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Abstract
We present a framework for the coupling of fluid-filled fracture propagation and a genetic inverse algorithm for optimizing
hydraulic fracturing scenarios in porous media. Fracture propagations are described by employing a phase field approach,
which treats fracture surfaces as diffusive zones rather than of interfaces. Performance of the coupled approach is provided
with applications to numerical experiments related to maximizing production or reservoir history matching for emphasizing
the capability of the framework.
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1 Introduction

Multistage hydraulic fracturing (i.e., fracking) has been
considered the most pragmatic technology to improve the
productivity of hydrocarbon-bearing shale formations since
hydraulic fractures play the role of conductive conduits
in tight porous media. For fracking, slickwater-containing
additives (e.g., proppants and chemicals) are injected at
sufficiently high rates and pressures above well fracture
pressure down into a well (Fig. 1). The created fractures are
kept open by the proppants, and provide increased contact
between the wellbore and the shale formation, resulting
in increased oil and gas production. Recent advances in
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hydraulic fracturing with horizontal drilling have increased
the area of drainage in contact with the wellbore by six
orders of magnitude [61].

Productivity of a fractured hydrocarbon-bearing forma-
tion depends on reservoir properties (e.g., permeability) and
operating parameters (e.g., well locations, the number of
fracturing stages, and stage spacing). A study of an optimal
number of hydraulic fractures for each horizontal well at
Bakken shale model was presented in [57]. It was found that
increasing the density of hydraulic fractures and decreasing
the fracturing spacing enhanced the productivity, in gen-
eral; however, the incremental production resulting from
additional fracking decreased [23]. The longer the fracture
length was, the more profitable the well was; however, the
revenue increment decreased due to the increase in treat-
ment volume [10, 60]. Maximizing the net present value of
a tight gas reservoir was also studied in [36].

Fractured zones are often mimicked as thin planes
in which enhanced permeability values are allocated.
This simplified approach might ignore interference effects
among hydraulic fractures called stress shadowing. The
stress-shadowing effect refers to suppression of hydraulic
fractures resulting from compressive stresses exerted on
them by neighboring hydraulic fractures [1, 17, 38]. If
the distance between the hydraulic fractures along the
well is not far enough, the propagation of those fractures
is affected by the interaction between the stress around
each fracture. The interferences may result a less effective
fracture propagation followed by the deterioration of
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Fig. 1 Schematic of wellbore and near-wellbore of a horizontal well
with multiple hydraulic fractures. Here xi are distances between
hydraulic fractures and Vf,i are each injection sources

hydrocarbon production. In Bakken and Utica shale wells,
for example, Hess Corporation [15] deployed downhole
geophones to monitor microseismic events associated with
multistage hydraulic fracturing and observed the stress-
shadowing effect. The observation showed that closely
spaced fracturing stages were interfered with one another
and bounced cyclically in and out of the fractured zone.
For maximizing the performance of fractured horizontal
wells, it is necessary to develop a model that can simulate
the propagation of multiple fractures while taking the
interaction between adjacent fractures into account [12, 15,
35, 53, 65–67, 69]. Recently, Cheng et al. [12] proposed
applying the C2Frac model for simulating the growth of
hydraulic fractures from multiple perforation intervals in a
single stage with low computational costs. The effectiveness
of the C2Frac model was verified by comparing numerical
solutions provided by a fully coupled planar 3D simulator
ILSA [54, 55].

In this paper, we investigate the hydraulic fracturing
simulation by using the variational methods and energy
minimization that has been widely developed in [9, 18].
The numerical approaches for the studies are based on
Ambrosio-Tortorelli elliptic functionals [4, 5]. An important
numerical extension of [18] towards a thermodynamically
consistent phase field fracture model has been studied in
[39, 41]. In the phase field fracture approach, discontinuities
in the displacement field u across the lower-dimensional
crack surface are approximated by an indicator scalar
function ϕ ∈ [0, 1]. This phase field function ϕ introduces
a diffusive transition zone, which has a half bandwidth ε,
between the fracture (ϕ = 0) and the un-fractured (ϕ = 1)
material. This approach becomes as a variational inequality
since the fracture propagation is required to satisfy a crack
irreversibility constraint.

A crucial step to applying variational phase field fracture
techniques in subsurface modeling (Biot system) has
been achieved in [43]. Here, the phase field fracture has
been extended to poro-elasticity in which the pressure is
included. The concepts outlined in [43] have been further
substantiated both theoretically and numerically in [32,
44, 46, 47]. Further studies using phase field fracture
techniques treating multiphysics include [21, 29–31, 34,
37, 40, 64]. Advantages of the phase field method are that
joining and branching of curvilinear paths are automatically
included in the energy minimization; that is, calculating
stress intensity factors and re-meshing along the crack
path are embedded in the model [25]. Because the phase
field fracture approach provides detailed and robust fracture
propagation in heterogeneous reservoir and geomechanical
parameters, and can be extended to multi physics problems
[29, 30], it is important to investigate coupling techniques
for optimization and history matching.

The objective of this study is to establish a numerical
simulation framework by combining a phase field fracture
model and an evolutionary optimization algorithm to tackle
realistic scenarios. For example, the framework can be used
for maximizing the productivity of multistage hydraulic
fracturing at a tight shale formation by avoiding stress-
shadowing effect. In particular, here, for convenience,
we adopt a non-intrusive approach such as genetic
algorithm as the optimization module in the framework.
The performance of the coupled model is demonstrated
with applications to several numerical experiments. In
addition, we note that the phase field model is being
integrated with a reservoir simulator for predicting flow
rate. Here, as an alternative, the total volume (or total area
for two dimensions) of hydraulic fractures is employed as
the metric of well productivity. The relation between the
production and the area of the fractures is discussed in
[68].

