1. THE LEBESGUE MEASURE

Now we will discuss the Lebesgue measure. The reference for this part is the book Real Variables, by
A.Torchinsky, which is on reserve at the library.
A closed interval in R™ is a set of the form

I=la1,bi] X ... X [an,by], —00<a; <bj<oo, 1<j<mn.

Similarly an open interval is a set of the form
I=(ai,b1) x...%x (an,by), —00<a; <bj<oo, 1<j<n.

The volume of either the open or closed interval is
o(I) =[] (b —ay).
j=1

The following lemma is an important part in the construction of the Lebesgue measure.

Lemma 1.1. Let O C R™ be a nonempty open subset. Then there exist closed intervals {I;, j € N}
such that ;j N ;k: 0,5#k, and O = Uj’;l I;.

Proof. For k € N, let P, be the set of points of R” whose coordinates are integral multiples of 27%. For
each p = (p1,p2; ..., Pn) € P let

I(p,27 ") ={z eR": p; <z; <p; +27F 1<j<nl

Let Q. = {I(p,27%): pe B}

These sets satisfy the following properties:
1) Fixed k, then for each point € R™ there exists a unique interval I(p,27%) in Q. such that = € I(p,27%).
2) Let k' > k. If I(p1,27%) € Qu, I(p2,27 %) € Qs then either I(ps,27%) € I(p1,27%) or I(ps,27%) N
I(p1,27F) = 0.

To deduce property 1, just notice that any ¢ € R can be written as ¢ = m2~* + m; where m € N and
|m1| < 27k,

To prove property 2, notice that it follows from property 1 that there exists a unique box I(g,27%) € Q4
such that the corner py € I(g,27%). Then of course, I(p2,2~*) C I(g,27%). So either ¢ = p1, and in that
case I(p2,27 %) C I(p1,27F) or ¢ # p1 and I(p2, 2% )N 1I(py,27F) = 0.

Now we can prove the lemma. Since O is open, then for every z € O there exists I(p,27%) such that
r€1(p,27%) C O. Thus if F = {I(p,27%) € Qi : I(p,27F) C O},

o= |J Im2™").
I(p,2=k)eF

Now we just filter the collection, i.e. take those intervals in {21 and throw out all the intervals in €25,
j > 1, which are contained in one of the intervals in ; which are contained in O. From the remaining
collection select the intervals in €2 which are contained in O and remove the ones in §2;, 7 > 2, which
are contained in any of these. Repeat the process for n = 3,4, ... The remaining intervals {I;, j € N}
are disjoint and satisfy O = Uj’;l I;. To finish the proof of the lemma just take the closures of these
intervals. g

Given a set A C R™ we define its outer measure by

|Ale = inf{> v(I;): AC G I.}.
k k=1
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Here the infimum is taken over the family of countable covers of A by closed intervals.

Theorem 1.1. The outer measure has the following properties:

P.1) If AC B, then |A|. < |Ble.

P.2)IfI;, j =1,2,...,N be either closed intervals with ;k N ;j =0 if k # j, or pairwise disjoint open
intervals, then

P.3) Let B, CR", k=1,2,.... Then

U=
k=1

00
S Z |Ek|e :
k=1

€

P.4) For any E C R™,
|Ele = inf{|O|.: EC O and O is open }.
P.5) For any E C R™ there exists a G5 set H such that E C H and |E|. = |H].

Proof. To prove property P.1 just notice that any family of closed intervals that cover B also cover A.
So the inequality just follows from the definition of infimum.

