1. ABSTRACT INTEGRATION

The main reference for this section is Rudin’s Real and Complex Analysis.

The purpose of developing an ”abstract theory of integration” is to emphasize the difference between
the Riemann and Lebesgue integrals and show that one can define an integral of a real valued function
defined on very general sets.

1.1. o-algebras and measurable sets.

Definition 1.1. A collection M of subsets of a set X is called a o-algebra in X if it has the following
properties:
1) X e M.
2)if Ae M then X\ A= A° e M.
3)If Ay e M, n=1,2,3... and A=J,_, Ay, then A € M.
The pair (X, M) is called a measurable space and the elements of M are called measurable sets.

Examples:
1) The family of all subsets of X is a o-algebra.

Proposition 1.1. If F is any collection of subsets of X, then there exists the smallest o-algebra Mz in
X such that F C Mx.

Proof. Let € be the family of all o-algebras M in X which contain F. The example above shows that
this family is not empty. Let
Mz= [ M.
MeQ

Obviously, F C Mz. Now we just need to verify that M x is a o-algebra.

Since X € M for all M € Q, we deduce that X € M£.

If Aj € Mg, j =1,2,... it follows that If A; e M, j = 1,2,..., for all M € Q. Since each M is a
o-algebra, | J,~, A, € M, and thus If |J- ; A; € M. Property 2 can be verified in the same way and
we leave it as an exercise. ]

Now consider the case where X is a metric space (or more generally a topological space, if you know
what that is). Let F consist of the family of all open subsets of X. The family F is certainly not a
o-algebra, but the Proposition 1.1 states that there exists the smallest o-algebra containing F. So we
define

Definition 1.2. Let X be a metric (topological) space. The smallest o-algebra that contains all open
subsets of X is called the Borel o-algebra and will be denoted by B(X).

1.2. measurable functions. Now we introduce the concept of a measurable function.

Definition 1.3. Let (X, M) be a measurable space and let Y be a metric (topological) space. A function
f: X — Y is measurable if f~*(U) is measurable for every open set U C'Y.

Example 1.1. If F C X is measurable, xg is measurable. Indeed, if U C R is empty then one of the
following possibilities hold.

Xz (U)=0, if 0¢U, 1¢U,
X5 (U)=X, if 0€U, and 1€U
xg'(U)=E, if 0¢U, but 1€U
Xz (U)=X\E if 0€U, but 1¢U.
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In all cases XEl(U ) is measurable. Notice that we did not really use that U is open.

Example: If X and Y are metric spaces and f : X — Y is constinuous, then f is Borel measurable.
In fact, since for U open, f~1(U) is open, it is Borel measurabe.

Theorem 1.1. Let (X, M) be a measure space, and let Y be a metric (topological)space. Let f : X — Y
be a map. Then

DIfQ={EeY: f"YE)e M} then Q is a o-algebra in Y.

2) If f is measurable and E C'Y is a Borel set, f~}(E) € M.

3) If f is measurable, Z is a metric space and g :' Y — Z a Borel mapping, and if h = go f, then h is
measurable.

4) If Y = [—o0,00] then f is measurable if and only if f~1((a, 0]) € M for all a € R. Similarly, f is
measurable if and only if f~1([—o0,a)) € M for all o € R.

Proof. To prove 1) first observe that f~1(Y) = X, s0 Y € Q. Let A € Q and we want to show that
Y \ A € Q. By definition of Q, f~*(4) € M. Then f~Y(Y \ A) = f 1Y)\ f71(A) = X\ f1(A) e M.
Hence Y\ A € Q.

Finally notice that

FTHATUA U As.) = FHADUF (AU (A3 U

So lfA] S Q,j—1,2,..., AiUAU ... € Q.

Item 2) is a consequence of item 1). To see that just observe that, since f is measurable, Q contain
all open subsets of Y. Since it is a o-algebra, 2 must contain the Borel sets. Therefore if E € B(Y') then
E € Q and therefore f~1(E) € M.