2Methods

2.1 Modeling of hydraulic fractures with phase field

In this section, we briefly recapitulate essential phase field
fracture propagation concepts, which have been modeled
and implemented in [32, 44, 46, 47].

Here, � := �(t) ∈ R
d (d = 2, 3) is a smooth open and

bounded computational domain with Lipschitz boundary
∂� := ∂�(t). Let [0, T ] be the computational time interval
with T > 0 and time is denoted by t ∈ [0, T ]. As
discussed in [9, 18], the fracture C(t) is contained compactly
in �(t). The displacement of the solid and diffusive flow
in an un-fractured porous medium (reservoir) are modeled
in �R := �R(t) = �\C̄(t) by the classical quasi-static
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elliptic-parabolic Biot system for a porous solid saturated
with a slightly compressible viscous fluid.

2.1.1 Geomechanics and phase field fracture equations

The constitutive equation for the Cauchy stress tensor is
given as

σ por(u, pR)−σ0 = σR(u)−α(pR−p0)I, in �R×(0, T ],
(1)

where u(·, t) : �R × [0, T ] → R
d is the solid’s

displacement, pR(·, t) : �R × [0, T ] → R is the pressure
in the reservoir with an initial pressure p0, α ∈ [0, 1] is the
Biot coefficient, I is the identity tensor, and σ0 is the initial
stress value.

Given the effective linear elastic stress tensor as

σR := σR(u) = λ(∇ · u)I + 2μe(u), (2)

the balance of linear momentum in the solid reads

−∇ · σ por(u, pR) = ρsg in �R × (0, T ], (3)

where λ,μ > 0 are the Lamé coefficients, the linear elastic
strain tensor is given as e(u) := 1

2 (∇u + ∇uT ), ρs is the
density of the solid, and g is the gravitational acceleration
term. For simplicity, we prescribe homogeneous Dirichlet
boundary conditions on ∂� for the displacement u.

To discuss the phase field fracture, we first introduce
the Francfort-Marigo functional [18], which describes the
energy with a fracture in an elastic medium as

E(u, C) = 1

2

∫
�R

σR(u) : e(u) + GcH
d−1(C) dx, (4)

where the Hausdorff measure Hd−1(C) denotes the length
of the fracture and is multiplied by Gc, the fracture
toughness value (critical energy release rate). Extension to
the energy with a fracture in a poro-elastic medium based on
Biot system was derived and discussed in [32, 44, 46, 47],
which is

E(u, p,C)= 1

2

∫
�R

σR(u) : e(u) dx−
∫

�R

αpR∇·u dx+GcH
d−1(C).

(5)

Next, we consider the global constitutive dissipation
functional of Ambrosio-Tortorelli type [4, 5] to describe

the Hd−1(C) with the phase field function for a rate-
independent fracture process. The latter was initially
introduced for linear elasticity in [9, 18, 41]. We emphasize
that here the fracture C(t) is regarded as a thin three-
dimensional volume �F (t), where the thickness of the
crack is much larger than the pore size of porous media.
The scalar-valued phase field function ϕ(·, t) : � ×
[0, T ] → [0, 1] can be viewed as an indicator function,
which introduces a diffusive transition zone (0 < ϕ < 1)
between the fractured region (�F ) having ϕ = 0 and
the un-fractured porous media (�R) having ϕ = 1. The
diffusive zone has length ε > 0 on each side of the fracture.
The intermediate values constitute a smooth transition zone
dependent upon the regularization parameter (length) ε (see
Fig. 2 for more details). The boundary of the fracture is
denoted by �F (t) := �̄F (t) ∩ �̄R(t).

We assume that the effective fluid stress is given by
σF := σ |�F

= −pF I and continuity of normal stresses:

(σR(u) − αpRI) · nF = −pFnF on �F , (6)

where nF is the outward pointing normal vector of the
interface �F and pF = p|�F

is the pressure in the fracture.
The leading order of the fracture fluid stress is derived
from lubrication theory in [44, 47]. In addition, we use the
continuity of pressures

pR = pF on �F , (7)

and obtain

(σR(u) − αpI) · nF = −pnF on �F , (8)

by p = pR = pF . We do not distinguish between σR, pR

and σF , pF in the global dissipation form by employing
the definition of ϕ and the interface conditions (7)–(8). We
rewrite (5) as the global formation where all definitions are
extended to �. Then, we obtain

Eε(u, p, ϕ) =
∫

�

1

2
((1 − κ)ϕ2 + κ)σ (u) : e(u) dx

−
∫

�

(α−1)ϕ2p∇ · u dx

+
∫

�

(ϕ2∇p)u dx + Gc

∫
�

(
1

2ε
(1−ϕ)2+ ε

2
(∇ϕ)2

)
dx,

(9)

Fig. 2 An example of a fracture
defined with the phase field
function ϕ ∈ [0.1]
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where ε is the length of the diffusive zone presented in
Fig. 2 and κ � ε is a small positive regularization parameter
which is set to 10−10.

Moreover, fracture evolutions satisfy a crack irreversibil-
ity condition that is an inequality condition in time: ∂tϕ ≤ 0.
Consequently, the resulting system can be characterized as a
quasi-stationary (time-dependent) variational inequality, in
which the continuous irreversibility constraint is approxi-
mated by ϕ ≤ ϕold, where ϕold is the phase field solution
at the previous time step and ϕ is the current solution.
The phase field function is subject to homogeneous Neu-
mann conditions on ∂�. The initial domains, �F (·, 0) and
�R(·, 0), are defined by a given phase field value ϕ(·, 0).

