above,
we de�ne the Laplace-Beltrami operator �(�) which acts on C1 sections of E. We
shall denote the operators �(�1) by ��, respectively. Let � be the unbounded
operator on H de�ned by � = �+ ���. Then, we have the following:
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Proposition 15. The operator TN intertwines�b and i
@

@x

�. It also intertwines

L(Zo) and
@

@x

 I.

Proof The statement about L(Zo) is clear from the fact that (L(Zo)f)� = i�f�.
To prove the other statement, we interpret elements of L2(N=R) as functions on

N as usual. For f and g in L2(N=R), we have (from formula12n and the Plancherel
formula for R),

�(�bf; g) =

Z
N=R

Rb(Zi)f(u)Rb(W i)g(u)du

=

Z 1

�1

Z
N=L

Rb(Zi)f�(u)Rb(W i)g�(u)dud�:

We write this integral as a sum of an integral over � > 0 and one over � < 0. We
then change � to �� in the second integral. We then make a changes of variables
in each integral, replacing u by �(��1)(u). Arguing as in the proof of formula13n,
we see that

�(�bf; g) =
X
�

Z 1

0

Z
N=L

�Rb(Zi)�(f)��(u)Rb(W i)�(g)��(u)dud�:

It follows easily that

�(�bf; g) =
X
�

(�i
@

@x

�(�1)T�N f; T

�
N g):

The rest of the proposition is clear.

To summarize the conclusions of this section, I 
 TN maps L2(R+; dy=y2) 

L2(N=R) onto L2(R+; dy=y2) 
 L2

+(R) 
 H. We let H+ be the upper half-plane
y > 0 in C and identify L2(R+; dy=y2) 
 L2

+(R) with a space L2
+(H

+; dxdy=y2)
of square integrable functions on H+ in the obvious manner. (This space consists
of functions whose Fourier transform in x is supported in R+.) Then I 
 TN
intertwines ~�� with the following operator:

�S
� = y2(

@2

@x2
+

@2

@y2
)
 I + y

@

@x

 (i(� � n+ 1)) +

1� �2

4
: (18)

where � = (�+;��) on H+ �H�.
The observant reader will note that the �rst term on the right in the above

formula is just the Laplace-Beltrami operator for the upper half-plane H+. There
is, in fact, a deep relationship between �S

� and the Casimir operator for the group

S = ~Sl(2;R) (` ~ ' refers to the simply-connected covering space).
We choose as a basis for the Lie algebra S = sl(2;R), the elements de�ned below.

H0 =

�
0 1
�1 0

�
;H1 =

�
0 1
1 0

�
;H2 =

�
1 0
0 �1

�
: (19)
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We de�ne subgroups ~K and A of S by exponentiating RH0 and RH2 respectively.
The subgroup Z of ~K de�ned by

Z = exp�ZH0

is the center of S.
We also de�ne

N0 =

�
0 1
0 0

�
:

As a manifold, S = H+�R, the explicit isomorphism being de�ned by the mapping
� where

�(x; y; �) = expxN0 exp(
1

2
log y)H2 exp �H0: (20)

We use the inverse of this mapping to de�ne coordinates (x; y; �) for S.
We let C represent the Casimir element in the enveloping algebra. This is the

element is the element in the universal enveloping algebra of S de�ned by

C =
1

4
(H2

0 �H2
1 �H2

2 ):

Then, according to [G], p.25, as an operator acting on C1(S) , C is given by

C = y2(
@2

@x2
+

@2

@y2
) + y

@2

@x@�
: (21)

Next, we make a fundamental assumption: We shall assume that the operators

�
� have essentially self adjoint closures on H�. In [P1], we gave general conditions

under which this assumption is valid. For example, if P is abelian or if ad A has
only positive eigenvalues (so that � is essentially a dilation), then this condition is
satis�ed. Note that this condition is not automatic due to the non-de�nite nature
of H. This assumption allows us to de�ne a unitary representation � of ~K in H by

�(exp �H0) = exp(�i�[�� n+ 1]): (22)

We then let
� = indL( ~K;S; �):

This is the representation of S de�ned by left translation in the space of square
integrable sections of the Hilbert bundle S �� H. These sections may be thought
of as H valued functions u on S which satisfy

u(gk) = �(k�1)u(g) (23)

for all g 2 S and all k 2 K. We may then conclude from formula21n that

�(C) = y2(
@2

@x2
+

@2

@y2
)y

@

@x
[i(� � n+ 1)]:
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As a Hilbert space, the representation space of � is L2(H+; dxdy=y2) 
 H. It
follows that in this realization

�(C) = y2(
@2

@x2
+

@2

@y2
) 
 I � y

@

@x

 (i(� � n+ 1)): (24)

Formally, this operator is identical with �S
1 (formula18n). However, we must

pay close attention to the spaces on which these operators act. Recall that that the
space of eigenfunctions for ~� under consideration consists of C1 mappings into V
where V is the space of joint C1 vectors for �b and L(Zo). (See the discussion
following formula16n.) Let VS be the subspace of L2(R;H(�)) of joint C1 vectors

for
@

@x
and

@

@x
�(H0). Since the N-transform is unitary, TN (V) is the subspace V

+
S

of VS consisting of those functions whose Fourier transformation in x is supported
in R+. (Proposition15n.)

