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ABSTRACT. Let R be a real closed field and D C R an ordered do-
main. We give an algorithm that takes as input a polynomial @ C
D[X1,..., Xk], and computes a description of a roadmap of the set of ze-
ros, Zer(Q, Rk), of Q in R®. The complexity of the algorithm, measured
by the number of arithmetic operations in the domain D, is bounded
by d°*VF)  where d = deg(Q) > 2. As a consequence, there exist
algorithms for computing the number of semi-algebraically connected
components of a real algebraic set, Zer(Q, R’“)7 whose complexity is also

bounded by do(k‘/m, where d = deg(Q) > 2. The best previously known

algorithm for constructing a roadmap of a real algebraic subset of R*
2

defined by a polynomial of degree d had complexity d°*).

1. INTRODUCTION

The problem of designing efficient algorithms for deciding whether two
points belong to the same semi-algebraically connected component of a semi-
algebraic set, as well as counting the number of semi-algebraically connected
components of a given semi-algebraic set S C R* where R is a real closed
field (for example the field of real numbers), is a very important problem in
algorithmic semi-algebraic geometry.

The first algorithm for solving this problem [12] was based on the tech-
nique of cylindrical algebraic decomposition [7, 2], and consequently had
doubly exponential complexity.

Algorithms with singly exponential complexity were given later in a series
of papers [5, 6, 10, 11, 1].

They are all based on a geometric idea introduced by Canny, the construc-
tion of an one-dimensional semi-algebraic subset of the given semi-algebraic
set S, called a roadmap of S, which has the property that it is non-empty
and semi-algebraically connected inside every semi-algebraically connected
component of S.
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In the papers mentioned above, the construction of a roadmap of a semi-
algebraic set S depends on recursive calls to itself on several (in fact, singly
exponentially many) (k — 1) dimensional slices of S, each obtained by fixing
the first coordinate. For constructing the roadmap of a real algebraic variety
defined by a polynomial @ C R[X}, ..., X] with deg(Q) < d, this technique
gave an algorithm with complexity dO**) . The exponent in the complexity,
O(k?), is due to the fact that the depth of the recursion in these algorithms
could be as large as k. This exponent is not satisfactory since the total
number of semi-algebraically connected components is (O(d))* and so there
is room for trying to improve it. However, this has turned out to be a rather
difficult problem with no progress till very recently.

A new construction for computing roadmaps, with an improved recursive
scheme of baby step - giant step type, has been proposed, and applied suc-
cessfully in the case of smooth real algebraic hypersurfaces in [9]. In this
new recursive scheme, the dimension drops by vk in each recursive call. As
a result, the depth of the recursive calls in this new algorithm is at most v/k,
and consequently the algorithm has a complexity of dOUVE)  The proof of
correctness of the algorithm in [9] depends on certain results from commuta-
tive algebra and complex algebraic geometry, in order to prove smoothness
of polar varieties corresponding to generic projections of a non-singular hy-
persurface. Choosing generic coordinates in the algorithm is necessary since
the non-singularity of polar varieties does not hold for all projections, but
only for a Zariski-dense set of projections. This is an important restriction,
since there is no known method for making such a choice of generic coordi-
nates deterministically within this improved complexity bound. As a result,
the authors obtain a randomized (rather than a deterministic) algorithm for
computing roadmaps: there might be cases where the algorithm terminates
and gives a wrong result.

In contrast to these techniques which depend on complex algebraic ge-
ometry, the algorithm for constructing roadmaps described in [2] depend
mostly on arguments which are semi-algebraic in nature. The greater flexi-
bility of semi-algebraic geometry (as opposed to complex geometry) makes
it possible to avoid genericity requirements for coordinates. More precisely,
we apply the technique used in [2] to make an infinitesimal deformation
of the given variety so that the original coordinates are good. Since the
infinitesimal deformation uses only one infinitesimal, it does not affect the
asymptotic complexity class of the algorithm.

The goal of this paper is to obtain a deterministic algorithm for computing
the roadmap of a general algebraic set, combining a baby step - giant step
recursive scheme similar to that used in [9] and extending techniques coming
from [2].

We start by recalling the precise definition of what is meant by a roadmap.
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Definition 1.1. Let S € RF be a semi-algebraic set. A roadmap for S is
a semi-algebraic set RM(S) of dimension at most one contained in S which
satisfies the following roadmap conditions:
(1) RM; For every semi-algebraically connected component C of S, C'N
RM(S) is semi-algebraically connected.
(2) RMy For every z € R and for every semi-algebraically connected
component D of S, DNRM(S) # (), where we denote by S, the set
SN ﬂl_l(x) for x € R, and 71 : R¥ — R the projection map onto the
first coordinate.
Let M C R” be a finite set of points. A roadmap for (S, M) is a semi-
algebraic set RM(S, M) such that RM(S, M) is a roadmap of S and M C
RM(S, M).

The main result of the paper is the following theorem. The notion of real
univariate representations used in the following statements is explained in
Section 4.

Theorem 1.2. Let Z C R be an algebraic set defined as the set of zeros of
a polynomial of degree at most d > 2 in k variables with coefficients in an
ordered domain D contained in a real closed field R.
a) There exists an algorithm for constructing a roadmap for Z wusing
dOWVE) grithmetic operations in D.
b) Moreover, there exists an algorithm that given a finite set of points
Mo C Z, with cardinality §, and described by real univariate repre-
sentations of degree at most d°®), constructs a roadmap for (Z, M)

using SOM GORVE) grithmetic operations in D.
The following corollary is an immediate consequence of b).

Corollary 1.3. Let Z C R* be an algebraic set defined as the set of zeros
of a polynomial of degree at most d > 2 in k variables with coefficients in
an ordered domain D contained in a real closed field R.

a) There exists an algorithm for counting the number of semi-algebraically
connected components of Z which uses dO®VE) grithmetic operations
i D.

b) There exists an algorithm for deciding whether two given points, de-
seribed by real univariate representations of degree at most d°*) be-
long to the same semi-algebraically connected component of Z which
uses dAO*VE) grithmetic operations in D.

Remark 1.4. We can always suppose without loss of generality that the zero
set of a family of polynomials of degree at most d is defined by one single
polynomial of degree at most 2d by replacing the input polynomials by their
sum of squares.

Remark 1.5. Even if the input is a polynomial with coefficients in the field of
real numbers, the deformation techniques by infinitesimal elements we use
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make it necessary to perform computations on polynomials with coefficients
in some non-archimedean real closed field. This is the reason why general
real closed fields provide a natural framework for our work.

2. OUTLINE

We outline below the classical construction of a roadmap RM(Zer(Q, R¥))
for a bounded algebraic set Zer(Q, R¥), defined as the zero set of a polyno-
mial @Q inside R¥. The geometric ideas yielding this construction are due
to Canny. The description below is similar to the one in [2, Chapter 15,
Section 15.2].

A key ingredient of the algorithm is the construction of a particular finite
set of points intersecting every semi-algebraically connected component of
Zer(Q,R¥). In the case of a bounded and non-singular real algebraic set
in R* (in the generic case), these points are nothing but the set of critical
points of the projection to the X;-coordinate on Zer(Q, RF ). In more general
situations, the points we consider are called X;-pseudo-critical points, since
they are obtained as limits of the critical points of the projection to the
Xj-coordinate of a bounded nonsingular algebraic hypersurface defined by a
particular infinitesimal deformation of the polynomial . Their projections
on the Xj-axis are called pseudo-critical values.

We first construct the “silhouette” which is the set of Xs-pseudo-critical
points on Zer(Q, R¥) along the X1-axis by following continuously, as x varies
on the Xj-axis, the Xo-pseudo-critical points on Zer(Q,R¥),. This results
in curves and their endpoints on Zer(Q,RF). The curves are continuous
semi-algebraic curves parametrized by open intervals on the X;-axis and
their endpoints are points of Zer(Q, R¥) above the corresponding endpoints
of the open intervals. Since these curves and their endpoints include for
every x € R the Xyp-pseudo-critical points of Zer(Q,R¥),, they meet every
semi-algebraically connected component of Zer(Q,R¥),. Thus, the set of
curves and their endpoints, already satisfy RMs. However, it is clear that
this set might not be semi-algebraically connected in a semi-algebraically
connected component and so RM; might not be satisfied.

In order to ensure property RM; we need to add more curves to the
roadmap. For this purpose, we define the set of distinguished values D as
the union of the Xj-pseudo-critical values, and the first coordinates of the
endpoints of the curves described in the previous paragraph. A distinguished
hyperplane is an hyperplane defined by X7 = v, where v is a distinguished
value. The input points, the endpoints of the curves, and the intersections of
the curves with the distinguished hyperplanes define the set of distinguished
points, M.

Let the distinguished values be v; < ... < vy. Note that amongst these
are the X1-pseudo-critical values. Above each interval (v;, v;4+1) we have con-
structed a collection of curves C; meeting every semi-algebraically connected
component of Zer(Q,R¥), for every v € (v;,v;+1). Above each distinguished
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value v; we have a set of distinguished points A;. Each curve in C; has an
endpoint in N; and another in N; 1. Moreover, the union of the N; contains
N. We denote by C the union of the C;.

The following key connectivity result is proved in [3, Lemma 15.9].

Proposition 2.1. Let R = C U Zer(Q,R¥)p. If P is a semi-algebraically
connected component of Zer(Q,RF), then R N P is semi-algebraically con-
nected.

Thus, in order to construct a roadmap of Zer(Q,RF) it suffices to re-
peat the same construction in each distinguished hyperplane H; defined by
X1 = v; with input Q(v;, Xa,..., Xx) and the distinguished points in M,,
by making recursive calls to the algorithm. The following proposition is
proved in [2, Proposition 15.7].

Proposition 2.2. The semi-algebraic set RM(Zer(Q,R¥), M) obtained by
this construction is a roadmap for Zer(Q,RF) containing M.

To summarize, classical roadmap algorithms based on Canny’s construc-
tion proceed by first considering the “silhouette”, consisting of curves in the
Xj-direction, and then making recursive calls to the same algorithm at cer-
tain hyperplane sections of Zer(Q, R¥), so that the dimension of the ambient
space drops by 1 at each recursive call.

The main difference between classical roadmap algorithms and the algo-
rithms described in [9] and in the current paper is that instead of considering
curves in the Xj-direction and making recursive calls to the same algorithm
at certain hyperplane sections of Zer(Q, Rk) corresponding to special values
of X1, so that the dimension of the ambient space drops by 1, we consider
a p-dimensional subset W of Zer(Q,Rk) where 1 < p < k, and make re-
cursive calls at certain (k — p)-dimensional fibers of Zer(Q, R¥), so that the
dimension of the ambient space drops by p.

The main topological result, generalizing Proposition 2.1, is that the semi-
algebraic set which is the union of W and these fibers is semi-algebraically
connected. This is proved in Section 3, in a special case. Thus, in order
to produce a roadmap of Zer(Q,R*) it suffices to compute a roadmap of
W passing through an appropriate set of points, and the roadmap of the
corresponding fibers in a (k — p)-dimensional ambient space, using recursive
calls.

The fact that in the new algorithm we are fixing a whole block of p
variables at a time necessitates introducing a new kind of algebraic repre-
sentation which we call “real block representation”. This notion is defined
in Section 4, where we also explain how to represent curves.

In Section 5, the roadmap of W is computed by an algorithm directly
adapted from [2, Algorithm 15.3] which makes use of the fact that W is
low dimensional, in a special case. The general case, requiring the use of a
deformation technique and a limit process, is described in Section 6.
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Finally, we obtain in Section 7 a baby step - giant step roadmap algorithm
for a general algebraic set. We prove its correctness, as well as the improved
complexity bound.

The algorithm for computing efficiently limits of curve segments is quite
technical. Since, this technicality can obscure the ideas behind the main
algorithm, for the sake of readability we have postponed the details behind
taking limits of curves to a separate section (Section 8).