We first prove P.2 for closed intervals, and we begin by observing that the intervals I, 1 < k < N
form a cover of the set A = Ujvzl I;. Therefore, by definition

N
[Ale <> o)),
j=1

Now we want to prove that |A|. > Ejvzl v(I;). Given € > 0, it follows from the definition of infimum that

there exist closed intervals J,,,, m = 1,2, ..., covering A, such that
(1.1) Ale <) 0(Jm) < |Al(1+6).
m=1

Let us denote J,, = [a}*,b7"] X ... x [a!*,b"]. Then v(J,,) = [}, (b7 —a?*). Let 8, > 0 and let J/, be the

open interval J}, = (a}" — 6, b7 + ) X oo X (a1 = 0, U7 + 61, ). Then v(J),) = [ i, (0" — al* + 26,,,).
Since —oo < a* < b < 00, i = 1,2,...,n, one can pick J,, such that

(1.2) v(J]) < (14 €)v(Jm)-
Since A C Uoo_y 1, Jr

m

1 <m < M, covering A.

is open, for all m, and A is compact, there exist a finite collection of the J},,

M
Ac | T,
m=1
This implies that if x4 and x . are the characteristic functions of A and .J;, respectively,

M
(1.3) xa < Z X7, -
m=1
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Now we appeal to the fact that the volume of an interval is the Riemann integral of its characteristic
function. Since A is the union of closed intervals I, 1 < k < N, with non-intersecting interiors, this
implies that

N M
(1.4 PORUSED SEIE/AL

M 9]
v(Ie) £ Y o) € DA+ uldn) < (L+6) Y o(Jn) < (14 €)|Al.

Since this holds for every e, it shows that |A|. > Zjvzl v(I;). This proves P.2 when the intervals are

closed. To prove P.2 for pairwise disjoint open intervals, we first observe that

By P.1 and the first part of P.2,

N N _ N
(1.5) _Ufj < U j SZU(IJ')-

On the other hand, if I; = (a],b]) x ... x (a},, b)), then for 0 < § < bl —al, k=1,...,n,j=1,..,N, et

I = [a] +6,0] — 8] x ... x [al, + 6,b) — 8] C I;, and since the I; are paiwise disjoint, the I7 are disjoint.
Therefore by P.1, the first case of P.2, and (1.5)

N N N N
Yoo = UL <|UL| <X o).
=t |, |i=t |,

j=1 j=1

Since this holds for every 9§, P.2 also holds for open intervals.
Property P.3 is obvious if |Ey|. = co for some k. So we may assume |Ey|e < oo for every k. Let € > 0
then for each k& we can pick a collection {I; 1, j € N} of closed intervals such that

(1.6) Ex € |J ik, and [Bele < o(Ln) +¢/2%, k=12, ..
j=1

j=1

Clearly, Uy~ Ex € Uj =1 Lk, and hence

oo
U &
k=1
Since this is a series of positive terms, we have from (1.6)
o0
e
k=1

Since € is arbitrary, P.3 holds.
Since |E|e < |0, for every E C O, P.4 is obvious if |E|. = 00. So we may assume that |E|. < cc.

<D w(Ik)
7,k

€

oo o0

S o) =SS o) < S (Bl 4 /25 < e+ 3 1B
k k =

e I j

=1j=1 k=1 k=1



For e > 0, let Iy, k = 1,2, ... be closed intervals such that
Ec |J I, and Y v(Ix) < |El. +€/2.
k=1 k=1
For each k, pick an open interval I; such that
(1.7) I, C I}, and v(I},) < v(I},) +€/2" L.

Let O = Jy—; I},- Then O is open and E C O. By property P.1 |E|. < |O|.. By property P.3, property
P.2, applied to a single interval, and (1.7)

0L <3 1Tle = S0l < S (0() + /257 < ¢/2+ Y o(li) < |Ele +c.
k=1 k k k

Thus for every € > 0 there exists an open subset O such that E C O and that |E|. < |O|. < |E|+e. This
proves P.4.

Now we prove P.5. If |E|. = oo, just take H = R™. So we may assume that |E|. < co. By property
P4, there exists a sequence of open subsets Oy, k = 1,2, ..., such that £ C O, and

Ok, < [Ele +1/k.
Let Hﬂ;ozl Of. Then H is a G5, E C H C Ok, k =1,2,... Therefore, by property P.1
|Ele < |Hle < |Ok] < |Ee| +1/k, k=1,2,...

Thus |H|. = |E|..