To prove 3) notice that for any subset V C Z,

Let V be open. Since g is Borel measurable, then g=1(V) is a Borel set. By item 2) f~1(g=1(V)) € M.
This proves that h is measurable.

Finally we prove 4). First notice that the open intervals of Y = [—o00, 00| are of the form [—oo, @),
(a, 3), and (a, oc]. So if f is measurable, then by definition f~!([—o0,a) € M for all a € R.

Since every open subset of Y is a countable union of disjoint intervals of these types, we just need to

show that if f~!([—o00,a) € M for all a € R, f~1((a, 00]) and f~1((cv, B)) € M for all o, beta € R.
Notice that

X\ fH([=00,0)) = fH ([, o0]) € M.

Since one can write
F M (,00]) = () £ (a4 1/n,00]) € M, andf (e, 8)) = £~ (@, 00]) N f~([—00, 8)) € M.

it follows that f~1([—oc0,a) € M, f~1((a,c]), and f~1((cr, 3)) € M for all «, beta € R. Therefore f
is measurable.
Item 4) will be very useful throughout this chapter. O

1.3. limsup and liminf. Before proceeding , we would like to review two important concepts in the
convergence of sequences.



Definition 1.4. Let {a, € [-00,00], n € N}. For each k € N let

bi, = sup{ag, ag+1, ...}
e = inf{ag, ag11, ...}
Then
by > by > b3 > ...
61 <cp<cg <

We define

limsup a,, = inf{by,bo,...} = klirn by
oo

n—o0

liminf a,, = sup{cy, ca,...} = lim c¢.
n— o0 k—oo

Proposition 1.2. The limsup,,_, ., a, and liminf,,_, a, satisfy the following:

limsup a,, = sup{3 : there exists a subsequence a,, of a, such that3 = lim a,, }.

n—oo j—o00

liminf a,, = inf{3: there exists a subsequence an; of an such that f = lim anj}.
oo

n— J—0

Proof. First of all notice that a,; < by, and hence 8 = lim;_ o0 apn; < limj_.o by, limsup,, ., a,. Now
we need to show that there exists a subsequence {a,,} of {a,} which converges to limsup,, ., an. Let
A = {a,} be the closure of the set formed by the elements of the sequence {a,,}. Then, by definition of
closure b, € A for k = 1,2, ... Hence, again by definition of closure, limsup,,_,., a, € A. Therefore there
exists a subsequence {a,,} of {a,} which converges to limsup,,_, ., a,.

The same proof works in the case of liminf . |

Theorem 1.2. A sequence {a,} converges if and only if limsup,,_, . a, = liminf,, o ap.
Proof. Suppose {a,} converges, and L = lim,,_. o a,,. Then the set

{B: there exists a subsequence a,; of a, such that 8= lim a,,} = L.
J]—00 N

Hence limsup,,_, ., an = liminf, .. a, = L.
Reciprocally, suppose that lim sup,,_, ., a, = liminf,,_, o, a, = L. Then it is obvious that {a,, } converges
and its limit is equal to L. O

Definition 1.5. Let f,, : X — [—00,00], n =1,2,... Then we define
(sup fn)(x) = sup fn(x), (inf fn)(z) = inf f(2),

(liwrln_)solip fn) (x) = hylbrisolip fu(z), and (hnnigf fn> (x) = linniigf fn(z).
The following is an important application of item 4) of Theorem 1.1.
Theorem 1.3. If f,, : X — [—00, 00| is measurable for n = 1,2, ... then
gs = SUP fn, hs =limsup fr

gr =inf f,, h; =liminf f,

are measurable.



Proof. The main step in the proof is to observe that

g5 (e, 00]) = | S (@ o0]),

g1 ([=o0,0) = | £ ([00, ).

n=1

The conclusion of the first part of the theorem follows from item 4) of Theorem 1.1.

Indeed, if z € g;'((a,0]) then gs(x) > . Therefore f,(x) > « for some n and hence, z €
U, fot (e, 00)). If 2 € USZ, fot((a, 00]), then fi,(x) > « for some n and hence, gs(z) > a.

