1. INTRODUCTION

These notes are an introduction to Lebesgue integral. The reference is Introduction to Hilbert Spaces
with Applications by Lokenath Debnath and Piotr Mikusinski. Second Edition, Academic press 1998

2. LECTURE I: STEP FUNTIONS

The characteristic function of a set X C R is defined
1 if z€eX

xx(z) =
0 if z¢X

A step function f: R — R is a function of the form

N
(2.1) F(@) =) ¢iXiasb)-
j=1

The representation (2.1) is not unique. Example
X[1,2) = X[1,3) T X[2,2)-

Proposition 2.1. If the cubes Q; are disjoint, and we use the minimum number of cubes, then (2.1) is
unique and is called the basic representation of f.

Proof. Let {a1,az,...,ap} be the set of discontinuities of f. These are the points where the graph of f
has a jump. We can order them as a; < az < ... < aps. Then
M

(2.2) F@) =" Xiap_r,an) = flar).

k=2

We will need the following

Lemma 2.1. If f and g are step functions, then f + g, Af, A € R, |f|, max(f,g), min(f,g) are step
functions.

Proof. The only item which is perhaps non-trivial is that |f| is a step function. For that we use the basic
representation of f to conlcude that

M M
f(l‘) = Z Ok X[ap_1,ar) — |f(l‘)| = Z |ak|X[ak—17ak)'
k=2

k=2
The other important thing is to realize that (prove this as an exrecise)

max(f,9) = 5/ +9+1f ~ gl), min(f,9) = 5(f +9 17 ~g])

Definition 2.1. The (Lebesgue) integral of a step function

N

flz) = Z CiX[a—3,b;)

j=1

18
N
/f dx = ch(bj —aj).
j=1

1
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Proposition 2.2. If f is a step function, | f dx is independent of its representation.
This is an easy consequence of the fact that [ f dx is the Riemann integral of the function.

Proposition 2.3. For any step functions f and g we have

(1) /(f+g)dx:/fdm+/gdm

2) /Aﬁm:A/fm,AeR
(3) Z'ffég:>/fdl’§/gdm

(1) ‘/fdm < [1flas

Proof. (1) and (2) are left as exercise. To prove (3), in view of (2) , we only need to show that if f >0
then [ f dz > 0. In this case one only needs to write the basic representation of f (2.2) and notice that
if f >0, then oy, > 0. Then [ f dz = ZkMzz ag(ar —ag—1) > 0.

To prove (4) just observe that —|f| < f < |f|, then from (3)

/4ﬂmg/fm§/mm'

3. LECTURE II: THE LEBESGUE INTEGRAL

Next we prove
Lemma 3.1. Let a,b € R, a < b and let [a1,b1),[a — 2,b2), ... be subintervals of [a,b) satisfying
(1) faj,b5) Nlag, b)) =0 if j#k
) la,b) = Jlaj,b5) = [a,b)
j=1
Then
(oo}
Z(bj - Clj) =b—a.
j=1

Proof. (This proof is due to Bartlomiej Siudeja) Since [a;,b;) C [a,b) and (2) holds we have for any
N e N,

ij—a]‘ §b—a
j=1

Thus
ij—aj <b-a
j=1

Suppose that there exists L > 1 such that

> b—a
(31) ij—aj: I




Fix any interval [aj,,bj,). The linear transformation
bjo — ajy baj, — bj,a

b—a b—a
maps [a,b) into [ajy, bj,). Therefore Tj,([a;,b;)) gives a cover [Tj,(a;),Tj, (b5)), 7 = 1,2, ..., of [ajy, bj)-
Moreover, since the length of [T}, (a;), T}, (b;)) is equal to T}, (b;) — Tj,(a;) = b"“b:%(bj —a—j) we find
that

T}, ('r) =

I

Il
-

(Tjy (b5) — Tjo (ay)) = %

This gives a cover of the interval [a, b

Tm

~

formed by the disjoint intervals

[aj,bj)), ] = 1,2, ey = 1,2,

—~~

with the property that

> (Tnhy) ~ Tlay)) =

m,j=1

Given € > 0, let N be such that %5 7~ < €. By repeating this argument N times we find that there exist
disjoint intervals [c;,d;), j = 1,2, ... such that

la,b) C [cj,dj), Z (dj —¢;) <e
j=1 j=1
Then it follows that
b+2a a—+2b > €
=3 CLZJ o= gdi+ )

