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Denoting by )'(BF) the rst eigenvalue of the magnetic Neumann
Laplacian on the domain, we analyze its asymptotic behagi®r

B! +1 and the corresponding location of ground states.
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We will then consider applications

| to superconductivity (when the magnetic eld is constant)

I and (in the Serrambi conference) to the theory of liquid
crystals (when the magnetic eld is of constant strength).



The quadratic form

Let RY (d =2 or d = 3) be a bounded open set with smooth
boundary, let be a magnetic eld (satisfyingdiv =0 in the

3D case), and we can specify, (by addditionof ), F to be a
vector eld such that

divF=0; (1)
curlF= ; in (2)
F N=0 on@ ; 3

whereN(x) is the unit interior normal vector ta@ .



De ne Qgr to be the closed quadratic form
Z
WE2() 3u7 Qgr(u):= j( ir + BRu(x)j?dx; (4)
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W ()= H'(G O);

is the standard Sobolev space. This leads to the Neumann
problem.
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De ne Qgr to be the closed quadratic form
Z
WE2() 3u7 Qge(u):= j( ir + BRu(x)j?dx; (4)

where
Wt ()= H(; C);

is the standard Sobolev space. This leads to the Neumann
problem.

If we replaceW 12() by W,?() we will get the Dirichlet
problem which is of less interest for our applications.

If we want to discuss the two problems for comparison, we will
write QY- and QF:. With no indication this will be Neumann.
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The magnetic Laplacian
Let HN(BF) be the self-adjoint operator associated €@}
This is the di erential operator

H(BF):=( ir + BF)?
with domain
fu2 W%2() : N r ujg =0g:

Note that, without the boundary condition assumed fér, the
Neumann condition reads

N (r + iBF)ujg =00;

and is called the magnetic Neumann condition.
When s regular and bounded, the operatet™N (BF) has
compact resolvent. The bottom of the spectrum

"(BF) :=inf Spec H(BF): (5)

is an eigenvalue.



Dirichlet problem

One can also consider the Dirichlet realization.

The form domain is\lvol;z() and the the operator isd (BF) with
domainw22() \ Wy%() ).

In this case, we denote the operator bj® (BF).
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Diamagnetism and application.
The diamagnetic inequality says that, far2 H? _,

i j (r +iBF)Uj;
pointwise.
Using the Max-Min principle, this gives that
'(BF) Y@O=0; ?(BF) F(0)>o0: (6)

This is more generally true in the case when we consider thedb
eigenvalue of the Neuman or the Dirichlet realization of the
Schredinger operator

H (BF)+ V;

whereV is anl! function called the electric potential.
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mappingB 7! Y (BF)
I and also analyze its monotonicity for su ciently large vada
of B.



We will

I describe in various cases the asymptotic behavior of the
mappingB 7! Y (BF)

I and also analyze its monotonicity for su ciently large vada
of B.

The asymptotic spectral analysis starts with the analysisvarious
models corresponding rst to constant magnetic eld (or a e
magnetic elds) and to particular domains : plane, half-pie,
disks ....
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The Model inR2.

H(BF) = DZ +(Dy, + Bxy)?: @)

HereF = (0;x) andDy, = 1@.
After a dilation and a partial Fourier transform, we are leb t

H( )= DZ+(t )?; ontheline; (8)
and hence to the spectrum of the harmonic oscillator on threeli:
h= D2+ t2; 9)

whose spectrum is well known.

(H(BF)) = ess(H(BF)) = jBj([ nan(2n+1)) : (10)
These are the so called Landau-levels.



The Model inRS3.

P
Here we consider (witpj = bj and b? =1)

i<j ™i

H(BF) := ( Dy, + B(3b12Xz + 3b13xX3))?
+( Dy, + B(5b23%3 + 3b21%1))?
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The Model inR3. P
Here we consider (witlpj = bj and _; biJZ =1)

H(BF) := ( Dy, + B(5b12X2 + 3b13%3))?
+( Dy, + B(5b23Xs + 3b21X1))?
+( Dy, + B(3b31x1 + 5D32%2)) %

After a rotation and a gauge transform, we arrive at
H(BF) := DZ +(Dy, + Bx1)? + D,
whose spectrum is

(H(BF))= B[1;+1 [:

(11)

(12)

(13)



The result is independent of the direction of the magneticiar
eld :

1= bo3; 2=Db31; 3= b2
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The De Gennes Model iR%* .

HN(BF) = D, +(Dx, + Bx1)?; (14)

on R%* = fx; > 0g, with Neumann condition orf x; = 0g.
After a dilation and a partial Fourier transform, we are lab t
analyze the family

H()=DZ+(t )% (15)
on the half-line (Neumann a0) whose lowest eigenvalue

7 ()

admits a unigue minimum atgy > 0.



On the variation of
It is useful to combine two formulas

I Feynman-Hellmann formula :
Z .4
Cry= 2t Hu(t)ddt;
0

whereu is the normalized groundstate ¢fl( ).
I Bolley-Dauge-Hel er formula :
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On the variation of
It is useful to combine two formulas

I Feynman-Hellmann formula :
Z .4
Cry= 2t Hu(t)ddt;
0

whereu is the normalized groundstate ¢fl( ).
I Bolley-Dauge-Hel er formula :

V=uv©@*? ():

This permits to show that has a unique minimum, which is
attained at o > 0. Morever

!Ii£n1 ()=1; !Iim ()=+1:
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Figure: De Gennes model, computed by V. Bonnaillie-Noel



Hence two constants will play a role.
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Hence two constants will play a role.
The rstoneis:

0< o= (o)=inf ()<1:

We have
5= o 0,59

(HN(BF) = oB[L;+1[:

The second one is :

% o) ;

o
I
NI =

(16)

(17)

(18)

(19)
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The Lu-Pan Models irR>* .

