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Abstract. The problem of recovering the asymptotics of a short range perturbation of the Euclidean
Laplacian on Rn from �xed energy scattering data is studied. It is shown that for n � 3 the asymptotics of
a magnetic potential are determined, modulo Gauge invariance, by its scattering matrix at a �xed non-zero
energy. This result also holds for a wide class of scattering manifolds.

1. Introduction

In this paper, we examine the question of the recovery of a magnetic potential, for a �xed short range
perturbation of the Euclidean metric, from �xed energy scattering data. We show that, modulo a Gauge
invariance, the asymptotics of the magnetic potential are determined. The analogous results for the recovery
of asymptotics of metrics and electric potentials have been obtained in [6] and [7]. Our approach is to use
the techniques of [6] and [7] and invert the arising integral transforms. Although it is clear our results hold in
a general scattering manifold, with boundary the unit sphere, Sn�1; or a torus equipped with the Euclidean
metric, the real interest in this result is in the case of perturbations of the Euclidean Laplacian, and since
the proof in the general case adds little other than obscurity, we will restrict ourselves to Euclidean space.

The problem of determining a magnetic potential in R3 ; with the Euclidean metric, from the scattering
matrix has been considered by several authors, see for example [1], [3], [13], [14], [15], [16], and references
cited there. It was shown in [13] that for compactly supported electric potential V and magnetic potential
A; both V and the magnetic �eld r� A; are determined uniquely by the scattering matrix at one energy.
In [1] these results were extended to exponentially decaying potentials.

The results proven here in particular give that if a magnetic potential A is a classical symbol of order �2;
the asymptotic expansion of r � A is determined by the full symbol of the scattering matrix. This raises
the interesting question of determining the sharp rate of decay that guarantees uniqueness of the magnetic
�eld. For the case of an electric potential, the results of Grinevich and Novikov [2] show that, in dimension
two, there exist rapidly decaying electric potentials which are not determined by their scattering matrices.
Examples in higher dimensions or for a magnetic �eld are unknown to us.

We study short range perturbations of Euclidean space. So we assume gij is a metric on Rn ; n � 3; with
gij = �ij + lij and lij a (real-valued,) classical symbol of order �2: We let G denote the determinant of gij
and we use gij to denote the pointwise matrix inverse. We take a magnetic potential (A1; : : : ; An) and an
electric potential V also to be real-valued classical symbols of order �2: Let P be the operator,

P = G�1=4
nX

j;k=1

�
i
@

@xj
+Aj

�
G1=2gjk

�
i
@

@xk
+Ak

�
G�1=4 + V (1.1)
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The Poisson operator is then the map that takes f 2 C1(Sn�1) to the smooth function u such that
(P � �2)u = 0; and

u = ei�jxjjxj�
n�1

2 f(x=jxj) + e�i�jxjjxj�
n�1

2 g(x=jxj) +O(jxj�
n+1

2 ):

The kernel of the Poisson operator will be a smooth function on Sn�1� Rn with singular asymptotics. The
scattering matrix is the map on C1(Sn�1);

S(�) : f 7�! g: (1.2)

In Section 3 we will prove

Proposition 1.1. With g; (A1; : : : ; An) and V as above, we have that a�S(�) is a zeroth order classical

pseudo-di�erential operator, where a(!) = �!:

We remark that saying that a�S(�) is a zeroth order classical pseudo-di�erential operator is equivalent to
saying that S(�) is a classical Fourier integral operator of order 0 associated with geodesic 
ow at time �:
This proposition is clear from [9], see also [5] and [17], by just observing that the arguments are not changed
by adding a �rst order short range self-adjoint perturbation, we therefore only present the parts of the proof
which relate to the proof of our main result:

Theorem 1.1. Let g and V be as above. Let (A1; : : : ; An) and (A
0

1; : : : ; A
0

n) be real-valued classical symbols

of order �2 with S(�) and S0(�) the associated scattering matrices at energy � 6= 0: If Aj � A
0

j is of order

�k with k � 2 then S(�) � S0(�) is of order 1� k: If
nP

j=1
(Aj � A

0

j)dxj = B with lead term B(k); and B(k)

is aradial, then it induces a 1-form on S
n�1 and the principal symbol of S(�) � S0(�) determines and is

determined by
�Z
0

hB(k)(
(s));
d


ds
(s)i(sin s)k�1ds

for all geodesics 
 on Sn�1; where s is the arc-length of 
; and we regard B(k) =
P

B
(k)
j dxj as a one form

canonically pairing with the vector d

ds (s):

We say a one-form is aradial if its pairing with the radial vector �eld, x @
@x ; is zero.