Finally, we introduce a strong form of the Euler-
Lagrangian formulation for the displacement and phase
field: let p and ϕ be given, then find u such that

−∇ ·
((

(1 − κ)ϕ2 + κ
)
σ+ + σ−)

+(α − 1)∇ · (ϕ2p) + ϕ2∇p = 0 in �,u = 0

on ∂�, (α − 1)ϕ2p · n = 0 on ∂�,

where n is the outward normal vector of ∂�. Similarly, let
u and p be given, then find ϕ such that

(
(1 − κ)σ+ : e(u) ϕ − Gcε
ϕ − Gc

ε
(1 − ϕ)

−2(α − 1)ϕp∇ · u + 2ϕ∇pu
)

·∂tϕ = 0 in �, ∂nϕ = 0 on ∂�,

with a compatibility condition (which is called the Rice
condition in the presence of fractures [56]),

(1 − κ)σ+ : e(u) ϕ − Gcε
ϕ − Gc

ε
(1 − ϕ)

−2(α−1)ϕp∇ · u + 2ϕ∇pu ≤ 0 in �, ∂tϕ ≤ 0 in �.

In the discretized system, we assume h � ε, where h is the
local discretization parameter.

We follow [6], where the stress tensor is additively
decomposed into a tensile part σ+(u) and a compressive
part σ−(u) by

σ+ := σ+(u) = (
2

d
μ + λ)tr+(e(u))I + 2μ(e(u)

− 1

d
tr(e(u))I ), (10)

σ− := σ−(u) = (
2

d
μ + λ)tr−(e(u))I, (11)

respectively. Here, tr denotes the trace of the matrix and

tr+(e(u)) = max(tr(e(u)), 0),

tr−(e(u)) = tr(e(u)) − tr+(e(u)). (12)

Note that the energy degradation only acts on the tensile part
σ+(u).

2.1.2 A pressure diffraction system for modeling reservoir
and fracture flow

In this section, the flow (pressure) is formulated for both
reservoir and fracture as a pressure diffraction system
following [32, 46]. To derive the pressure system for
each sub-domain, first, we consider the two separate mass
conservation equations for the fluid in the reservoir and the
fracture:

∂t (ρiφ
�
i ) + ∇ · (ρivi ) = ρiqi in � × (0, T ], (13)

where i = F indicates the fracture domain �F and i = R

indicates for the reservoir domain �R . Here, φ�
i is the fluid

fraction, where we assume φ�
F = 1 (porosity of the fracture

is one) and the reservoir fluid fraction is given as

φ�
R := φ�

0 + α∇ · u + 1

M
(p − p0),

where M is the Biot modulus coefficient. The velocity is
given by Darcy’s law

vi = −Ki

ηi

(∇pi − ρig), (14)

with the permeability Ki , fluid viscosity ηi for the fracture
(i = F ) and for the reservoir (i = R), respectively. We
assume that the fluid in the reservoir and the fracture is
slightly compressible: thus, we define each fluid density as

ρi := ρ0
i exp(ci(pi − p0

i )) ≈ ρ0
i [1 + ci(pi − p0

i )], (15)

where ρ0
i is the reference density and ci is the fluid

compressibility. In addition, qi is a source/sink term
including leak-off [46]. The leak-off term derived in
[46] (equation (2.10)) depends on the fracture opening
displacement values (aperture), which affects the total
volume of the fractures.

Following the general reservoir approximation with the
assumption that cR and cF are sufficiently small, we use
ρR = ρ0

R and ρF = ρ0
F .

Next, in the fracture flow equation, the fracture
permeability is assumed to be isotropic and has the form

KF = 1

12
w(u)2, (16)

as shown in [46]. Here, w(u) = [u · n] denotes
the aperture (width) of the fracture, which requires the
computation of the jump [·] of the normal displacements.
The corresponding details of approximating the aperture
of the non-planar fractures using a level set method and
interpolating these values inside the fracture are described in
[33]. Non-isotropic lubrication laws have been specifically
derived for fluid-filled phase field fractures in [46].
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Finally, we formulate the pressure diffraction system by
treating ϕ as an indicator function. Let ϕ and u be given,
find p(·, t) such that

ρ0∂tφ
� +∇ · (ρ0Keff(∇p − ρ0g)) = ρ0q, in �× (0, T ],

(17)

where the coefficient functions are defined as

ρ0 = χ�R
ρ0

R + χ�F
ρ0

F , (18)

φ� = φ�(·, t) := χ�R

( 1

M
pR + α∇ · u

)

+χ�F
(cF pF ), (19)

q = q(·, t) := χ�R
qR + χ�F

qF , (20)

Keff = Keff(u) := χ�R

KR

ηR

+ χ�F

KF

ηF

, (21)

where χ�R
, χ�R

are linear interpolation functions satis-
fying χ�R

= 1 and χ�F
= 0 in �R , and χ�R

= 0 and
χ�F

= 1 in �F . In particular, once the phase field value ϕ

is computed, we define

χ�F
:= 1 − H(ϕ)

2
, χ�R

:= 1 + H(ϕ)

2
(22)

with the Heaviside function H(·) given as

H(s) =

⎧⎪⎪⎨
⎪⎪⎩

1 if s > 0.5 + Dε,

−1 if s < 0.5 − Dε,
s − 0.5

Dε

otherwise.
(23)

For simplicity, we set Dε = 0.1 throughout this paper.
We prescribe the boundary and interface conditions for

pressure as

KR(∇pR − ρ0
Rg) · n = 0 on ∂� × (0, T ], (24)

[p] = 0 on �F × (0, T ], (25)

KRρ0
R

ηR

(∇pR − ρ0
Rg) · nF = KF ρ0

F

ηF

(∇pF − ρ0
F g) · nF on �F × (0, T ], (26)

Extensions to proppant transport with non-Newtonian flow and
two-phase flow in the fracture have been developed in [29, 30].