Throughout the paper, we use as a basic reference [2]. We cite [3] instead
when the precise statements needed in the paper are not included in [2].

3. CONNECTIVITY RESULTS

In this section we prove a topological result about connectivity which will
be used in proving the correctness of our algorithm later. The statement
of the result, as well as the main ideas of the proof, is influenced by [9,
Theorem 14]. It is a direct generalization of Proposition 2.1 to the case of
projection onto more than one variable.

We denote by R a real closed field.

Notation 3.1. For 1 < ¢ < p < k, we denote by m,, : R* — RP™"! the

projection

q,p]

(1, ... xk) — (Tgy .., Tp)-
In case p = ¢ we will denote by m, the projection 7, . For 1 < ¢ <p <k,
we denote by ) : R* = R¥F — RP~ the projection

(1, 2k) = (Tgh1s-- -, Tp).

For any semi-algebraic subset S C R¥, and T C RP, we denote by Sy the
semi-algebraic set F[_llp} ()N S, and Sy rather than Sy, for y € RP. We

also denote S<, and S<, rather than S(_ 4) and S(_ 4, for a € R.

We denote as before by Zer(Q,RF) the algebraic set of zeros of a poly-
nomial Q € R[X7,...,X}] inside R*¥. Note that this does not imply that
the dimension of Zer(Q,RF) is k — 1. In fact, over any real closed field,
algebraic sets defined by one equation coincide with general algebraic sets
since replacing several equations by their sum of squares does not modify
the zero set. A (Q-singular point is a point x such that

Qx) = 88;21(96) =...= Ei)i(m) =0.

Note that this is an algebraic property related to the equation @ rather than

a geometric property of the underlying set Zer(Q,R¥): two equations can

define the same algebraic set but have a different set of singular points.
Similarly a Q-critical point of 7 is a point = such that

0 0
Q) = i - 2

—a—XZ(:E):-'-—a—Xk(x):O
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To simplify notations, when there will be no ambiguity on @), we will simply
refer to singular/critical points.

In this paper, we will be using constantly the notion of semi-algebraically
connected components of a semi-algebraic set [2, Section 5.2]. Note that, in
particular, a semi-algebraically connected component is always non-empty
by definition [3, Theorem 5.21].

Property 3.2. We now consider a tuple

(V,p, W, (Mi)1<i<2, (Di)1<i<2)
with the following properties

(1) V C R¥ is the union of certain bounded semi-algebraically connected
components of an algebraic set Zer(Q,R¥) ¢ R¥, such that the Q-
singular points of V', as well as the Q-critical points of the map 7
on V form the finite set My C V, and Dy = m1(M;);

(2) W C V is a closed semi-algebraic set of dimension p, 1 < p < k, such
that for each y € RP, W, is a finite set of points having non-empty
intersection with every semi-algebraically connected component of
Vs

(3) My C V is afinite subset such that the intersection of My with every
semi-algebraically connected component of W, is non-empty, for a €
Dy = m1(Maz). Moreover for every interval [a,b] and ¢ € [a, b] with
{c} D Dan]a,b], if D is a semi-algebraically connected component of
W4}, then D is a semi-algebraically connected component of W..

A tuple
(V,p, W, (Mi)1<i<a, (Di)1<i<2)
satisfies Property 3.2 if it satisfies the above properties (1) to (3).

We state now the main result of this section. It generalizes Proposition
2.1 as well as [9, Theorem 14], in the special case of Property 3.2.

Proposition 3.3. Let
(Vop, W, (Mi)1<i<2, (Di)1<i<2)
satisfy Property 3.2,
N1 = T ) (M), N2 = 7 (M),
and
S =W UVNUN,-

For every semi-algebraically connected component C' of V, C' NS is non-
empty and semi-algebraically connected.

Remark 3.4. In order to understand the situation, the following example of
a tuple satisfying Property 3.2 can be useful
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(1) the torus V' C R? defined as the set of zeros of the equation

12X2 + 5X3
13

([4], page 40, figure 2.5), the four critical points M; C V, of the
map 7 restricted to V and Dy = m1(M;);
(2) the silhouette W C V defined by
oQ
= — O'
Q 8X3 ’
(3) the six critical values Dy C R of the map m; restricted to the sil-
houette W, and the intersection My of the corresponding six fibers
with the silhouette W.

The tuple

2
Q:36(X12+< ) — (X2 4+ X3+ X2 +8)%,

(V, 1, W, (M;)i<i<2, (Di)1<i<2)

satisfies Property 3.2.
Finally, S is the union of the silhouette and the intersection of the torus
with the six curves which are the fibers of V' at the distinguished values Ds.

The end of this section is devoted to prove Proposition 3.3. We need pre-
liminaries about non-archimedean extensions of the base real closed field R.

Remark 3.5. A typical non-archimedean extension of R is the field R{e)
of algebraic Puiseux series with coefficients in R, which coincide with the
germs of semi-algebraic continuous functions (see [2, Chapter 2, Section 6
and Chapter 3, Section 3]). An element x € R(e) is bounded over R if |z| < r
for some 0 < r € R. The subring R(e); of elements of R(e) bounded over
R consists of the Puiseux series with non-negative exponents. We denote
by lim. the ring homomorphism from R(e); to R which maps } ;. e’
to ag. So, the mapping lim. simply replaces € by 0 in a bounded Puiseux
series. Given S C R{e)*, we denote by lim.(S) C R* the image by lim. of
the elements of S whose coordinates are bounded over R.

More generally, let R’ be a real closed field extension of R. If S € R¥ is a
semi-algebraic set, defined by a boolean formula ® with coefficients in R, we
denote by Ext(S,R’) the extension of S to R/, i.e. the semi-algebraic subset
of R’F defined by ®. The first property of Ext(S, R’) is that it is well defined,
i.e. independent on the formula ® describing S [2, Proposition 2.87]. Many
properties of S can be transferred to Ext(S, R’): for example S is non-empty
if and only if Ext(S,R’) is non-empty, S is semi-algebraically connected if
and only if Ext(S,R’) is semi-algebraically connected [2, Proposition 5.24].

Moreover, if Property 3.2 (2) holds for V,W, i.e. for every y € RP,
W, is a finite set of points having non-empty intersection with every semi-
algebraically connected component of V,, then Property 3.2 (2) holds for
Ext(V,R), Ext(W,R/), i.e for each ' € R, Ext(W,R'), is a finite set
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of points having non-empty intersection with every semi-algebraically con-
nected component of Ext(V,R’),,. Indeed, by Hardt’s semi-algebraic trivial-
ity theorem [2, Theorem 5.45], one can find a finite partition of R? in semi-
algebraic sets T;, ¢ = 1,...,r, a finite partition of V7, into semi-algebraic
sets S; ; and an integer n; > 0 such that S;; is semi-algebraically home-
omorphic to T; x (S; )y, for some y; € T;, and for all y € Tj, the semi-
algebraically connected components of V,, are (5; ), and W, has n; points.
By Tarski-Seidenberg’s transfer principle [2, Theorem 2.80], Ext(S; ;,R’) is
semi-algebraically homeomorphic to Ext(T;, R’) x Ext(S; ;,R’),,, and for all
y' € R'P, there exists i such that ' € Ext(T;,R’), the sets Ext(S; j, R’),s are
the semi-algebraically connected components of Ext(V,R’),, and the inter-
section of Ext(W,R),, and Ext(S; ;,R’),, has exactly n; points.

We now prove a few preliminary results about V' defined as the union
of certain bounded semi-algebraically connected components of an algebraic
set Zer(Q, R¥) c R¥, supposing that the set M of points which are singular
points or critical points of m; on Zer(Q,R*) inside V is finite.

In this paper a semi-algebraic path is a semi-algebraic continuous func-
tion v from a closed interval [a,b] C R to R¥. Note that a semi-algebraic
set is semi-algebraically connected if and only it is semi-algebraically path
connected [2, Theorem 5.23].

Lemma 3.6. Suppose that b & D1 = w1 (My). Let C be a semi-algebraically
connected component of V<p,. If a < b and (a,b] N Dy is empty, then C<q is
semi-algebraically connected.

Proof. Let x and y be two points of C<, and 7 : [0,1] — C be a semi-
algebraic path connecting x to y inside C. We want to prove that there is a
semi-algebraic path connecting x to y inside C<,,.

If Im(v) C C<, there is nothing to prove.

If Im(v) ¢ C<a,

Je € RVa < d < cIm(y)NZer(Q)q # 0.

Let € be a positive infinitesimal. Then

Ext(7([0,1]), R(e)) N Zer(Q, R{e)*are # 0

using [2, Proposition 3.17] . Since

{u€[0,1] € R{e) | Ext(v, R(e))(u) € Zer(Q, R{e)") <ase}
and

{u € [0.1] C R(e) | Ext(v,R(e))(u) € Zer(Q, R{e)*)jase )}
are semi-algebraic subsets of [0,1] C R{(e) there exists by [2, Corollary
2.79] a finite partition B of [0,1] C R(e) such that for each open inter-
val (u,v) of B, Ext(y,R(e))(u,v) is either contained in Zer(Q, R{e)*)-qc,
or in Zer(Q,R(e)")[g1c,), With v(u) and v(v) in Cqye.

If Ext(v,R(e))(u, v) is contained in Zer(Q, R(s)k)[a%,b}, we can replace

by a semi-algebraic path ’yfmb] connecting y(u) to y(v) inside Cy1.. Note that
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there is no Q-critical point of 71 in Ext(V, R(€))[a4e,5) and Ext(V, R(€))[a+e ]
contains no (-singular point by [2, Proposition 3.17] while Ext(V,R(e)) C
Zer(Q,R{e)*) by [2, Proposition 2.87] .

By [3, Proposition 15.1 b] if D is a semi-algebraically connected compo-
nent of Ext(V,R(€)){a+e)> Date is a semi-algebraically connected compo-
nent of Ext(V,R(e))q+e-

Construct a semi-algebraic path 4 from z to 2’ inside C<44., obtained by
concatenating pieces of ~ inside Zer(Q, R(€)*) <44 and the paths VEu ») con-

necting y(u) to y(v) for (u, v) such that Ext(vy, R(e))(u,v) C Ext(V,R(€))asep)-
Note that such a semi-algebraically connected path +' is closed and bounded.
Applying [2, Proposition 12.43], lim.(7/([0,1])) is semi-algebraically con-
nected, contains z and 2’ and is contained in lim.(C<q4.) = C<4. This is
enough to prove the lemma. ([

We continue to suppose that M is finite.

Lemma 3.7. Let C' be a semi-algebraically connected component of V<y, .
such that C NV, is not empty.

(1) If dim(C) =0, C is a point contained in M.
(2) If dim(C) # 0, C<p is non-empty. Let By,..., B, be the semi-
algebraically connected components of Cy. Then,
(a) for eachi,1 <i<wr, BN M #0;
(b) if there exist i,j,1 < i < j < r such that B; N\ Bj # 0, then
E N Fj C My;
(c) Ul_;B; = C, and hence U_, B; is semi-algebraically connected.

Proof. Part 1 follows immediately from [3, Proposition 7.3]. Let us prove
Part 2: since M is finite, there is a non-singular point z € C which is non-
critical for m on V. Let T,V denote the tangent space to V at z. So T,V
is not orthogonal to the X; axis, and the semi-algebraic implicit function
theorem [2, Theorem 3.25] implies that C'«} is non-empty.

Part 2) a) and 2 b) are immediate consequences of Proposition 7.3 in [3].

We prove 2) c). Clearly, Ul_;B; C C. Suppose that = € C \ U_;B;.
For r > 0 and small enough, Bi(z,7) N C<p = 0 (where By(z,r) is the k-
dimensional open ball of center x and radius r). Note that 71(x) = b, since
otherwise x belongs to C'.y, and thus to one of the B;’s.