We deduce from this that given two magnetic �elds Aj ; j = 1; 2; such that A1 � A2 is aradial and

A1 � A2 = jxj�kB(k)( x
jxj) + O(jxj�k�1); as jxj ! 1; then we can recover a weighted integral of B(k) along

lifted geodesics in the cosphere bundle of the boundary. Such X-ray transforms have previously arisen in [6]
and [7] and also in the linearization of the problem of recovery of a metric from its hodograph- that is the
question whether a manifold can be determined from the length of its geodesics, see for example [10, 11].
Applying one of the results of Michel [12] we obtain.

Theorem 1.2. Let g and V be as above and let n be greater than or equal to 3: Let (A1; : : : ; An) and

(A
0

1; : : : ; A
0

n) be real-valued classical symbols of order �2 and let S(�) and S0(�) denote the associated scat-

tering matrices. If S(�)�S0(�); � 6= 0; is of order �k; then there exists �k 2 C1(Rn ); such that A�A0�d�k
is a symbol of order �k�1: Applying Borel's lemma we deduce that if S(�)�S0(�) is smoothing, there exists

� 2 C1(Rn ); such that A�A0 � d� is rapidly decaying.

We remark that the methods used here can also be applied to show that the full symbols of the scattering
matrix at three di�erent energies determine the asymptotics of the metric, gij ; modulo di�eomorphisms
�xing in�nity, the magnetic potential, modulo Gauge invariance, and an electric potential. To see this we
simply observe that at the kth level a metric perturbation will yield a principal symbol in the di�erence of
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the scattering matrices which is homogeneous in � of order k; a magnetic potential perturbation will yield a
principal symbol which is homogeneous of order k�1 and for a potential will yield one of order k�2: So one
can recover all three from the principal symbol at three positive energies, and any two from the principal
symbol at two energies.

This research was partly supported by an EPSRC visiting fellowship. The second author was partly sup-
ported by the NSF grant DMS-9970229. We would to like to thank Mike Eastwood for helpful conversations
and drawing our attention to the reference, [12]. We also thank the Royal Society for providing the travel
grant which made these conversations possible.

2. Gauge Invariance

Let P be the operator,

P = G�1=4
nX

j;k=1

�
i
@

@xj
+Aj

�
G1=2gjk

�
i
@

@xk
+Ak

�
G�1=4 + V: (2.1)

We observe that if u is an eigenfunction for P then w = e�i�u is an eigenfunction for the operator obtained
by adding d� to A; where A is the one form

P
Ajdxj : So if � is a classical symbol of order �1 then u;w

have the same lead terms in their asymptotics and thus we conclude the operators have the same scattering
matrices.

Proposition 2.1. Given a vector-valued function A = (A1; :::; An) on R
n such that Ai is a classical symbol

of order �2; there exists a classical symbol, �; of order �1 such that

X
j

xj

�
Aj �

@�

@xj

�
2 S(Rn ): (2.2)

Proof. We can express (2.2) as

r
@�

@r
� hx;Ai = O

�
r�1

�
; r = jxj: (2.3)

Since hx;Ai is a classical symbol of order �1; there exist am 2 C1 �Sn�1� ; m = 1; 2; :::; such that hx;Ai �P1
m=1 am(!)r

�m; ! = x
jxj : Since r

@
@rr

�m = �mr�m we can use Borel's lemma to construct � 2 C1(Rn )

such that �(x) �
P1

j=1
�1
m am(!)r

�m: It is then clear that � satis�es (2.3).

Thus we conclude that every magnetic potential is Gauge equivalent to one which is aradial modulo Schwartz.
It is clear from Euler's relation that this potential is unique modulo Schwartz.