The second model is quite speci ¢ of the problem in dimensin
After a rotation respecting the half-space and a gauge trians,
we look infx; > Og at

L(# @)= @ @ +( i@, +cos#x +sin#xp)?:

By partial Fourier transform, we arrive to :
L# )= @ @, +( +cos#xi+sin#x)?;

in x; > 0 and with Neumann condition omx; = 0.



It is enough to consider the variation with respect 02 [0; 5].
The bottom of the spectrum is given by :

&#) :=inf Spec (L(# 1@,))=inf (inf Spec L(#; ))) :
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We rst observe the following lemma :

Lemma A
If #2]0; 5], then Spec ((#, )) is independent of .

This is trivial by translation in thex, variable.

One can then show that the functio# 7! &#) is continuous on
10; 5[ .

This is based on the analysis of the essential spectrum of

L(#) := DZ + D2, + ( Xy COS# + Xp sin#)? :

and on the fact that the bottom of the spectrum of this operato
corresponds to an eigenvalue.



We then show easily that
&0)= o<1:

and



We then show easily that
&0)= o<1:

and

Finally, one shows tha# 7! &#) is monotonically increasing and
that
&#)= o+ 1j#j+ O#); (20)

with r

_ % o)
L 2

: (21)



Montgomery's model.

When the assumptions are not satis ed, and that the magnetic
eld vanishes. Other models should be consider. An interesting
example is when vanishes along a line :

D?+(Ds Bt?)?2: (22)

This model was proposed by Montgomery in connection with
subriemannian geometry but it appears also in the analy$ighe
dimension3 case.



More precisely, we meet the following family (depending grof
quartic oscillators :

DZ+(t2 )?%: (23)
Denoting by ( ) the lowest eigenvalue, Pan-Kwek have shown
that there exists a unique minimum of( ) leading to a new

universal constant
o = inf : 24
0 JUS () (24)
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Figure: Montgomery's model
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One has (Feynman-Hellmann Formula)
Z
min = 2 tzuzmm dt ,
whereu denotes the normalized groundstate.
Numerical computations con rm that the minimum is attainefibr
a positive value of :
min  0:35;

and that this minimum is

Numerical computations also suggest that the minimum is non
degenerate.
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Bauman-Phillips-Tang model
We consider the dis&? and the case with constant magnetic eld.
First we state a result on the case of Dirichlet boundary citioths.

Proposition A
AsR B becomes large, the following asymptotics holds :

2
D(B:D(O;R)) B 22 :zB:Rexp( %): (25)



For the Neumann problem, we can use the invariance by rotatio
we can reduce the problem to the spectral analysis of a family
(parametrized bym 2 Z and we get (Bauman-Phillips-Tang with
improvment of Fournais-Hel er) a three terms expansion sliag

the role of the curvature (coe cient ofB%)



Proposition B : Neumann asymptotics for the disc
Dene (m;B),form2 Z,B > 0, by
p_
(mB)=m & 4 B: (26)

Then there exist (computable) constant§; and o 2 R such that,
if

b = inf i . -
B! r'?zfz‘ (mB) o (27)
then, for all > 0,

p_ p—
NB)= oB C; B+3CG o P2+@ +0(B 2): (28)



Rough estimates
We introduce
b= inf_j (x)j;
X2

b= XIQI@J (x)j ;
and, ford = 2,
0 — H H .
bs = OX'Z”@I)J (X)j ;

and, ford = 3,
bs = X'E‘I@ i ()j& (x))

(29)

(30)

(31)

(32)



Theorem 1 : Rough asymptotics

"N(BF; )= Bmin(b;bl)+ o(B);

P(BF; )= Bb+ o(B)

Particular case, if (x)j =1, then

min(b; bY) = bY

(33)

(34)

(35)



Lower bounds in the 2D case
The rst (trivial by integration by parts) estimate is thatwhen
(x) 0, then we have, for any 2 C} () ,
z
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Lower bounds in the 2D case
The rst (trivial by integration by parts) estimate is thatwhen
(x) 0, then we have, for any 2 C} () ,
Z

Qe() B (Wi (j*dx: (36)

This gives immediately the lower bound for the Dirichlet
realization.
For Neumann, we should introduce a partition of unity.



A partition of unity

Let O 1. Then there existL s.t. 8Ry > 0, we can nd a
partition of unity jB satisfying in
X Bi2
j 7ie=1; (37)
]
X B:2 2R2
r il CR,“B“ ; (38)
j
and
supp () Q= D(z:RoB ); (39)

whereD(c;r) denotes the open disc of centerand radiusr.
Moreover, we can add the property that :

either supp j\ @= ;; eitherz 2 @ : (40)



According to the two alternatives in (40), we can decompo$e t
sum in (37) in the form :

X X X

int bnd

where “int' is in reference to thgs such thatz 2 and "bnd' is
in reference to theg's such thatz; 2 @ .



We now implement this partition of unity in the following way
X X
Qu) = Q( Pu) kjir Pjuk®; 8u2 HY() : (41
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HereQ = Qpf. denotes the magnetic quadratic form. This
decomposition is some time called (IMS)-formula.