The compactness of [2£22, 242b]

implies that there exist jg, j1, ..., j& such that

b—|—2a a+2b €
3 U (Cix = 550 oGt o5

[ )-

k=1
Since this is a finite union, we must have
N

3 Sk |:d,]k — Cjp, +2QT:| < z(d]—cj)+2€§:2 7 < 3e.
=1 Jj= Jj=1

This is an absurd. O

Definition 3.1. A function f : R — R is Lebesgue integrable if there exists a sequence of step functions
fn, n=1,2,... such that

(3.2) Z/|fn| dz < oo

(3.3) f(z) = i fu(z) for every x  such that Z | fn(2)] < o0.
n=1 j=1

The integral of f is then defined by

/f dx:nf:l/fndx.
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If f and fn, n=1,2,... satisfy (3.2) and (3.3) we say that
(3.4) f~fit+ ot

Theorem 3.1. If f,, and g,, n = 1,2, ... are step functions and

fNan and fNng
n=1 n=1

/f dm:i/fndm:i/gndm.

The proof of Theorem 3.1 will be divided into several Lemmas.

Lemma 3.2. Let f,,, n = 1,2, ... be a non-increasing sequence of step functions such that lim,_, fn(z) =
0 for all z € R, then lim,, oo [ fn dz = 0.

Proof. Since f1 > fa > ... and f,(x) — 0, it follows that f,(z) > 0 for n = 1,2,... and « € R. Thus the
sequence S, = f fn dx satisfies
51 2 8p 2 Spy1 = 0.

Thus s,, converges. Let

lim [ fn,dx=L.

n—oo

As fr(z) < fi(z) and f; is a step function, it follows that there exists an interval [a, b) such that f,(z) =0
if z & [a,b). We know that f, has a basic representation, that is

N
fn = Z an X[anj 2o )
j=1

with the intervals [a,;, b,,) disjoint and N the smallest number of intervals.
Let @« > 0 and for n = 1,2, ... let

A, ={z €la,b): folx) <a} = Uj[anj,bnj); Cn; <a.
Since f,(x) > fn+1(x), it follows that A, C A,+1. Since f,(x) — 0, for all z € R,

[a7 b) = U A,

Let
Bl = Al, Bn = An \ Anfl, n = 2,3,...
The sets B; satisfy the following properties
B, = Uj =1M™¢, i dn ), [nj,dn ), are disjoint intervals
BZ'QB]‘:@ if i#3j.
[av b) = U B,
j=1

From Lemma 3.1

M(n

)
Zn =1* Z (dn,j —Cnj) =b—a.
j=1



Pick N such that

(3.5) Y n=N+1%° Y (dn;—cny) <.
j=1

Let

Notice that if z € F, then x € Ay and hence Fy < aif x € F fn(z) < max f; hence, as fy is a step

function
/del‘S/deli—l-/ fn dx
F la,b)\F

and in view of (3.5) and the definition of Ay

/fN dz < a(b—a+ max f1)
So given € > 0 there exists N so that for all n > N [ f, dz < [ fy dz < e. This ends the proof. O
Lemma 3.3. Let g, and h, be non-decreasing sequences of step functions. If
lim h,(x) < lim gp(z), V z€R,
n—oo

n—oo

then for any k € N,

/hk dr < lim Jn dz.
n—oo
Proof. Fix k € N and set
Fn - hk: - min(hk7gn)7
F,.+1 < F, and F,, — 0. Indeed, just observe that
FnJrl(:E) - Fn(x) = mln(hk(x)a gn(x)) - min(hk(x)7gn+1($))

If min(hg(z), gn(x)) = hi(z), then as gp41 > gn, then min(hg(z), gny1(z)) = hi(z) so in this case
Foii1(z) — Fp(z) = 0. If min(hg(z), gn(2)) = gn(z) then min(hg(z), gnt1(x)) < gnt1(z) and thus, using
again that gni1 > gn, Fnt1(z) — Fu(z) <.