This ends the proof of the theorem. O

The following is an important generalization of Property P.2
Proposition 1.1. Let E; C R™ and Ez C R™ be such that d(Ey, E2) > 0, where

d(Ey, E2) = inf{|z — 2’| : x € Ey,2’ € E»}.

Then |E1 U Es|, = |Eq|, + |E2, .

Proof. If either |E;|, = oo or |Ez|, = oo, the statement is true. So we may assume that |Ei|, < co and
|E2|, < oo. From property P.3 we know that

|E1 UE2|€ < |E1|e+ |E2|e'

So we only need to prove the opposite inequality. Since |Ei |JFs|, < oo, for any € > 0 there exists a
cover of Eq|J E2 by closed intervals {Ix, k € N} such that

oo

o(I) < ’El UEQ’ te
k=1 ¢

We assume that for every interval Ij in this cover I N (Ey U Ea) # ), otherwise we can just remove it
from the collection. We then divide this family into three parts:

{Ix, ke N} =7F UFUF;z, where
Iye Fiifandonlyif L, NEy #0, I, NE>, =0,
IyeFHifandonlyif ,NE, =0, I, NEy #0,
Iye Fsifandonly if L, NEy # 0, I, N Ey # 0.
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Each interval in I, € F3 can be divided into a finite number of intervals I;; with diameter less than
d(E1, E). And we have

(1.8) v(I) =Y v(Ijk).

But each interval I;; falls into the family F; or F>, or it does not intersect Fy U Ey. We throw out the
intervals that do not intersect E; U Es. Then we replace each of the intervals I € F3 by the intervals
in {I;} which are in F; or F>. We have now a family of closed intervals {I;,} = F; U F» which cover
Ey U E5, and consists of the intervals {I;} which are in either F7 or F», and the intervals in {I;;} which
are also in F1 U Fa. In view of (1.8)

(1.9) S (1) < ‘El UEQ’ te
k=1 c
Therefore, by definition of outer measure
|Eq|, + B, < Z v(I}) + Z Zv L) <|EyUEs|, +e
1,26.7:1 11/66.7:2 k

Since € > 0 is arbitrary, this implies that
By, + B2l < |Bx UEQ‘ .
O

So far we have constructed the ”outer measure,” which is defined for all subsets of R™. But we do not
know whether the ”outer measure” is in fact a measure, i.e. if it is o-additive. In fact it is not.

Proposition 1.2. There exists a family {Ay CR: k=0,1,...} such that AyNA; =0 and |Upe; Akle <
220:1 | Akle-

Proof. The first thing we need to observe is that if A C R™ and w € R™, then |A + wl|. = |Al.. Indeed, if
{Ix,k = 1,...} are closed intervals that cover A, then the translates {I; +w} will cover A4+w. Reciprocally,
if {Ji, k € N}, cover of A+ w then {J, —w, k € N} cover A. So it follows from the definition of outer
measure, and the invariance of the volume of an interval under translation, that |Al. = |4 4+ wle.

Next we define the following relation for elements of I = [—1/2,1/2]: wesay tat c ~y if x —y € QN
[—1,1]. It is easy to see that ~ is an equivalence relation. Let A = [-1/2,1/2]/ ~= {[z] : x € [-1/2,1/2]},
where [z] denotes the class of equivalence of the point x. Let rg, k € N be an enumeration of the rational
numbers in [—1, 1], and for each k, let Ay = A+r. Then AyNA; =0 if k # j. Otherwise [z]+7; = [y]+ 7%
and then [z] — [y] = 7 — r; € Q. This implies that [x] = [y] but then r; = ry.

One one hand A;, C [—3/2,3/2] for k = 1,2,..., therefore | J;—, Ax C [=3/2,3/2]. On the other hand,
by the definition of the equivalence relation, [—1/2,1/2] C |J;—, Ax. So we conclude that

[—1/2,1/2] € UAkC —-3/2,3/2].