The proof of the measurability of g; is identical.

To prove that hy and h; are measurable, one just has to use the definition of limsup and lim inf and
that g, and g; are measurable.

Just recall that

he(z) = inf (sup fi(x)) and  hy(z) = sup <inf f,;@;)).

E>1 \ >k E>1 12k

We have just shown that gs . = sup,>, fi is measurable and that hs = infx>1 gs & is also measurable. [J
1.4. Simple functions.

Definition 1.6. A function f : X — [0,00] is simple if its range consists of finitely many points
{a1,...,an}. One can write

N
f(z) = ZanEj7 Ej = (o).
j=1
Notice that X = F1UE,U...UEyN. In view of Example 1.1, f is measurable if and only if E; is measurable
forj=1,2,....N.
Next we show that any function can be approximated by step functions.

Theorem 1.4. Let f : X — [0, 00] be measurable. There exist simple measurable functions sj : X —
[0,00) such that

1) 0<s1<s93<s3<...<f
2) lim s,(x) = f(z), VoeeX
3) If fis bounded then the convergence is uniform.

Proof. Forn=1,2,... and 1 <1i < n2", let

p— 1
Sp = Z Z2n XE,,; + NXF,
j=1
If f(x) < oo, then f(x) < n for some n and moreover f(z) € [5:1, 5% ), for some ¢ with 1 < i < n2". In
that case,
(1.1) 0 < f(x) —sp(z) < 1/2™.

If f is bounded, this shows that one can choose n such that (1.1) is satisfied for every z.
If f(x) = oo then s,(z) =n and s,(z) — f(x) as n — oco. O



1.5. measures.

Definition 1.7. Let (X, M) be a measurable space. A positive measure p on M is a function
i M — [0,00]
such that p(0) =0 and if A; € M, j =1,2,..., are such that A; N A, =0, j # k, then

pl JA | =D uA),
j=1 j=1

Theorem 1.5. Let (X, M) be a measurable space and let p be a positive measure on M. Then

1) If Aj € M, j = 1,2,..,n are such that Aj N Ay = 0, if j # k, then u(A; U Ay U..UA,) =
1(Ar) + p(A2) + .. + p(An).

2) If A C B then u(A) < u(B).

3)If Aj € M, j =1,2,..., satisfies Ay C Ay C Az C ... Let A=J;2, Aj, then u(A) = im0 p(An).
4) If Aj € M, j = 1,2,... satisfy A1 D Ay D Az D ... and p(A;) < co. Let A = U;‘;lAj, then
w(A) = limy, o u(Ay).

Proof. Item 1) follows directly from the definition by just taking A,.; =0, j = 1,2,... To prove 2) just
write B = AU (B \ A). Then u(B) = p(A) + u(B\ A). Since pu(B\ A) > 0, the result follows.

To prove 3) let By = Ay and Bj = A\ Aj_1, j > 2. Then Bj € M and B; N B; =0 if i # j.

Now notice that A, = {Jj_, B; and therefore A =(J7Z, B;. Hence

p(An) = o u(B)). and u(4) = > u(B,).

Therefore p(A) = lim, o0 1(An).
The proof of 4) is an application of 3). Let C; = Ay \ A;. Then

C1CCyCCs... and A\ A=|]JC;.
j=1
Since A; C A1, j=2,..., u(C;) = p(Ar1 \ Aj) = u(A1) — u(A;). Therefore from 3),
(A1) = p(A) = (A \ A) = lim 1(Cj) = u(Ar) = lim_ p(A;).
This proves 4). O

1.6. Integration. Throughout this section (X, M) is a measurable space and p is a positive measure on
M.

We consider the integration of positive functions, but keeping in mind that any function f can be
written as

fl@)=f"(s) = f~(=a), fM(2)=max{f(z),0}, f~(x)=—min{f(x),0},

where f* are integrable, and in view of Theorem 1.3 they are also measurable.
First we define the integral of a simple function.
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Definition 1.8. Let s : X — [0,00] be a non-negative measurable simple function

N
s(z) = ZanEi’ aj > 0.
j=1
Let E C X be a measurable set. Then

N
/Es du e Zozju(Eﬁ E;).

j=1

The convention here is that if a; = 0 and pu(E; N E) = oo, a;u(E N E;) = 0. The purpose of this
convention is that the integral of the function zero, even if taken over a set of infinite measure, is equal
to zero.