Let CS (respectively V+
S ) be the space of C

1 mappings of R+ into VS (respec-

tively V+
S ) of moderate growth as y ! 0. The N-transformation of the space C is

C+S . The boundary values of eigen-functions in C+S will belong to V+
S . Clearly, TN

will commute with the corresponding boundary maps. Thus, it will su�ce to invert
the boundary map on C+S . This will be done in the next section.

Section 4. ~Sl(2;R)

We continue with the notation established in the last section. We shall also let
� be the Cartan involution. This is the automorphism of S whose di�erential is
the negative of the transpose mapping on the Lie algebra.

As discussed above, our goal in this section is to study the boundary values
associated with the eigenvalue problem

Cu =
(�2 � 1)

4
u

where C is the Casimir element and u satis�es formula23n.
We shall need to avoid certain `singular' values of �. We shall assume, to begin

with, that � =2 Z. Additionally, we shall assume that the set

(� + 1� 2N) [ �(�+ 1� 2N) (25)

does not intersect the `singular support' of �. To de�ne `singular support', let � be
decomposed as a direct integral as

� = �

Z
R

�� 
 I�d�(�)

where ��(exp tH0) = ei�t and I� is the identity representation in a Hilbert space
H�. We write � = �1 + �2 where �1 is absolutely continuous with respect to
Lebesgue measure and �2 is singular with respect to Lebesgue measure. The sup-
port of �2 is referred to as the singular support of �.

As explained in the previous section, we are mainly interested in studying the
boundary values in theNA ~K decomposition of S. However, it seems to be necessary
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to �rst consider the `compact picture' and then to relate this to the non-compact
situation. Thus, we consider the decomposition S = ~KA ~K .

Let H1(�) denote the space of C1-vectors for �. Let VK be the space of C1

maps f of ~K into H1(�) which satisfy

f(kz) = �(z�1)f(k) (26)

for all k 2 ~K and z 2 Z. C1 functions f satisfying formula23n are in one to one
correspondence with C1 maps of A into VK . Speci�cally, such f correspond with
the map a! R(a)f j ~K .

We would like to explicitly describe the C action on such functions. We de�ne
two operators on VK which will be important. The �rst operator is simply pointwise
multiplication by �(H0). We denote this by `�(H0)'. The second is di�erentiation

in the H0 direction in the ~K variable. We denote this by R(H0). Finally, we
coordinatize A by the map t ! exp 1

2 (log t)H2. Actually, we shall only consider
that portion of A coordinatized by t 2 (0; 1). (This does not cause trouble since it
turns out that we will only be interested in values of t near zero.)

We claim that on functions satisfying formula23n, in these coordinates, C is
described by:


 = �2 +
t2 + 1

t2 � 1
� +

t

(t+ 1)2
[

t

(t� 1)2
(R(H0) � �(H0))

2 �R(H0)�(H0)]: (27)

where � = t
@

@t
.

To see this, let M = R3. We denote the typical point of M by (�; �; �). Let
� :M ! G be the mapping de�ned by

�(x) = (exp �H0)(exp �H2)(exp �H0):

This map is a local di�eomorphism on the set Mo in M de�ned by � < 0. Note,
however, that � is not injective on Mo since, for example, � is constant on the set
f(n�; �;�n�)jn 2 Zg. The Casimir operator lifts to an operator 
 on Mo. The
explicit form of this operator may be found in [B], p.596, formula (4.19). After
some simpli�cation, one sees that

4
 =
@2

@�2
+ 2coth 2�

@

@�
+ (sinh 2�)�2((

@

@�
�

@

@�
)2 � 4 sinh2 �

@2

@�@�
):

We introduce the change of variables

� = (log t)=2:

In these variables, Mo is described by 0 < t < 1.
A straight forward computation yields the formula


 = �2 +
t2 + 1

t2 � 1
� +

t

(t + 1)2
[

t

(t � 1)2
(
@

@�
�

@

@�
)2 �

@2

@�@�
]:
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This easily implies formula27n.
From formula27n, we may consider 
 as a VK valued di�erential operator on

C1((�1; 1);VK ). It is clear that 
 has regular singularities at 0 and, for moderately
growing solutions on (0; 1), the boundary values will belong to VK . We shall study
the boundary value problem on this space.

The group ~K acts on VK both by left translation and by multiplication by
�(k�1). The boundary map commutes with these actions. Clearly, for all � 2 C, the
operator P� = 
+(1��2)=4 is C1 on C1((�1; 1);VK ) and has regular singularities
at 0 in the sense de�ned in x1. Then �(P�)(s) = (s � (1 + �)=2)(s � (1 � �)=2).
The characteristic exponents are

s� = (1� �)=2:

Now, let A�� be the space of all solutions to P�u = 0 in C1((0; 1);VK ) which
have moderate growth as t ! 0. For each u 2 A�� there is a pair of boundary
values B(u)� corresponding to s�. These boundary values are uniquely determined
elements of VK . We set B(u) = B+(u). (Recall that we have normalized � by
requiring re � � 0.)