Therefore
(1.10) <1J4 <3
k=1 e
But we also know that |Axle = [Ale. If Uy Akl, = D pe |Akle, it would follow that |Ag|c = 0, but
then, by property P.3, |J,—; Ak|, = 0, which contradicts (1.10). g

To make the ”outer measure” o-additive, we have to restrict the o-algebra where it is defined.
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Definition 1.1. Let L be the family of subsets E C R™ such that for any € > 0 there exists an open
subset O C R™ such that

ECO and |O\ E|c <e.
If E € L we say that E is Lebesque measurable.
This is the class of sets we will work with.

Theorem 1.2. The family L is a o-algebra and the function
w: L —[0,00]
n(E) = |El
is a positive measure on L.
The proof of this theorem will be divided into several lemmas.

Lemma 1.2. If E C R"™ is an open subset, then E € L. If E C R™ is such that |E|. =0, then E € L.

Proof. Of course, if E is open one can take O = E and thus FE satisfies the requirement of the definition.
If |E|. = 0, then it follows from property P.4 that for any € > 0, there exists an open set O such that
E C O and |0l < e. Since O\ E C O, property P.1 implies that |O \ El. < e. O

Lemma 1.3. Let E, € £, k=1,2,... then E = J;-, Ex € L.

Proof. Let € > 0. Since Ey € L, there exists Ok, open, such that
E, C O and |Ok \Ek|e < 6/2k, k=1,2,..
Hence O = |J;—; Or D E. Moreover,

oo o0

O\NE=J O\ E)c | (Ox\ Ep).

k=1 k=1

Therefore, in view of property P.3,

|O\E|e§Z|Ok\Ek|e<6
k=1

This ends the proof of the Lemma. O
Lemma 1.4. If F C R" is closed, then F € L.

Proof. We will show that if F' is compact then F' € L. For a general closed set F, we write F' = |Ji—, Fk,
Fi, = FN{z: |z| <k}, which is compact. Then by Lemma 1.3, F € L.
So let F' be compact. Then for € > 0 there exists an open set O such that £ C O and |0l < |F|c +e.
We claim that in fact |O\ F|. < e.
Since O \ F is open, then by Lemma 1.1,
O\F = U I;, I; non-overlapping closed intervals.
j=1

Hence

O\FI <3 o().



On the other hand

0o N
o=rulJL|>oFullJL]|, ¥V NeN
j=1 j=1
Hence
N
(1.11) Ol >|FullJL]|, NeN

Jj=1 .

Since F' and Ujvzl I; are compact disjoint subsets, the distance between them is positive, and then
Proposition 1.1 guarantees that

N N
FulJL| =IFl.+ UL
j=1

e ]:1 e

However, since the intervals I are non-overlapping property P.2 implies that ’U;il 1 j’ = Efgvzl v(I).
e

Hence
N N
FulJL| =IFle+> v,
=1 |, k=1

So we conclude from (1.11) that
N

Fle+> v(i) <0, N=1,2,..
k=1
Therefore
N
> u(Ip) <10l = |Fle <e, N=1,2,...
k=1
So
O\F|, <) o) <e
k=1
This concludes the proof of the lemma. O

Lemma 1.5. Suppose E € L then R*\ E € L.

Proof. Let Oy, be open subsets of R", k =1,2,... with £ C O and
O\ E|, <1/k, k=1,2,..

Now R™ \ Oy, is closed, and therefore in £. Moreover

R"\ O, CR"\ E, k=12, ..

Therefore
H=|J®R"\Oy) CR"\ E
k=1
H is an F,, and thus H € £. Let A= (R"\ E) \ H. Then

R"\ E=HUA.
We claim that |A|. = 0. In view of Lemma 1.2, this shows that R" \ E € L.



To prove our claim, notice that

oo

A=[R"\ E)\ (U(R"\@k)> C(R"\E)\ (R"\ Ox) = Ox \ E.

k=1
Hence A C Oy \ E, k =1,2,... Then

|[Ale < |0\ E|, <1/k, E=1,2,..
Hence |A|. = 0. O
This Lemma has an important consequence:
Corollary 1.1. If E€ L, then E=HUA, H an F, and |A|. = 0.