We now implement this partition of unity in the following way

X X
Qu) = Q( Pu) kjir Pjuk®; 8u2 HY() : (41
j j

HereQ = Qpf. denotes the magnetic quadratic form. This
decomposition is some time called (IMS)-formula.
We can rewrite the right hand side of (41) as the sum of three
(types of) terms.

X X X
Qu=  Q(Fu+ Q( Pu kijr  Piuk®; 8u2 HY() :

int bnd j

(42)



For the last term on the right side of (42), we get using (38) :
X
kir Pjuk® CB? Ry%kuk®: (43)
j

This measures the price to pay when using a ne partition ofityn
If is large, which seems the best for controlling the
comparison with the models, the error due to this

localization will be bad and of order O(B? ).

We shall see later what could be the best compromise for an
optimal choice of or of Ry for our various problems (note that
the play with Ry large will be only interesting when=3).



The rst term to the right in (42) can be estimated from below
using the basic estimate. The support ofu is indeed contained
in . So we have :
X x &
Q(ju B ()] [ uj©dx: (44)

int int



The rst term to the right in (42) can be estimated from below
using the basic estimate. The support of’u is indeed contained
in . So we have :
X X £
Q(ju B ()] [ uj©dx: (44)

int int

The second term in the right hand side of (42) is the more dalec
and corresponds to the speci city of the Neumann problem. We
have to nd a lower bound forQ( JBu) for somej such that

z; 2 @ . We emphasize that; depends orB, so we have to be
careful in the control of the uniformity.



We use the standard boundary coordinatest). Letz 2 @ and
consider functionsi supported in the small dis©(z;B ). We
now choose a convenient gauge. De ne
Z t
Ay = 1 tk(s) (s;tHdt® A, :=0:
0

With a suitable gauge change, i.e. with the substitutien= e'® v
for some function , we have for suppu D(z;RsB ),
z
j( ir + BF)uj?dx
z
= (1 tk(s) '( i@+ BA)v 2+(1 tk (S))j@vj? dsdit:

(45)



De ne
ko := k(0);
A(s;t):= ~(0;0) t %tzk(O) :

k(s):= k(s) k(0);
Bsi)= L tk(s) (sit) 1 tk(0) 0;0)

t
ay(s;t) == b(s;t9 dt®
0
Then we have the estimates in the support of
j ki CRB

jb(s;t)j CRoB
jaa(s;t)j] CRB t:



Of course, sincé = O(B ), one can be more speci ¢ about this
last estimate, but we keep thé dependence for later use.

Let B be so largetha2? * (1 tk(s)) 2on suppw Then we
can make the following comparison between (45) and the smil
constant eld, constant curvature formula :

y
j( ir + BF)uj2dx
y
1 ) (@ tko) Y( i@+ BAW?+(1 tko)j@vwj?dsdt
Z
C t k (i@+BA)v>+j@v? dsdt
z
1@ tko) 'B2Ze?jvi’dsdt; (46)

forany0< < 2 !'andanyuwith suppu B(z;RoB ).



The rst term on the right is the quadratic form correspondinto
constant curvature and constant magnetic eld, so we can
estimate

Z
(1 tko) Y( i@+ BAW?+(1 tko)j@vj® dsdt

oB (2) Clkp B (z) C kvk3: (47)

using the result for the disk. Notice that this estimate isitorm,
since the boundary curvature is uniformly bounded.



The second term on the right is estimated by

z
C t k ( i@+ BA)v*+j@vi? dsdt
z
céB 2  j( ir + BF)uj?dx; (48)

and consequently involves the left hand side. Here we use the
property thatO t CB on suppw



The third term is estimated by
z
(1 tko) 'B2e%jvi’dsdt € !B? 4 kek®:  (49)

To get a rst not optimal estimate, we choos&®, =1, = Bz 2 ,
= 3, and conclude from (46) and (47)-(49), that

y
i( ir + BR)uj2dx  oB (z) CB? kuk;  (50)

for all u such that suppu B(z;B ).



Combining this with (41), (43) and (44), we nd the lower bowh
More precisely, we nd constant§€ and By such that,8u 2 H*()
and8B By,

P R ) .
Quy B ntp (XH Buj? dx

P R
+ 0B pg (3) Pujfdx CB# i Puj?dx:



Upon replacing (zj) by (x) in each of the terms in the boundary

sum, we have actually proved the following.

Proposition a
There exist positive constantS and By such that, with

B (x); dix;@ B
oB (X); d(x;@ < B

@lw lw

U (x):=

we have
Z Z

j( ir + BF)uj?dx (U (x) CB)ju(x)j2dx;

forallu2 H() andallB Bg.

(51)

(52)



In particular, we get the following version of the lower baln

Proposition b

There exist positive constantS and By such that, for allB Bg :

N(BF) min(b; ob% B CB3: (53)



We can also make the choice= % =B 7and Ro large in (46).

This gives an estimate which may look weaker than Proposito
but which will be more e cient in the study of decay. The reaso
is that the boundary zone now has the right length scale, ngme
B 2. The result analogous to Proposition a is :

Proposition ¢

There existC; Bg > 0 and, for allRy > 0, there existsC(Ry) such
that with

(( )
U@ (x) := B (x); d(x;@ RoB 2 (54)
' BC(Ry) (X); d(x;@ RoB Z;
we have,
z Z 5
j( ir + BF)uj?dx UP(x) C=5 ju)i’dx; (55)

RS

forallu2 HY() andallB Bo.