2.1.3 Global solution algorithm for phase field fracture

In Fig. 3, we present the overall algorithms for the phase
field fracture propagation. First, the geomechanics-phase
field system is discretized by classical continuous Galerkin
linear finite element methods. Flow (pressure) equation is
modeled using a locally conservative enriched Galerkin
approximation approach [28]. This Biot system is coupled
in time by employing the fixed stress iterative scheme
which has been widely applied in [13, 26, 27, 42, 45, 58],
for fractured poro-elastic media in [19, 33, 46, 59], and
including multi-rate time-stepping algorithms in [2, 3].

To reduce the computational cost, we employ a predictor-
corrector dynamic mesh refinement strategy developed in
[22] and which was extended to three dimensions in [32,
63] with parallel high-performance computing using MPI
(message passing interface). Nonlinear problems are solved
using Newton’s method and an analytical evaluation of the
Jacobian. The constraint minimization problem is treated
with a semi-smooth Newton method (i.e., a primal-dual
active set method) [22]. The linear equations are solved with
parallel MPI-based iterative solvers (GMRES) with block-
diagonal pre-conditioning. For more details, the reader
may refer to [22, 32, 33, 63]. The programming code is
developed based on the open-source finite element library
deal.II [7].

2.2 Optimization of hydraulic fracturing design

Most real-world engineering problems consist of multiple
uncertain parameters as

f (�) = f (x1, x2, · · · , xN), (27)

where f (�) is the scalarized objective function, � is the
vector of uncertain parameters, and N is the number of
uncertain parameters. For a subsurface modeling problem,
� may consist of reservoir properties (e.g., permeability,
Poisson’s ratio, and Young’s modulus) or decision variables
(e.g., well trajectory and number of hydraulic fractures).

Optimal design of hydraulic fracturing treatment can be
defined as a maximization problem as

arg max
�∈RN

f (�) = arg max
�∈RN

dsim (28)

where dsim is the vector of simulated subsurface responses.
In this paper, dsim is the total volume (area for two-
dimensional case) of hydraulic fractures Vf , which is
computed by integrating the fractured zones �Fv obtained
after running the phase field model as:

Vf =
∫

�Fv

1 dA, (29)

�Fv := {� | ϕ < cv, ∀� ∈ �}, (30)

where cv is the threshold used for distinguishing between
fractured mesh and un-fractured mesh in the given domain.
In this study, cv is set to 0.1.
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Fig. 3 Flow chart of global
solution algorithm for the phase
field model

Meanwhile, subsurface characterization of a fractured
reservoir can be regarded as a history-matching problem that
minimizes the discrepancy between dsim and observed (i.e.,
actual) subsurface responses dobs as

arg min
�∈RN

f (�) = arg min
�∈RN

‖dobs − dsim‖. (31)

In real-world problems, field measurements (e.g., oil
production rate, water-cut, and bottom hole pressure)
would compose dobs while its corresponding dsim would
be evaluated by solving governing equations by use
of a petroleum reservoir simulator. It is desirable to
replace the current objective function Vf , the fracture
area/volume, with hydrocarbon production rates. In other
words, demonstrating the impact of detailed hydraulic
fracture propagation models such as phase field for
production is important and necessary for realistic field
studies. However, this requires multiscale spatial and
temporal coupling of the small scaled fracturing model
with a large scaled reservoir simulator, calibration using
field observation data, and assessing multiple questions
such as staging, spacing of fractures, proppant injection,
refracturing, and effects of multiple fractures. In this
paper, since we focus to establish a computational
framework for coupling the phase field fracture model with
the optimization algorithm, we employ the optimization
algorithm by optimizing the fracture area in order to show
the capability of the algorithm. Coupling a production
reservoir simulator with the phase field model will be
treated in future works.

2.3 Genetic algorithm

Genetic algorithm (GA), a stochastic optimization approach
based on the evolutionary process of natural selection
[24], is adopted to search for the global optimal solution
of a hydraulic fracturing problem. The advantage of this
gradient-free method is to require no assumption on the
form of the objective function. GA is a population-
based process [20]. Qualities of populations in subsequent
generations are expected to be more improved than that of
the population in the current generation.

Pseudo code of the evolutionary process in genetic
algorithm is described in Table 1. This iterative process
performs different genetic operations on a pool of solutions.
Let Xp and X

o be the parent population and the offspring
population, respectively: �p ∈ X

p and �
o ∈ X

o. The
initial parent population X

p

t=0 consists of Npop solutions
that are generated at random or based on prior knowledge.
Here, Npop is the population size per generation. Each
solution (i.e., individual) encodes its own vector of
uncertain parameters � by real or binary number. In GA,
the individual� and each element of individual x are called
chromosome and gene, respectively. At each generation, Xo

is created by recombining qualified solutions in the mating
pool Xp ∪ X

o. The qualified solutions of the mating pool
are selected using a tournament or a roulette wheel method
[20]. Note that the fitness (i.e., objective function value) of
each solution in the mating pool is evaluated by running the
phase field model in this study.