We may identify B(u) with an element of H1(��;�) for a certain representation

��;� of S � ~K. We let P be the span of N0 and H2. Let Po be the connected
subgroup of S corresponding to Po and P = ZPo. We de�ne a character � on Po
by requiring its di�erential to be zero at N0 and 1 + � at H2.

There is a unique representation ��;� of P � ~K, valued in H(�), which equals �I

on Po, � on Z � Po and � on feg � ~K. Let H(��;�) to be the space of all H(�)

valued functions f on S � ~K such that

(1)
f(gp) = ��;�(p

�1)f(g)

for all p 2 P � ~K and g 2 S � ~K.
(2) jjf jj de�nes, upon restriction to ~K, an element of L2( ~K=Z). (We use Haar

measure on ~K=Z, normalized to give the quotient unit measure).

We let ��;�(g) be the representation of S � ~K de�ned by left translation by g�1 in

this space. This representation is unitary on ~K � ~K. We will usually realize this
representation in the obvious space of H(�) valued functions on ~K, obtained by

restricting elements of H(��;�) to ~K �feg. On feg� ~K, this representation is just

the pointwise action of �. The reason we have included the extra factor of ~K in our
de�nition of ��;� is to make the space of C1 vectors be C1 maps in the H1(�)
topology. Explicitly, we have the following lemma.

Lemma 16. The space H1(��;�) is VK .

Proof The fact that H1(��;�) � VK is easily seen. To prove the equality, we must
show that the ��;� action is C1 on VK . Explicitly, we need to show that for all f
in VK and for all g 2 H(��;�)�, the mapping of S into C given by

s!< ��;�(s)f; g >

is C1.
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The action of ��;�(s) is given by a formula of the form

��;�(g)f(k) = �(a(g; k))f(b(g; k))

where a and b are C1 maps of S � ~K into ~K. The above scalar product may be
de�ned by an integral over a compact set. Since f is C1, it is clear that this de�nes
a C1 function, as desired.

There is a mapping T�;� from H1(��;�) into A��. To de�ne this, note �rst that
there is an obvious pairing between ��;� and ���;�. In fact, if f 2 H(��;�) and

g 2 H(���;�), then we de�ne

< f; g >=

Z
~K=Z

(f(x); g(x))dx

where the scalar product is the H(�) scalar product. It is well known that ��;� and
���;� are contragredient representations under this pairing.

Now let n be an even integer. For each w 2 H(�) let vn(w) be the function on
~K de�ned by

vn(w)(exp tH0) = �(exp�tH0)we
�int (28)

The function vn(w) may be considered either as belonging to H(��;�) or H(���;�)

as the need arises. Given F 2 H1(��;�), we de�ne a C1 function Tw�;�(F ) on S by

Tw�;�(F )(s) =< ��;�((�(s
�1); e))F; v0(w) > : (29)

where v0(w) is considered as an element of H(���;�). (� is the Cartan involution.)

The mapping w ! Tw�;�(F )(s) de�nes, by duality, an element T�;�(F )(s) of H(�).
Explicitly,

T�;�(F )(s) =

Z
~K=Z

�(k)F (�(s)k; e)dk

It is easily seen that this element, in fact, belongs to H1(�). Furthermore, T�;�(F )
satis�es formula23n. We say that T�;�(F ) has moderate growth if it has moderate
growth when considered as a VK mapping as explained below formula26n.

Proposition 17. For all F 2 H1(��;�), T�;�(F ) is an eigenvector with eigenvalue

q = (1 � �2)=4 for �(C). Furthermore, T�;�(F ) has moderate growth.

Proof For the �rst statement, it su�ces to show that ��;�(C) = qI on H(��;�).
Let A = �i�(H0). We note that the function vn(w) is uniquely determined by the
facts that vn(w)(e) = w and

��;�(�iH0)vn(w) = (A + n)vn(w):

The in�nitesimal action of S on the vn is easily described. The Let X and Y in
Sc be de�ned by

X = (H2 � iH1)=2 and Y = (H2 + iH1)=2:

Let x, y and h be respectively, the images of X, Y and �iH0 under ��;�. Then
[h; x] = �2x, [h; y] = 2y and [y; x] = h.
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Lemma 18. 2xvn(w) = (�+1�n�A)vn�2(w), 2yvn(w) = (�+1+n+A)vn+2(w),
and hvn(w) = (n+A)vn(w).

Proof Note that

hxvn(w) = xhvn(w) � 2xvn(w) = (A + n� 2)xvn(w):

Thus, xvn(w) = vn�2(wo) where wo = xvn(w)(e). This is easily evaluated using
the covariance of vn(w) as an element of H(��;�) and the fact that H1 = 2N0�H0.
We �nd that 2wo = (� + 1 �A � n)w. This proves the �rst equality. The rest of
the lemma follows similarly.