We then define the integral of positive functions:

Definition 1.9. Let f : X — [0,00] be a measurable non-negative function and let E C X be a

measurable set. Then
/ fdudgsup/ s dp,
E s<fJE

where the sup is taken over all measurable step functions which are less than or equal to f. Notice that if
f is a simple function, the two definitions coincide.

The following properties of the integral are immediate consequences of the definition:

Proposition 1.3. The integral satisfies the following properties:

Iff<g, then [ fdu< [pgdu,
2)IfAC Band f>0, then [, f du < [, f dp,

8) [yef du=c [, fdu, for any constant c,

4) If f)z) =0 for all x € E, then [, f du =0, even if p(E) = oo,
5) If W(E) =0, then [, f du =0 even if f(x) =0 for all x € E,
6) If f >0, then [, f du= [y fxe du.

The proof is left as an exercise.
First we notice

Theorem 1.6. Let f : X — [0,00] be measurable. If [, f du =0 for some E € M, then p{z € E :
flx) >0} =0.

Theorem 1.7. Let f: X — [0, 00] be measurable. If [\ f dp =0, then p{x : f(x) >0} =0.
Proof. Notice that {z € E: f(z) >0} =Ur—, En, E, ={z € E: f(z) > 1/n}, and that E; C E> C ....
1
w(&)g/ fdué/fduéz&
n E, E
Thus p(E,) =0. But p({z € E: f(z) > 0}) = limy, oo p(En) = 0. O
If this definition of integral is good, it must be linear. So we need to prove

Theorem 1.8. Let f: X — [0,00], and g : X — [0, 00] be measurable functions. Then

(1.2) /X(f+g)du=/deu+/ngu-

This is not so easy to establish. First we prove it for simple functions:



Proposition 1.4. Let s and t be positive measurable simple functions on X. Then

v(E) = /Es dp is a measure

/(s+t)d,u:/sd,u+/tdu.
E E E

N M
SZZOéjXAj, t:ZﬂijJ.
j=1 k=1

Notice that it is implicit that X = (JY ; A; and X =}, B; and that A; N A; =0, i # j, B; N B; =0,
i #J.
Let E=J,_, E,, with EmN Eyx = (. Then

Proof. Let

oo

ENA; UEmmA], and p(E N A;) :Z“E N A;)
m=1 m=1
Therefore
N N fe'e) oo N 0o
E)=> au(A4;NE) =Y a; Y wA;NEy) =YY aju(A;NEp) =Y v(En).
j=1 j=1 m=1 m=1j=1 m=1

This proves the first claim. To prove the second claim, let
E;; = A; N B;.
Then
| 0 du= (0 + ().

i
On the other hand it is easy to verify that
[ osdut [ tdn= (et (e,
Eij Eij

E;; and Ej;; are pairwise disjoint sets, and s + ¢ is a simple measurable function, it

/(s+t)d,u:/sd,u+/tdu.
E E E

To use this result to prove Theorem 1.8 we need a convergence theorem.

Since X = ;-4
follows from the fisrt claim that

1.7. Convergence Theorems. As in the previous section, (X, M) is a measurable space and p is a
positive measure on M.

We will prove three convergence theorems. The first and most important one is the monotone conver-
gence theorem. The other two are applications of this theorem.