We remark that if one wants to recover a metric and a magnetic �eld, �rst one �rst constructs a di�eomor-
phism to put the metric into a model form, and then a Gauge equivalence to make the magnetic potential
aradial.

3. Computing the Symbol

In this section, we compute the symbol of the scattering matrix and prove Theorem 1.1. In particular
given two magnetic �elds which agree to some order, we compute the principal symbol of the di�erence of
the associated scattering matrices in terms of the lead term of the di�erence of the magnetic �elds. We use
the techniques of [9], [6] and [5] to construct the Poisson operator and compute the symbols. We proceed
explicitly where possible but occasionally fall back on results from [9] for brevity.
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Following the ideas of [9], [5], [6], we look to construct the Poisson operator for the problem as a sum of
oscillatory integrals and then use this to read o� the properties of the scattering matrix.

In particular, we attempt to construct the symbol of the Poisson operator as

ei�x:!(1 + b(x; !)); (3.1)

with b a classical symbol of order �1 in x and smooth in !: We will see that this ansatz works away from
the set ! = �x=jxj: Using the assumptions on the metric Gij and applying P � �2; we obtain

ei�x:!

0
@�2i�!: @b

@x
+�2�

nX
j=1

!jAj + V +R:

1
A ; (3.2)

where R is a symbol of �3: More generally, if c is a symbol of order �k � 2 and we apply P ��2; to ei�x:!c;
we get

ei�x:!
�
�2i�!:

@c

@x
+ e

�
; (3.3)

with e a symbol of order �k� 2: So when we wish to iteratively solve away an error we need to solve at each
stage an equation of the form

�2i�!:
@c

@x
= d

with c one order higher than d: That we can solve for c smoothly to in�nite order in a neighbourhood of
x=jxj = ! is just a repetition of the argument in the proof of Proposition 18 of [9].

We let b have asymptotic expansion
1P
j=1

b�j ; let Al have expansion
1P
j=2

A
(�j)
l and V have expansion

1P
j=2

V�j :

In order to compute b; we observe that the lead term in (3.2) is

�2i�!:
@b1
@x

� �
nX
l=1

!lA
(�2)
l + V�2:

We want this to be zero.

Note as these are homogeneous functions this is really an equation on the sphere. We therefore take
coordinates (r; s; �) where r = jxj; s is the geodesic distance (in the unit sphere) of x=jxj from ! and � is
the angular coordinate about !: Note the coordinate system depends on ! but we shall suppress ! in our
notation most of the time.

Now without loss of generality, we can take ! to be the north pole. Then

!:@x = @xn :

Now cos(s) = xn
jxj ; r = jxj: The � coordinate will be purely parametric. We have

@s

@xn
=

�1q
1�

x2
n

jxj2

�
1

jxj
�

x2n
jxj3

�
= �r�1 sin(s);

and
@r

@xn
= cos(s):

So applying !:@x to b�j(s; �;!)r�j ; we obtain

r�j�1
�
� sin(s)

@

@s
� j cos(s)

�
b�j :
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Let W�2 = ��
nP

j=1
!jA

(�2)
j � V�2: So for j = 1; we have taking r = 1

2i�(sin(s)@s + cos(s))b�1 = W�2;

which is equivalent to

2i�@s(sin(s)b�1) =W�2:
We want b to be smooth at s = 0; so

sin(s)b�1 =
1

2i�

sZ
0

W�2ds0;

which implies that

b�1(s; �;!) =
i

2� sin(s)

sZ
0

W�2(s0; �;!)ds0: (3.4)

This will be singular as s! ��; but let's ignore that for now. Now suppose we have chosen the �rst j terms
so we have an error d 2 S�j�1cl with lead term d�j�1(s; �;!)r�j�1: We then want to solve the transport
equation,

�2i�!:@z(b�jjr�j) + d�j�1r�j�1 = 0;

as above we get

2i�[sin(s)@s + j cos(s)]b�j + d�j�1 = 0:

We solve this to obtain,

b�j(s; �; !) =
i

2�(sin(s))j

sZ
0

(sin(s0))j�1d�j�1(s0; �;!)ds0: (3.5)