In these terms, it is easily seen (using the above lemma) that on the span of the
vn(w),

��;�(C) = �
1

4
(h2 + 2xy + 2yx) =

1

4
(1� �2):

Since the vn(w) are clearly dense in H1(��;�), this proves the �rst statement.
Next we prove the moderate growth. For this, let a = exp 1

2 (log t)H2 and let

G = T�;�(F ). We shall show that a! t re �=2R(a)Gj ~K de�nes a bounded mapping
of (0; 1) into VK . This is equivalent to saying that for all n amd m, the function

a! t re �=2R(a)�(H0)
nR(H0)

mGj ~K (30)

is bounded as a map into the space of continuous, H(�) valued functions.
Of course, it su�ces to prove that the functions in formula30n have uniformly

bounded scalar product with any w 2 H(�). For this, we note that for k in ~K, and
w 2 H(�),

(G(ka); w) = Tw�;�(F )(ka) =< ��;�(k
�1)F; ���;�(a

�1)v0(w) > :

A similar equality is true for �(H0)
nR(H0)

mG. The moderate growth follows from
the following lemma. We shall postpone the proof of this lemma until after Propo-
sition26n. .

Lemma 19. For a as above, t re �=2jj���;�(a
�1)v0(w)jj is bounded as t! 0.

Let F 2 H1(��;�). From Proposition17n, T�;�(F ) de�nes an H1(�) valued
distribution on (0;1) which extends (due to the moderate growth) to a distribution
on (�1;1) which is supported in [0;1). It follows that the boundary value of
this element is a well de�ned element of VK . Thus, we obtain a mapping T :
H1(��;�) ! VK . We identify VK with H1(��;�) by means of Lemma16n. This
operator may be explicitly computed.

We de�ne an operator D� on H(�) by

D� = ��1
Z �

2

��
2

(cos t)��1�(exp(tH0)))dt:

Initially this is de�ned only for re � > 0. However, the following lemma allows us
to de�ne this operator (as a continuous operator on H1(�)) for all � =2 2N�.
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Lemma 20. For each w 2 H1(�), �! D�(w) extends holomorphically to CnZ�.
The operator D� so de�ned is bounded in H(�) for all � 2 C nR�.

Proof Let � be decomposed as a direct integral as

� = �

Z
R

�� 
 I�d�(�) (31)

where ��(exp tH0) = ei�t and I� is the identity representation in a Hilbert space
H�. In this notation, the derivative of � is multiplication by i�. It follows that
the elements of H1(�) have rapidly vanishing norms at � = �1. (This in fact
characterizes H1(�).)

From the last formula on p. 8 of [M], we obtain the identity (for re � > 0)

Z �
2

��
2

(cos t)��1eiatdt =
��(�)2��+1

�((1 + � + �)=2)�((1 + �� �)=2)
: (32)

Using the identity

�(
1

2
+ z)�(

1

2
� z) =

�

cos(�z)
; (33)

([M], p. 2), it is easily seen that this expression is bounded (as a function of �)
except for � < 0. Furthermore, for � < 0, this expression grows at most like j�j��

at �1. Our lemma follows easily.

The operator D� acts in a pointwize fashion on H1(��;�). We may write, with
the obvious abuse of notation:

T�;�D
� = D�T�;� and

BD� = D�B:

The following explains the signi�cance of D�.

Proposition 21. T = �D��.

Proof We decompose � according to formula31n. If w belongs to H(�), we shall
denote its �-component in H� by w�.

For each �, we have operators and spaces de�ned by �a in the same manner as
the spaces de�ned by �. We shall use �, rather ��, as a parameter in denoting
theses spaces. The space VK is the direct integral of the spaces VK;� 
H� in the
sense that elements F of VK are de�ned by a measurable �eld F� 2 VK;� 
 H�

where, for all n 2 Z+, R(H0)nF� has rapidly decaying sup norm at � = �1. (See
[G].)

Now, let u 2 A�� be such that u� has moderate growth for a.e. �. Then
u� 2 A�� 
 H�. It is easily shown that B(u)� = B� 
 I(u�) for a.e. �. From
this, we see that for F 2 H1(��;�), T (F )� = T� 
 I(F�). It su�ces to compute
the T�.

Let v�n be the elements of H1(��;�) de�ned by

v�n (exp�tH0) = e�i(n+�)t
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Let
u�n = T�;�(v

�
n ):

Then u�n is a C1 eigenvector for C corresponding to the eigenvalue q = (1��2)=4.
Furthermore,

u�n((exp�H0)g(exp �H0)) = e�i(��+��)u�n(g):

where � = n + �. In particular, u�n is determined by the function ~u�n(t) =
u�n(exp �H2) where � = log t=2 as before. From formula27n, we see that ~u�n satis�es
the ordinary di�erential equation Po~u�n = q~u�n where

Po = �2 +
t2 + 1

t2 � 1
� +

t

(1 + t)2
[

t

(t� 1)2
(� � �)2 � ��]: (34)

