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A mathematical model is presented concerning wave propagation in a domain that arises in
geophysical well-logging problems. The domain consists of a borehole (1, surrounded by a porous
medium . £}, is filled with a compressible inviscid fluid, and €, is saturated by a two-phase
immiscible fluid. Absorbing boundary conditions for artificial boundaries and boundary conditions
on the interface between {); and {}, are used. The existence and uniquencss theorems are stated
for the resulting initial-boundary value problem. Stability and convergence estimates for a finite
element method arc also studied. © 1993 John Wiley & Sons, Inc.

I. INTRODUCTION

In this work we analyze the problem of numerical simulation of the wave field generated by
a point source in an axisymmetric fluid-filled borehole ), through a porous formation {1,
saturated by two immiscible fluids. Wave propagation in the porous solid is described by
the equations in [1], which allows us to include capillary effects and dissipation of energy
due to the relative motion of the fluids with respect to the porous frame. For the artificial
boundaries of {2y and (1,, absorbing boundary conditions are derived which allow the
absorption of energy of waves arriving normally to the surfaces. On the contact surface
between ¢ and (1,, a boundary condition is used to take into account the mud-cake
effects on the wave field. This boundary condition is a generalization of that suggested
in [2] for the single-phase case. The special cases of open, sealed, and partially sealed
interfaces are also treated in our work.

This article is related to numerous works on the subject. The propagation of waves in
a porous solid saturated by a single-phase fluid was studied by Biot in several papers
[3—-5]. Generation of synthetic full-waveform acoustic logs has been attained via several
techniques. In [6] the problem was tested under the assumption that the whole system
Qs U Q, is homogeneous. The solution was obtained using the so-called discrete wave
number approach. The same approach was used in [7] using Biot’s equations modified
according to homogenization [8,9]. In [10] the same problem is solved, but it was assumed
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that the formation is an elastic solid, and the solution was computed using a finite difference
method. In [11] the solution was computed using finite element techniques. In all previous
works the solution is computed assuming that the formation is either an elastic solid
or a porous solid saturated by a single-phase fluid. A finite element method for the
approximation solution of the equations describing the propagation of waves in {}, was
presented in [12].

The organization of the article is as follows. In Sec. II we present our model with
the corresponding partial differential equations and the initial and boundary conditions. In
Sec. 11l we derive the weak form of the problem and give results on existence, uniqueness,
and regularity of the solution. In Sec. IV an explicit finite element procedure is presented
and results on stability and convergence are stated. Finally, in Sec. V we give a derivation
of the absorbing boundary condition for the artificial boundary of Q.

il. MODELING OF THE PROBLEM

We shall consider the propagation of waves in a fluid-filled borehole €}, surrounded by
a porous medium {2, which is saturated by two immiscible, viscous, compressible fluids.
These two immiscible fluids may be considered as a nonwetting fluid (oil) and a wetting
fluid (water). €, is filled with a third kind of fluid (liquid mud). A compressional point
source is excited at a point on the centerline of the borehole, and we will investigate the
wave propagations of the fluid in Q, and of oil and water together with solid in €1,. The
whole system is assumed isotropic and radially symmetric around the z axis, located at the
center of the borehole, Naturally, cylindrical coordinates (r,8,z) are chosen to describe
the model:

Q={r0,2): 0=r=R,0=<6=<2m0=<z=<2Z},
Q;={(r.0,2): 0=r=R;,0=0=2m0=<z=<2Z},
Q,={(r,0,2): Ry =r =R, 0=<6=2m0=<7z=<Zg.

Let the artificial top and bottom boundaries of (), be denoted by Ty, those of {2, by I'»r
and T, the artificial outer lateral boundary of ), by I';;, and the common boundary
between {2, and Q; by I's. See Fig. 1 for a vertical cross section of (} for any fixed angle.

Let u; = (uy,,0,u,;) denote the fluid displacement in Q. Also, let u; = (u3,,0, u3,)
be the solid displacement in €, 45 = (i3,,0, #3,) the average oil displacement in (1,
and @5 = (i5,,0, id5,) the average water displacement in ,. Denote by ¢ = ¢(x) the
effective porosity in £}, The relative oil and water displacements with respect to the solid
frame in (), are then written as

us, = p(x)as — u3) = (us,,0, u%z), L=o,w.

Here, the subsequently, “:” stands for scripts “o” for oil, “w” for water, and even
sometimes “s” for solid. By the assumption of radial symmetry, the strain tensor £(u3) in
), is given in cylindrical coordinates [13] by

s
Uz,

duz, ;
, 860(”2) = T’ ezz(uz

ar

i 1/0u, duy,
enti) = 3 (%2 + 57).

e,,(u%) =
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In the following, and “A” shall be used to denote the reference quantities associated
with the initial equilibrium state and the change in the corresponding quantity with
respect to the initial reference quantity, respectively. Let S, = S,(x) = §, + AS, and
S, = S,(x) =S, + AS,, denote the oil and water saturations in 1,, respectively. Here,
AS, represents change in the corresponding saturation with respect to reference saturation
S, associated with the initial equilibrium, for ¢ = o0, w. Since we are assuming that Q,
is saturated completely by a mixture of oil and water,

s —
V'u2_8rr+890+ezz—'

w7

So + 8. = 1.