Theorem 1.9. (The monotone convergence theorem) Let f, be a sequence of measurable functions on
X, and suppose that

1) 0< fi(2) < fo(@) < fo(x) < . < 00 for every z € X
)n m fp(z) = (;E),VmEX.
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Then f is measurable and

lim fndu = / f dp.
Proof. Since [y fn dp < [y fay1 dp < [ f dp, the limit

lim fndu:ag/fd,u.
n—oo Jx X
Let s be a measurable simple function 0 < s < f and let ¢ € (0,1). For n € N, let
En=A{z: fulx)>cs(x)} = (fn —es) " ([0,00]), n=1,2,...
Then E, is a msasurabel set. Since f,+1 > fn,

EiCEy;C..

Finally we have

-
n=1

To verify this, let x € X. If f,(z) — es(z) < 0, then f(z) — cs(x) < 0, but this is absurd. Hence,
fu(x) — cs(z) > 0, for some n and thus xz € E,, for some n.

Therefore we have
/fnduz/ fnduZC/ sdp, n=1,2,...
X E, E,

Since by Proposition 1.4

v(E) = /Esdu

is a measure on M, Ey C E3 C ..., and |J E,, = X, it follows from item 3) of Theorem 1.5 that

/ sdu = lim s dp.
b'e

n—oo E
n

Therefore we conclude that
lim fnduzaZc/sdu.

for every simple measurable function s < f and for every ¢ € (0, 1). Therefore

o> / fdu.
b'e
This proves the theorem. O

To prove Theorem 1.8 we just need to recall Theorem 1.4. There exist sequences of simple functions
s, and t,, such that

<s1<s< .. <f, lim s,(z) = f(x),
0<t1 <ty <..<f, lim t,(z)=g(x).

n—oo

Then

0<si+t <sp+ta <. < fhg, lm s, (z) +in(z) = f(2) +g(2)



By Proposition 1.4

/(sn—l—tn)d,u:/ snd,u—i—/ t, du
X X X

Then (1.2) follows from Theorem 1.9.
The following are consequences of Theorem 1.8 and Theorem 1.9 is

Corollary 1.1. Let f,, : X — [0,00], nl,2, ... be measurable functions and let

fz) = an(m), r e X.

Then
fau=>" [ f.dn
form=% .
Proof. Just apply Theorem 1.8 and Theorem 1.9 to the sequence Fy(z) = 25:1 fn(2). a

Corollary 1.2. Let f: X — [0,00] be measurable, and let

(1.3) V(E):/Efdu, Ee M.

/ngV=/X9fdu-

Proof. Let E = Jj2, Ej, E; N Ey = 0if j # k. One can write

Then v is a positive measure on M and

xef= ZXEjf,

Jj=1

where each term x g, f of the series is positive. Then by Corollary 1.1

V(E)=/Efdu=/Xfodu=i/ExEjfdu=§:V(Ej)-

j=1

This shows that v is a measure.

To prove the second part, notice that (1.2) holds for g = xg, for any E € M. Hence (1.2) holds for
any measurable simple function. For an arbitrary measurable g, let s,, n € N be a monotone sequence
of simple functions that converge to g. Since f is positive, s, f is monotone and converges to fg. Hence
the result follows from the monotone convergence theorem. O

Next we prove Fatou’s lemma, which really is an application of the monotone convergence theorem

Theorem 1.10. (Fatou’s lemma) Let f, : X — [0,00], n = 1,2, ... be measurable functions. Then

/ (liminf f, dp <lim inf/ fn du.
X n—oo Jx

n—oo

Proof. Put gx(z) = inf{fr, fi+1,-..}- Then g1 < g2 < ... and, by definition limg_, o gr(x) = liminf, o fn(z).
So Theorem 1.9 implies that

/ lim gr du = lim / g du.
x k—oo k—oo [x
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We do not know what limy . [y gx dp is equal to. However, since gr < fx, [y gx du < [y fx dp and
we can estimate
lim gr dp < liminf [ g, du.
k—oo [x n—oo [y
This proves the theorem O
The last of the three theorems is