The indicial polynomial for Po�q is the same as that for P�. Since we have assumed
that the roots do not di�er by an integer, it follows from the theory of ordinary
di�erential equations with regular singularities ([C], Theorem 3, p.158) that ~u�n has
a unique expansion of the form

~u�n(t) = u�n;+(t)t
s+ + u�n;�(t)t

s� (35)

where u�n;� are C1 on some neighborhood of t = 0. FromTheorem6n, the boundary
value of the solution u�n is the function

�e�i(�����)u�n;+(0):

More generally, we say that an element v ofH1(��;�) is ~K-�nite if it is a �nite linear
combination of such v�n . We denote the space of all such elements by Hf (��;�). It
is well known that this space is invariant under the in�nitesimal action of S. We
de�ne the linear functional � on Hf (��;�) by

< v; � >= T�(v)(e):

Note that from the above comments < v�n ; � >= u�n;+(0).

Lemma 22. For all X 2 P, and all ~K-�nite vectors v,

< ��;�(X)v; � >=< ��;�(X)v; � > :

Proof It su�ces to consider v = v�n . Consider T�(��;�(N0)v�n). Since we are
evaluating at e, this is uniquely determined by the function

�(t) =< ��;�(exp �H2)��;�(N0)v
�
n ; v

�
0 >

where � = (log t)=2. Using the identity [H2;N0] = 2N0, we see that

�(t) = t < ��;�(N0)��;�(exp �H2)v
�
n ; v

�
0 > :

We bring ��;�(N0) across the bi-linear pairing as����;�(N0). Of course, ���;�(N0)v�0
is ~K-�nite. Thus we may expand � as a �nite sum of terms of the form of t times
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an expression similar to that in formula35n. The presence of the t term shows that
the boundary value is zero at e, in agreement with the claim of the lemma.

To consider H2, we now de�ne

�(t) =< ��;�(exp �H2)��;�(H2)v
�
n ; v

�
0 > :

Then, � = 1
2
t
d

dt
~u�n where ~u�n is as above. Our formula follows easily by di�erentia-

tion in formula35n.

Now, let us compute T�. It is obvious that T� intertwines the ~K actions.
In particular, it follows that there is a constant c�n such that T�(v�n) = c�nv

�
n .

Proposition21n will follow from formula32n, once we have proven the following:

Lemma 23.

c�n =
��(��)2�+1

�((1 � �+ �)=2)�((1 � �� �)=2)
:

Proof We note that
c�n =< v�n ; � >

where � is as above.
Let X and Y be the elements of Sc de�ned above. Writing 2X = (H2 � 2iN0) +

iH0 and using Lemma22n, we see that

2 < ��;�(X; 0)vn; � >= (1 + �� n� �) < vn; � > :

From Lemma18n, we get:

(1 + �� n� �)c�n�2 = (1 + �� n� �)c�n:

If �� � is not of the form 2k+ 1 for some integer k, the coe�cients are never zero
and we conclude that c�n+2 = c�n. (Note that, by de�nition, n is even.) If � � � is
of the form 2k + 1, then �+ � is not of this form and the same conclusion follows
from similar arguments applied to Y .

To evaluate c�o , we we note that the boundary value corresponding to v�0 may
be explicitly computed. This involves explicitly computing the expression in for-
mula35n. The computation is essentially the same as that of formula (11.3) in [B],
so we shall be brief. Since we want to let t! 0, we shall limit ourselves to � < 0. In
formula34n, we let � = �, and make the substitution y = (sinh �)2 = t�1(t� 1)2=4.
This results in equation (10.16), p. 626 of [B] where n = m = 2�. We continue as
in [B], loc. cit., concluding that the function Yn;m de�ned in [B] satis�es equation
(10.18) of [B] where � = �=2. Since uo is C1 at � = 0 and assumes the value one
at this point, we can immediately conclude that formula (10.20) of [B] is valid, with
�(q) = 1. (See formula (10.11) of [B].) This eventually yields formula (11.3) of [B].
For small t, y is approximately t�1=4. It follows (using Theorem6n) that, in the
notation of [B],

c�0 = ���;�(��=2; 0) =
��(��)2�+1

�((1 � �+ �)=2)�((1 � �� �)=2)
: (36)
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This �nishes the proof of the lemma and of Proposition21n.

From Proposition21n, the Poisson kernel is, formally, (�D��)�1T�;�. It is clear
from formula32n and the `non-singularity' assumption on � (formula25n), that D��

is injective. We may explicitly compute its inverse. Let us �rst assume that re � <
0.

Using formula33n, we write

(c�0 )
�1 =

�

2
(

� sin��

cos �� + cos��
)

�(�)2��

�((1 + �+ �)=2)�((1 + �� �)=2)
: (37)

This formula shows that (�D��)�1 = ��
4E

�D� where E� is the operator on
H(��;�) de�ned by

sin��

cos�� + cos��
: (38)

(Note that this computation shows that for � 2 C nR, D� has a bounded inverse.)
To explicitly express E� in terms of �, let Z = ei�� andW = ei��. If im � < 0,

we have the identity

sin��

cos�� + cos��
=iZ((Z +W )�1 � (Z +W�1)�1)

=� i
X

(�1)nW�jnjZn = �i
X

(�1)nW�jnjein��:

Then, we see that

E� = �i
X

(�1)ne�i��jnj�(expn�H0): (39)

If � is real, the computation of the inverse is much subtlier. Formula37n is
valid only if cos�� + cos�� 6= 0. We write � = �3 � �4 where �4 has discrete
spectrum, supported in f�j cos�� + cos�� = 0g and �3 is supported o� of this
set. On H(�3), the inverse is described by formula37n. This will, typically, be an
unbounded operator, even on H1(�3).