Similarly, denote by 7;; = 7;;(u3, u3,u3) = 7;; + A7;; the total stress tensor in the bulk
material, and by o;; = o;;(u3,u3,u3) = @;; + Aoj; the stress tensor in the solid part
of £1,. Also, let p, = p, + Ap, and p, = p, + Ap, be the oil and water pressures.
Assume that p,, = 0. The capillary relation then takes the form [14]:

Pec — pc(So) = (ﬁa + Apo) - (ﬁw + pr)
= pc(go) + Ap, — Ap, =0,
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where the capillary pressure p. depends only on the (oil) saturation. For practical reasons,
we shall always assume that S, satisfies

0<S,=85,<Sy<1,

where §,, and Sy denote the residual saturations of oil and water, respectively. Then set

pCGo)

TR

Since p. > 0, B is non-negative. Let

aL = _¢SLAPL’ L= O,W,

o =0, + o,.

Then,

Tij = O + 6,’j0’.

Following [1], the stress—strain relations in {1, can be obtained in the form:

w

A7, (u5, ul,uy) = 2Ne, (1) + AV - us + B,V - uj + B,V - uy,

Atog(d, ug, uy) = 2Nega(us) + AV - u + BiV - ul + B,V - u¥,

At (w5, us,uy) = 2Ne (us) + AV - uy + BiV - u§ + B,V - ul,
A'rrz(u;) = 2N8rz(u§) ’ 2.1)

At = A1y, = 0,
(S, + B)Ap, — BApYus, u5,u3) = =BV - uy — MiV - ug — M3V - uy,
SuApL (U, ug, py) = =BV - uy — M3V - uf — MV - .

In the above expressions, the coefficients N, A., By, B;, M|, M,, and M3 are assumed

to be functions of r and z alone. A method was shown in [15] to determine the above
elastic coefficients in terms of the properties of the solid and individual fluid phases and

the capillary pressure function.

Since the characteristic time needed for a change in saturations for the present case is at
least three orders of magnitude greater than the time needed for a change in pressures, the
saturations may be assumed to be independent of time for the analysis of dynamic behavior.

The strain energy density W,(e,,, €69, €2, €r;, —V - 43, —V - u3) in £}, is given [1] by

1
w J—
Wp(S,,, €90, €725 srz,v ) ugvv ' “2) = E[ATNSH + ATgocge + A""zzszz

+ 2878, + (S, + B)Ap, — BAp.)
=V ug) + (SuApN-V - wy)] . (22)
Recall that W, is a positive-definite quadratic form in &,,,&¢4,&;, 8, —V u5, and
—V - uy. Set
A7, A7g9, AT, AT, (S, + B)Ap, — BAp.,SuAp,),

Y =(
Z= (srrv €00, E7z+Erzs -v. u‘Z)’ -V u;)
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Then, due to (2.1) and (2.2), the following relation holds

~

] 1 s oA
W,ir,z) = 5[Ep»Z»ZL» (2.3)

for a symmetric, positive-definite matrix £,(r, z) € RS associated with W,, where [, -],
denotes the usual scalar product in R”.

For any self-adjoint matrix D(r,z) € R"*", let Amin(D(r,z)) and A (D(r, z)} denote
the minimum and maximum eigenvalues of D(r,z) and set

Amin(D) = ian{Amin (D(r, )}, Amax(D) = sup {Amax(D(r, 2))}.
r. r.z
We are interested in the case such that

0 < Amin(E,) < Amax(E,) < =,

and consequently,

W,(r,z) = ﬁ%(@[(s,,)z + (8g9) + (£,,)
e + (V- ) + (V- w)]
= Ao s el + e
2. + (V- w)f + (V- w)]. 2.4)

Let p, p,, and p,, represent the mass densities of solid, oil, and water in (), respectively.
In (), the mass density p of the bulk material is defined by

p= (1 - d’)ps + d’(poso + prw)-

Because we are interested in investigating wave propagations in the low-frequency range,
the relative flow oil inside the pores can be assumed to be of laminar type so that the
relative microvelocities v{ and v;" satisfy