Recombination is sequentially invoked using two genetic
operators: crossover (see Table 2) and mutation (see

Table 1 Pseudo code of the
evolutionary process in genetic
algorithm

1 : INITIALIZE the parent population Xp

t=0 with Npop solutions

generated based on prior knowledge or at random.

The initial offspring population Xq

t=0 = ∅.

2 : EVALUATE each parent solution in Xp

0 .

3 : while termination condition is not achieved do

4 : t = t + 1.

5 : SELECT Npop superior solutions from the mating pool Xp

t−1 ∪ X
q

t−1.

6 : UPDATE the parent population X
p
t with the selected solutions.

7 : CROSSOVER pairs of the parent solutions for creating Npop-sized X
q
t .

8 : MUTATE the resulting offspring population Xq
t .

9 : EVALUATE each offspring solution in Xq
t .

10 : end
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Table 2 Pseudo code of
crossover to create new
solutions in genetic algorithm

1 : i = 1

2 : while i < Npop do

3 : GENERATE the random probability Pr ∈ [0, 1]
4 : SELECT two parent members �p

i and�p

i+1

5 : if Pr < Pc then

6 : GENERATE the crossover point rc ∈ [1, N]
7 : �

q
i = {�p

i,1, · · · ,�
p
i,rc

,�
p

i+1,rc+1, · · · ,�
p

i+1,N }
8 : �

q

i+1 = {�p

i+1,1, · · · ,�
p

i+1,rc
,�

p

i,rc+1, · · · ,�
p
i,N }

9 : else

10 : �
q
i = �

p
i

11 : �
q

i+1 = �
p

i+1

12 : end

13 : i = i + 2

14 : end

Table 3). Let Pr , Pc, and Pm be the random probability
at each genetic operation, the probability of crossover, and
the probability of mutation, respectively. The evolutionary
process activates crossover if Pr < Pc and then does
mutation if Pr < Pm. Both Pc and Pm are specified a priori,
in general. Through the paper, Pc and Pm are 0.9 and 0.1,
respectively. Here, rc ∈ [1, N ] is the crossover point that
switches all genes after that point. Here, rm ∈ [1, N ] is the
mutation point at which the random variable is altered in the
range of its lower and upper limits. Note that both rc and rm
are picked at random at each genetic operation. More details
on crossover and mutation can be found in [20].

The termination condition of the evolutionary process is
either the achievement of a pre-specified tolerance level or
the arrival on the maximum number of generations (i.e.,
iterations). If the maximum number of generations is Ngen,
the maximum number of evaluations Neval = Ngen ×
Npop. Note that the genetic algorithm tends to explore the
single global-optimum having the smallest objective-sum of
a minimization problem or the largest objective-sum of a
maximization problem because of the one dimension of the
global-objective function.

2.4 Coupling of phase fieldmodel with assisted
optimization program

Phase field fracture model discussed in Section 2.1 was
integrated with an optimization toolbox, namely UT-
OPT (University of Texas Austin-Multiple Realization
Optimizer) [52], in order to realize, run, and optimize
geomechanics simulations of hydraulic fracturing. Figure 4
shows a framework of UT-OPT. UT-OPT consists of three
modules: builder, genetic algorithm (GA) [20] as a global-
objective optimizer, and non-dominated sorting genetic
algorithm-II (NSGA-II) [14] as a multi-objective optimizer.
Builder generates ASCII input data files that are imported
to one of the optimization algorithms to be executed.
The input files are categorized as algorithm parameters
(e.g., generation number and population size); uncertain
parameters (e.g., permeability, Young’s modulus, and
fracture spacing); response parameters that are targeted for
quality check of reservoir models (e.g., volume of fracture);
and watch parameters that are un-targeted for quality
check (e.g., runtime). Dynamic goal programming and
successive linear-objective-reduction modules are advanced

Table 3 Pseudo code of mutation to create new solutions in genetic algorithm

1 : i = 1

2 : while i < Npop do

3 : GENERATE the random probability Pr ∈ [0, 1]
4 : if Pr < Pm then

5 : GENERATE the mutation point rm ∈ [1, N].
6 : GENERATE the random variable �q,∗

i,rm
∈ [�q,min

rm ,�
q,max
rm ] at the mutation point rm

7 : �
q
i = {�q

i,1, · · · ,�
q
i,rm−1

,�
q,∗
i,rm

, · · · ,�
q
i,N }

8 : end

9 : i = i + 1

10 : end
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Fig. 4 Framework of the
assisted optimization tool,
UT-OPT

options that can be coupled with NSGA-II to improve
the rate of convergence with a small loss in diversity
preservation for solving a multi-objective problem in case
M > 4 [48–50]. For reducing the computational cost
associated with the generational algorithms, UT-OPT has
the capability to run multiple simulations concurrently.
Each simulation can be executed in high-performance
parallel computing environments. Besides the phase field
model, CSM’s in-house simulator, namely Integrated
Parallel Accurate Reservoir Simulator (IPARS) [62], and
commercial reservoir simulators are linked to UT-OPT.
This general-purpose optimization program can be utilized
for performing sensitivity analysis, history matching,
production forecasts, economic analysis, and uncertainty
analysis. UT-OPT was written in C++ programming
language.