On H(�4), the inverse will be obtained by inverting formula36n. Explicitly,
� = �(� � 1 + 2k) for some non-negative integer k. (k is non-negative due to the
non-singularity assumption on �.) In the case � = �+ 1+ 2k, we have:

(c�0 )
�1 =

�(k + 1)�(��� k)

��(��)2�+1

=
(�1)k�(k + 1)

��(1 + �+ k)�(��)2�+1 sin��

Recalling that by assumption � < 0, we see that the corresponding operator is
unbounded (if the support of �4 is in�nite), although it is continuous on H1(�4).
In the case � = ��� 1� 2k, we obtain the identical expression for (c�0 )

�1.
We now de�ne the Poisson kernel. Explicitly, we de�ne

P�;� = (�D��)�1T�;�:

Here, (D��)�1) is considered as a partially de�ned operator on H1(��;�). Our
main result of this section is the following.
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Theorem 24. Let � and � be non-singular. Then on A��, the range of B is

contained in the domain of P�;� and on this set P�;�B is the identity map.

Proof We begin with the following lemma. The proof is essentially the same as in
[KKMOOT].

Lemma 25. B is injective on A��.

Proof Suppose u 2 A�� is such that Bu = 0. From direct integral theory, it follows
that for a.e. �, Bu� = 0. Let

~u� =

Z
~K=Z

L(k)��(k
�1)u�dk

where L(k) is the left regular representation of ~K. Then ~u� is an eigenfunction for
the Casimir operator which satis�es

~u�(k1xk2) = ��((k1k1)
�1)~u�(x)

for all x 2 S and ki 2 ~K. Thus, ~u� is a ��-spherical function for S. The function
u�0 = T�;�(v

�
0 ) is also such a spherical function corresponding to the same eigenvalue

of the Casimir operator. It follows from Corollary 3.3, Chapter X of [He], suitably
generalized, that

~u� = ~u�(e)u�0 :

Since B(u�0 ) 6= 0, we must have 0 = ~u�(e) = u�(e). Applying the same argument
to translates of u� shows that u� = 0 and hence that u = 0, proving the lemma.

Now, let u 2 A�� . By construction,

BT�;�(Bu) = �D�Bu = B�D�u:

It follows that T�;�(Bu) = �D�u, which is equivalent with u = P�;�Bu. This
�nishes the theorem.

The boundary theory described above is adapted to the ~KA ~K decomposition of
S. As commented above, we require a theory adapted to the ~KAN decomposition.
The di�erence is somewhat analogous to doing harmonic analysis on the upper half
plane instead of the unit disc.

We use the mapping � of formula20n to de�ne coordinates (x; y; �) on S where
(x; y; �) 2 R�R+�R. In these coordinates, the Laplace-Beltrami operator on A�
is given by formula21n.

Let VS and CS be as de�ned following formula24n. Now, we de�ne C�S to be the
space of all eigenvectors for C in CS with eigenvalue q = (1 � �2)=4. Our most
immediate problem is to prove the non-triviality of this space. For this, we shall
use the operator T�;� above, but described in the `non-compact' picture. We de�ne

N 0 = expRN0 and N
0
= expRN t

0. Then PN is an open dense subset of S and

P \ N
0
= e. It follows that the image of N

0
in ~K under the projection mapping

has complement of measure zero. Thus, the restriction mapping from H(��;�) to

functions of N
0
is one-to-one. This allows us to realize ��;� in a space of H(�)

valued functions on N
0
. The content of the following proposition is well known (at

least for the case that � is one dimensional) and easily proved. (See, for example
[W].)
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Proposition 26. Let F 2 H(��;�). Then

jjF jj2 =

Z
N
0

jjF (x)jj2(x2 + 1) re �dx:

Also Z
N
0

F (x)dx =

Z �=2

��=2
(cos �)��1F (�)d�:

Let F 2 H(��;�) and G 2 H(���;�). Then

< F;G >=

Z
N
0

(F (x); G(x))dx

where dx is Lebesgue measure on R.