2
po = g M, 0K L
2 ST R T u Yoot Yoar

and then the components of the matrices g, = g,, @« = 1,2,3, are defined by

81, = PoSo fn aagidx + pyS, jﬂ CriCkjdx ,

P 4

82, = PoSof biibydx + pwsw/ dyidy;dx
Q Q

P l4
8 = poSuf ayibjdx + Pwa[ crididx .
QP QP

The microgeometric coefficient matrices a, b, and ¢ depend on tortuosity matrices of the
pores. Since the porous medium is assumed isotropic, tortuosity matrices reduce to scalar
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multiples of the identity matrix [5,16] so that g, can be given by

8 =ga5ij» a = 1,23,
where J;; is the Kronecker symbol. Assume that
TN L = T\ s =
S,) + wOw) — 284PoSopwS
p - gz(Po o) glf_p—— W) - g3po o w > O, (r,a,z) c Qp~ (25)
8182 — 83
Denote by ., ¢ = o, w, the viscosities of oil and water, and by %,,, ¢t = o, w, the relative
permeability of oil and water, respectively, and by k the absolute permeability of the
porous medium.
Finally, in the borehole Qf, let p = p(r,z) and Ay = A((r, z) denote the mass density
and the incompressibility modulus of the fluid in €} £» which are assumed to be bounded
above and below by positive constants:

0 < pp = pslr,2) = p; <o,

0<Ap =Afr,z) = A} < 0,
In order to formulate a differential system, we shall adopt standard equations of motion
for a compressible, inviscid, inhomogeneous fluid in the borehole €}/, and the generalized

Biot’s dynamic equations [1] for wave propagation in the porous medium {}, saturated
by two immiscible, viscous, compressible fluids. Set J = (0, T) and let

W =(r,2) = (,0,ud,), vr,2) =(0.0v)),  fAilz,0) = (fi,0.f1),
for (r,8,2) € Qy, (r,8,2,1) € s X J, and
u'r2) = (w50 0,80), v = (v 0008),  f3(rz.n) = (£3,.0.55),

for(r,0,z) € Q,,(r,0,2,1) € Q, X J, ¢ = s,0,w, be given initial and inhomogeneous
data which are radially symmetric around the z axis.
We are then interested in solving the following initial-boundary value problem: Find

u(r,z,1) = (ur, u3, u3, uy), tE J,
such that
. 3%uy, 3
(i) Prap ~ E;(Afv cwy) = fi,(r,z,1),
92 F
(ii) Y a’t‘z‘z = AV w) = filrz). for (n6.zn€Q X,
and
a2u5, = 0%us, < 0%u3, 1 9 "
(i)  p oz T PeSea tPw W~a7£ - E(rATrr(ui,ug,uz))
J 1
_EE(AT"(";)) + TAToa(ui.uZ,ué’) = f5,(r,z,1),
, d%u3, — 0%us, — %uy, 1 8
(lV) P-aﬁ“ + podo o2 prw 512 - 7 ;(rATrz(u;))
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d
_a_z(ATZZ(ué’ ug?u;/)) = f;z(ryz, t), (2-6)

W) 3 s, | _ S, | _ %y | Som, dul,
Podo 50 817502 8372 kk,, ot

+ (B + AP, — BAP) . u)) = £3,(r,2.0),

< azu;z a2ugz azu;)z 32/"'0 duy
vi S +3 + 3 o z
O peSeTon Y BTG TE, kk,, ot

+32((So + BYAP — BAP L5 u)) = F3.0r.2.),

(vii) K uy, | _ 3%y _ du 52 dul,
e SLRFYD 8275 kk,, at

0 —
+;(SWpr(u;’ ug’u;,)) = fZ”;-(nZ,t)»

—~ 0%u3, 2us, d%uy, K M Oud,
wSw g -t g + =
(viii) e arr - 8T T B gp kk,, ot
a w w
(S pulu o) = F502.0),
for  (r,0,2,1) € Q, X J,
with boundary conditions
ad
(1) - AfV cUup = pfAf% * Vg, ON Fl xXJ,
— — t
(ii) (—ATV,, “ vy, —ATY, - X,‘,,—A'rvp . X;,((So + B)Ap, — Bpr),Swpr)
ous u, , dus  , oud ouy )’
-, > . s .o " y o " Vpy, T ¥ , 0On FXJ,
( ar TP Xe e ey TVeTa e 2
(iii) Atv, + AV - uyvy =0, on T3 XJ, 2.7

(iv) (s + S,us + Souy) v, +u-v; =0, on Ty XxJ,

a i
(v) AV - uy = —Ap, + mtf CVp, t=o0,w, on I'3XJ,

and initial conditions

(i) u(r,z,0) = ul(r,2), (r,0,2) € Qy,

. d

i) S0 =v(nd,  (n6.2) € Q. (2.8)
(i) w(r,z,0) =u’, (6,0 E€Q,  ¢=s0,w,

(iv) aaulz(r,z,O) = v3°(r, 2). (r,0,z) € Q,, L=s,0,wW.