Consequences.
The consequences are that a ground state is localized as
B! +1,
I for Dirichlet, at the points of wherej (x)j is minimum,
I for Neumann,
1 if b < bY, at the points of wherej (x)j is minimum
(no di erence with Dirichle),
1 if b> bY at the points of @ wherej (x)j& (x) is minimum.



In particular, ifj (x)j =1, we are, for Neumann, in the second
case, hence the groundstate is localized at the boundary.
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Moreover, wherd = 3, the groundstate is localized at the point
where (x) is tangent to the boundary.



In particular, ifj (x)j =1, we are, for Neumann, in the second
case, hence the groundstate is localized at the boundary.

Moreover, wherd = 3, the groundstate is localized at the point
where (x) is tangent to the boundary.

All the results of localization are obtained through Agmon
estimates (as Hel er-Spstrand, Simon have done in the leigs
for h? + V).



Two-terms asymptotics in the case of a variable magneticd el
The interior case
If

b < X|2n@;1 (x)] for Dirichlet
or if
b < b° for Neumann

the asymptotics of )/(BF) and P (F)) are the same (modulo an
exponentially small error).
If we assume in addition

Assumption A

I There exists a unique pointnin 2  such thatb = | (Xmin)j-
I This minimum is non degenerate.



we get in2D (Hel er-Morame)

Theorem 2
1DorN(B|:): bB + %B%+O(B%)Z (56)

where 1 is computed from the Hessian of at the minimum.

The problem is still open (Hel er-Kordyukov, work in progs) in
the 3D case.



There are also many results for the case when 0 (Montgomery,
Hel er-Mohamed, Pan-Kwek, Hel er-Kordyukov ....).

The ground state is localized near the minimum.

When more than a minimum, tunneling can occur

(Hel er-Spstrand, Hel er-Kordyukov).
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We recall from the previous result that in a disk of radigs we
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In the two dimensional case, it was proved by
DelPino-Felmer-Sternberg{Lu-Pan{Hel er-Morame the fiolving

Theorem 3
1(B)= 0B C1koB? + o(B?) : (58)

whereky is the maximal curvature of the boundary.



Main results for Neumann with constant magnetic elds

The 2D case
We recall from the previous result that in a disk of radigs we

have

NB)= oB %clp§+ 0(1) : (57)

In the two dimensional case, it was proved by
DelPino-Felmer-Sternberg{Lu-Pan{Hel er-Morame the fiolving

Theorem 3

1(B) = OB C 1koB% + O(B%) ; (58)

whereky is the maximal curvature of the boundary.

Moreover (Fournais-Hel er) a complete expansion df exists if
the points of maximal curvature are non degenerate.



The 3D case
We will work under the following geometric assumption

G-Assumptions

1. On the set of boundary points where is tangent to@ , i.e.
on

=fx2@ N(x) =0g; (59)

d'( N)(x)60;:8x2 (60)

2. The set of points where is tangentto is nite.



The 3D case
We will work under the following geometric assumption

G-Assumptions

1. On the set of boundary points where is tangent to@ , i.e.
on

=fx2 @ N(x) =0g; (59)

d'( N)(x)60;:8x2 (60)

2. The set of points where is tangentto is nite.

These assumptions are rather generic, they imply thatis is a
regular submanifold of@ and are for instance satis ed for
ellipsoids.



Two terms asymptotics
We will need a two-term asymptotics of} (BF) (due to
Hel er-Morame- Pan).

Theorem 4
If and satisfyG-Assumptions, then asB! +1

N(BF)= oB+ boB:+ O(B: );

for some > 0.



In previous formulayy is de ned by

b = X|r21f eo(X); (61)

where

eo() =2 by o jkn(0)iZ2 0+ (1 iT(X) 2 : (62)

HereT (x) is the oriented, unit tangent vector to at the point x
and
kn(x) = jd"( N)(X)j :



Monotonicity

2D case

Two recent results obtained in collaboration with S. Fourmare
the

Theorem 5
Let RZand =1. Then there exists3; such that
B 7! Y(BF) is monotonically increasing.
The proof results of the separate analysis of two cases :
I The case of the disk (results of the previous analysis),
I The case when the curvature is non constant (see below).

When the curvature is not constant a groundstate is locatize
at the boundary but away from some interval of the boundary.



3D case

Theorem 6
Let R®and satisfying G- Assumptions
Letf 1;:::; nhg be the collection of disjoint smooth curves

making up . We assume that, for al] there existsx; 2 ; such
that eo(xj) > byp.

Then the directional derivatives

( ¥)%=limy o M,

exist.

Moreover

oim ( 1 )B) = Iim - ( ¥ )AB)= o (63)



We now sketch how one can derive the monotonicity result from
the known asymptotics of the groundstate energy and localian
estimates for the groundstate itself.



We now sketch how one can derive the monotonicity result from
the known asymptotics of the groundstate energy and localian
estimates for the groundstate itself.

Proof of Theorem 6

For simplicity, we assume that is connected. Applying Kato's
analytic perturbation theory toH (B) gives the rst part.

Let 52 be a point withe(sy) > bg. Let R be the vector
potential which is gauge equivalent ta to be chosen later.



Let QB the quadratic form
Z
W2() 3u7! Og(uy= j ir u+ BRujdx;

and PKI’(B) be the associated operator.

Then W(B) and H (B) are unitarily equivalent:

H(B)= €® H(B)e ® , for some independent of.