Proof. The proof of the Lemma 1.5 shows that if £ € £, then R \ E = H U A, where H is an F, and
|Ale = 0. Just apply this result to £ =R\ (R \ E)). O

Another important consequence of this is

Corollary 1.2. If E € L then for every ¢ > 0, there exists a closed set F' C R™ such that FF C E and
|E\ Fle <e.

Finally we prove that the outer measure restricted to £ gives a measure
Theorem 1.3. The function
L — [0, 00]
W(E) = |El
18 4 Mmeasure.

Proof. Let E; € L, j =1,2,... be such that E; N Ey =0 if j # k. We know from property P.3 that

| UE | <D u(B).
j=1 j=1
We want to show that
(1.12) > wE) <p | |JE
j=1 j=1

Assume that Ej; is bounded j = 1,2, ... Given € > 0, by Corollary 1.2 there exists a closed set F}, C Ej,
such that u (Ex \ Fx) < €/2F. Since

Ey = F, U (E\ Fy),
we have that
(1.13) w(Er) < p(Fy) + /2",
The family {F}} consists of pairwise disjoint compact subsets. Therefore, for any N € N,

N N
H <U Fk) :Z/’L(Fk) S/L(E)’ N=12..
k=1

k=1
Hence

(1.14) > ulFy) < u(E).

k=1



So we conclude from (1.13) and (1.14) that

ST uED) <3 u(E) + /2 < u(E) +e.
k=1 k=1

Since this holds for every e (1.12) must hold.
In general, if Ej is not bounded, let Iy = 0 and I; = [—j,j] x ... x [=4,7], 1 = 1,2, ... Let S; = I;\ I;_1,
j=1,2,... Then F} ; = E, NS; are measurable, pairwise disjoint and bounded. Therefore

n(Ex) = ZN(Ej,k)-

Moreover
U E = Ejx
k=1 k=1
So
' (U E) = U Bi | = X wlBin) = 3 u(E0).
k=1 jk=1 Gik=1 k=1
Therefore u is o-additive, and we are done. O

We end this part with a very important characterization of the Lebesgue measurable sets.

Theorem 1.4. (Carathéodory) A subset E C R™ is Lebesque measurable if and only if, for every A C R™
(1'15) |A|e:|AmE|e+|A\E|e

Proof. Suppose first that F € £ and we will prove (1.15). Let A C R™. Since A= ANFEU(A\E), we
have

(1.16) Al < J[ANE|. +|A\ EL..

We know that there exists a Gs set H such that H D A and |H|. = |Ale. Since H € £, and H =
HNEU(H\E), is a union of disjoint measurable sets. Then

|Ale = |H|e = [HN Elc + [H \ El.
But HNE D ANFE and H\ E D A\ E therefore
(1.17) |Ale =|Hle=|HNE|c+|H\Elc>|ANE|. +|A\ E|.

Then (1.16) and (1.17) show (1.15).
Now suppose (1.15) holds for every A. Let us first make the extra assumption that |E|. < co. In that
case, there exists a G§ set H such that

E C H and |H|. = |Ele.
But H € £ and using (1.15) with A = H we find that
[Hle = |HN Ele + |H\ Ele = |Elc + |H\ E|.

Hence |H \ E|. = 0. Therefore H\ E € £ Since E = H\ (H \ E) it follows that F € L.
In the case where |E|. = oo, write E = |Ji—, (EN{x: |z| < k}).
Let Hj, be a G set such that

Ek C Hk, |Hk|e = |Ek|e-
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Applying (1.15) to Hy, we have
|Ek|e = |Hk|e = |Hk N E|e + |Hk \E|e
But H.NE D Hy N Ey = Ey, ande\ECHk\Ek. So

|Hk ﬂE|e > |Ek|67 |Hk \ E|6 =0.

Therefore Hy, \ FE € £ and hence, if H =y, Hy, H€ L,and EC H.But H\ E=J;_,(Hy \E) € L
and therefore E = H\ (H\ E) € L. O