In the above, v; = (v;,, vig, vi;) = (1;,,0,v,), i = f, p, denotes the unit outward
normal along (), and x,', m = 1,2, orthogonal unit tangent vectors along 3(}, chosen
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in a canonical fashion as follows:

on Ty, »,=(1,00), x,=00,10, x;=10001),
on Ty, v, =(0,0,-1), x,=1(1,0,0, x;=1(01,0),
on I, v, =(0,0,1), x, =100, x;=1,10),
on I3, »,=(-1,00, x5 =001, x2=1(10).

Also, 7v, denotes the surface traction on 8{},, and 7v, - v, and v, - X,',", m=1,2,
are the normal and two tangent components of 7v, on 3{},.

Explanations of the above boundary conditions are as follows:

Condition (2.7.i), which is an absorbing boundary condition, is the equation of momen-
tum on I'| and, consequently, waves arriving normally at I'; pass through completely.

Condition (2.7.i7) is another absorbing boundary condition on the artificial boundary I';
whose effect is to absorb the energy of waves arriving normally to the boundary I';. The
definition of the positive definite, symmetric matrix B and the derivation of the boundary
condition are given in Sec. V.

Condition (2.7.iii) corresponds to the continuity of the normal total stress and the
vanishing of tangential stresses along I;.

Condition (2.7.iv) comes from the continuity of the normal displacement on I's;

w - vp + [(1 = @y + ¢(S,a5 + S,iy)] - v, =0,
which in turn implies that
uy - vy + [0 + (S, (@5 — a5) + Sy — &) - v, =0.

Condition (2.7.v) states that the acoustic fluid-flow velocities across the borehole wall
are related to the acoustic pressure differences between the borehole fluid in {); and oil and
water in Qp by simple surface impedance functions m, = m,(z), ¢« = o, w. The surface
impedances on I'; represents the effect of the mud-cake on the wave field. (See [2] for more
physical explanations.) The boundary conditions given by (2.7.v) implies that the capillary
pressure on the interface I'; is the difference between the two acoustic fluid velocity
components in the normal direction multiplied by their corresponding impedances:

dus auﬁv)
— | v,.

mw
at at

The well-posedness of the differential system is guaranteed under the following condition
on the oil and water impedances:

45.(B + S,)m, — B*m, = 0. (2.9)

Only the case 0 < m,, = m,(z) = m] < » is described for our model in this section. The
special cases in which m, = 0 or « will be analyzed at the end of Sec. IIL

Apc(mo

ll. THE EXISTENCE AND UNIQUENESS RESULTS

For i = f,p let (-,*); and ||-|lp.q, denote the inner product and norm in L%(€);). For any
I' C 9Q; let (-, )r denote the inner product in L?(T"). The inner product and norm in
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[L*(Q;)T are denoted as follows: for ¢ = (¢@,, g, ¢,) and ¢ = (,, ¥y, ),
(43, w), = (‘Pn (/Jr),' + (¢0? we)i + (¢Z? ‘/’z)i

and

lelloq, = e, )"

Set
Adiv, Q) ={e = (¢,, ¢4, ¢.) € H(div,2): ¢4 = 0},
which is a closed subspace of H(div, £);). Considering the cylindrical symmetry, we set
- 3 3 do, _ de
[A'(Q,)]" = {¢ = (¢r 00, 92) € [HI(Q,)]: o =0, 78 = —2F = 0}

= {0 = (0. 00,0 E [HNQ,F: 00 =0, £0(0) = £0:(0) = 0},
which is a closed subspace of [H'(Q,)P. If ¢ € [H'(Q,)F,

de, \* AT A
lolha, =| [ [0+ 2+ (%) + (£ + (2%)
g Q ar r az
12
3¢\ 80, \
+(—(&) + (i) :‘rdrdﬂdz:I .
ar 0z
Now let us introduce a separable Hilbert space

7 = A(div,Q,) x [A(Q,)]’ x Bdiv,Q,) x Adiv,Q,)

P

under the natural norm
1
2 2 2 2
Wolle = [Ivi W, + W2, + Ivalgna, + Walea,] -

Then the space V of admissible test function can be chosen as follows:

V={v==0nLv,v,v)) EV: (v + S;v3 + S,vs —v;) - v, =0 on T3},

where S, and S,, are initially given saturations. Here, the boundary condition (2.7.iv) is
strongly imposed. Notice that V is a closed subspace of V (with the same norm).
The weak formulation of problem (2.6)-(2.8) is given as follows:
Find u = (uy,u5,u5,u3) € V such that
62 32 s’ o, w
(Pf?:;_l,vl) + (A—(—uzm—m,(Vz,V3,v4)>
s

2
at .