With 7 ( ; ) being a suitable choice of normalized groundstate,
we get (by analytic perturbation theory applied td (B) and the
explicit relation betweerlb(B) andH(B),

2.+ (B)
:hb* 1(:B):pgg 1( :B)i (64)
+Mogp 1( iB); R T(;B)i:



We now obtain for anyb > 0,

®s+n( 7(:B) Os( 7(:B)
7 b
b jR?j 7 (x;B)j*dx

7+ (B) = (65)

z

1(B + b) 1(B) b JﬂJZJ I(x;B)jZdXZ (66)

b

We chooséb = MB% , with as before and > 0 (to be
taken arbitrarily large in the end). Then, (65) becomes

— =B)2=3
?;+ (B) O+ bOB 1_3_(l+bb2|)3 ! (67)
CM 1 b R} T (x;B)j2dx;

for some constantC independent oiM; B.



If we can prove that we can ndR such that
Z
B: RO T (:B)Pdx  C; (68)

for some constantC independent o8, then we can take the limit
B!1 in(67) and obtain

liminf 2.(B) o CM L (69)



SinceM was arbitrary this implies the lower bound foQ;+ (B).
Applying the same argument to the derivative from the left,
(1); (B), we get (the inequality gets turned sinde< 0)

limsup §. (B) o (70)
B!l
Since, by perturbation theory, (1);+ (B) 2; (B) for all B, we get
(63).
Thus it remains to prove (68).



We can estimate
R ... .
iBiZj 1 (xB)j?dx
C _ (t?+r%j 1(x;B)j%dx
2 s+ . i 2 .
+ kRK2 g 1 1(aB)Pdx:

We therefore nd the existence of a constaft > 0 such that :
Z

A0 T(x;B)j?dx CB 1 (71)

which is stronger than the needed estimate (68).



The proof involves various estimates on the localizatioraof
ground state.

Localization estimates at the boundary

We start by recalling the decay of a groundstate in the diieat
normal to the boundary. We will often use the notation

t(x) ;= dist (x; @) : (72)

Now, if 2 Cg () , i.e. has support away from the boundary, we
have already observe that

Qs( ) Bk ki: (73)

It is a consequence of this elementary inequality (and thet fihat
o < 1) that groundstates are exponentially localized near the
boundary.



Agmon estimates.

Theorem 7
There exist positive constantS; a;; By such that

e2a181:2t(x) i B(X)j2
+B Y( ir + BF) g(x)j? dx (74)

for all B Bg, and all groundstates g of the operatorH (B).



We will mainly use this localization result in the followirigrm.

Corollary 8
For alln 2 N, there existsC, > 0 andB,, 0 such that,8B B,
Z
t(x)"j s(x)j?dx CqB "%k gkj:



Localization inside the boundary
We work in tubular neighborhoods of the boundary as followsr
> 0, de ne

B(@; )=fx2 : t(x) o (75)
For su ciently small ¢ we have that, for allx 2 B(@ ;2 ), there
exists a unique poiny(x) 2 @ such thatt(x) = dist ( x;y(x)).
Dene, fory 2 @, the function#(y) 2 [ =2, =2] by

sin#(y) = N(y): (76)

We extend# to the tubular neighborhooB (@ ;2 () by
#(x) = #(y(x)).



In order to obtain localization estimates in the variablermal to ,
we use the following operator inequality (due to Hel er-Mame).

Theorem 9 )
Let Bp be chosen such thaB, 38 o and de ne, for
B BpgC>0andx2 ,
B CB¥; t(x) 2B 3%

Wel)'= pewx) CB™: t(x)< 2B 3

(77)

Then, for C large enough
H(B) Ws; (78)

(in the sense of quadratic forms) for ai  Bg.



We use this energy estimate to prove Agmon type estimatestoa t
boundary.

Theorem 10
Suppose that R®and satisfy G-Assumptions. De ne for

X2 @,
d (x):= dist (x;);

and extendd to a tubular neighborhood of the boundary by
d (x) := d (y(x)).
Then there exist constant§;a, > 0;Bg 0, such that

Z

eZazBlzzd (X)?’:Zj B(X)jZdX Ck BKZ; (79)
B(@ ; o)

for allB  Bg and all groundstates g of H(B).



We have the following easy consequence.

Corollary 11

Suppose that R® satis es G-Assumptions relatively to.
Then for alln 2 N there existsC, > 0 such that
Z

d (x)" g(X)j®dx CyB "k gk3; (80)
B(@ ; o)

for all B > 0 and all groundstates g of H(B).



Consider now the sei/ where the functioneg is minimal,
M =1fx2 : ey= bog (81)

For simplicity, we asume that is connected.

Theorem 12
Suppose that R® satis es G-Assumptions relatively to and
let > 0. Then for allN > 0 there existsCy such thatif g is a
groundstate ofH (B), then
Z
j 8(j?dx  CyB (82)
fx2 . dist(xM ) g

for allB > 0.



Proposition 13
Letd be the function de ned in Theorem 6 68. Lef; 2 and
de ne, for > 0,

( ;)
=fx2 : dist(x;) < and dist (X;s) > 0

Then, if is su ciently small, there exists a function 2 C' ()
such that
Ri=F+r ;

and satis es
R C tx)+dx?;

forallx 2 ( ;).