Since limy, 00 hn(x) < limy, 00 gn(z) for n large hi(z) < g,(z) and thus F,(z) — 0 for all z € R.
Thus from Lemma 3.2

0= lim [hi — min(hg, gn)] dz = /hk dx — lim min(hyg,g,) dz < li_>m gn dx.

n—oo n—oo

Corollary 3.1. Under the hypotheses of Lemma 3.3,

lim hy, dr < lim Jn dz.

n—0o0 n—0o0
If
lim hy,(z) = lim g,(z), V z €R,
n—oo n—oo
then

lim h, dr = lim Jn dz.
n— oo n— oo



The proof is left as an exercise. Finally we need

Lemma 3.4. If f~ fi+ fo+ ... and f > 0, then

/flda:+/f2dx+...zo.

Proof. Since Y7, [|fn| dz < 00, for any € > 0 there exists N € N such that

i /|fn|dm<e

n=N+1
Let

gn=F+ fo+ ..+ v+ |yl + o+ [ fven] and by, = max(gy,0).

Then g, (z) > Zj\:&n f;(z). Moreover at the points where > >~ | f,(z)| < oo,

f(@) = fal2),

thus

n—oo

lim g,(z) > f(z) provided Z | fr ()] < 00.
n=1

From the d efinition of g it is clear that

nth;o gn(x) = 00 provided 2:1 | fr(z)| = oc.
n=

Hence

lim g,(x) = lim h,(z) > 0.

n—oo n—0o0

From Corollary 3.1

lim [ g, dx= lim [ h, dz >0.

n— oo n— oo
So we have
N N
Z/fndac+2/|fn|dm20.
n=1 n=1
Since
N N
—Z/|fn|da:§ Z/fnd:c
n=1 n=1
Thus

é/fndx—é/lfnldx<g/fndx

Adding 2 25:1 J | fn] dz to both sides of this equation gives

Ogi/fndm+§v:1/|fn|dacgi/fndac+27§:l/|fn|dacgnio:l/fndac—i—Ze.



So

i/fn dr > —2e.
n=1

We are finally ready to prove Theorem 3.1.

Proof. Since f ~ > fpand f~> > gothus0~ Y > fro—gnand 0~ > g, — fn. From Lemma
3.4 we deduce that

This ends the proof of the Theorem. O
We should mention the following consequence of Theorem 3.1 and Lemma 3.4
Corollary 3.2. If f is integrable and f > 0 then [ f dz > 0.
Definition 3.2. The space of Lebesgue integrable functions is denoted by L*(R).
Theorem 3.2. The space L'(R) is a vector space over R.
The proof is left as an exercise.
Theorem 3.3. If f € L'(R) then |f| € L'(R) and |[ f| < [|f]-
Proof. Let f,, n=1,2,... be step functions and let f ~ f1 + fo + ... Let
Z={ze®: Y |f(x)| < oo}
=Y fi)
j=1
We have
f(z) =limSy(x), VYV z€Z
Thus
|f(2)] = lim[Sy(z)], ¥V z€Z
Let g1 = [f1l, 92 = /1 + fol = /1], gn = |Sn| = [Sn—1]. Thus
|9nl = [1Sn] = |Snall < [Sn = Sn-a| = [fn]

As a consequence we have

(3.6) Z/|gn| dz < oo.

Let

=Y |falz)
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Then u ~ |f|1 + |f2| + ... and hence u € L' (R). We claim that

| |—|—’LL Zgn+|fn

It follows from (3.6) that > " | [|gn + |fn|| dz < co. Notice that

N
Zgn+|fn N=1fr+.. +fN|+Z|fn|

n=1

Thus

Zgn )+ |fn(z)] < oo if and only if z € Z.

Moreover, for

oo

it xeZ then |f(z)+u(z Z x) + | fn(z)].

So we conlcude that u + |f| € L*(R) and hence |f| € L*(R). O

Corollary 3.3. If f ~ f1+ fo+ ... then [ |f| dz <> [|fn| dz.

Proof. In the notation of the proof of Theorem 3.3

Jus1+w dx=§°jl/<gn+ \ful) da

As [udz =Y, [|fn| dz and

N N N
Z/Qnda:: > dw§2/|fn|dx
n=1 n=1 n=1

the result follows. O

Corollary 3.4. If f,g € L*(R), then min(f,g) and max(f,g) are also in L*(R).