+(Ca(u2,_(;lt2,uﬂ’ (v2,v3, V4)> + Alw,v)
p

aul
+< prAs FYRRRIAA I Vf>r
1

aS aS aS ao aw t
+<B(“2-Vﬁ 28 g0, ), 3.1)

at P ar Xe T T Ae Ty, P ar
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!
. .yl .2 . .
Vot Vp, V2t Xpo V2t XpoV3 " VpaVa o ¥
P P p r
2

dus duy

< 2
(o8 + 50T 2 vy) = (meB T v vy),

+<mw§waait2 C Wy, Vs V,,>r3
= (fi.v); + (U35, £5. 1), (Vz,V3,V4))p, v = (vi, v, V3, v4) E V, tE€J,
where A(v,w) is the symmetric, bilinear form on V defined by
A, w) = (A;V - v,V - wi), + (A7, (v2, v3,v8), £, (W2),
+ (A7gg(va, v3, va), €99(w2)), + (A7 (va,v3,v4), £, (W2)),
+ 2(A7,,(v2), £,,(W2)),
+ (((S, + B)Ap, — BAP.), =V - v3),
+ (S,Ap,, -V - v4)p, for v,w€ V,

and the symmetric, positive-definite [due to (2.5)] mass matrix A(r, z) and the non-negative
dissipation matrix C(r,z) are given by

pI po§01 pwgwl
A= § 1 g/ g3l s
pwSwl g3l 8!
0 B Q 0

c=|o0 ———(S,‘;Zm”"l 0
= \2
o o Gy

kkpy

I being the 3 X 3 identity matrix.
Recalling Korn’s second inequality [17—19] and owing to (2.2) and (2.4), one can get
the following estimate:

/\min (E )

M) = AV - il + 255 [ [ ) + (o)

+ (ezz(VZ))2 + 2'(“"3rz(v2))2
+(V-w)?+ (V- v4)2:|rdr de dz

= Cilvily = G, + vz vavallg,). v E V.
Next, set
anfl 2

at” Lz(,;[u(a,)]s) L(@,r)

2
(5%, 43, uévo)“20 + VIl
wlp

+M@Myﬂ%@ﬁmﬁwmm+h

8" (2. f3.£7)

2 =
o ar"
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The well-posedness of problem (2.6)—(2.8) follows from Theorem 3.1.

.0 K | | K
THEOREM 3.1. Let f = (fy,f3.£35.f3), u® = (ud, 5", u3°,uy°) and v0 = (W9, v3° v3°,

0 . L ) .
vy ") be given data satisfying Gy < ®, Q; < o, i = 0,1. Assume that T'5 is of class C™ for
some integer m = 2. Also, assume that

support(ul) N Q; CC Qy,

support(v?) N O, CC Qy,

0

support(ui’o, uy ,u;‘,_v‘o) CcC Q,,

support(v%‘o, v§'°, v;'o) CC Q,.

Then there exists a unique solution u(r,z,t) of problem (2.5)~(2.7) such that u, du/dt €
L*(J,V); %u/atr € L*(J,[LHQ))P); and 6*(u3, u3, u3)/ 312 € L*(J,[LH(Q,)P).

The proof will be omitted since it is quite similar to the corresponding one given in [20].

In the case in which the contact surface I's between {2 and {2, is known to be Lipschitz
continuous, the following existence and uniqueness theorem holds; the proof is similar to
that of Theorem 4.1 in [20].
THEOREM 3.2. Letf = (f1, f3,f2,f7 ) be given and such that Q; < =, i = 0, 1. Assume that
u® = V9 = 0 and that T5 is Lipschitz continuous. Then there exists a unique solution u(r,z,t)
of problem (2.5)~(2.7) such that u, du/dt € L>(J,V); 8%u;/at* € L*(J,[L*(Q()P); and
(w3, u3,uy)/ar* € L>(J,[LH(Q,)P).

Finally, let us indicate the modifications needed to treat the cases of open, sealed, and
partially sealed interface I';.

Case1. m, =m, =0
Condition (2.7.v) changes into

A_fV TUp = _pr = _Apo, F3 X J,

which is the continuity of fluid pressures along the interface I's. Such a condition is
analyzed in [21], and for the single-phase case it is shown to be energy-flux preserving.
Moreover, the capillary pressure on the interface vanishes. The boundary integral terms on
I'; in the weak formulation (3.1) should disappear and the trial function space V remains
unchanged.

Case2. m, =0,0<m, <x

Condition (2.7.v) change into

o

i)
AV - uy = —Ap, = —Ap, + m, autz © Vp, I's X J,

which states the continuity of fluid pressures between borehole fluid and water along I's.
The boundary integral terms on I'; becomes

_ . dud
<mo(B + SO)% Wy, V3 Vp>

T3
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with the same trial function space V. In this case, the capillary pressure on the interface
affects only the oil velocity.