Ginzburg-Landau functional 2D
The Ginzburg-Landau functional is given, with

=curl F=1;
by
F{;n[_;A]{2 o,
roa i j o+ =) 7 dx
+ 22 jceurlA 1j%dx;
with

[ simply connected,
. 1.2¢ . 1,2
b ra=(r +iA),

! Wléﬁv(? R2) = fA2 W12( ;R?)j dvA=0g:

(; R?),



Ginzburg-Landau functional 3D
The Ginzburg-Landau functional is given, with

= curl F;
by
Rl A=, o
i aa i3 P+ o) j* dx
RaJ cur jedx;
with
[ simply connected,
L (A 2WER(; C) Wi £(R%RY),
I =(0;0;1),
[ rA=(r +iA),

| (R%R3=fAj divA=0; A F2WY2(R3R?qg:

d|v F



Claim : Minimizers exist.



Claim : Minimizers exist.

As is bounded, the existence of a minimizer is rather standard,
so the in mum is actually a minimum. However, in general one
does not expect uniqueness of minimizers. A minimizer sthoul
satisfy the Euler-Lagrange equation, which is called irstbontext
the Ginzburg-Landau system.



This equation reads
)

r2 = 21- -2;
A (i_J—) in (83

curl curl A 1=
on @ : (83b)



Notice that the weak formulation of (83) is
z
< r A I a 20j P dx=0; (84a)
z 1 z
(curl YcurlA 1dx= — = 1 A dx; (84b)

forall (; )2 HY) HY :R?.



The analysis of the system (83) can be performed by PDE
techniques. We note that this system is non-linear, that() is,
when is bounded and regular iR?, compactly imbedded in
LP() forallp2[1;+1 [, and that, if divA=0,

curl2A=( A, Ay).

Actually, the non-linearity is weak in the sense that themuripal
part is a linear elliptic system. One can show in particulbat the
solution inHY( ;C) H3, () of the elliptic system (83) is
actually, when is regular, inC* .



Terminology for the minimizers

I The pair (0; F) is called theNormal State

I A minimizer( ; A) for which never vanishes will be called
SuperConducting State

I In the other cases, one will speak abddixed State
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Terminology for the minimizers

I The pair (0; F) is called theNormal State

I A minimizer( ; A) for which never vanishes will be called
SuperConducting State

I In the other cases, one will speak abddixed State

The general question is to determine the topology of the seitig
R* R" ofthe(; ) corresponding to minimizers belonging to
each of these three situations.
Giorgi-Phillips' Theorem says that, for giver> 0, there exists

o( ) > 0, such that, for o( ) the global minimizer ig0; F).



Local critical eld = Global critical eld

Looking at the Hessian of the Ginzburg-Landau functional
computed at the point(0; F) leads us to conjecture that a
bifurcation between normal solutions and mixed solutiortsurs
when

()= 2

This corresponds at a local critical eldﬂ'cog( ) or at least at a

local critical zong[H!25( );ﬁ'é’g( )]



More precisely, let us de ne the following subsets of the pigs
real axis :

N():=1f > 0 G. has a non-trivial minimizey; (85)
NP()=1f >0 4 )< Z?g; (86)
NS¢ ):=f > 0 The Ginzburg-Landau equations

have non-trivial solutiong:  (87)

He,( ) :=sup N(); He,():=inf R* nN(): (88)

Similarly, we de ne local elds and generalized elds by

—loc

HC3( ):: sup NlOC( )v ﬂlgf( ):: inf R+ anOC( )’
FE() = sup N5 ) HE( ) =inf RTnNS():
(89)



Main results

Our main result below is that all the critical elds above are
contained in the mterva[H'OC( ); HC3( )], when is large. More
precisely, the di erent setﬁ\l( ), N'°¢( ) and N 5¢( ) coincide for
large values of . The proof we give is identical for the- and
3-dimensional situations.



We rst observe the following general inequalities.

Theorem CFa

Let RY, d =2 ord =3 be abounded, simply connected
domain with smooth boundary. The following general relaiso
hold between the di erent de nitions ofHc,;:

HE( ) He,(); (90)
—Iloc

He, () He(): (91)



For large values of , we have a converse to (91).

Theorem CFb

Let RY,d=2 ord =3, be a bounded, simply connected
domain with smooth boundary. Il = 2 , suppose that the external
magnetic eld satis es

0< 0b0< b: (92)

If d =3, we suppose that 2 S? is constant.
Then there exists o > 0 such that for 0,

—loc

He, ()= Hey(): (93)



Theorem CFc

Furthermore, if the function8 7! )/(BF) is strictly increasing for
large B , then all the critical elds coincide for large and are
given by the unique solution to the equation

)= % (94)
Remark.

This explains why we have analyzed the monotonicity of
B 7! Y(B) for B large.



Some questions in the theory of Liquid crystals

The model

The energy for the model in Liquid Crystals can be writteas
Zn 2

E[; nl=  jrgn i° 7 J'2+71' j*

0
+ Kqjdivnj?+ Kyjn curln+ j2+ Kzjn  curl nj? dx

where :
R? is the region occupied by the liquid crystal,
is a complex-valued function called tloeder parameter

n is a real vector eld of unit length calledirector eld,
g is a real number callediave number

is a real number measuring the chiral pitch,
Ki> 0, K, > 0andKs > 0 are called theelastic coe cients,

> 0 depends on the material and on temperature.

This is an already simpli ed model where boundary terms have bree
eliminated.




The two questions are then :

I What is the minimum of the energy ?
I What is the nature of the minimizers ?



The two questions are then :

I What is the minimum of the energy ?
I What is the nature of the minimizers ?