Applying [3, Proposition 7.3], we deduce from the fact that By(x,r) N
Cop = Bi(x,7) <N C = P that x is either a Q-singular point, or a Q-critical
point of w1 on V. In other words = € Mj. But since by assumption M; is
finite, this implies that C'\U!_, B; is a finite set. Since C'is semi-algebraically
connected and of positive dimension, C'\ U;”:lE must be empty. [l

Notation 3.8. If S C R¥ is semi-algebraic set and = € S, then we denote
by C(S,x) the semi-algebraically connected component of S containing x.

We are now ready to prove Proposition 3.3.
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Proof of Proposition 3.3. For a in R, we say that property P(a) holds if: for
any semi-algebraically connected component C' of V<,, C' NS is non-empty
and semi-algebraically connected.

We prove that for all @ in R, P(a) holds; taking a > max,cy 71 (z) suffices
to prove the proposition since V' is bounded.

Let D = Dy UDy = w1 (M7 UMay) (see Property 3.2).

The proof uses two intermediate results:

Step 1: For every a € D, P(a) implies P(b) for all b € R with (a,b]ND = 0.
Step 2: For every b € D, if P(a) holds for all a < b, then P(b) holds.

Since for a < mingey m (), property P(a) holds vacuously, and the com-
bination of these two results gives by an easy induction P(a) for all a in R,
thereby proving the proposition.

We now prove the two steps.

Step 1. We suppose that a € D, P(a) holds, take b € R, a < b with
(a,b]ND = () and prove that P(b) holds. Let C be a semi-algebraically con-
nected component of V<;,. We have to prove that C'NS is semi-algebraically
connected.

Since (a,b] N D = (), it follows that (M), = 0, and C<, is a semi-
algebraically connected component of V<, using Lemma 3.6. So, using
property P(a), we see that C<, N'S is non-empty and semi-algebraically
connected.

If C<, NS =CNS, there is nothing to prove. Otherwise, let x € CNS
such that x ¢ C<,. We prove that = can be semi-algebraically connected to
a point in C<, N'S by a semi-algebraic path in C'N S, which is enough to
prove that C' NS is semi-algebraically connected.

Since 71 (z) € (a,b] and (a, b)) N D = 0, m(z) € D and = & Vi,un,. So,
from x € S, we get z € W. We note that C(W/,4), ) C C. By Property 3.2
(3) applied to C(W, 4, z) we have that a € m1(C(Wiq ), x)) and C(Wiq ), )a
is non-empty. Hence there exists a semi-algebraic path connecting = to a
point in C(Wi, ), ) inside C(Wi,p), 7). Since C(Wig4,7) C W C S and
C(Wiau), ) C C, if follows that C(W, 4, ) C CNS and we are done.

Step 2. We suppose that b € D, and P(a) holds for all a < b, and prove
that P(b) holds.

Let C be a semi-algebraically connected component of Vp. If Cp, = 0
there is nothing to prove. Suppose that C} is non-empty; we have to prove
that C'N S is semi-algebraically connected.

If dim(C) = 0, C is a point, belonging to M; C S by Lemma 3.7. So
C' NS is semi-algebraically connected.

Hence, we can assume that dim(C') > 0, so that Cp is non-empty by
Lemma 3.7.

Our aim is to prove that C NS is semi-algebraically connected. We do
this in two steps. We prove the following statements:

(a) If B is a semi-algebraically connected component of Cy, then BNS
is non-empty and semi-algebraically connected, and
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(b) and, using (a) C'N'S is semi-algebraically connected.

Proof of (a) We prove that if B is a semi-algebraically connected compo-
nent of V_;, then BN S is non-empty and semi-algebraically connected.
Since B contains a point of M; it follows that BN S is not empty.
Note that if BNS = BNS, then there exists a with

max({m(z) |z € BNS}) <a<b,

with BNS = (BNS)<, and B<, semi-algebraically connected using Lemma
3.6. So BN S is semi-algebraically connected since P(a) holds.

We now suppose that (B '\ B) NS is non-empty. Taking x € (B\ B)N S,
we are going to show that x can be connected to a point z in BNS by a
semi-algebraic path v inside B NS. Notice that 7 (z) = b.

We first prove that we can assume without loss of generality that x € W.
Otherwise, since z € S and § = W U V,un;,, we must have that x € V,
with y = 7 )(2), and V, C S. Let A = C(V, N B,z). We now prove
that AN W, # (. Using the curve section lemma choose a semi-algebraic
path v : [0,e] — Ext(B,R(e)) such that v(0) = z, lim.y(e) = = and
7((0,¢]) C Ext(B,R(e)). Let ye = mpy p)(7v(€)) and

Ae = C(Ext(B, R(e))y.,7(€))-

Note that x € lim. A, C A.

By Remark 3.5, Ext(B,R(e)) is a semi-algebraically connected compo-
nent of Ext(V.4, R(g)) which implies that A, is a semi-algebraically con-
nected component of Ext(V,R(e)),.. By Property 3.2 (2) and Remark 3.5,
Ext(W,R(e))y. N Az # (. Then, since Ext(W,R(e)),. N A. is bounded over
R, lim. (Ext(W,R(e)),. N A:) is a non-empty subset of W, N A.

Now connect z to a point in 2’ € W, by a semi-algebraic path whose
image is contained in A C B, C (B\ B)NS. Thus, replacing = by 2’ if
necessary we can assume that x € W as announced.

There are four cases, namely

(1) z € My UMoy;

(2) 2 &€ My UMs and C(Wy,z) ¢ B;

(3) * &€ My UMy, C(Wy,z) C B and b € Dy;

(4) © &€ M1 UMs, C(Wy,z) C B and b & Do;

that we consider now.

(1) z € My UMas:
Define y = 73 ,(x) € R?, and note that V,, C S. Since z € B,
and B is bounded, y € w3, (B) = 1, (B). Now let ¢ > 0 be
an infinitesimal. By applying the curve selection lemma to the
set B and x € B, and then projecting to R? using (1, We ob-
tain that there exists y. € R(e)? infinitesimally close to y with
m1(ye) < m1(y), and x € lim. Ext(V,R(e)),.. Let z. € Ext(V,R(e)),.
be such that 7y j(limz.) = z. Moreover, by Property 3.2 (2)
and Remark 3.5 we have that Ext(W,R(e)),. is non-empty and

€
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meets every semi-algebraically component of Ext(V,R(e)),.. Let
x. € Ext(W,R(e))y. NC(Ext(B,R(e))y.,xe), and &’ = mpy g (lim, 2).
Since mpy p)(lim z.) = x and lim. C(Ext(B,R(¢))y., ze) is semi-algebraic-

ally connected,

lignC(Ext(B, R(e))y., xe) C C(By, ).

Now choose a semi-algebraic path 71 connecting z to 2’ inside C(B,, x)
(and hence inside S since C(By,z) C V, C S), and a semi-algebraic
path ~2(g) joining 2’ to x. inside Ext(W,R(e)). The concatenation
of v1,72(¢) gives a semi-algebraic path v having the required prop-
erty, after replacing € in y2(¢) by a small enough positive element of
R.

(2) * & M1 UMs and C(Wy,,z) ¢ B:
There exists ' € C(Wp,z), 2’ ¢ B and a semi-algebraic path v :
[0,1] — C(Wp, ), with v(0) = x,v(1) = 2’. Since 2’ ¢ B, it follows
from Lemma 3.7 2) that for t; = max{0 <t < 1 | ~7(t) € B},
v(t1) € Mj. We can now connect x’ to a point in B NS by a
semi-algebraic path inside B NS using (1).

(3) * & My UMy, C(Wy,z) C B and b € Da:
Since b € Dy by Property 3.2 (2) there exists 2’ € C(Wp, z) N M.
Thus, there exists a semi-algebraic path connecting z to 2’ € M
with image contained in BNW C BNS. We can now connect 2’ to
a point in BN S by a semi-algebraic path inside BN S using (1).

(4) 2 &€ M1 UMy, CWy,x) C B and b & Dy:
Since b & Do, for all a < b such that [a,b] "Dy = 0, C(Wig ), 7)s =
C(Wy, z) and C(Wia ), 2)a 7 () by Property 3.2 (3). Let 2’ € C(Wigp), )a-
We can choose a semi-algebraic path v : [0,1] — C(Wq4), ) with
70) = z,9(1) = 2. Let t; = max{0 <t <1 | ~(t) € Wp}.
Then, either (1) € M; and we can connect y(¢;) to a point in
B NS by a semi-algebraic path inside B NS using (1). Otherwise,
by Lemma 3.7 (2 b), for all small enough r > 0, Bi(y(¢1),7) NCp is
non-empty and contained in B. Then, there exists ty € (¢1, 1] such
that y(t2) € BNW C BNS, and the semi-algebraic path 7| ,]
gives us the required path in this case.

Taking = and 2’ in BN S, they can be connected to points z and 2’ in
BN S by semi-algebraic path v and ' inside B NS such that, without loss
of generality, m1(2) = m1(2’)) = a. Using P(a), we conclude that P(b) holds.
Proof of (b) We have to prove that C'N'S is semi-algebraically connected.

Let z and 2’ be in C N'S. We prove that it is possible to connect them
by a semi-algebraic path inside C N S.

Since we suppose that dim(C) > 0, C; is non-empty by Lemma 3.7 (2).
Using Lemma 3.7 (2.c), let B; (resp. Bj) be a semi-algebraically connected
component of Cy, such that x € B; (resp. 2’ € B;).
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If i = j, x and 2’ both lie in B; NS which is semi-algebraically connected
by (a). Hence, they can be connected by a semi-algebraically connected
pathin B;NScCNS.

So let us suppose that i # j. Note that:

e by Lemma 3.7 (2.a), B; N M; and B; N M; are not empty,

e by (a) BiNS and B; NS are semi-algebraically connected,

e by definition of S, M; C S.
Then, one can connect z (resp. z’) to a point in B; N M; (resp. B; NMjy).
This shows that one can suppose without loss of generality that € B;N M/
and 2’ € B; N M;.

Let v : [0,1] — C be a semi-algebraic path that connects x to 2, and let
G=~1CNM)and H=1[0,1]\G.

Since M is finite, we can assume without loss of generality that G is a
finite set of points, and H is a union of a finite number of open intervals.

Since v(G) € M; C S, it suffices to prove that if ¢ and ¢’ are the end
points of an interval in H, then 7(t) and ~(¢') are connected by a semi-
algebraic path inside C'NS.

Notice that ((t,t')) N M; = 0, so that v(¢) and v(¢’) belong to the same
By by Lemma 3.7 2 b). Recall now that «(¢) and ~(t') both lie in B,NS
and that By NS is semi-algebraically connected by (a). Consequently, ~(t)
and (t') can be connected by a semi-algebraic path in B,NS c CNS. O

We are going to need the following corollary.
Corollary 3.9. Let
(Vop, W, (Mi)1<ica, (Di)1<ica)
satisfy Property 3.2,
N1 = ) (M), Ny = 77y (Ma),

and N C RP a finite set containing N1 U Ns. For every semi-algebraically
connected component C of V,

CN(WUWy)
is non-empty and semi-algebraically connected.

Proof. Follows immediately from Proposition 3.3 and Property 3.2 b). O

4. BLOCK REPRESENTATIONS AND CURVE SEGMENTS

We denote by D an ordered domain contained in a real closed field R and
by C the algebraically closed field R[i]. All the polynomials in the input and
output of our algorithms have coefficients in D and the complexity of our
algorithms is measured by the number of arithmetic operations (addition,
multiplication, sign determination) in D.

In this section, we first define certain representations of points, as well as
semi-algebraic curves, that are going to be used in the inputs and outputs of
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our algorithms. Several of these representations share the common property
that a certain initial number of coordinates are fixed by a triangular system
of equations, along with certain Thom encodings and the remaining coordi-
nates are defined by rational functions to be evaluated at a fixed real root
of another polynomial (see Definitions 4.1 and 4.8 below). The structure of
these representations reflect the recursive structure of our main algorithms
described in Section 7.