Case3. m, =0, m, =
Condition (2.7.v) is modified as follows:
AfV'u1=_pr9 ug'szo, F3XJ,

and (2.7.iv) as follows:
(us + Syul) - v, +u - vy =0, I's X J.

In addition, the test function space should be
V= {v = (v, vp,v3,v4) €E V: vy - v, =0,
(vz+§wv4)-up +vi-v,=0 on F3}.

In this case, boundary integral terms on I'; in (3.1) shall vanish.

Cased4d. 0<m, <o, m, =
Condition (2.7.v) should be altered into
a w
AfV-u1=—pr+mw§-Vp, u; - v, =0, r, xJ,
while (2.7.iv) changes to

(w5 + Syuy) - v, +uy - vy =0, I's X J.

Then, the space V should be
V={v=_@,v,vsvy) EV:vs- v, =0,
(v +§wv4)-1/p +vi v, =0 on l"3}.

The boundary integral terms on I'; in (3.1) should become

ouy
<mWSw—— * Vp, V4 * Vp> .
at I,

Case5. m, =m, =
Condition (2.7.v) becomes
uy v, =uy - v, =0, I, xXJ,

and (2.7.iv) converts to

5

u, * v, +uy - vy =0, I X J.

The trial function space is given by

V= {v = (v;,va,v3,vs) EV:vy - vp =vs v, =0,
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Vz‘Vp+V1‘Vf=0 on F3}

In the weak formulation (3.1), boundary integral terms on I's should disappear.
In the above five cases, the conclusions of Theorems 3.1 and 3.2 remain valid.

IV. AN EXPLICIT FINITE ELEMENT PROCEDURE

For 0<h<1,let 7, = T;{(Qf) and 7, = 74({),) be quasiregular partitions of Q;
and (), with elements generated by the rotation around the z axis of rectangles in
the (r,z) variables of diameter bounded by h. Set 1, = T;{ U Tf . Since the boundary
condition (2.7.iv) is strongly imposed on the finite element spaces to be used for the
spatial discretization, the partitions r,{ and 75 will be assumed to be compatible along the
contact surface I'; in the following sense. For any vertical cross section 7, N {§ = 6o}
of 14, if Ry is a rectangle in 'r,f. N {6 = 6y} such that one edge e of R; is contained in
T3, then e is also an edge of some rectangle R, in 75 N {# = 6,}. Let Py,(r,z) denote
the bilinear polynomials in the (r, z) variables and set

My(Q,) = {¢ = (¢,,0,¢,) € C°Q,): ¢, € rP(r,2) and ¢, € Py,(r,2)}.

Then M;,(Qp) C [ﬁ‘(QP)P. The r component of ¢ is multiplied by r in order to insure
that all components of the strain tensor of ¢ remain polynomials in r and z. Morley [22]
showed the following approximation property

i - + - = Ch’ =12. 4.1
it [y = ¢lloa, + kllv = ¢llig,] = CHIMLg, s CBY

Let W,(€2)), i = f, p, be the vector part of the lowest-order mixed finite element space
associated with 7, defined by Morley [22]. Away from r = 0, the elements in W,(Q};)
are locally of the form (ar~! + br,0,c + dz), while the innermost elements near r = 0
have the local form (br,0,c + dz). Globally the elements must lie in H(div,{;), i = f
or p, as appropriate. Note that the divergence of each element is piecewise constant. It
is also shown in [22] that

i i - oy = V- 1,
(i) ¢elw"hf(n,)”v eln@iv.ay = Chlllvlig, + IV - vilia,]

v e [H'(Q)T, V-veH(Q),

(i) Lot v = @llo, = Chlvila, v € [H'(QT. 42)

Let
V;, = W;,(Qf) X Mh X Wh(Qp) X Wh(Qp)

and

V;,={vE‘7,,: (v2+§0V3+§WV4“V1)‘Vf=O on F3}
Then V, C V and it follows from (4.1)—(4.2) that

inf [In = @illog, + 102v3,v) = (02,030l ]
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< Ch[Ivilla, + 2 vavellig, ] (43)
for
v e ([A'(@Q)] x [B(@Q,)] x [A'(Q,)] x [A'Q,)])nv
and that
Jnf v = elly = Chllvilla, + IV - villia, + lIvalla,

+ llvallng, + IV - vallig, + Ivallig, + IV - villig,] (4.9

for
v e ([A'Q)) x [A3Q,)) x ['(@,)] x [AYQ,))nv
with
V. Vi = Hl(ﬂf),
V. V3 e HI(QP),
and

V- vy € Hl(Qp)

Let L be a positive integer, At = T/L, and U" = U(nAt). Set
dU" = (U™ - U")/Are,
U™ = (U™ — U /24t
U = (U - 2U" + UMTY/(Ar)

Because we want to use an explicit procedure, we will compute all integrals involving
time derivative terms using the quadrature rule

firi + fary + fars + farg
4 9’

with f; denoting the value of f at the node a; in the rectangle Q' (see Fig. 2). Here Q'
denotes a cross section of @ for any fixed angle 8. Note that the rule (4.5) is exact if
rf(r,z) is bilinear.