3 Numerical experiments

In this section, we present three numerical examples to
illustrate capabilities of the coupled algorithm. The first
two examples provide maximization problems and the
last demonstrates the minimization. We clarify that the
domain size of each example herein is designed as lab-scale
for saving computational costs accompanied with multiple
phase field runs during optimization. All the examples run
20 experiments concurrently in each generation, and every
phase field fracture simulation is executed with 4 parallel
processors.

3.1 Example 1: Maximization of fracture area
with a well in a homogeneous reservoir

In this example, given three fractures in a fixed domain �,
find the optimal spacing that provides the largest fracture
area in �. Let � = (0m, 4m)2 with H = L = 4,
we prescribe parallel initial cracks with half lengths l0 =
0.2m as illustrated in Fig. 5. The initial mesh is six times
locally refined around the fracture. The smallest mesh size
is hmin = 0.0013m and the regularization parameters are

chosen as ε = 2hmin. The fracture in the center is fixed at
(2 − hmin, 2 + hmin) × (2 − l0, 2 + l0), but the position of
left and right fractures depends on two spacings, left and
right, i.e., x1 and x2, respectively, in each fracturing scenario
(see Fig. 5). In the homogeneous media, the critical energy
release rate is chosen as Gc = 1Nm−1, Young’s modulus
is E = 108 Pa, and Poisson ratio is set to ν = 0.2. The
relationship to the Lamé coefficients μ and λ is given by

μ = E

2(1 + ν)
, λ = νE

(1 + ν)(1 − 2ν)
.

For the fluid parameters, Biot’s coefficient is set as α = 1,
M = 1×108 Pa, ηR = ηF = 1 × 10−3Ns/m2, the reservoir
permeability is KR = 1D ≈ 1 × 10−12 m2, qF = 60,
cF = 1 × 10−12 Pa−1, and the density is ρ0

F = 1000 kg/m3.
Variable vector � consists of fracture spacing between

the inner fracture and the outer fractures: � = (x1, x2)

where x1, x2 ∈ [0.5m, 1.5m]. Thus, the number of
variables N = 2 in this example. The objective function
f (�) of this example to be maximized takes the form of
Eq. 28 as

arg max
�∈RN

f (�) = arg max
�∈R2

Nhf∑
i=1

Vf,i , (32)

where the number of hydraulic fractures Nhf = 3.

Fig. 5 Example 1. Schematic of wellbore and near-wellbore of a
horizontal well with three-stage hydraulic fracturing
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Fig. 6 Example 1. Evolution of
objective function values in the
homogeneous medium: a
convergence of objective
function values and b objective
function values in variable space

Figure 6a is a boxplot to show the evolution of objective
function values from the first to the seventh generations.
The box in each generation consists of 20 solutions. Thus,
the total number of evaluations is 140. The initial generation
was created at random. The height of the box indicates the
interquartile ranges (IQR) determined by the 25th and 75th
percentile of the posterior solutions. The solid red line inside
the box is the median of the posterior solutions. Whiskers
are vertical lines above and below the box that extend to
the most extreme solutions not considered outliers, while

any solution regarded as an outlier is plotted as a red plus.
The solutions evolve in the direction of maximizing the total
area of three fractures. It appears that all solutions in the
seventh generation stably converge to the global maximum,
(x1, x2) = (0.75m, 0.75m). Figure 6b demonstrates the
relationship between variables and objective values. Kriging
was used to interpolate 140 objective function values
evaluated during optimization. Homogeneity of Young’s
modulus in the domain delivers radial gradients of objective
function values from top right corner in a two-dimensional

a b c

d e f

Fig. 7 Example 1. Fracture propagation of the optimal solution. Each figure illustrates the refined mesh near the fractures (which is better for
visualization) for each time step. Its fracture spacing (x1, x2) = (0.75m, 0.75,m) yields Vf = 0.0212261m2 in the homogeneous medium



842 Comput Geosci (2018) 22:833–849

a b c

Fig. 8 Example 1. Fractures of three non-optimal solutions at time
step n=250 in the homogeneous medium: a the closest fracture spac-
ing (x1, x2) = (0.5m, 0.5m) yields Vf = 0.0168475m2, b (x1,

x2) = (1.0m, 1.0m) yields Vf = 0.0147084m2, and c the farthest
fracture spacing (x1, x2) = (1.5m, 1.5m) yields Vf = 0.0128308m2

variable space. The ideal case of Fig. 6b must be symmetric
because x1 and x2 are interchangeable. A slight asymmetry
shown in Fig. 6b is due to the interpolation using Kriging
from 140 evaluations. Interpolated regions where their
objective values are inferred from the evaluations cause the
asymmetry. We expect increasing the number of evaluations
improves the degree of the symmetry. For example, adding
and simulating (x1, x2) = (1.0m, 0.5m), which are not
created during this optimization example, would improve
the degree of the symmetry shown in Fig. 6b significantly.
Note that the initial 20 evaluations are generated at
random and the subsequent evaluations are done by use
of crossover and mutation of their preceding solutions in
GA.

In Figs. 7 and 8, the bent outer fractures and the
constrained growth of the inner fracture indicate stress-
shadowing effects as shown in [11] and references cited
therein. Figure 7 illustrates multiple parallel fracture
propagation of the global optimal solution. The optimized

fracture spacing (x1, x2) = (0.75m, 0.75m) yields after
140 evaluations, the largest hydraulic fractured total area
Vf = 0.0212261m2. The stress-shadowing effects become
noticeable after n = 100 in Fig. 7. The propagate
fractures of each fracturing scenario appear to be fairly
symmetric due to the spatial homogeneity of Young’s
modulus. Symmetry of fracture propagation is also observed
in the non-optimal solutions.