After defining these representations we recall the input, output and com-
plexity of a key algorithm, Algorithm 1(Curve Segments), which is described
in full detail in [3]. Algorithm 1 accepts as input a polynomial defining a
bounded real algebraic variety (with some coordinates fixed by a triangular
system as mentioned above), and outputs a semi-algebraic partition of the
first (non-fixed) coordinate, as well as descriptions of semi-algebraic curve
segments (as well as points) parametrized by this coordinate satisfying cer-
tain properties — which are key to the construction of the main roadmap
algorithm. Indeed, the curve segments appearing in the main roadmap al-
gorithm would be limits of the curve segments output by the various calls
to Algorithm 1.

We begin with a few definitions.

Definition 4.1. A Thom encoding f,o representing an element o € R
consists of
(1) a polynomial f € D[T] such that « is a root of f in R,
(2) a sign condition o on the set Der(f) of derivatives of f, such that o
is the sign condition satisfied by Der(f) at a.
Distinct roots of f in R correspond to distinct Thom encodings [2, Propo-
sition 2.28].
A real univariate representation g, 7, G representing x € R consists of
(1) a Thom encoding g, T representing (3 € R,
(2) G =(g0,91,---,9r) € D[T]*! where g and gg are co-prime and such

that
T = <gl(ﬁ),. ey gk(ﬂ)) e R¥.
90() 90(8)
4.1. Block representations. In our algorithms, we make recursive calls,
where we fix blocks of several coordinates. This makes necessary the follow-
ing rather technical definitions.

Definition 4.2. A triangular Thom encoding F = (fu,-- -, fim]), o Tepre-
senting t = (t1,...,tm) in R™ consists of
(1) a triangular system F = (fj1),- .-, fim)), i-e. fig € D[Th,...,T}] for
1 =1,...,m, such that the zero set of F in C" is finite;
(2) a list, 0 = (01,...,0m), where for i = 1,...,m, o; is the Thom
encoding of the root ¢; of fi;(t1,...,ti—1,T;).
A triangular Thom encoding is quasi-monic if the leading coefficient of fj;) €
D[Ty,...,T;] with respect to 7T; is a strictly positive element in D.
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Let P,@ be two polynomials in D[T] with D a domain, the pseudo-
remainder of P by () with respect to T is defined as

PsRemr(P, Q) = RemT(bg*qflP, Q)

where ¢ = degy(Q)) and the leading coefficient of () with respect to 7' is b,.
Note that, with
P =CQ + PsRemp(P, Q)
both C' and PsRemr (P, Q) have coefficients in D.
The pseudo-reduction modulo F associated to f € D[Th,...,T,,] is defined
as

(41) PsRed(f, f) = PSIZ{GHIT1 ( .. (PsReme (f, g[m})a .o .), gm)

The pseudo-reduction involves only coeflicients in the domain D since the
triangular Thom encoding is quasi-monic and pseudo-division is used. Note
that at the zeros of F the signs of f and PsRed(f,F) coincide.

Remark 4.3. If f € D[T1,...,T,,] is a polynomial of degree D, and d is a
bound on the degree of the f; with respect to each T;, the complexity of
computing PsRed(f, F) is (Dd)°(™) (see Section 8 Proposition 8.4)).

Definition 4.4. A real block representation F,o, L, F representing y € R
consists of
(1) a triangular Thom encoding F = (f}y),-- -, fjm]), 0 representing a
root t = (t1,...,ty,) of F in R™;
(2) a list of natural numbers L = (¢1,...,¢,,) such that
C=01+ -+l
(3) alist of polynomials F' = (Flyj, ..., Fj,,)), where
with fi(t1, ..., ti-1,T2), flqo(t1, - . ., ti—1,Ti) coprime (as polynomi-
als in T;), such that

y= (y[l]a 7y[m]) € RZ?

with
1,58 e (E1, ...t .
y[i]:<f[]1(1 >7-..,fm(1 )>,1§z§m.
fro(t1s ..o ti) frgo(t, - )
In case ¢4 =--- =¥, = p, then we will write
(4.2) L= [p™.

Notation 4.5 (Substituting a real block representation in a polynomial).
Let F, o, L, F be a real block representation representing y € R, and t € R™
represented by F,o.

Let

fin (T, ..., T) f[i]ﬁi(T17-~-7Ti)>

fi T?"'?E :< Yy
(T ) fio(T1, ..., Ti) fio(T1, ..., Th)
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Given @ € D[Xy,..., Xx] with £ < k, we define T' = (T1,...,T)), QF €
D[T7XK+17"'7X]€] by

(4.3) Qr = fo(T)Q (fuy(T1), -, fim)(T1, - -, Tin) s X1, -+, Xie)

where
Fo(T) =T fuo(Ty, ..., )",
=1

and e; is the smallest even number > deg X (Q), where X is the block of

variables X£1+"'+£i71+17 N 7X‘€1+"'+‘ei'
Note that

QF(t) Xf-i-l? cee 7Xk) = fO(t)Q(y> X€+17 cee 7Xk))
with fo(t) > 0.

Notation 4.6 (Substituting a real block representation in a parametrized
univariate representation). Let F, o, L, F' be as above and let

va = (90,9£+17 cee 7gk')7

be a parametrized univariate representation with g, g; € D[Xy,..., X, U],
where X1,..., X, are the parameters.

We denote by G the tuple (gor, ...,k F), where each g; p € D[T, U]
and is defined by

(4.4) gi,r = fo(D)gi (fr)(T0), - - -, fi)(T1, - Tn)s X1, - -+, Xi)

where
m
fO(T) = Hf[i]O(Tla s 7E)eia
i=1
and e; is the smallest number > max; degx, (g5)-

Definition 4.7. Let t € R™ be represented by a triangular Thom encoding
F,o.
A Thom encoding g, T representing 3 over t consists of (using the same
notation as above)
(1) a polynomial g € D[T1,...,T,,,T] such that g(t,3) = 0,
(2) a sign condition 7 on Dery(g) such that 7 is the sign condition sat-
isfied by the set Derp(g(t,T)) at .
A real univariate representation representing x € R¥ over t, consists of
(1) a Thom encoding g, T representing 3 over ¢,
(2) G = (90, 91,.-..05) € DT, ..., Ton, U+ such that g(t, '), go(t, U)
are coprime, and such that

_ gl(t’ﬂ) gk(tvﬁ) k
x‘<%@ﬂy””%wm>€R‘
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A real univariate representation over t is quasi-monic if the leading monomial
of g with respect to U is in D.

A triangular Thom encoding representing z = (z1,...,2,) over t with
variables Y1, ...,Y, consists of

(1) a triangular system H = (hy,...,h,), with
hi € D[Tla"'aTm7§/17"'aYi]
for i = 1,...,r, such that the zero set of H(y, Z1,...,Z,) in C" is
finite;
(2) alist, p = (p1,...,pr), where for i = 1,...,r, p; is the Thom encod-
ing of the root z; of h;(t, z1,...,2-1,Y;).

4.2. Curve segments.

Definition 4.8. Let t € R™ be represented by a triangular Thom encoding
F,o. A curve segment with parameter X; overt on (a1, az) in RE,
f17017f27027g77—aG
is given by
(1) a1, a9 € R represented by Thom encodings f1,01 and fa, 09 over t;
(2) a parametrized univariate representation with parameter Xj, i.e.
g, G = (90>gla o 7gk‘)7
with ¢g; = Xjg0 and g, 9o, ..., g% in D[T1,..., T, X;, UJ;
(3) asign condition 7 on Dery(g) such that for every x; € (a1, an) there
exists a real root u(z;) of g(t,z;,U) with Thom encoding 7, and
go(t, zj,u(w;)) # 0.
The curve represented by f1,01, f2,092,9,7,G is the image of the smooth
injective semi-algebraic function v which maps a point x; of (a1, a2) to the
point of R¥ defined by

Yay) = (b)) 9T U
gO(taxjau(xj)) gg(t,ZL'],U(ZZ‘J))
Let Q € R[X1,...,X]. For 0 < ¢ < k and y € RY, we denote

def

(45) Q(y77) = Q(ylv"'vyf’Xf-‘rla"'7Xk)'
Remark 4.9. Abusing notation slightly, we will occasionally identify
Zer(Q(y, ), R**) c R
with
{y} x Zer(Q(y,—),R**) = Zer(Q,R*), C R,
and more generally, for a semi-algebraic set A C R¥, A, C R¥ with {z €
RETC| (y,2) € Ay}

We now recall the input, output and complexity of [3, Algorithm 15.2
(Curve segments)].
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ALGORITHM 1. [Curve Segments]

INpUT. (1) apoint ¢t € R™ represented by a triangular Thom encoding F, o;

(2) apolynomial P € D[T} ..., Ty, X1, ..., Xg] for which Zer(P(t, —), R¥)
is bounded;

(3) a finite set of points contained in Zer(P(t,—), R¥) represented
by real univariate representations U over t.

Moreover, all the polynomials describing the input are with coef-
ficients in D.

OuTpPUT. (1) Anordered list of points¢; < ... < cy of Rwithe¢;,i=1,...,N
represented by a Thom encoding g;, 7; over t. The ¢;’s are called
distinguished values.

(2) Foreveryi=1,...,N, a finite set of real univariate representa-
tions D; with parameter X; over t representing a finite number
of points, called distinguished points.

(3) For every i = 1,...,N — 1 a finite set of curve segments C;
defined on (¢;, ¢; 1) with parameter X1, over t. The represented
curves are called distinguished curves.

(4) For every i = 1,...,N — 1 a list of pairs of elements of C;
and D; (resp. Dj41) describing the adjacency relations between
distinguished curves and distinguished points.

The distinguished curves and points are contained in Zer(P(t, —), R¥).

The sets of distinguished values, distinguished curves, and dis-

tinguished points satisfy the following properties.

CS;. If ¢ € R is a distinguished value, the set of distinguished
points output intersect every semi-algebraically connected
component of Zer(P(t,c, —), RF1).

If ¢ € R is not distinguished, the set of distinguished
curves output intersect every semi-algebraically connected
component of Zer(P(t,c, —),R¥).

CSs. For each distinguished curve output over an interval with
endpoint a given distinguished value, there exists a distin-
guished point over this distinguished value which belongs
to the closure of the curve.

CoMPLEXITY. If d = degx(P) > 2, degp(P) = D, and the degree of the polyno-
mials in F and the number of elements of & are bounded by D, the
number of arithmetic operations in D is bounded by D) JO(mk),
Moreover, the degree in T; of the polynomials appearing in the out-
put is bounded by DdC®).

5. LOW DIMENSIONAL ROADMAP IN A SPECIAL CASE

In this section we describe an algorithm for computing the roadmap of
a variety described by equations having a special structure. Although,
this algorithm is very similar to [2, Algorithm 15.3 (Bounded Algebraic
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Roadmap)], the complexity analysis differs because of the special structure

assumed for the input.
Let Q € R[X1,..., X}] and suppose that V = Zer(Q, R¥) is bounded.
For0</{<k, 0<p<k—¢ and y € R, we denote

c 0Q(y, —) 9Q(y, —)
5.1 Cr — d:f< ), VA ’ .
61 O )Y (Qw) et T
We assume that @) satisfies the following property.
Property 5.1. For every £,0 < ¢ < k, 0 < p < k— ¢, and y € RY, the
algebraic set

WP = Zer(Cry(Q(y, —)), R*™)
is of dimension p.

Remark 5.2. Note that for every y € Rf, z € R, Wy): = Wg/ 2)

finite number of points and intersects every semi-algebraically connected
component of V{, .y by [3, Proposition 7.4].

has a

Now suppose that @ satisfies Property 5.1. For every p,1 < p < k, and
y € RY, with £ + p < k we are going to define (Myi)i<i<2, (Dyi)i<i<2 SO
that the tuple

(Vys 2, WJ, (My,i)1<i<a, (Dy,i)1<i<2)
satisfies Property 3.2 using a slight abuse of notation (cf. Remark 4.9).