For the elements in M), the rule (4.5) is the natural choice since the local degrees of
freedom for any element v(v,,0,v,) € M, are the values of v, and v, at the nodes a;,
1 =i = 4. On the other hand, since the local degrees of freedom of a mixed Morley
element v = (v,,0,v,) are the values of v - vy at the midpoints of each side of Q' (i.e.,
the values of v, at the nodes as and a; and of v, at the nodes ag and ag), such values
being constant along the sides of Q’, the mass-lumping quadrature rule (4.5) can be used
for those elements as well.

Let [v,w); and {livllloq,, i = f, p, denote the inner product (v,w); and the norm
lIvilg,q, computed approximately using the quadrature rule (4.5). Also, let {(v, w))r denote
the inner product (v, w)r computed using the corresponding analogue of (4.5) along I'.

The discrete-time explicit Galerkin procedure is defined as follows: Find U" € V,,
n=20,...,L. such that

[pfazUnv vl]f + [Aaz(U29 U}y U4)n7 (v29 Vi, v4)]p

[Q f(r,2)rdrdo dz = 2mh,h, 4.5)
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ai (118 ay
asx Q' xar hz
az ag as
>
he
FIG. 2.

+[C6(U2’ U3’ U4)nv (V2, Vi, vd)]p + A(U"’ V)
+<< pfAf aU{' * Vg, Vot Vf>>r,

t
+((B(8U3 - vy, 8U3 - X3, 0U3 - X2, 8U3 - vy, 9Uf - v, ),

(vz TVt X,l,, vy - ,\/,2,, V3V, V4t Yy )x>>r2

+{(mo(B + 55)aU5 - vy, vs - vp))r, = (muBOUZ - vy, vs * vy,

+{(m,S,oU; - v,, vy - 1/,,))1‘3
= (1), (B vavave),,  VEV.  1=n=L-1. (46)
Note that the quadrature rule (4.5) is O(h?) correct. The stability and optimal order error

estimates are guaranteed for the scheme (4.6) as stated in the following theorems. The
proofs are omitted because the arguments are very similar to those in [11].

THEOREM 4.1. Assume fi € L™(J,[L*(Qf)P) and (f3, 5. f7) € L=(J,[L*(Q,)]), and let
At € (0,1] satisfy the stability condition

12 12
h 2p5s i
At < omin ((222) " (PAme(®)) )
C Af Amax (Ep)
where C is a constant independent of h such that the following inverse inequalities hold:

@ V- vlloa = Clivllloa, v E Wal), i=f,p,

@) [len0lEa, + lea®iBa, + lex®lBa, + lex®Ea, ] = C IV lllgn, -
v E Mh .
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Then the solution (U")y<,<; Of the scheme (4.6) is stable; moreover,

max 1140y, + MW, Us, U llo, + 1071 + 10+l

= C[Illde?IIIo,a, + (U2, Us, Ua)llloq, + I1U°lly + 1U]ls

Ul gy + UGS £ e s@nry )

THEOREM 4.2. Let At be given as Theorem 4.1. Then the following optimal order error
estimate holds:

Isr,{;g{_l[llld:(ul = Uloq, + Mdis — Uz,u8 = Us, iy = Ua)"[llgq,

| = Oly + 1l = Y]
= C(“)U]Idx(m - U1)0|“o,n, + |||de(uz — Uz us — Us,us —

U)llloq,
+j@ — Ul + I = Ml + (A1) + h].

V. DERIVATION OF THE ABSORBING BOUNDARY CONDITIONS

In this section, we will derive the absorbing boundary condition (2.7.ii) for the artificial
boundary I'; of ,. We will mainly follow the ideas given in [11].

Fix the wave velocity ¢ > 0. Denote by us® = (u3,,0,us;), t = 5,0, w, the displace-

ments in solid, oil, and water in £}, whose wave fronts arrive normally to I', with velocity
c. Next recall that [23]

enr(us’) = - 1 au;'cv eeo(uz) = 0 £, (us") = L ous;
rri2 ot pry g9\42 ’ zz\H¥2 at pz >
1 { ousy ous, (5.1
[ X r 2z (X4 Lc .
e,()) = ——| —"v,, + v, ) erg(uy”) = g9, (u2") = 0,
rz\42 2C( at pz ot pr r0( 8z\42 )
(r,0,2) €Ty, t€J, for .=s,0,w
Moreover,
1 ous”
V-w =—— 2. vy, on Iy X J, for ¢=s,0,w. (5.2)
c aJt
Next, let us introduce the variables
dus* ouy” ouy¢
af = — vy, af = — 1’ al = — L2 ,
V¢ ot P 2T T Tar X 3T Tar A
o L L
4 ¢ ot P 3 c ot P>

and set

— ¢ ¢ ¢ ~Cc ,c}
at = (af, a5, af, aj, af).
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Combining the stress—strain relations (2.1) and (2.2) with (5.1) and (5.2) shows that the
strain energy density W, on I'; can be written as a quadratic function