So away from s = �; we can achieve an error in S�1 by applying Borel's lemma. ie away from the antipodal
point. Note that we have a focusing of the geodesics and as well as the fact the solutions blow-up we also
have that they will have di�erent values according to the angle. In particular provided d�j�1 does not grow
faster than (� � s)1�j we have that b�j grows as (� � s)�j :

Before introducing a second ansatz to cope with the antipodal point, we compare the Poisson operators
associated to two di�erent magnetic potentials. Suppose (A1; : : : ; An) and (A

0

1; : : : ; A
0

n) are both classical
symbols of order �2 and the di�erence is (B1; : : : ; Bn) which is a classical symbol of order �k; with lead

term (B
(�k)
1 ; : : : ; B

(�k)
n ): If we keep the metric and potential �xed then the �rst k � 2 forcing terms above

are unchanged and the forcing terms at level k � 1 will di�er by W�k = ��
nP

j=1

!jB
(�k)
j : (Note that the

change in the zeroth order term will be lower order.)

Thus the lead term of the di�erence of the Poisson operators will be

ir1�k

2�(sin s)k�1

sZ
0

W�k(s0; �;!)(sin s0)k�2ds0: (3.6)

This is the important result in our construction as we will see that the lead term of this as s ! �� is
essentially the principal symbol of the di�erence of the scattering matrices. We therefore want an invariant
interpretation of

�Z
0

(sin s)k�2W�k(s; �;!)ds:
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If we take ! to be the north pole and rotate so that �0 = (1; 0; : : : ; 0); the computation lies entirely in the

(x1; xn) plane and Wk(s) equals ��B
(�k)
n (s): Now if we assume B is aradial then

�

�
B(�k)(
(s));

d


ds
(s)

�
sin s = B(�k)

n :

To see this, with out loss of generality, we can take 
(s) = (0; : : : ; 0; sin s; cos s): We then have sin(s)B
(�k)
n�1 +

cos(s)B
(�k)
n = 0 and have 
0(s) = (0; : : : ; 0; cos(s);� sin(s)): The equivalence then follows from a simple

manipulation. So by rotational invariance we deduce that in general the lead term of the di�erence of the
Poisson operators is

ir1�k

2(sin s)k�1

sZ
0

�
B(�k)(
(s0));

d


ds0
(s0)

�
(sin s0)k�1ds0 (3.7)

and that the lead singularity as s! �� is

ir1�k

2(� � s)k�1

�Z
0

hB(�k)(
(s0));
d


ds0
(s0)i(sin s0)k�1ds0: (3.8)

The remainder of the construction of the Poisson operator and the computation of the symbol is now just
a repetition of the arguments in [9] or [5]. We sketch these for completeness.

Taking ! to be the north pole, close to the south pole we look for the Poisson operator in the form,
1Z
0

Z
Sn�2

�
1

Sjxj

�


S�ei(Sx
0:��p1+S2jxj)a

�
1

Sjxj
; S; �

�
dSd�; (3.9)

where x = (x0; xn) and a(t; S; �) a smooth function compactly supported on [0; �) � [0; �) � Sn�2 and � =
n�3
2 ; 
 = �n�1

2 : We assume that ! has been rotated to the north pole. Note that for jxj in a compact set
the integral is supported on a compact set and so we have no problems with convergence - in particular the
integral yields a smooth function.

This can be seen as introduction of polar coordinates around the south pole. In the lower hemi-sphere,
away from the south pole, where the introduction of polar coordinates is a di�eomorphism, this ansatz is
equivalent to the original one - this follows from an application of stationary phase (see [5]). However the
lead term in jxj at order �k is now allowed to be singular of order �k as s ! �� (which corresponds to
S = 0+) and there is no constraint on the values for di�erent angles matching. This allows the transport
equations to be solved right up to the antipodal point and to all orders. This gives the Poisson operator up to
an error. The precise regularity of this error is established in Section 3 of [5]. To obtain the Poisson operator

one can remove the error by applying the resolvent which yields a term of the form e�i�jxjjxj�
n�1

2 h(x) with
h a classical zeroth order symbol - (see Section 3 of [5]) this term will not a�ect the singularities in the
distributional asymptotics of the Poisson operator.