Definition 5.3. Let
(1) My = WZ? CVy,and Dy 1 = 7rg+1(W£);
(2) Dy2 C R the set pseudo-critical values (see [2, Definition 12.41]) of
Tep1 on Tepq ) (W) and My o a set of points such that for every

c € Dy, M intersects every semi-algebraically connected component
D of (W))e.

Note that by Property 5.1, W} is of dimension p (in particular, VVy0 is fi-
nite), and satisfies Property 3.2 2): for each z € R?, (W})), = W&’Z) is a finite
set of points having non-empty intersection with every semi-algebraically
connected component of V{, .y by Remark 5.2. Moreover, Zer(Q(y, —), RF)
is clearly bounded (since Zer(Q, R¥) is bounded), and the finite set M, 1 =
Wyo is the union of the Q(y, —)-singular points of Zer(Q(y, —), R¥=*) and the
Q(y, —)-critical points of the map my1; on V, = Zer(Q(y, —),RF=H). Thus,
My.1 and D, satisfies Property 3.2 1).

Note also that M, o satisfies Property 3.2 3). Indeed, the intersection of
M, 2 with every semi-algebraically connected component of (W}). is non-
empty, by [2, Proposition 12.42]. Moreover for every interval [a,b] and ¢ €
[a,b] such that [a,b] contains no point of D, 9, except maybe ¢, and for
every semi-algebraically connected component D of Wyryjaps Diye) 18 a
semi-algebraically connected component of (W}),, by [2, Proposition 15.4].

So we have proved
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Proposition 5.4. If Q) satisfies Property 5.1, using the notation above,
(Vg 0, WP, (Myi)1<i<2, (Dyi)1<i<2)
satisfies Property 3.2.

We are going to describe below, in the special case where () satisfies
Property 5.1, an algorithm directly adapted from [2, Algorithm 15.3] for
computing a roadmap of certain subvarieties of Zer(Q,R*) of dimension
at most p : this is Algorithm 2 (Roadmap for Lower Dimensional Special
Algebraic Sets)

Remark 5.5. In all our algorithms, the roadmaps output are represented by
a finite number of real univariate representations and curve segments over a
point defined by a triangular Thom encoding (see Definitions 4.4, 4.7, and
4.8 above).

ALGORITHM 2. [Roadmap for Lower Dimensional Special Algebraic
Sets]
INPUT. (1) a polynomial @ € D[Xj,..., Xi| satisfying Property 5.1, and
for which V = Zer(Q, R¥) C Bj(0,1/c) (where ¢ € R);
(2) numbers p, m,r > 0 satisfying mp < k,0 < r < p;
(3) y € R™P represented by a real block representation F, o, [p™], F
(see (4.2)) with ¢t € R™ represented by a quasi-monic triangular

system F, o;
(4) z € R” represented by a triangular Thom encoding H, p over ¢,
with variables X411, ..., Xopirs

p—r

(5) a finite set of points M contained in W; | represented by real

(y,2)
univariate representations Uy, over (¢, z) (using the notation of
Property 5.1).

OUTPUT. a roadmap RM(W@_;), M) for (W(Z_;),Mo) represented as a union

of of curve segment representations and real univariate representa-
tions over points defined by triangular Thom encodings. The adja-
cencies between the images of the associated curves and points are
also output.

CompLEXITY. DOm+P)qO(m+p)k where d = deg(Q) > 2, and D is a bound on the
degree of H, F, F and the number and degrees of the elements in Up.

PROCEDURE.

Step 0. Define

P.= Z A2 €D[Ty,..., T, Xonps1s - - Xi]
AeCr,(QF)

using Notation 4.5 and (5.1), and initialize i := 1.
Step 1. If r — 1 44 < p, call Algorithm 1 (Curve Segments) with input

(}—aH)a (va)anUO'

Pseudo-reduce modulo F using (4.1) and place the output in the

description of RM(W@_;), Mo).
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Step 2. Set ¢ := i+ 1. Using the notation in the output of Algorithm 1, for
every j = 1,..., N, define

z2:=(z,¢5),

H = ('H,gj(Tl, NN ,Tm,Xl, - 7X'r+i))’
p = (p:75),
UO = Dj,

and call Step 1 of Algorithm 2 (Roadmap for Lower Dimensional
Special Algebraic Sets) recursively, with input

(.F,H),P, (O‘,,O),Z/{o.

PROOF OF CORRECTNESS. Notice that

WE T = Zex(P(t, 2, ), RE(w40),

The correctness of the algorithm then follows from the correctness of Al-
gorithm 1 (Curve Segments) and Proposition 2.2. The only additional fact
that needs to be checked is that when the recursion ends with » = p, the
algebraic variety Zer(P((t,z,2'), —), R¥"P("+1) is zero-dimensional, where
2" = (¢jy,...,¢j,_,) € RP7" and the various cj, € R are associated to the
Thom encodings computed in Step 1 of the algorithm. This is the case
because Zer(P((t,z, 2'),—), RF-P(m+1)) — (%,z,z/)’ and W&’w,) is zero-

dimensional by Property 5.1. (|

COMPLEXITY ANALYSIS. The depth ¢ of the recursion is bounded by p — r,
and the total number of recursive calls at depth i is bounded by d°*).
Thus, there are at most d°((P=")%) calls to Algorithm 1 (Curve Segments).

In each of the calls to Algorithm 1 (Curve Segments), the number of
arithmetic operations in D is bounded by DO +p)qO((m+p)k) yging the com-
plexity analysis of Algorithm 1 ( Curve Segments). Moreover the number of
arithmetic operations needed for each pseudo-reduction is (Dd*)?(™) since
the degree in T} of the output of Algorithm 1 (Curve Segments) is Dd?*)
using Remark 4.3.

Thus, the total number of arithmetic operations in D for Algorithm 2 is
bounded by DOm+p)gO(m+p)k) a

6. LOW DIMENSIONAL ROADMAP IN GENERAL

In this section, we first explain how to perform an infinitesimal defor-
mation of any given polynomial @ € R[X7,..., Xk| such that the deformed
polynomial satisfies Property 5.1.

We then sketch how to compute the limit of a curve, and finally how to
compute the limits of roadmaps of certain algebraic sets which are the critical
locus of dimension p of certain projection maps restricted to the algebraic
hypersurfaces obtained after performing an infinitesimal deformation.
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6.1. Deformation. We consider a bounded algebraic set defined by a non-
negative polynomial (). Our aim is to define a deformation of () defining a
polynomial satisfying Property 5.1.

Suppose that the polynomial @ € R[X7, ..., Xk], and the tuple (dy, ..., dg)
satisfy the following conditions:

(1) Q(z) > 0 for every x € R,

(2) Zer(Q,R*) is bounded,

(3) di >dy--- > dy,

(4) deg(Q) < di, tDegx, (Q) < d;, fori =2,... k.

Let d; be an even number > d;,i = 1,...,k, and d = (dy,...,d;). Let
Grl(d) = X0 4o 4 XT 4 X2 4o X2+ X2, + 2k,

and note that V z Gx(d)(x) > 0.
We denote

Notation 6.1.

(6.1)  Def(Q,e) = —eGp(d)+Q,

(6.2) Vye = Zer(Def(Q,s)(y,—),R<5>k+1)

6.3)  Cr(Q.e) — (Def(Q, ), ag;ifj) 9 Dgf)g’ ) )
(6.4) WP = Zer(Cry(Q,e)(y, —),Re)*)

Proposition 6.2. For every £,0 < ¢ < k, and every y € RY,
a) Def(Q,¢)(y,—) satisfies Property 5.1;
b) lim, induces a 1-1 correspondence between the bounded semi-algebraically
connected components of

Vy,a = Zer(Def(Q, 5)(ya _)7 R<5>k+1)
and the semi-algebraically connected components of
Zy = Zer(Q(yv _)a Rk)

Proof. a) follows from [2, Proposition 12.44] and b) from [2, Lemma 15.6].
(]

We are going to describe in Section 6.3 an algorithm for computing the
limit, under the lim. map, of a roadmap of the critical locus of dimension p,
W}, of V. = Zer(Def(Q,€)(y, —), R(e)*"17¢). In order to achieve this we
first need to compute limits of curves, which is the purpose of Section 6.2.

6.2. Limits of points and curve segments. The general problem of com-
puting the image of a semi-algebraic set S C R{e)* which is bounded over
R under the lim. map reduces to the problem of computing the closure of a
one-parameter family of semi-algebraic sets, which can be done using quan-
tifier elimination algorithms (see, for example, [2, pg. 556]). However, the
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complexity of this general algorithm, dko(l), is not good enough for our pur-
poses in this paper. Fortunately, we need efficient algorithms for computing
limits only in two very special situations, where we can do better than in
the general case.

These two special cases are the following :

(1) when the set is a point represented by a real univariate representa-
tion,
(2) when the set is a curve represented by curve segments.

We give now the input output and complexity of Algorithm 3 (Limit of a
Bounded Point) and Algorithm 4 (Limit of a Curve). A full description of
these algorithms, their correctness and complexity analysis appear in Section
8.

ALcorITHM 3. [Limit of a Bounded Point]

INpUT. (1) a quasi-monic triangular Thom encoding F, o, with coefficients
in D, representing a point t € R™;
(2) areal univariate representation g., 7., G¢ over t with coefficients
in D[e], representing a point z. € R(¢)? bounded over R.
OuTtpUT. (1) a quasi-monic triangular Thom encoding F’,o’, representing
the point t € R™;
(2) a quasi-monic real univariate representation (h, H) representing

z = lim z. € R?.
g

COMPLEXITY. If D; (resp. Ds) is a bound on the degrees of the polynomials in
F, ge and G, with respect to T1,...,T,, (resp. &,U), then D; (resp.
Dy) is a bound on the degrees of the polynomials appearing in the

output, and the number of arithmetic operations in D is bounded by

Remark 6.3. Note that there is a possibly new representation of ¢ in the
output of Algorithm 3 (Limit of a Bounded Point). The reason for this
peculiarity is explained in Section 8 (cf Proposition 8.4).

ALGORITHM 4. [Limit of a Curve]

INPUT. (1) a quasi-monic triangular Thom encoding F, o with coefficients
in D representing t € R™;
(2) a triangular Thom encoding H., p- over t with coefficients in
Dle] representing z. € R{e)" over t;
(3) a curve segment with parameter X, and coefficients in Dle]
over (t, z.), representing a curve bounded over R.
OuTpUT. (1) a real univariate representation p,, p., P, of z = lim.(z.), with
u the root of p, with Thom encoding p,;
(2) a finite set {d1,...,dy—_1} where each d; is a real univariate
representation over (¢, u, ¢;), and ¢; is given by a Thom encoding
over t fixing X,,(;);



25

(3) a finite set {w1,...,wn}, of curve segments over (¢,u) with w;
parametrized by Xy;).
Moreover, the union of the curves represented by W, and the
points represented by D define a partition of S = lim.(S;). All
the coefficients of the polynomials in the output belong to D.
ComPLEXITY If the polynomials occurring in the input have degrees bounded by D,
then the complexity of the algorithm is bounded by k91 pO(m+r),

6.3. Low dimensional roadmap algorithm. We are going to describe
an algorithm computing the limit of a roadmap of the critical locus of di-
mension p, W}, of the deformation V, . = Zer(Def(Q, ¢)(y, —), R(e)*+17¢)
of Z, = Zer(Q(y,—),R¥%). The algorithm proceeds by first calling Algo-
rithm 2 (Roadmap for Lower Dimensional Special Algebraic Sets) in order
to compute a roadmap for W}, and then computes the image of the result-
ing roadmap under the lim. map. Note that this limit is not necessarily a
roadmap of V,, since a semi-algebraically connected component of V;, might
contain the image under lim. of more than one semi-algebraically connected
components of W} ..