H(a®) = W,(ela®), -V - u =V - uy
in the form
1 .
H(af) = E(a”)'Epac, (5.3

where £, € R> is the symmetric, positive-definite matrix given by

2N +2A. 0 0 B, B,

0 N 0O 0 0

E, = 0 0O N 0 O
Bl 0 0 M| M3

B, 0 0 My M,
Now the momentum equations on I'; can be written as

ouy© duy© ouy '
. 2 = 0 = O
(i) cl:p + poS, + puS. :l = —7V,,

-9 dus*
(i) c[paso-”z— + g

(iii) C[pw§w T8
(r.0.20)ET;, €.

Equations (5.4) can be rewritten in terms of the new variables a;, 1 =i <5, in the

following manner. First, we get one relation on taking the inner product of (5.4.i) with

v,. We then take the inner product of (5.4.ii) and (5.4.iii) with x', m = 1,2, in order
to get the relationships

aug‘c . m _ngpagg — §3pWSW c

X — — —, a b
ot d 818 — 25 mH
oure 215w S — F3poS
t 8182 — 83

Using the above identities, we get two relations from the inner product of (5.4.i) with
Xy, m = 1,2, while the other two relations can be obtained from the inner product of
(5.4.ii) and (5.4.iii) with v,. Thus

c?Aa® = - F, (5.5)
where

— !
F = (19 - w79y - xh 1wy - X% =[Gs + B)Ap, — BAPL) ~SuAp,)
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and A € R is the symmetric, positive-definite matrix defined by

P PoSo  PwSw

0
0

B
[

PoSo
PwSw 8

_g_z(pogo)z

+ [N Nk N
<l
PN oo
o
(98]

ﬁ P — — 2

8182 — &3

Furthermore, a combination of (2.1), (2.2), (5.1), and (5.2) gives

_n

T dac’

Let §$ = A""2E,A"'2 and @° = A" a*. From (5.5) and (5.6) it follows that
Sa® = cta“. (5.7

The strain energy density on I', is then written in the form

~-F =E,af (5.6)

1
7(@©) = w(af) = E(af)’sa”. (5.8)
Let ¢;, 1 =i = 5, be the five positive wave velocities satisfying (5.7) such that
det(S — c*) = 0.

12
Cr =3 =\ — .
p

¢1, ¢4, and ¢s have more complicated forms in terms of the mass and stiffness coefficients
of {},. Here ¢, and c3 correspond to the shear modes of propagation, while ¢, cs, and cs
correspond to the compressional modes of propagation (see [1] also). Let M;, 1 =i < 5,
be the set of orthonormal eigenvectors corresponding to ¢;, 1 = i < 5, and let M be the
matrix whose ith row is M;. Let D = diag{cf,c%,c%,cf,cg}. Then,

Two velocities are given by

S = M'DM. (5.9)
Let
=(3_“5_.,, dur By o dup 3“5”.,,)'
ar Ve X Tar TXe g Ve T e

denote a general velocity on the surface I', due to the simultaneous normal arrival of
waves of velocities ¢;, 1 < i =< 5. Then,
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along M, ie.,

1 -
@ = —[M,A%a] M, 1=i=<S5. (5.10)

Ci

Analogously to (5.7) and (5.8),

SEc = c?ﬁ“, (5.11)
and
F@e) = %(Eci)xﬁci_ (5.12)
From (5.5), (5.6), (5.10), and (5.12) it follows that
Am% = A25g% = —F, (5.13)

where F; denotes the force on I'; corresponding to @& “.

We will neglect the interaction energy among the different types of waves arriving
normally to I';. The total strain energy density and the total force can then be regarded
as the sum of their partial strain energies and of partial forces corresponding to each @ <.
Thus

Now,
Sa = —[M, A" F] M, 1=i=5, (5.14)

since

_ 5

A“‘l/Zf — z [Mi’A—I/Z}‘]eMi .

i=1
A combination of (5.10), (5.11), and (5.14) therefore leads to
Ci[Mi,Allza]eMi = —[M[,A_llzf]eM,', l=i=<S5.
Equivalently,
~MA"2F = p2MAVq
From the above equation and (5.9), we see that
~F = A5 = [(A7'E,)']Aa = Ba,
where B is the symmetric, positive-definite matrix given by
B =[(A"E,)]"A.

Therefore we arrive at the absorbing condition (2.7.if).
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