Strategy for Trigonometric Integration

TYPES
1. / sin™ x cos" xdx

2. / tan™ x sec” xdx

7

/ sin mx cos nxdx

3. < / sin mx sin nxdx

/ cos mx cos nxdx
\

1. Case: m odd or n odd

Attitude: Smile ! (Easy !)

Strategy (Say, n is odd. The case where m is odd is
identical. If both m and n are odd, you can go either way.):
Extract one cosx to see cosxdzr at the end. Then use the
substitution v = sinz via the equality cos?z = 1 — sin®z.

Example:

/ sin z cos® xdr = / sin z cos* z - cos zdx
— [ sin® 2(cos® x)* - cos xdw

sin 2(1 — sin® z)? - cos xdx

I
——

{(Substitution) v = sinx & du = coszdz}
= /u4(1 —u?)? - du
= /(u4 — 2u® + u®)du
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= 3—74—@4—0
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Case: m even and n even

Attitude: Not smile but not frown, either. (Not so good
but not so bad, either.)
Strategy: Using the double angle formula

. 9 1 — cos2x
sin“xy = ———
2
5 1 + cos2x
cos*yr = ————
2
drop the degree.
Example:
1— 2 1 2
/Sin2xcos2 zdr = /(#) (W) dx

(1 — cos? 21’) dx

(1_%) "

(1 — cosdx) dx
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2. Case: n even, n # 0

Attitude: Smile ! (Easy !)

Strategy: Extract sec? z to see sec? zdz at the end. Then
use the substitution v = tanz via the equality sec’?z =
1 + tan? x to turn the remaining even powers of sec  into

the expression in terms of tan x.

Example:
f tan® rsect zdr = tan® xsec’ x - sec? xdx

tan® 2(1 + tan® ) - sec® zdx

|
——
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(Substitution) u = tanx & du = sec? :cdx}
u? (1 + u?)du

(u® + u°)du
6
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Case: n=10
Attitude: Not smile but not frown, either. (Not so good

but not so bad, either.)
m=1

sin &
/ tan xdr = / dx
COS T

{(Substitution) v = cosx & du = —sinzdzr}

— [ du)

1
= — | —du
u

= —Infu|/+C
—In|cosz|+C
In|cosz|™t +C
= In|secz|+C



m > 1

Strategy: Drop the number m using the equality tan?z =

sec?x — 1.

Examples:

m=3: /taandx = /tanxtaandaﬁ

= /tanx(sech — 1)dx

= /tanxsec2 xrdr — /tanxdx

We already know how to compute / tan zdzx.

We can compute / tan x sec? zdx by using integration by

substitution v = tan x and du = sec? zdx

/tanxse02 zdr = /udu

u2

= —+C
t2—2+_
an- T
- C
5 +

m=>5: /tan5 rdr = /tan3xtan2 xdx
= /taun?’x(sec2 r—1)dz

= /tan3 xsec xdr — /tan3 xdx

We already know how to compute / tan® zdz.

We can compute / tan® z sec? xdz by using integration

by substitution «© = tan x and du = sec? zdx



/ tan® xsec® xdr = wdu

Case: m odd & n odd

Attitude: Smile ! (Easy !)

Strategy: Extract tan”secx to see tanxsecxzdx at the
end. Then use the substitution u = secx via the equality
tan?x = sec’z — 1 to turn the remaining even powers of
tan x into the expression in terms of sec x.

Example:

[ tan® xsec® zdx = / tan® z sec? = - tan z sec xdx

= [ (sec’z — 1) sec’ z - tan x sec xdx

—

(Substitution) u = secz & du = tanxsec xdx}

(u? — u'du

(u® — u*)du

u5
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Case: m even & n odd

Attitude: Hard ! (Frowning !)
Note: By using the equality tan?z = sec’?z — 1, one can
express tan” x part only in terms of (even powers of) sec .

2

Therefore, the problem is reduced to computing / sec" xdx

with n being odd (the case of n being even is already dis-
cussed).

n=1
t
/secxdm _ /secaz( an +secx)dx
(secz + tanx)
= In|secx + tanzx| + C

n>1 & nodd]

Strategy: Using integration by parts, drop the numebr n.

Example:

/ sec xdr = / udv
L U =secw & v=tanzx

(Substitution) { du = secrtanzdr & dv = sec® zdx

= uv—/vdu

= secxtanx—/secxtan2 xdx
= secxtanx — /secx(sech — 1)dx

= secxrtanx — /Sec3 xda:—/sec:z:da:
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Therefore, moving — / sec® zdx on the right-hand side

to the left-hand side, we conclude
2 / sec® rdx = secxrtanx + /sec xdx.

That is to say,

1
/se03 rdxr = 3 <secxtanx + /Sec xda:) ;

where we already know how to compute / sec xdx.

/ sec’ xdx = / udv

3
L u = sec’® T & v=tanzx
(Substitution) { du = 3sec® rtanxdx & dv = sec? zdx

= uv—/vdu

— sec’rtanx — / 3 sec® x tan® xdx
= sec’rtanz — 3 / sec® z(sec? v — 1)dx
— sec’ztanz — 3 / sec® xdx + 3 / sec® rdx

Therefore, moving —3 / sec’ zdx on the right-hand side

to the left-hand side, we conclude
4 / sec® xdr = sec® xtanz + 3 / sec® xdz.

That is to say,

1
/sec5 xdr = 1 (sec?’ rtanx + 3 / sec? ::r;dx) :

where we already know how to compute / sec® zdx.



3. Attitude: Smile ! (Easy !)

Strategy: Using the formulas
( 1

sinmzcosnr = = [sin(m — n)x + sin(m + n)x]
§ sinmxsinnr = =[cos(m —n)x — cos(m + n)x]
COSMT COSNT = o [cos(m — n)x 4 cos(m + n)x]

\

we split the multiplication of sin and cos into the addition.

Example:

1
[ sinda cosbrdr = /5 [sin(4 — 5)x + sin(4 + 5)z] dx

—/[Sin(— ) + sin 9z dx

—sinz + sin 9] dx

1
2
1
2
1

3 [cosx— —cos9x] +C
1
2
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