We recall Proposition 3.4 of [5], which is a special case of Proposition 16 of [9].

Proposition 3.1. If u(x; !)is of the form (3.9) then ei�jxj
R
u(jxj�; !)f(�; !)d�d! is a smooth symbolic

function in jxj of order �1 � � and its lead coe�cient is jxj���1hK; fi where K is the pull-back of the

Schwartz kernel of a pseudo-di�erential operator of order �� 
 � (n� 2) by the map � 7! ��: The principal

symbol of K determines and is determined by the lead term of the symbol, a(t; S; �); of u as S ! 0 + :

The fact that the scattering matrix is the pull-back of a pseudo-di�erential operator is now immediate.
To deduce Theorem 1.1, we observe that from our computations above, and by the assumption that Aj �A0j
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is of order �k; we have that the di�erence of the second ansatzs for the two Poisson operators, i.e the
construction near the south pole, will be of the same form but with � increased by k � 1 and the lead term
of the symbol of the di�erence of the Poisson operators as S ! 0+ will be a constant multiple of

Sn�k�1
�Z
0

hB(�k)(
(s0));
d


ds0
(s0)i(sin s0)k�1ds0:

So Theorem 1.1 then follows from Proposition 3.1.

4. Proof of Theorem 1.2

From Proposition 2.1 we may assume that

A�A0 =
nX

j=1

�
Aj �A

0

j

�
dxj ; Aj �A

0

j = jxj�kB(k)
j

�
x

jxj

�
+O

�
jxj�k�1

�
;

k � 2; as jxj ! 1; with

nX
j=1

B
(k)
j

�
x

jxj

�
xj = 0:

Thus B(k) de�nes a 1-form on Sn�1: As in [6] and [7] we begin by de�ning

Ikm(�) =

Z �

0

B(k)

�

(s+ �);

d

ds

(s+ �)

�
sinm�1(s) ds;

where 
 is a �xed geodesic on Sn�1. If m � 3; �nd that

d2Ikm
d�2

(�) + (m� 1)2Ikm(�) = (m� 1)(m� 2)Ikm�2(�):

So we �nd that if Ikm = 0; then Ikm�2 = 0: We know from Theorem 1.1 that Ikk (�) = 0; k � 2; for every
� 2 R: Thus it follows that for every geodesic 
;

Ik1 (0) =

Z �

0

B(k)

�

(s);

d

ds

(s)

�
ds = 0; if k is odd;

Ik2 (0) =

Z �

0

B(k)

�

(s);

d

ds

(s)

�
sin(s) ds = 0; if k is even:

(4.1)

Di�erentiating again, we deduce that B(k) is of opposite parity to k: Since sin(s) is a �xed multiple of the
coordinate x1 of 
(s); we deduce, by the rotational invariance of S

n�1 and the second equation of (4.1), thatZ �

0

T (
(s))B(k)

�

(s+ �);

d

ds

(s+ �)

�
ds = 0; 1 � j � n; if k is even, (4.2)

where T is any homogeneous linear function on Rn : It is immediate from Theorem 1.7 of [12] that if a 1-form
! de�ned on Sn�1 satis�es Z 2�

0

!(
(s); 
0(s))ds = 0;

for every geodesic 
; then ! is equal to an exact form plus an odd form, as a 1-form on the sphere. Since we
already know that TB(k) is even we deduce that is exact and therefore closed. We now show B vanishes at
the north pole. Since everything is rotationally invariant this su�ces to prove B is zero everywhere.

We can take coordinates on the sphere simply by projecting onto the �rst n � 1 coordinates. We then
have for j = 1; : : : ; n� 1; that

d(xjB
(k)) = 0:
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Evaluating at xj = 0; for each j we have that at the north pole,

dxj ^ B(k) = 0

for each j and thus that B(k) is zero there and we are done.

If k is odd, we have that upon di�erentiating that B(k) is even and we also have that the integral around
any closed loop times any homogeneous polynomial of order two is zero. Applying the arguments above to
xnB

(k); we deduce that xnB
(k) is zero at the north pole and Theorem 1.2 follows.
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