The proof is left as an exercise.
Next we prove

Theorem 3.4. Let f,, € L'(R), n = 1,2... be a sequence of functions such that

i/|fn|da:<oo.

x) = Z |fr(x)], forall xz€R such that Z | fr(x)] < o0.
n=1

n=1

Then f € L*(R) and we say that f ~ Y 0" | fn.
The proof of this is based on the following

Lemma 3.5. If f € L(R) then for all € > 0 there exists a sequence of step functions such that f ~
Yoo i fnand X [|fal dz < [|f| dz +e.



Proof. Since f € L'(R) there exists a sequence of step functions g,, n = 1,2... such that
f~gi+g2+..
For any € > 0 there exists N € N such that

Let f1 = 25:1 gn and f, = gnN4n-1, n > 2. Then f — f1 ~ fo+ f3 + ... and hence

/|f—f1|d$<§;/|fn|d:c<§.

/|f1|dm—/|f|dm<§.

| fnl do < |ful dz+ [ [fildz < [ [fldz+e.
nz::l x nz:z/ T /1 T / T+ €

In particular this gives that

But then

0
Now we are ready to prove Theorem 3.4.
Proof. Since f, € L*(R), there exists a sequence f, j, j = 1,2, .. of step functions such that
[e.e]
Z/'f”3| dr < o0
j=1
= Zj =1%f, (), ¥ x such that Zj =1%°|fn(z)| < 00
[ifust o< [1n1dor2.
Notice that if
[e.e] oo
Z Z |fn,j(x)] < oo then in particular Z | fr ()] < 0.
n=1 j=1 n=1
Therefore
(o] (oo}
= Z fn,j(x) forall z such that Z Z | fr,j(x)| < o0.
n=1j=1 n=1j =1
So we conclude that f ~ 377° | 3%, f, ;. This proves the Theorem. O

4. LECTURE III. COMPLETENESS OF L!(R)
Definition 4.1. We say that two functions f,g € L*(R) are equivalent, f = g, if [ |f(z) — g(z)| dz = 0.

It is very easy to prove that this relation is reflexive, symmetric and transitive, so it is an equivalence
relation. We will denote

ef
g e im: [17 - gl do =0}
and redefine the space

L'(R) ={[f]: f € L'(R)}.
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Theorem 4.1. The space L*(R) equipped with the norm ||f|| = [|f| dz is a normed vector space.

Proof. The only issue is whether this is a norm. But from the definition, if ||f|| = 0 it follows that
f=0. |

From now on, as a matter of convenience, we will use f rather than f to identify elements of L'(R).
This is the main result of this section:

Theorem 4.2. L'(R) is a complete normed space (i.e. a Banach space).
The proof is divided into two lemmas:

Lemma 4.1. Let f; € L'(R), j = 1,2,... If 3372, [|fj] dz < oo, then
i)Y ={z: Z;‘;l |fj(z)] = oo} is a null set
ii) There exists f € L*(R) such that

f(z) = ifj(m) V' x such that i |fi(z)| < oo.

i=1 =1
i) limy o0 ||f = 2272 fill = 0.
Proof. To prove (i) we define

9on = —fns Gon—1=fn, n=12,..
We claim that

Xy ~9g1+g2+..

Indeed, as ) 77, [ |f;] dz < oo, it follows that 3372, [|g;| dz < co. And

xy (z) = Zgj(m) =0 V z such that Z lgj(z)] < 0.
j=1

j=1

Hence

/Xyda::0:>Y is null .

This proves (i). To prove (ii), let

St file) i 3T |fi(x)] < oo
flz) =
0 if 37 [f5(x)] < oo

Finally to prove (iii), we observe that for any e > 0 there exists N € N such that

|fj] dx < e.
L

Since

f-h—-—fo—wi—fN~fns1+ v+
it follows that

N [e%s)
/\f—ij do < ) /|fj|<e.
j=1 j=N+1

Thus||f—2§vzlfj||—>0asN—>oo. O
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To finish the proof of Theorem 4.2 we need a lemma about Banach spaces

Lemma 4.2. Let X be a normed vector space. The following are equivalent
1) X is complete (that is, every Cauchy sequence converges)
1) Every absolutely convergent series converges. i.e.