ALGORITHM 5. [Limit of Roadmaps of Special Low Dimensional Va-
rieties]
INPUT. (1) a natural number p < k;
(2) a polynomial Q € D[X1,..., Xy| for which Z = Zer(Q,R*) C
By (0,1/¢) (with ¢ € R);
(3) y € R™P represented by the real block representation

f’o-7 [pm]’F’

(see (4.2)) with coefficients in D, such that ¢ € R™ is represented
by a quasi-monic triangular Thom encoding F, o;
(4) a finite set of points N, . € {y} x R(e)? represented by quasi-
monic real univariate representations V., over t.
OvuTPUT. Real univariate representations and curve segment representing the
set of points

R = (W[l’k} o lign)(RM(Wie, Wi, .))
where W} . is the zero set of Cr,(Q(y, —),¢),

(6.5) WNy,g = (Wif)Ny,s = U W£7Z8757
deNy,a

and RM(Wyc, Wy, .) is a roadmap for (W, W, )

CoMPLEXITY. DOHP)qOm+p)k where d = deg(Q) > 2 and D is a bound on the
degree of F, F' and the number and degrees (including that in ¢) of
the elements in N, ..

PROCEDURE.
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Step 1.

Step 2.

Step 3.

S. BASU, M-F. ROY, M. SAFEY EL DIN, AND E. SCHOST
Let T'= (T1,...,T), and, using (4.5) and (6.3),

P= Y  AeDET Xmpr,. .- Xl
A€eCry,(Qre)

Call [2, Algorithm 12.18 (Parametrized Bounded Algebraic Sam-
pling)] with input P and parameters &, T, Xmp+1, .- -, X(m41)p and
output a set of parametrized univariate representations with variable
U.

Pseudo-reduce them modulo F using (4.1) and place the result in
U.

For every (he, H:) € U., and every z. € Ny@ represented by a
real univariate representation (g.,7,G:) € V., use [2, Algorithm
12.20 (Triangular Thom Encoding)] with input the triangular sys-
tem (F, ge, he) to compute the Thom encodings of the real roots of
he(y, ze,U). Let U, . be the set of real univariate representations
over v, z. so obtained. Define

r /
uyva - U Uyk‘

ZsENy,s

The set of points represented by U, . is Wy, . (see (6.5)).

Call Algorithm 2 (Roadmap for Lower Dimensional Special Alge-
braic Sets) with input Def(Q,e) (see (6.1)) and p, the real block
representation F, o, [p™], F, r := 0 and Z/{Z’m. The output of Algo-
rithm 2 (Roadmap for Lower Dimensional Special Algebraic Sets)
consists of a set of real univariate representations and curve seg-
ments over triangular Thom encodings. Each such curve segment,
v = (f1,01, f2,02,9,7,G), is defined over some (¢,2y) with 7, < p
and z, € R(e)™, represented by a triangular system F,H.,.

For each such curve segment 7 over (t,z,), output in the previous
step over call Algorithm 4 (Limit of a Curve) with input the trian-
gular system F,H, and «. Finally, project on R* by forgetting the
last coordinate.

Remark 6.4. The role played by the set of points Wy, . which are included
in the roadmap of W}, whose limit is computed by Algorithm 5 (Limit
of Roadmaps of Special Low Dimensional Varieties), will become clear in
the proof of correctness of Algorithm 6 (Baby-giant Roadmap for Bounded
Algebraic Sets) (see (7.2)).

PROOF OF CORRECTNESS. First note that it follows from Proposition 6.2
that Def(Qp,e) satisfies Property 5.1, and hence (W} ). is a finite set of

points.

The correctness of the algorithm now follows from the correctness of

Algorithm 2 (Roadmap for Lower Dimensional Special Algebraic Sets) and
Algorithm 4 (Limit of Curve). O
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COMPLEXITY ANALYSIS. The number of arithmetic operations performed
in D[¢] in Step 1 is bounded by DOm+P)qO((m+p)k) arithmetic operations in
Dle] according to the complexity analysis of [2, Algorithm 12.18 (Parametrized
Bounded Algebraic Sampling)| and [2, Algorithm 12.20 (Triangular Thom
Encoding)]. Since the degree in ¢ in the output of [2, Algorithm 12.18
(Parametrized Bounded Algebraic Sampling)] is d°*) and does not change
during the pseudo-reduction, the number of arithemtic operations in D in
Step 1 (and hence the complexity) is bounded by DO(m+p)qO(m+p)k),

The number of arithmetic operations performed in D[e] in Step 2 is
bounded by DOm+P)gO(m+p)k) according to the complexity analysis of Al-
gorithm 2 (Roadmap for Lower Dimensional Special Algebraic Sets). More-
over the degree in ¢ is bounded by O(d)* by [2, Algorithm 15.10 (Parametrized
Curve Segments)]|, since the computations of Algorithm (Curve segments)
with coefficients in D[e] is contained in the computations of [2, Algorithm
15.10 (Parametrized Curve Segments)] in D with parameter €. So the the
number of arithmetic operations in D in Step 2 (and hence the complexity)
is bounded by DO(m+p) qO((m+p)k)

The complexity of Step 3 is also bounded by DOm+P)gO(m+p)k according
to the complexity analysis of Algorithm 4 (Limit of Curve).

Thus the total complexity of the algorithm is DOm+p)gO(m+p)k) O

7. MAIN RESULT

We now describe our main result Algorithm 7 (Baby-giant Roadmap for
General Algebraic Sets). It is based on Algorithm 6 (Baby-giant Roadmap
for Bounded Algebraic Sets), computing a baby step - giant step roadmap al-
gorithm for a bounded algebraic set. The algorithm for computing roadmaps
of general (i.e. not necessarily bounded) algebraic sets, Algorithm 7 (Baby-
giant Roadmap for General Algebraic Sets) is then obtained from Algorithm
6 (Baby-giant Roadmap for Bounded Algebraic Sets) following a method
similar to the one in [2] to go from the bounded case to the general case.

Algorithm 6 (Baby-giant Roadmap for Bounded Algebraic Sets) proceeds
roughly as follows. We denote by y the fixed coordinates. If the number
of non-fixed coordinates is too small (i.e. less than the number p which is
prescribed in the input), then we compute the roadmap using [2, Algorithm
15.3 (Bounded Algebraic Roadmap)|. Otherwise, we compute representa-
tions of points in Ny, C RP defining the fibers at which we make recursive
calls to the same algorithm; these are the giant steps.

For the baby steps, the algorithm uses Algorithm 5 (Limit of Roadmaps
of Special Low Dimensional Varieties) to compute the limit (under the lim,
map) of the roadmap of the critical set W} . going through a well chosen
finite set of points.

We are now ready to proceed to the description of Algorithm 6 (Baby-
giant Roadmap for Bounded Algebraic Sets)
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Let as in Notation 6.1
Vye = Zer(Def(Q, ) (y, —), R{e)* )
WP = Zer(Cry(Q, €)(y, —), R(e)**1)
and define

(Myei)i<i<2, (Dyei)i<i<2)

from V,, ., Wﬁg as in Definition 5.3.
It follows from Proposition 6.2 and Proposition 5.4 that

(Vier s W oy (My e i)1<i<a, (Dy e i)i<i<z)
satisfies Property 3.2.

ALGORITHM 6. [Baby-giant Roadmap for Bounded Algebraic Sets]
INPUT. (1) a polynomial Q € D[X7,...,X;] which Z = Zer(Q,RF) C
Bi(0,1/c) (where ¢ € R);
(2) y € R™P represented by a real block representation

f70-7 [pm])Fa

(see (4.2)) such that ¢ € R™ is represented by a quasi-monic
triangular Thom encoding F, o;
(3) a finite set of points M, in Z, = Zer(Q(y, —), R¥~™P) repre-
sented by quasi-monic real univariate representations U over t.
All the coefficients of the input polynomials are in D.
OuTPUT. a roadmap, BGRM(Z,, M, ), for (Z,, My0).

CoMPLEXITY. dO**/PTPk) gperations in D where d = deg(Q) > 2 and the degrees
of the polynomials in F, F', as well as the degrees of the polynomials
and the number of elements in Uy are all bounded by d°®).

PROCEDURE.
Step 1. If (m+1)p > k call [2, Algorithm 15.3 (Bounded Algebraic Roadmap)]
with input
(1) the quasi-monic triangular Thom encoding F,o representing
teR™,
(2) the polynomial @, using Notation 4.5,
(3) the finite set of points M, ¢ in Z, = Zer(Qp(t, —), R¥~™P) rep-
resented by real univariate representations Uy over ¢.
Otherwise set i := 1 and do the following.
Step 2. Determination of the finite set of points A, used in the recursive
call. Let T'= (T4,...,T),), and, using (4.5) and (6.3),

P= Y  AeDET Xmpr,- .- Xl
A€eCry(Qr,e)

Step 2 a). Call [2, Algorithm 12.18 (Parametrized Bounded Algebraic Sam-
pling)] with input P and parameters ¢, T', and output a set of parametrized
univariate representations with variable U. Pseudo-reduce them
modulo F using (4.1) and place the result in U .
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For every (he,H:) € U1, use [2, Algorithm 12.20 (Triangular
Thom Encoding)] with input the triangular system (F, he) to com-
pute the Thom encodings of the real roots of h.(y,U). Let Uy..
be the set of real univariate representations over y so obtained. Let
Mye1 CC Vy e be the set of points represented by U, . 1.

Projecting U, ¢ 1, by forgetting its last components, obtain a set
of quasi-monic real univariate representations V, .1 representing

Nyep = Tmp+1,(m+1)p (Mye 1)
over t. Then apply Algorithm 3 (Limit of a Bounded Point) with

Vy eps,1 @s input to obtain a set of quasi-monic real univariate rep-
resentations V, 1 representing

Ny71 == lign(Nngyl)

over t.
Perform Algorithm 1 (Curve Segment) with input P and the triangu-
lar Thom encoding F, o and retain the set of univariate representa-
tions, Uy ¢ 2, representing M, . » C V, ., which are the distinguished
points in the output.

Projecting U, ¢ 2, by forgetting its last components, obtain a set
of real univariate representations V, . 2 representing

Ny@? = Tmp+1,(m+1)p) (My@,Q)‘

Then apply Algorithm 3 (Limit of a Bounded Point) with V, . > as
input to obtain a set of quasi-monic real univariate representations
Vy,2 representing

Nny - ligrl(Ny’g?Q) .

Projecting Uy, by forgetting its last components, obtain a set of
quasi-monic real univariate representations V), ¢ representing

Nyo = Tmp+1,(m~+1)p] (My,0)

over t.
Let
N, = ./\/’y7() U./\/’y71 UN, 125
Vy = VyoUVy1UVyo,
./\/'y@ = Ny UNyyg’]_ UNy7572,
and

Vye =VyUVye1UVyeo.
Call Algorithm 5 (Limit of Roadmaps of Special Low Dimensional
Varieties) with input p, @, the real block representation F, o, [p™], F,
and V), . and note that it contains

WNy,s_( Nys_ U yzs
ze€Ny, e
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Recursive call For every element u = ((F,h),(o,7),(F,H)) € V,, representing
(y,2) € R™+tDP compute a set, Uy ., of quasi-monic univariate rep-
resentations over ((F,h), (o,7), (F, H)), representing

y7z7€

(7.1) My = (ﬂ[l,k] o lign)WO ).

using Algorithm 3 (Limit of a Bounded Point).
Call Algorithm 6 (Baby-giant Roadmap for Bounded Algebraic
Sets) recursively with input

Q,F := (F,h),0 := (0,7), L := [p"*'|, F:= (F, H),i :== i+ 1

and Uy, )0 = U,y U Uyo)., where (Up). is a set of quasi-monic
real univariate representations representing (M, ).
Output the set of curve segments computed in the last two steps.