Of course the answer depends heavily on the various paraméte



As in the theory of superconductivity, a special role will played
by the following critical points of the functional, i.e. thpairs

O;n) ;

wheren should minimize the second part of the functional called
the Oseen-Frank functional :
VA 0
Kijdivnj?+ Kojn curln+ j?+ Kgjn curlnj? dx:

These special solutions are calledématic phasésand one is
naturally asking if they are minimizers or local minimizerfsthe
functional.



A rst upper bound
For > 0, let us considelC( ) the set of theS?-valued vectors
satisfying :

curln= n; divn=0:
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It can be shown thatC( ) consists of the vector elds\® such
that, for someQ 2 SO(3),

Ne(x) QN (Q'x); 8x2 ; (95)
where
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A rst upper bound
For > 0, let us considelC( ) the set of theS?-valued vectors
satisfying :

curln= n; divn=0:

It can be shown thatC( ) consists of the vector elds\® such
that, for someQ 2 SO(3),

N°(x) QN (Q'x); 8x2 ; (95)
where
N (y1;¥2:y3) = (cos( ys);sin( y3);0); 8y 2 R®:  (96)
Note that is also equivalent, whemj’ = 1 to
dvn=0; n curln+ =0; n curln=0: (97)

So the last three terms in the functional vanishn 2 C( ).



As a consequence, if we denote by

C(Ki;Ko;Kgs 5 a3 )= inf - E[; nl;
(im2v()

the in mum of the energy over the natural maximal form domain
of the functional, then

C(K1;K2;Ks; 59, ) c(q; ) (98)

where

c(;a )= nizrg( )infGtm( ) (99)

and Gy( ) is the so called the reduced Ginzburg-Landau
functional.



Reduced Ginzburg-Landau functional
Given a vector eldA, this functional is de ned onH*( ;C) by

Z 2
Gal 1= fir a 2 7 P+ -l j*g dx: (100)
For convenience, we also write,| ] asG[ ; Al.
So we have
c(;q; )= inf G an]: (101)
n2C( ); 2HY( ;C)
and
E(; n)=d; an]; (102)
if

n2C():



A limiting case
We have seen that in full generality that
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converse is asymptotically true.



A limiting case
We have seen that in full generality that

C(K1; KKz 5 g5 ) (5 a; ) (103)

Conversely, it can be shown (Bauman-Calderer-Liu-Ptsllipan,
Hel er-Pan), that when the elastic parameters tend t61 , the
converse is asymptotically true.

Proposition LCa

e lm | C(KaiKziKsi g )=e(iai ) (104)

Soc(; q; ) is a good approximation for the minimal value Bf
for largeK;'s.

Note that an interesting open problem is to control the raté o
convergence in (104).



Minimizers of the reduced G-L functional
We now examine the non-triviality of the minimizers realigi

c(; a; )-
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Minimizers of the reduced G-L functional

We now examine the non-triviality of the minimizers realigi

c(; a; ).

As for the Ginzburg-Landau functional in superconductyithis

guestion is closely related to the analysis of the loweseriglue
(gn) of the Neumann realization of the magnetic Schredinger

operator

gn
in , with
Fgn=1r iqn ;
namely = Y(gn) (in short 1(gn)) is the lowest eigenvalue of
the following problem
(
roan = in

(105)
Nrg =0 on@;

whereN is the unit outer normal of@ .



But the new point is that we will minimize oven 2 C( ). So we
shall actually meet

(@ )= inf a(gn): (106)
n2C( )



Our main comparison statement (analogous to some statement
Fournais-Hel er for surface superconductivity) is :

Proposition LCb

5[ 2 (o N2 (o) (107)
and
R
2 (o 1%dx)?
c(;a; ) [t 2 (a4 ) sup sup ~R——";
2 n2C( ) 2Sp(qgn) | dx
(108)

whereSp(qn) is the eigenspace associated togn).



This shows also that(; q; ) is strictly negative if and only

(; )< %



The link with Spectral Theory for Schdinger with magnetield
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The link with Spectral Theory for Schredinger with magnetield
Main questions

As a consequence of Proposition LCb, we obtain that the titios
from nematic phases to non-nematic phases (the so calledctime
phases) is strongly related to the analysis of the solutidn o

1 > (9 )=0: (109)

This is a pure spectral problem concerning a family indexgd b
n 2 C( ) of Schredinger operators with magnetic eld Sn-
In the analysis of (109), the monotonicity af 7! (q; ) is an
interesting open question (see Fournais-Hel er in the cade
Surface Superconductivity).

This will permit indeed to nd a unigue solution of (109)
permitting a natural de nition of the critical valueQcs(; ).



We have proved with Pan that if stays in a bounded interval,
then this quantity and (q; ) can be controlled in two regimes

[ I +1
[ I 0,
where

’

=q
which is in some sense the leading parameter in the theory.



Semi-classical caseq large
When looking at the general problem, various problems occur



Semi-classical caseq large
When looking at the general problem, various problems occur

The magnetic eld g n (corresponding whem 2 C( ) to the
magnetic potentialgn) is no more constant, so one should extend
the analysis of Hel er-Morame d = 3) to this case.



A rst analysis (semi-classical in spirit) gives :

Theorem LCc
As =g ! +1,

(@ )= o(d )+ O(q )3 (110)

where the remainder is controlled uniformly for2]0; o].

This condition can be relaxed (N. Raymond 2008) at the prideao
worse remainder.