The intertwining operator between the two realizations is fairly easy to describe.
Let g = exp xN t

0. Then

g = exp �H0 exp(log s)H2 expnN0

where
n = x(x2 + 1)�1; s = (x2 + 1)1=2; � = � tan�1 x:

Thus, the mapping from the ~K realization to theN
0
realization is de�ned by sending

F into the function ~F de�ned by

~F (x) = (x2 + 1)�(�+1)=2F (�): (40)

In particular, the function of formula28n, considered as an element of H1(���;�),

corresponds to the function ~v0(w) de�ned by

~v0(w)(x) = (x2 + 1)(��1)=2�(exp((tan�1 x)H0)(w)): (41)

We may use this information to prove Lemma19n, section one. (Recall that we
deferred the proof of this lemma.) It is easily seen that

���;�(a
�1)vo(w)(x) = t(��1)=2vo(w)(t

�1x):

Thus, from Proposition26n, jj���;�(a
�1)vo(w)jj2 is given by

t re ��1
Z
(
t�2x2 + 1

x2 + 1
) re �(t�2x2 + 1)�1dx

Lemma19n follows easily from this.
Let L denote the Schwartz space of rapidly vanishing, C1 mappings ~F from

R into H1(�) which have all their derivatives rapidly vanishing. We let L+ be
the set of such functions which have Fourier transform supported in R+. These
spaces are non-trivial. For example, the inverse Fourier transform of any element of
D(R+;H1(�)) belongs to L+. The elements of L are bounded, L1 maps into H(�).
It follows from Proposition26n that we may in fact interpret L as a subspace of
H1(��;�). More over, it is clear from formula40n that the elements of L de�ne C1

mappings in the ~K realization. Thus, L � H1(��;�). When discussing elements of
L, we shall use a tilde when they are thought of as de�ned on R and will omit the
tilde when they are thought of as elements of H1(��;�). This is consistent with the
notation de�ned in formula40n. The following lemma establishes the non-triviality
of C�S .
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Corollary 27. Let ~F 2 L. Then T�;�(F ) 2 C�S . If
~F 2 L+ then T�;�(F ) 2 C

+
S as

well.

Proof For G 2 H(���;�) let

uG(g) =< ��;�(�(g
�1))F;G > :

Clearly, if g = expnN0,

uG(g) =

Z
R

( ~F (x � n); ~G(x))dx

This is essentially a convolution on R. It follows that the Fourier transform of uG
in n will be supported in R+ for F 2 L+. From Proposition26n, the function jj ~Gjj
is square integrable with respect to dx since, by our normalizations, re � � 0. It
follows that M : G! uGjN 0 is a continuous mapping of H(���;�) into L

2(N 0).

Now, let w 2 H(�). The mapping a! ���;�(a
�1)vo(w) is C1 as a mapping of

expRH2 into H(���;�). Furthermore, for all a 2 expRH2,

T�;�(F )
w(ga) = < ��;�(a�(g

�1))F; vo(w) >

= < ��;�(�(g
�1))F; ���;�(a

�1)vo(w) > : (42)

Again, the result is square integrable. The L2(R) rate of growth as t ! 0, is
determined by the norm of ���;�(a

�1)vo(w) in H(���;�) which is computed in

Lemma19n. We see that T�;�(F ) has moderate growth as an L2(R) valued map.
It follows (by applying the same arguments to the derivatives of F and to powers
of �(H0) on F ) that T�;�(F ) in fact has its image in VS and has moderate growth
as a VS valued map. growth as a map into C+. This proves the corollary.

Now, it is easily seen that in the coordinates de�ned by �, the Laplace-Beltrami
operator has regular singularities. Thus, any solution u 2 C�S has a boundary
value BN (u) which is an element of VS. The description of the boundary map is
essentially the same here as given was above Theorem24n.

Proposition 28. Let F be as in Corollary27n. Then BN(T�;�(F )) = �D��F �
�jN 0.

Proof To begin the proof, �rst, note that since the ~KAN 0 decomposition is unique,
we may de�ne an C1 mapping � : (�; t; �)! (x; y; �) by the requirement

(exp �H0)(exp(
1

2
log t)H2)(exp �H0) = (exp xN0)(exp(

1

2
log y)H2)(exp �H0) (43)

This mapping may be easily computed using, for example, the matrix realization
of Sl(2;R). One �nds that

x =b(1 � t2) cos� sin�

y =bt

� =tan�1(t tan�) + � (44)
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where b = (t2 sin2 � + cos2 �)�1. The branch of the inverse tangent is determined
by the requirement that at t = 1, � = �+ �.

We would like to apply the change of coordinates theorem (Theorem10n) above.
If cos� 6= 0, then � extends to �1 < t <1 as a C1 function. Let �=4 < � < �=2
and let

R(�) = f(�; �)j j�j < �g:

Let � = �(�) = cot �. Then, for all (�; �) 2 R(�), the function

t! tb(t; �; �)

is strictly increasing on (��; �) and contains (��; �) in its image. Since b depends
only on � and t, it is easily seen that there is an interval (�a; a) in (��; �) for which
� satis�es conditions (1)-(4) of x1.

We de�ne VK(�) to be the subspace of elements f of C1(R(�);H1(�)) which
satisfy

f(�; �) = �(exp(��H0))f(�; 0):

It is clear that for all � as above, P� restricts to an operator (which we call P (�))
on D((��; �);VK (�)) which has regular singularities. In fact, P (�) and P� have
the same characteristic polynomial and the restriction mapping commutes with the
boundary mappings on moderately growing solutions, as the reader may readily
verify for himself.