Remark 7.1. Algorithm 6 would have been much simpler if we could make
recursive calls to Algorithm 6 at the fibers over the points in N, ., and
thus obtain a roadmap first of V,, ., and finally take the image of the re-
sulting roadmap under the lim. map. In this case the proof of correct-
ness of the algorithm would be an immediate consequence of the main
connectivity result, Corollary 5.4, and the fact that the image under lim,
of a bounded, semi-algebraically connected semi-algebraic set is also semi-
algebraically connected.

However we are unable to compute limits of semi-algebraic curves given by
curve segments over a real block representations depending on € with number
as well sizes of the blocks bounded by O(\/E) with complexity do(k\/g),
because we would obtain a degree dO**) in e

We overcome this difficulty by making recursive calls to Algorithm 6, not
at the fibers over the points in N, ., but at the fibers over N, = lim (N ),
so that the algebraic sets specified in the input to the various recursive calls
are then Z(, ) for z € Ny. In this approach, the only limits of curve segments
that are computed are those of the roadmap of W} -, and we can compute the
limits of these curve segments without spoiling the complexity, as they are
not defined over real block representations depending on €. However, since
the recursive calls are made with fibers of Z,, (instead of V} ), Corollary 5.4
is not directly applicable, and we need to be more careful about choosing
the set of points in the input to the recursive calls. It also makes the proof
of correctness more complicated.

PROOF OF CORRECTNESS.
Base case.

If [(k—mp)/p] = 1 then the correctness of the algorithm is a consequence
of the correctness of [2, Algorithm 15.3 (Bounded Algebraic Roadmap)].
General case.

Suppose that [(k —mp)/p] > 1.



31

Denote by BGRM(Z,, My) the union of the curve segments output by
Algorithm 6 (Baby-giant Roadmap for Bounded Algebraic Sets).
We have that

BGRM(Zy, My0) =Ry U | ) BGRM(Z(,..), My, U (Myo)-),
(y,2)ENy
with
Ry = (w1 p o lim) (RM(WJ, W, ),

denoting by W} . the zero set of Cr,(Qp,¢) and

W, =Weow,. = |J Wy..
ze €Ny e
(see (6.3) and (6.5)).
Proof of M, o C BGRM(Z,, My).
The proof is by induction on [(k — mp)/p].
We suppose by induction hypothesis that for every (y, z) € N, that

M(%z) U (M%o)z) C BGRM(Z(%Z),M(%Z) U (My,o)z).

Since, My g C U (My,0)z, and by induction hypothesis we have that
(y,Z)E-/\/’y
(My0):) C BGRM(Z(, .y, M(y o) U (My)2), it is clear that BGRM(Z,, My 0)
contains M, g.
Proof of RM;.
The property RM; of BGRM(Z,, M, ) is also proved by induction on

[(k —mp)/p].

Let C' be a semi-algebraically connected component of Z,, and D =
BGRM(Z,, M(y.) U (My0).) N C. We want to prove that D is semi-
algebraically connected.

Suppose that z,2’ € D, we are going to prove that there exists a semi-
algebraic path v : [0,1] — D with v(0) = z,v(1) = 2/

Without loss of generality we can suppose that z ¢ R, .

Since

BGRM(Zy, M, )U(My0):) =RyU | BGRM(Z(,.), M, . U(My0)-),
(y,Z)GNy
we have that x (resp. z’) either belongs to
Ry
or to some
BGRM(Z(%Z), M(y’z) U (My,())z)
with (y,2) € Nj,.
If x € BGRM(Z,,.), M(y,2) U (My).) we show that = can be connected
to a point in M, . inside

BGRM(Z(, .y, M(y..) U (My,0)-)

Y,2)
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by a semi-algebraic path. It follows from Proposition 5.4 that Def(Q,e)p
satisfies Property 3.2 (2), and hence we have that W(Oyg)’g meets every semi-
algebraically connected component of V, .).. By [3, Lemma 15.6] each
semi-algebraically connected component of Z(, . is image under 7 3 o lim,
of a unique semi-algebraically connected component of V, .).. It follows
that each semi-algebraically connected component of Z, .y meets

lign(W?y,z)g) - M(y»Z) ’

since
W(Oy,z),s = (Wf,s)z

Finally, applying the induction hypothesis to BGRM(Z,, ., My, .)U(My0)-)
we have that the intersection of BGRM(Z(, .y, M, ) U (My).) with each
semi-algebraically connected component of Z, .) is non-empty and semi-
algebraically connected, and meets M, .). Thus, there exists a semi-algebraic
path with image in BGRM(Z, .y, My .) U (My0).) joining = to a point in
Miy,z):

Since M, .y C R, we can assume that = (and similarly ') is contained
in Ry.
Connectivity when z and z’ are contained in R,.

Since

Ry = (w1 © lim) (RM(WE., Wi, ),

there exists z. € RM(Wye, W, ) (resp. x. € RM(WJ ., W, .)) such that
lim, (z.) = z (resp. lim.(z.) = 2/).

Let

Se = Wgﬁs U (Vy,E)Ny,a»

and C. the unique semi-algebraically connected component of V; . such that
(ﬂ-[l,k] (¢] 11m€>(CE) = C

By Corollary 3.9, since Ny .1 UNy .2 C Ny o, ScNC; is semi-algebraically
connected. So there exists a semi-algebraic path ~ : [0,1] — S: N C:, with
7:(0) = zz,7:(1) = 2. Moreover, there exists a partition of (0,1) C R{e)
into a finite number of open intervals and points, such that for every open
interval I in the partition one of the following holds :
Case 1:

Ye(I) Cc W
Case 2: there exists z. € Ny such that
7€(I) - V(y,zg),zs'

Since Wj . C V., for each point a € (0,1) defining the partition
(72) fYE(a) € WNy,e C RM(W££7 WNy,e)'

Hence, by definition of M, .) (see (7.1))
(7.3) T e © lim) (e (a)) € My,z),
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where lim.(z.) = z.
In Case 1, we can replace 7. (I) by a semi-algebraic path having the same
endpoints and whose image is contained in

RM(W?,, Wy, .)

Y,
using RM; for
RM(Wy ., Wy, .)
as well as (7.2) Taking the image under 7 ;) o lim. of this new path we
obtain a semi-algebraic path

v :lim(f) — R,y.
In Case 2, (73 4 © lime) (7= (a)), (14 © lim:)(7:(b)) both belong to
BGRM(Z(y .y, M(y,2) U (Myo)2)

using (7.3). Using the induction hypothesis for BGRM(Z, .y, M
(My,0)2) we have that there exists a semi-algebraic path

v: [ligl(a),]ign(b)] — BGRM(Z(%Z),M(%Z) U (./Vlyp)z).

y,z) U

Finally, we have constructed a semi-algebraic path v : [0,1] — D with
Y(0) = z,~(1) = 2.

This proves that BGRM(Z(y ), M(y..) U (My0)-) N C is non-empty and
semi-algebraically connected proving RM;.
Proof of RMs.

Let ¢ € R such that Z, . is not empty, and let C' be a semi-algebraically
connected component of Z(, ). We prove that

BGRM(Z(y ), M(y..) U (Myo):) N C

is not empty. It follows from [3, Lemma 15.6 | that there exists a semi-
algebraically connected component, Cg, of V, ) . such that

C = (mpu o lign)(Ca).

Since Cr is non-empty, let z. € C; and let zz = Tjypi1 (mt1)p) (Te). It follows
from Proposition 5.4 that (W}).).. = W(Oy ».),c INe€ets every semi-algebraically
connected component of V, ... Since C. contains a semi-algebraically

connected component of V(, . ., we have that

W&,,Zs)’g N CE 7é ®7

and thus C. contains a semi-algebraically connected component of (W} ).
(since Wy C V). Now, since the roadmap

RM(W] ., W, .)

satisfies RMz, RM(Wj ., Wy, .) has a non-empty intersection with every
semi-algebraically connected component of (W}.)., and in particular with
the one contained in C.. Taking the image under 7 ;) o lim. map we get
that Ry = (7 golim.)(RM(W, ., W, .)) has a non-empty intersection with
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(71, 0lime ) (Ce) = C. Since, BGRM(Z,, .y, M y,-)U(My0).) contains R,
this finishes the proof. O

COMPLEXITY ANALYSIS. We first bound the number of arithmetic opera-
tions in Step 1. Since we assume that the degrees of the polynomials in F, F’
are bounded by d°®) | it follows from the complexity analysis of [2, Algo-
rithm 15.3 (Bounded Algebraic Roadmap)], and [3, Algorithm 15.2 (Curve
Segments)], that the number of arithmetic operations in this step is bounded
by

JOkm) JO((k—mp)?) _ JO(km+p?)

since k — mp < p.

The number of arithmetic operations in D[¢] in in Step 2 is bounded by
d9(mk) and the degree and number of univariate representations produced is
bounded by O(d)*~™P. Moreover the degree in ¢ is bounded by O(d)* by [2,
Algorithm 15.10 (Parametrized Curve Segments)], since the computations
of Algorithm (Curve segments) with coefficients in D[] is contained in the
computations of [2, Algorithm 15.10 (Parametrized Curve Segments)] in D
with parameter €. So the number of arithmetic operations in D in in Step 2
is bounded by d9(mk).

The complexity of computing R, in Step 3 is bounded by dO(m+p)k)
given that the number of arithmetic operations of Algorithm 5 (Limit of
Roadmaps of Special Low Dimensional Varieties) is dO(m+p)k)

The total number of recursive calls at depth i is d°* 9 and for each
such call the number of arithmetic operations in D in Steps 1, 2 and 3 is
bounded by dO(m+itnk+p® where 0 < i < |k/p| — m. Since the depth
of the recursion is at most |k/p| — m, we obtain that the total number of
arithmetic operations in the domain D is bounded by

JOK?/p) JO((k/p+p)k+p?) _ JO(K*/p+pk)

O
We now describe Algorithm 7 (Baby-giant Roadmap for General Algebraic
Sets) for computing a roadmap of a general (i.e. not necessarily bounded
algebraic set). This algorithm is essentially the same algorithm as [2, Algo-
rithm 15.5 (Algebraic Roadmap)], except that we call Algorithm 6 (Baby-
giant Roadmap for Bounded Algebraic Sets) after reducing to the bounded
case instead of of [2, Algorithm 15.3 (Bounded Algebraic Roadmap)]. We
first need a notation. Let P € R[X] be given by

P = apo +o —|—CLqu,p > q,aq0p # 0.
Notation 7.2. We denote

o(Py=1| >

q<i<p

-1
a;

Qq

ALGORITHM 7. [Baby-giant Roadmap for General Algebraic Sets]



INPUT.

OUTPUT.

COMPLEXITY.
PROCEDURE.
Step 1.

Step 2.

Step 3.

Step 4.
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(1) a polynomial @ € D[ X1, ..., Xg];

(2) a finite set of points My in Zer(Q,R¥), represented by real
univariate representations Uf.

a roadmap, BGRM(Zer(Q, RF), M), for (Zer(Q,RF), My).

dOk*/p+pk) operations in D.

Introduce new variables X1 and € and replace ) by the polynomial
Qe = Q>+ (*(X7 + -+ Xipy) — D2

Replace My C R* by the set of real univariate representations rep-
resenting the elements of Zer(e?(X{+-- -+ X7, )—1, R(e)**+1) above
the points represented by M using [2, Algorithm 12.18 (Parametrized
Bounded Algebraic Sampling)].