This leads (assuming the uniqueness@fs), to

2 4
Qc3(; )= - +O( 3): (111)



Coming back to the limit ! +1 , an open question (but see Pan
and work in progress by Hel er-Pan) is to nd uniform two term
asymptotic for (gn ) and for (q; ).



A simpler question

A simpler question which is partially solved in Pan (2007)ittw

the help of Hel er-Morame (d=3)) and corresponds to the case
=0 is the following :



A simpler question

A simpler question which is partially solved in Pan (2007)ittw

the help of Hel er-Morame (d=3)) and corresponds to the case
=0 is the following :

Given a strictly convex open set, nd the directidnof the
constant magnetic eld giving asymptotically as! +1 the
lowest energy for the Neumann realization inof the Schmdinger
operator with magnetic eld h.



Let us present shortly the answer to this question. We assuha

Assumption G'

At each point of @ the curvature tensor has two strictly positive
eigenvalues 1(x) and 2(x), so

0< 1(x)  2(x):

This assumption implies that for anly, the corresponding set;, of
boundary points wheré is tangent to@ , i.e.

hi=fx2@ h N(x)=0g; (112)

is a regular submanifold ofo .
For any giverh, let F, be the magnetic potential such that

culFh=h; divFR,=0; F, N(x)=0on @ :



We have the following two-term asymptotics of' ( Fy) of the
Neuman Laplacian r,, (due to Hel er-Morame-Pan).

Theorem 20
If andh as above, then,as! +1,
N(Fr)= o +by 3+0()3 ; (113)

for some > 0.

Moreover is independent ofi and the control of the remainder is
uniform with respect toh.



and by, is de ned by
b, = ir;f en(x); (114)
Xz h

where
— =3 - e - . 1:3
en(x) =2 23by § jka ()% 0+(1 0)iTh(X) hj> ~ : (115)

Here T(x) is the oriented, unit tangent vector to}, at the point
x and
kn(¥) = jd" ( N)(X); :
Here is now the answer to the \simpler" question. We have just
to determineinfy, by, or equivalently
1

3.

inf jka()j*® o+ (1 0)iTa(x) hj?
h;x2
So everything is reduced to the analysis of the map

h3 X7 kn(X)? o+ (1 0)iTh(X) hj?



This last expression can be written in the form

h3X7!
1(x)?cos (x)+ 2(x)sin’ (x)

@ o) 1(¥)  20x)?sirF (x)cos( (x));
where, forx 2 @ , (x) is de ned by writing
h=cos (X)uy(x)+sin (xX)ux(x) ;

with (u1(x); u2(x)) being the orhonormal basis of the curvature

tensor atx, associated to the eigenvalueg(x) and »(x).

When minimizing oveh andx 2 , it is rather easy to show that

the in mum is obtained by rst choosing a poinky of @ where
1(X) is minimum and then takindy = u1(xp).



This leads to the proposition

Proposition 21
Under Assumption (103), we have

: . 2
Iﬂf by = Xlgf@( 1(x)) 3 :

This answers to our question.

(116)



Let be a smooth, simply-connected domainfit. Let
RHj@jz2)! @

be a parametrization of the boundary with {s)j = 1 for all s.
Let (s) be the unit vector, normal to the boundary, pointing
inward at the point (s). We choose the orientation of the
parametrization to be counter-clockwise, so

det qs); (s) =1:
The curvaturek(s) of @ at the point (s) is now given by

Rs) = k(s) (9):



The map de ned by,

 RHj@jz) 10;tol!
(s;t) 70 (s)+t (s); (117)

is clearly a di eomorphism, whely, is su ciently small, with
image

R=(j@ jZ) ]0;tg] = fx 2 dist(x;@ < tog=: ¢,:

Furthermore, with the distance to the boundaiyx),

t(( s;t)) = t.

The inverse ! de nes a system of coordinates for a tubular
neighborhood of@ in  that we can use locally or semi-globally.



If Ais a vector eld on ¢, with = curl A we de ne the

associated elds in(s;t)-coordinates by

Rusit) = (1 k(A sit))  49); AaA(sit) = A(( sit))  (9);

(118)
(sit)= ((st): (119)
Then

@R, @AL=(1 tk(9)™ (120)

Furthermore, for allu 2 Hl( t,), We have, withv = u ,

Z

j(ir + Auj?dx (121)
lZ n (0]
= (1 k) 2( i@+ AV i+ ( i@+ A)v: (1 tk)dsdt;
Z z

jux)j?dx = jv(s;t)j?(1 tk(s)) dsdt:

to



The next lemma is quite useful for the ne analysis in a tubula
neighborhood of the boundary and gives a kind of normal form.
Semi-global version

Lemma
Let on ¢, s.t the corresponding”is t-independent. Then
9C > Os.t. , if Asatises curl A= on @ ; and with A

de ned as in (118), then9' (s;t) on R=(j@ jZ) ]0;tgo[ s.t.

- Ausit)
Alsit) = Ax(s;t) |
. s 0)t + PO 4 2p(sit)
AT = 0 SO 5 (S0 (122)
where
1 Z
0= —— curl Adx: (123)

j@ |



Local version
Furthermore, if[s; s1] is a subset oR=(j@ jZ) with
ST S < @ j, then we may choose on |sy;si[ ]0;to[ s.t.

Aq(sit)

A(s;t) = Ao(s: 1)

!
S0t + ZKE& 4 p2p(s;t)
0

=Ar (sit) = (124)

No need to have somey !
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