Figure 8 illustrates the shape of fractures at the last time
step n = 250. The non-optimal solutions result in smaller
Vf values than that of the global-optimum. It seems that
the closest fracture spacing reveals strong stress-shadowing
effects resulting in the inhibition of fracture growth (see
Fig. 8a), while the farthest fracture spacing reveals little
stress-shadowing effect (see Fig. 8c). Note that Vf of Fig. 8c
is smaller than that of Fig. 8a because the three propagated
fractures in Fig. 8c are longer but thinner than those in
Fig. 8a. This result arises since the fractures in Fig. 8c are
isolated due to larger spacing.

Fig. 9 Example 2. Setup: a
parallel fractures and b
heterogeneous E values

a b



Comput Geosci (2018) 22:833–849 843

Fig. 10 Example 2. Evolution of
objective function values in the
heterogeneous medium: a
convergence of objective
function values and b objective
function values in variable space

3.2 Example 2: Maximization of fracture area
in a heterogeneous reservoir

In the computational domain � = (0m, 4m)2, we set pre-
scribed parallel initial cracks with half lengths l0 = 0.2m as
described in Fig. 9a. The boundary conditions, initial mesh
generation, fixed stress iteration tolerance, variable vec-
tor, objective function, and mechanical parameters except
Young’s modulus are the same as in the previous Example
1. Figure 9b shows the spatial variation of Young’s mod-
ulus taking the value E ∈ [106 Pa, 108 Pa]. Note that a

bar-shaped zone (denoted by A in Fig. 9b) having the high-
est Young’s modulus is located in the upper middle region
of the domain.

Similar to Figs. 6a and 10a shows the convergence of
objective function values in the heterogeneous medium
during global optimization. All solutions following the
sixth generation converge on the global maximum, which
appears in the second generation. The objective value of
each variable vector is depicted in Fig. 10b. Because of
the heterogeneity of Young’s modulus, the contour lines of
Fig. 10b are irregular. The optimized fracture spacing (x1,

a b c

d e f

Fig. 11 Example 2. Fracture propagation of the optimal solution. Its fracture spacing (x1, x2) = (1.0m, 1.0625m) yields Vf = 0.0192650m2 in
the heterogeneous medium



844 Comput Geosci (2018) 22:833–849

a b c

Fig. 12 Example 3. Fractures of three non-optimal solutions at time
step n = 250 in the heterogeneous medium: a the fracture spac-
ing (x1, x2) = (0.5m, 0.5m) yields Vf = 0.0116455m2, b (x1,

x2) = (1.0m, 1.0m) yields Vf = 0.0182794m2, and c(x1, x2) =
(1.5m, 1.375m) yields Vf = 0.0189270m2

x2) = (1.0m, 1.0625m) yields after 140 evaluations, the
largest hydraulic fractured total area Vf = 0.0192650m2.

Figure 11 illustrates the multiple parallel fracture
propagation of the optimal solution. Compared to Fig. 7,
Fig. 11 demonstrates that reservoir heterogeneity has a
significant influence on fracture propagation. Each fracture
tends to grow towards regions having lower Young’s
modulus by detouring regions having higher Young’s
modulus. It seems that the growth of the inner fracture to
the north is suppressed by the existence of the bar-shaped
zone with the highest Young’s modulus in the upper middle
region of the domain. The suppression is also observed
in the growth of the left outer fracture to the south of
the domain. Meanwhile, the bent inner fracture propagated
to the southeast hinders the growth of the right outer
fracture to the south. Fracture propagation results of three
non-optimal solutions at the last time step n = 250 are
illustrated in Fig. 12. Compared to Figs. 11f, 12b, and 12c,
Fig. 12a having the closest perforating spacing deteriorates
the fracture propagation due to the stress-shadowing effects.
Figure 12c yields a similar Vf to the optimal solution.

Distinguishing the stress-shadowing effect from hetero-
geneity of reservoir properties remains a challenging issue.
Clearly, heterogeneity would have the greatest impact on
the performance of fracturing design. Nevertheless, it is
necessary to consider the stress-shadowing effect is to be
considered carefully for estimating a propagation path of
each hydraulic fracture in heterogeneous media if operating
parameters are to be determined.

3.3 Example 3: History matching

This example solves a minimization problem to explore the
global minimum having the smallest discrepancy between
actual (reference) and simulated areas of fractures. The
actual areas of fractures were computed using the simulation

results of the reference field model shown in Fig. 13. As
shown in Example 1, three parallel fractures are positioned
in the computational domain � = (0m, 4m)2. All the other
numerical and physical parameters are identical to those
of Example 1, with an exception that a rectangle region
([2.0m, 3.5m]× [2.5m, 3.0m]) of which Young’s modulus
is largest.

The variable vector � of this minimization problem in
Eq. 31 is set as

� = {x1,b, x2,b, y1,b, y2,b, Ein, Eout }, (33)

where x1,b is x-coordinate of the bottom-left corner of the
bar, x2,b is x-coordinate of the upper-right corner of the
bar, y1,b is y-coordinate of the bottom-left corner of the
bar, y2,b is y-coordinate of the upper-right corner of the
bar, Ein is Young’s modulus of inside the bar, and Eout is
Young’s modulus of outside the bar. The bottom-left corner

Fig. 13 Example 3. Propagated fractures at time step n = 250 with
heterogeneous E values of the reference model
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Fig. 14 Example 3. Illustrates the numerical results for selected generations (Gen=1,2,4, and 7) and experiments (Exp.). Each row indicates
different generations. We observe a convergence of the solution to the reference model
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Fig. 15 Example 3. Evolution of
objective function values for the
history-matching problem: a the
optimal solution and b
convergence of objective
function values

of the domain is taken to be the origin of the domain. The
range of each variable is as follows: x1,b, x2,b ∈ [0m, 4m];
y1,b, y2,b ∈ [0m, 4m]; Ein ∈ [106 Pa, 1010 Pa]; and
Eout ∈ [107 Pa, 109 Pa]. We intentionally made genetic
algorithm more difficult to converge by giving a wide range
for Young’s modulus.