[e 9] o0
if Z||xn|| <oo:>2xn=m€X.
n=1 n=1

Proof. (i) implies (ii). Suppose X is complete and let Y > | ||z || < co. Let € > 0 Take N € N such that
>0 v |lzn|| < €. Then the sequence of partial sums Sy = 1 + ... + @, satisfies for M, L > N

1S3 = Sell < Y llaall <e.

n=N
Thus Sy is a Cauchy sequence and hence converges.

To prove that (ii) implies (i) Let x,, n = 1,2, ... be a Cauchy sequence in X and we want to prove
that (ii) imples that it converges. To prove that it is only necessary to prove that it has a convergent
subsequence. To construct this subsequence, notice that, as x, is Cauchy, for every k € N there exists
N (k) € N, which can be taken to be increasing in k, such that

[|Tm — znl| < 27 ¥ m,n > pg.

Then the series
Z llzNk+1) — 2@l < ZT'“ < o0
k=1 k=1

and (ii) implies that > o, TN(k+1) — TN(k) = liMg 00 Ty (k) = @. This ends the proof of the lemma. [

To prove Theorem 4.2 notice that Lemma 4.1 shows that property (ii) of Lemma 4.2 holds for L!(R).

5. CONVERGENCE THEOREMS

This section expresses the power of the Lebesgue integration and the completeness of L!(R).

We say that a certain property of a set of functions holds almost everywhere, and denote a.e., when it
holds for all z € R, except possibly on a null set. For example we say that f = g a.e. if f(z) = g(z) for all
z € R with the possible exception of x in a null set. Similarly a sequence f,, — f a.e. if f,,(z) — f(x) for
all x € R with the possible exception of x in a null set. We have the following property of convergence
in L'(R).

Theorem 5.1. Suppose f, € L*(R), n =1,2,... and f, — f in L'(R). Then there exists a subsequence
fnk of fn such that for — f a.e.

Proof. Since [ |fn — f| dz — 0 as n — oo, then for every k there exists an integer N (k) such that

/|fN(k) ~ flda <27k

and N (k) can be taken to be increasing in k. Let

91 = fnay 9k = N — g
Then
3._
[l dz < [1inoen = fldo+ [y - flde < 527
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and therefore

o0
Z/|gk| dr <
k=1

Hence by Lemma 4.1 there exists g € L!(R) such that

M o0
||Q—ng||—>0 as M — oo and g:ng a.e.
k=1 k=1
Thus
fngy — g in L'(R) and a.e.
But since [ |fng — f| de < 227% [|f — g| dz = 0 and hence f = g a.e. O

The converse of this theorem is not true. For example, let

1 .
Tn if —n<zx<n

fn(z) =

0 if |z|>n
Then f,(z) — 0 for all z € R, but [ f,, do — oo.

Theorem 5.2. (The monotone convergence Theorem) Let f, € L*(R), n = 1,2, ... satisfying
(H1) f. is monotone a.e., that is either f,(z) < fnt1(z), a.e., or fo(x) > fui1(z), a.e.
(H2) There exists M > 0 such that | [ f, dz| < M, for all n.

Then there exists f € L*(R) such that f, — f in LY(R) and f, — f a.e.

Proof. We may assume that f; < fo < ..., otherwise just consider the sequence — f,,. By subracting f;
from each element of the sequence we may assume that

0<fAi<fa<.

Let
91=f1, Gn = fut1— fn, n=2,3...
Then g, > 0 and

k
Z/gnda::/gkdng.
n=1

Hence by Lemma 4.1 there exists g € L!(R) such that g, — g in L*(R) and a.e. O
Theorem 5.3. (Fatou’s Lemma) Let f, € LY(R) n=1,2,... f, >0 is such that

/fn de < M, n=1,2,...
If fo — f a.e, then f € LY(R) and [ f dz < M.
Proof. For m,n € N, let
gne = min{ fn, ..., fatrx }-
Then g, r € L'(R) (why?) and for n fixed
Ink = Gnk+1-
By the monotone convergence theorem there exists G,, € L'(R) such that

lim g, =G, in L*(R) and a.e.
k— o0
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But

(5.1) Gu(2) = nf{f(z) : j =n}
and hence
Gn é GnJrl

satisfy [ G, dz < [ fn dz < M. Again by the monotone convergence theorem, there exists G € L'(R)
such that

G, — G in LY(R) and a.e.
In view of (5.1), if fn(z) — f(z) for some z, G(z) = f(z). Thus G(z) = f(z) a.e. and [ fdz <M. O
In general it is not true that lim [ f, dz = [ f dz, as can be seen by the example

L 9f —n<z<n
n

fu(x) =

0 if |z|>n

Theorem 5.4. (The dominated convergence theorem) Let f, € L'(R), n = 1,2... satisfy:

(H1) fn. — f a.e.
(H2) There exists h € L*(R) such that |f,(z)| < h(z) a.e. n=1,2...
Then f € L*(R) and f, — f in L*(R).