Theorem 1.11. (The dominated convergence theorem) Let f, : X — [0,00], n = 1,2, ... be a sequence
of measurable functions. Suppose that lim,,_,o fn(z) = f(z) and that there exists a function g(x) such
that

folz) <g(z), n=1,2,... and /gdu<oo.
X
Then

n—oo

lim fn du = / f du.
X

Proof. Fatou’s lemma applied to the sequence fn gives that

/ liminf f,, dp = / fdp < liminf fn dp.
X b'e

n—oo n—o0

On the other hand, Fatou’s lemma applied to the sequence g,, = g — fn gives

(1.4) [ timint(q  £,) du < timint [ (g £2) d

n—oo

But liminf,, .o (g9—fn) = g—limsup,, ., fn andliminf, . [\ (9—fn) du = [ g du—limsup,, o, [y fn dp.
Therefore

(1.5) limsup/ fn du §/ limsup f,, dp :/ I dpu.
b's b's

n—oo n—oo

Putting (1.4) and (1.5) together we deduce that

/fdp,<hm1nf/ fnduglimsup/ fnd,ug/fd,u.
X X

n—00

This proves the theorem. O

1.8. Integration of Complex Functions. In this section we study the integration of complex valued
functions. There is nothing new here, but instead of leaving it all up to the students, I will say something
about it.

The first thing to notice is

Proposition 1.5. A function f : X — C is measurable if and only if u = Rf : X — R and
v=S8f:X — R are measurable.

Proof. Let R = (a,b) X (¢, d) be a rectangle with sides parallel to the axes. Then
FTHR) = u ((a,0) No™H (e ).
Let
mr:C—R
m™(z) = RNz
m5:C— R

mr(z) = Sz
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Be the projections onto the real axis and the imaginary axis respectively. These projections are continuous
functions. Notice that

u=mpof, v=mgof
Now let U C R be an open subset. Then
u N U) = (rx ' (U))
Since 7y, ' (U) is open, and f is measurable, u=!(U) € M. O

As mentioned before, one can write u = ut —u~, ut = max{u,0}, and u~ = —min{f,0}. So if f is
complex valued and measurable, we define

/EfdMZ(/Eu+du—/Eu_du)—&-i(/Eerdu—/Ev_d,u).

Proposition 1.6. If f : X — C is measurable, then f = u+ iv, then |f| = vVu? + v? is measurable.

Proof. Let || : C — [0,00) |2| is the absolute value of 2. This is a continuous function. So |f|~}(U) =
f71 (|- |71(U)) is measurable, if f is measurable and U is open. O

It follows from Theorem 1.6 that if f,g: X — C are measurable and
/ If —gldu=0, E€M,
E

then {x € F: f(x) # g(x)} has measure zero. We say that this property holds almost everywhere.
Let f: X — C be a measurable function. We define the relation

fr~git p{e e E: f(x) # g(x)}) = 0.
It is very easy to see that ~ is an equivalence relation and we denote the equivalence class of a function

f by [f].

In view of Theorem 1.6 we define
LX) = {1712 X —C: [ [fldp < 0}

Notice that if f ~ g then [y [f —g| du = 0.
We end this section with the following

Theorem 1.12. Let {f,} be a sequence of complex valued measurable functions defined almost everywhere
on X such that

S [ 1l dn <
n=1 X

Then the series
f@) =" fal)
n=1

converges almost everywhere on X and f € L*(X,du), and

/deﬂi/andﬂ-

n=1
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Proof. Let S, be the domain of f,,. By assumption pu(X \ S,) = 0. Let
o(5) =3 Iful@)l, w8 =) Sn

n=1 n=1
Notice that X \ S =, — (X \ Sn). So u(X \ S) = 0. By Corollary 1.1

(1.6) /X ¢ dp < .

Let E = {x : ¢(x) < co}. Then (1.6) implies that x(X \ E') = 0. Hence the series Y | fn(x) converges
absolutely on E and |f(z)| < ¢(z) on E. So f € LY(X,du).
Now if gy = ZnN:1 fn, then |gn| < ¢. Since u(X \ E) = 0, the dominated convergence theorem implies

that
/deu—i/xfndu-