The objective function for this example is the absolute
average percent error derived from the form of Eq. 31 as

arg min
�∈RN

f (�) = arg min
�∈R6

1

Nobs

Nobs∑
i=1

|V
ref
f,i − Vf,i

V
ref
f,i

|×100(%), (34)

where V
ref
f is the fracture area of the reference solution that

corresponds to dobs in Eq. 31 and Nobs is the number of
observations. In this example, Nobs = 1 as V

ref
f measured

at the last time step is the only observation data used to
calculate the objective function.

Operating parameters of hydraulic fracturing are fixed
in all phase field runs: the number of fractures is three,
injection rate is constant at each fracture interval, and
fracture spacing between the inner fracture and each outer
fracture is constant 1m. At the last time step n = 250, the
reference model yields the total area of fractures V

ref
f =

0.00974681m2, which results from x1,b = 2.0m, x2,b =
3.5m, y1,b = 2.5m, y2,b = 3.0m, Ein = 1010 Pa, and
Eout = 108 Pa. Because the Example 3 set up the single bar,
it might be reasonable if the solution set converges not only
the reference solution but also the following three solutions:
(x1,b, y1,b) = (0.5m, 2.0m), (x2,b, y2,b) = (2.5m, 3.0m);
(x1,b, y1,b) = (2.0m, 3.5m), (x2,b, y2,b) = (1.0m, 1.5m); and
(x1,b, y1,b) = (0.5m, 2.0m), (x2,b, y2,b) = (1.0m, 1.5m).

Figure 14 illustrates the numerical results for selected
generations and experiments. Each generation had 20
experiments and 10 generations were tested. Since no
conditions between Ein and Eout were provided, we
observed some cases with Ein < Eout that yielded

unfavorable simulation results during earlier generations.
After the fourth generation, it seems that most experiments
get closer to the reference solution in terms of the position
of the bar.

As a consequence, Fig. 15a provides the optimized
solution similar to the reference solution shown in Fig. 13.
The derived fractures are somewhat symmetric despite
the existence of the single bar with the high Young’s
modulus on the upper part of the domain, but the degree
of fracture asymmetry depends on the characteristics of
the bar (e.g., size and position). We expect a larger bar
enhances the asymmetry more remarkably as seen in
Fig. 14d. Also, that kind of asymmetric fractures can be
more pronounced if increasing the injection time step . The
variance of each variable decreased during the generational
process. Interestingly, the thickness of the block y2,b − y1,b
was a less crucial factor to the performance of genetic
algorithm because the phase field model did not allow
fractures to penetrate the bar under the given operating
condition. Note that the fracture growth mechanisms in
a complex sedimentary basin are dominated by not only
heterogeneities of reservoir properties such as material
property contrast but also the operating condition [16]. A
higher fluid injection rate that can grow fractures with
penetrating the bar would reduce the uncertainty related to
the thickness of the block by providing more information
beyond the bar.

Figure 15b shows the stable decrease in the objec-
tive function values from the first to the seventh genera-
tions. As most experiments were assimilated in the seventh
generation, the results from the eighth to the tenth gen-
erations are omitted in this figure. Notwithstanding the
small positive absolute average percent error, it seems that
all solutions arrive near the global minimum (i.e., ref-
erence model) in the seventh generation. Note that this
six-dimensional problem requires more expensive compu-
tational costs for achieving the convergence towards the
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global optimal solution than the two-dimensional problem
described in Examples 1 and 2. Employing faster inverse algo-
rithms [8] or coupling a surrogate model with the forward
model [51] would contribute to saving computational costs
for solving more high-dimensional complex problems. It is
also anticipated that reflecting reservoir uncertainty on the
parameters adjusted in these examples would deliver more
realistic outcomes in future works.

4 Conclusions

This work integrated the phase field fracture propagation
model with an optimization tool (UT-OPT) for accom-
plishing optimal hydraulic fracturing design at unconven-
tional shale oil or gas reservoirs. Genetic algorithm imple-
mented in UT-OPT adjusted fracture intervals for three-
stage hydraulic fracturing problems with a single well in
a heterogeneous porous media. The operating parameters
derived from GA were assigned to the phase field model
that estimated the volume (area) of propagated fractures as
a performance indicator of hydraulic fracturing. This indi-
cator will be replaced with oil production or net present
value after completing the integration of the phase field
fracture propagation model with a reservoir simulator. The
optimization process was iterated until no further improve-
ments in the objective function were achieved or when
the maximum number of iteration was reached. Computa-
tional effects of heterogeneity and stress-shadowing effects
due to fracture spacing were analyzed with applications to
both homogeneous and heterogeneous media. All numeri-
cal simulations herein were executed concurrently using a
high-performance parallel computing for reducing the com-
putational cost. These results illustrate the capabilities of
this integrated algorithm to further apply for more realis-
tic scenarios in petroleum engineering. Coupling the phase
field fracture algorithms to the field-scale reservoir simu-
lator, which will enable employing production rate as the
objective function, is our ongoing work.
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