Next, consider the space VS . This space injects into C1(R;H1(�)). We extend
elements of C1(R;H1(�)) to functions on R2 which satisfy

g(x; �) = �(exp(��Ho))g(x; 0):

We let W denote the space of all elements of C1(R2;H1(�)) which satisfy this
condition. The operator C� = C � (1��2)=2 has regular singularities on functions
valued in W and the boundary map commutes with the injection of VS into W.

Let
T : C1((�a; a);W) ! C1((��; �);VK (�)))

be the mapping de�ned from � as in x1. Then T intertwinesC� and P (�). Thus, the
boundary values of corresponding eigenfunctions must be related by Theorem10n.
Combining this with Proposition21n, we conclude that for �� < � < �,

(cos�)�2s+BVN (T�;�(F ))(tan �) = �D��F (exp(�H0)):

Since � is arbitrary, this in fact holds for ��=2 < � < �=2. From formula40n, this
is equivalent with

BVN (T�;�(F ))(x) = �D��F (�(exp xN0)):

Our result follows from this.

Finally, let us prove formula2n. Let Ls = T�1N (L+) where L+ is as in Corol-
lary27n and TN is as in x3. Then Ls is a dense subset of L2(N=R). Let fo 2 Ls
and set ~Fo = TN (fo). Let F be the element of H1(��;�) de�ned by

~F (expxN t
0) = Fo(�x):
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Then T�;�(F ) is an eigenfunction for the Casimir operator and, according to Propo-
sition28n, has boundary value equal to �D��Fo. Explicitly, from formula29n, for-
mula41n and formula42n, in N 0A ~K coordinates,

T�;�(F )(x
0 ; y) = y(��1)=2

Z
R

�(k) ~Fo(x
0 � x)((xy�1)2 + 1)(��1)=2dx

where k = exp(� tan�1(xy�1)H0).

Now, let ~� be T�1N (�+ n� 1)TN . From formula22n, TN intertwines �(exp tH0)

and exp�it~�). Proposition15n implies that TN intertwines translation in the Zo
direction with translation in x. It follows that the above formula may be written

T�;�(F ) = I 
 TN (f)

where

f(n; y) = y(��1)=2
Z 1

�1
ei�

~�fo(n(exp(�xZo))((xy
�1)2 + 1)(��1)=2dx

where � = tan�1(xy�1) and n 2 N=R. The integral will converge because T�1N
~L(x) ~Fo

will decay rapidly as x ! 1 in L2(N=R) norm. From the comments above for-

mula18n, f is in the kernel of ~��. Finally, then, applying U�1 where U is as in
formula15n, we conclude that y(n�1)=2f is in the kernel of �� = �+ (n2 � �2)=2.

The boundary value of f is � ~D�f where ~D� = T�1N D�TN . This �nishes the proof
of formula2n.

References

[B] V. Bargmann, Irreducible representations of the Lorentz group, Annals of Math. 48
(1947), 568{640.

[C] E. Coddington, Ordinary Di�erential Equations, Prentice-Hall, New Jersey, 1961.
[G] S. Gelbart, The Automorphic Forms on Adele Groups, Princeton University Press

and University of Tokyo Press, Princeton, New Jersey, 1975.
[GS] I. M. Gelfand, G. E. Shilov, Generalized Functions, Academic Press, New York,

1964.
[He] S. Helgason, Di�erential Geometry and Symmetric Spaces, Academic Press, New

York, 1967.
[KKMOOT] M. Kashiwara, A. Kowata, K. Minemura, K. Okamoto, T. Oshima, and M. Tanaka,

Eigenfunctions of invariant di�erential operators on symmetric space, Ann. of Math.
107 (1978), 1{39.

[KO] M. Kashiwara, T. Oshima, Systems of Di�erential equations with regular singulari-

ties and their boundary value problems,, Ann. of Math. 106 (1977), 154{200.
[K] J. Koszul, Sur la form Hermitienne canonique des espaces homogenes complexes,

Canad. J. Math. 7 (1955), 562{576.
[M] W. Magnus, et al, Formulas and Theorems for the Special Functions of Mathematical

Physics, Springer, New York, 1966.
[O] T. Oshima, A de�nition of boundary values of solutions of partial di�erential equa-

tions with regular singularities, Pub. of the Research Inst. for Math. Sci., Kyoto U.
19 (1983), 1203-1230.

[P1] R. Penney, Non-elliptic Laplace equations on nilpotent Lie groups, Annals of Math.
119 (1984), 309{385.

[P2] R. Penney, Homogeneous Koszul manifolds in C
n, to appear J. Di�. Geometry.



34 RICHARD PENNEY

[T] F. Treves, Topological Vector Spaces, Distributions and Kernels, Academic Press,
New York, 1967.

[W] N. Wallach, Real Reductive Groups I, Academic Press, Boston, 1988.

Department of Mathematics, Purdue University, West Lafayette, Indiana 47907,

USA.

E-mail address: rcp@math.purdue.edu