Proof. For m,n € N let

Gm.n = max{|fml|, .. | fman|} < h ae.

For m fixed

Imn(2) < gmnt1(z) and ‘/gm,n dz| < /hdw < 00.

By the monotone convergence theorem there exists g,, € L!(R) such that

lim gmn =gm a.e. andin L*(R).

n—oo

Since gm(x) = sup{|f;j(z)|, j > m} < h(z), a.e., it follows that gm(x) > gmii(z) > 0 a.e. and
| [ gm dz| < [h dz. Thus by the monotone convergence theorem there exists g € L'(R) such that
gm(z) — g(z) in L'(R) and a.e.

If f, — 0 a.e, then g,, — 0 a.e Since

/|fm|dac§/gmdac—>0

fn — 0in LY(R).
For r,s € N,
hrs=1fr—fs—0 aeas rs— 00
|hrs < 2| V¥ 1,5

Hence by the case above, |h,.s| — 0 in L!(R). This shows that f, is a Cauchy sequence in L*(R) and
hence f, — F in L'(R). But by Theorem 5.1 there exists a subsequence of f,, that converges to F a.e.
and therfore F = f a.e. Thus f € L'(R) and f,, — f in L}(R). O
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6. THE sPACE L] (R)
Theorem 6.1. Let f € L'(R) and [a,b] C R then x5 f € L'(R)

Proof. Let f;, j =1,2... be step functions such that f ~ fi + fo + ... Let g; = X(a,p)fj- Then g; is a step
function and fx[q5 ~ g1 + g2 + ... a

The converse of this result is certainly not true.

Definition 6.1. A function f is locally integrable f € L (R) if for every interval [a,b]

loc

b
/ fdmz/fX[a,b] dr exists.

In this case we say that f € L _(R).

loc

Theorem 6.2. Let f,g € L _(R) If g is bounded on every interval [a,b] C R then fg € L (R).

loc

Proof. Let F' = X[qpf and G = XJq,p)9- Then there exist step functions fp, n = 1,2,... such that
F ~ fi+ fo + ... We know from Theorem 6.1 that G f; € L'(R). Moreover if |G| < M

[16s1do <0 [ 1) ds

so we get that >°°°, [ |Gf;| dz < oo. Morover 3377 | |G(z) fj(2)] < oo if and only if either 3°7° [f;(z)| <
oo or G(x) = 0. This shows that

G(z)F(z) = ZG(m)f](x) V z such that Z |G(z) f;(z)] < 0.

o0
j=1 j=1

Theorem 6.3. If f € L. (R) and |f| < g for some g € L*(R) then f € L*(R).

loc

Proof. Let fn = fX[—nn)s = 1,2... Then f, € L'(R) and |f,| < g thus by the dominated convergence
theorem f = lim, o frn € L*(R). O

7. THE LEBESGUE MEASURE

Definition 7.1. A set S C R is measurable if xs € Li_(R). If S is measurable and xs € L*(R) we

loc

define the measure of S by m(S) = [ xs dz. Otherwise we say that m(S) = co.

Theorem 7.1. Let M(R) denote the collection of all measurable sets in R. Then
1)51,52 € M(R) then S \ S1 € M(R)

2)S; e MR), j =1,2,...N, then S US> U...USy € M(R).

3)IfS; e MR), j=1,2,... and S;NS; =0 if i # j then

) IS5 € M(R), j=1,2,..
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5) If A,B € M(R) and A C B then m(B \ A) = m(B) —m(A).
6)IfS; € MR), j=1,2,... and S1 C Sz C ... then

7)If S; € M(R), j=1,2,... and S1 D S2 D ... then

n—oo

[ee]
m ﬂ S; | = lim m(S;).
j=1
More tomorrow....
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