Call Algorithm 6 (Baby-giant Roadmap for Bounded Algebraic Sets)
with input Q., Mg, m = 0, performing arithmetic operations in the
domain D[e]. The algorithm outputs a roadmap

BGRM(Zer(Q., R(e)**1), Mo)

composed of points and curves whose description involves e.
Denote by L the set of polynomials in D[e] whose signs have been
determined in the preceding computation and take

a = min ¢(P)

Pel

(Notation 7.2). Replace € by a in the polynomial Q. to get a polyno-
mial Q),. Replace € by a in the output roadmap to obtain a roadmap
BGRM(Zer(Q,, RF1), My ). When projected to R, this roadmap
gives a roadmap

BCGRM(Zer(Q, RF), M, 0) N Bx(0,1/a).
In order to extend the roadmap outside the ball B(0,1/a) collect all
the points (y1,. .., Yk, Yet1) € R{)**1 in the roadmap
BGRM(Zer(Qe, R(e)" 1), My)

which satisfies e(y? +. . —i—y,%) = 1. Each such point is described by a
real univariate representation involving €. Add to the roadmap the
curve segment obtained by first forgetting the last coordinate and
then treating ¢ as a parameter which varies vary over (0, a] to get a
roadmap BGRM(Zer(Q, R¥), My).

PROOF OF CORRECTNESS. The proof of correctness follows from the proof
of correctness of Algorithm 6 (Baby-giant Roadmap for Bounded Algebraic

Sets).

O

COMPLEXITY ANALYSIS. The complexity is dominated by the complexity of

Step 2.

O
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Proofs of Theorem 1.2 and Corollary 1.3. Follows directly from the correct-
ness and complexity analysis of Algorithm 7 (Baby-giant Roadmap for Gen-
eral Algebraic Sets), after substituting m = 0 and p = V/k. O

8. APPENDIX: COMPUTING THE LIMIT OF BOUNDED POINTS AND CURVE
SEGMENTS

8.1. Limit of a bounded point. Before computing the limit of a bounded

point we need to explain how to perform some useful computations modulo

a quasi-monic triangular Thom encoding F, o representing a point ¢t € R™.
We associate to t € R™ specified by a triangular Thom encoding F, o,

F=(fnys---+9m)), fry € D1, ..., Tl

the ordered domain DJt] contained in R and generated by ¢.
We now aim at describing the pseudo-inversion of a non-zero element in
the domain D[t] specified by F,o.

Definition 8.1. A pseudo-inverse of f € DJt] is an element g € DJ[t] such
that fg € D is strictly positive.

This notion is delicate as the computation of the pseudo-inverse sometimes
requires us to update the triangular Thom encoding specifying ¢, in the
spirit of dynamical methods in algebra (see for example [8]). We start with
a motivating example.

Example 8.2. We consider t, specified as the root of
f(T)=T*—T1% -2

giving signs (+, +, +, +) to the set Der(f) of derivatives of f.

Consider T? + 1. It is easy to see, using for example [2, Algorithm 10.13
(Sign Determination Algorithm)] applied to f and the list Der(f),T? + 1,
that the sign of T2 + 1 at t is positive. In order to compute its pseudo-
inverse, we perform [2, Algorithm 8.22 (Extended Signed Subresultant)] of
fand T? + 1. If f(T) and T? + 1 were coprime, we would obtain the
pseudo-inverse of 72 4 1 modulo f(7T') since the last subresultant would be
a non zero constant in D. But f(7) and T? 4 1 are not coprime and their
ged is T? + 1. So we divide f(T') by T2 + 1, obtain a new polynomial
g(T) = T? — 2 and check that the root t of f(T) giving signs (+, 4, +, +)
to the set Der(f) coincides with /2 which is the root of T? — 2 making
the derivative ¢'(T') = 2T positive, using again -for example- [2, Algorithm
10.13 (Sign Determination Algorithm)]. It is now possible to pseudo-reduce
T? + 1 modulo g(T), which gives 3.

In other words, during the process of computing the pseudo-inverse of
T? +1 we discovered the factor g(T') of f(T) having t as a root and coprime
with 72 + 1. Using this new description of ¢ we have been able to compute
a pseudo-inverse of T2 + 1.

We can now describe the computation of the pseudo-inverse in general.
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Description 8.3. Given t = (t1,...,t,) € R™ specified by the quasi-monic
triangular Thom encoding F = (fj1];, - - -, fim]), @ = (01, . - ., 0m), we describe
how to compute a pseudo-inverse of a non-zero elements of D[t].

We proceed by induction on the number m of variables of F.

If m = 0 there is nothing to do since D is an ordered domain.

If m # 0, let t' = (t1,...,tm—1) specified by F' = (fpu,-- -, fim-11),0 =
(01y- vy Om—1).

We consider f as a polynomial in T}, whose coefficients, which are ele-
ments of

{h € D[Ty,...,Tin—1] | degy,(h) < degr,(fy),i=1,...,m—1}

represent elements of D[t'].

We first decide the sign of f at t, which is done by [2, Algorithm 12.19
(Triangular Sign Determination Algorithm)].

If f(t) # 0, we try to pseudo-invert f modulo F. We perform |2,
Algorithm 8.22 (Extended Signed Subresultant)] for f and fj,,), with re-
spect to the variable T, and compute a ged(f, fi,) € D[t'] (the last non
zero subresultant polynomial) as well as the cofactors u,v € D[t'] with
uf + Uf[m} = ged(f, f[m])

(1) If ged(f, fim)) is of degree 0 in Ty, u is a quasi-inverse of f.

(2) If ged(f, fim)) is of degree > 0 in T;;,, we have discovered a factor
of fm]- We define h as the quasi-monic polynomial proportional to
fim)/ gcd(f, fim)) obtained by [2, Algorithm 8.22 (Extended Signed
Subresultant)] (see [2, Algorithm 10.1 (Ged and Ged-free part)]).
We perform [2, Algorithm 12.19 (Triangular Sign Determination)]
applied to fi,,) and Der(fi,), Der(h) to identify the Thom encoding
7 of ¢,,) as a root of h. We replace f,,] by h and oy, by 7 in F. Now
J and the new f},,), considered as polynomials in T}, are coprime
and we can invert f module f,,.

Proposition 8.4. Let D be an ordered domain contained in a real closed
field R, and t = (t1,...,tm) € R™ specified by a triangular Thom encoding
f? 0-7

F=(fuys---» fpm))s fryg € DT, ..., T3]

Let d be a bound of the degree of fi; with respect to each Ty, i =1,...,m,j <
i.

a) If f € D[T1,...,Ty] is a polynomial of degree D, the complexity of
computing the pseudo-reduction PsRed(f,F), is (O((D —d)d))™ arithmetic
operations in D.

b) The complexity of the computation of the pseudo-inverse of an element
of D[t] is d°™) arithmetic operations in D.

Proof. The proof of a) is made by induction on the number of variables m
of F. If m = 0, there is nothing to do. If m # 0, the pseudo-division
process by gj,, takes O((D — d)d) arithmetic operations in D[T1, ..., Tp]
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using the complexity analysis of [2, Algorithm 8.3 (Euclidean Division)| and
produces d polynomials of degree D 4+ (D —d + 1)d in D[T7,...,T,,], so the
complexity is (O((D — d)d))™. The end of the reduction of f coincides with
the reduction of these d polynomials modulo

F'=(fup- -+ fym—1)> frg € DIT1, ..., T,

and costs d(O((D — d)d))™~Y by the induction hypothesis.

The proof of b) proceeds also by induction on the number of variables m
of F.

If m = 1, the computation of a gcd takes (d+1)¢ operations in the domain
D, for some universal constant ¢ > 0, using the complexity analysis of [2,
Algorithm 8.22 (Extended Signed Subresultant)] and [2, Algorithm 10.13
(Sign Determination)].

If m>1,let t = (¢,u), and we suppose by induction hypothesis that the
complexity of arithmetic operations in D[t] is (d+ 1)1 arithmetic oper-
ations in the ordered domain D. The statement is clear since the arithmetic
operations in the domain D[t] are using (d + 1)¢ operations in the domain
D[t'] using the complexity analysis of [2, Algorithm 8.22 (Extended Signed
Subresultant)] and [2, Algorithm 10.13 (Sign Determination)]. O

We can now give the description of Algorithm 3 (Limit of a Bounded
Point).

PROCEDURE. Remove from g¢.(7,U) the monomials vanishing at ¢, using [2, Al-
gorithm 12.19 (Triangular Sign Determination)]. Supposing with-
out loss of generality that all the coefficients of g.(¢,U) are not
multiple of e, denote by ¢(71,...,Tmn,U) the polynomial obtained
by substituting 0 to ¢ in g.(T1,...,Tny,U). Similarly denote by
G(Ty,...,Ty,U) the polynomials obtained by substituting 0 to e
in Go(T, ..., T, U).

Compute the set ¥ of Thom encodings of roots of ¢(t,U) using |2,
Algorithm 12.19 (Triangular Sign Determination)]. Denoting by .
the multiplicity of the root of g(¢,U) with Thom encoding o, define
G, as the u, — 1-th derivative of G with respect to U.

Identify the Thom encoding o and G, representing z using [2, Al-
gorithm 12.19 (Triangular Sign Determination)], by checking whether
a ball of infinitesimal radius ¢ (1 > 6 > ¢ > 0) around the point
x represented by the real univariate representation g, o, G, contains
Ze.

Pseudo-invert the leading coefficient of the univariate representa-
tion, denote by F’, ¢’ the new triangular Thom encoding describing
t and pseudo-reduce by F’.

Complexity analysis: Follows from the complexity of [2, Algorithm 12.19
(Triangular Sign Determination)]. O
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8.2. Limit of a curve. Computing the limit of a curve is not immediate
when some part of the curve has a vertical limit, as seen in the following
example.

Example 8.5. Consider the semi-algebraic curve v : [0, e] — R{e)3, parametrized
by the X coordinate defined by

7(:1:1) = (.5[?1, 72(:1:1)7’)/3(1‘1))7 Ty € [O) 5]
where (v2(z1),7v3(z1))) is the solution of the triangular system,
X2 — I / g = 0,
X2+ X3-1=0,
with Thom encoding (0,+), (0, +,+).

Notice that the image of v is contained in the cylinder of unit radius with
axis the Xj-axis and is bounded over R. The image of v under the lim, map
is contained in a circle in the plane X; = 0, and can no longer be described
as a curve parametrized by the Xi-coordinate.

However, it is possible to reparametrize v by the Xs-coordinate. By
doing so we obtain another semi-algebraic curve ¢ : [0,1] — R(e)? (having
the same image as 7) defined by

SO(xQ) = (@1(.%’2),1‘2, 903($2))7$2 S [07 1]
where (¢1(x2), p3(x2)) is the real solution of the triangular system
X1 —exo =0,
X423 -1=0,
with Thom encoding (0, —), (0,+,+). Notice that the image under lim,

of the curve which is the graph of ¢ can be easily described as the curve
represented by the following triangular system parametrized by xs € [0, 1]

X1 =0,
X24ai-1=0,

and Thom encoding (0, —1), (0, +, +).

This is the reason why some kind of reparametrization is necessary before
computing the limit.

8.2.1. Reparametrization of curve segments. We define the notion of well-
parametrized curve, and prove that the limit of a well-parametrized curve
is easy to describe.

Definition 8.6. A differentiable semi-algebraic curve

’Y:(’Ylw-ka) : (a’vb)_)R‘k
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parametrized by X; (i.e. y1(z1) = 1) is well-parametrized if for every
1 € (a,b),

k 2
> (g) <t
; 00X,
=1
Let ¢ € R™ be represented by a triangular Thom encoding F, o, and

f17017f27027g77—aG
be a curve segment with parameter X; over ¢ on (a1, a9) where a1 and g
are the elements of R represented by the Thom encodings f1,01 and fs, 09.
The curve segment
f17013f27027g77—aG
is well-parametrized if the semi-algebraic curve v : (a1, ) — R{e)* defined
by
N [tz u(z))) gk (t, ), u(x;))
V@) ==
go(t, 5, u(;)) go(t, x5, u(z;))
is well-parametrized, where u : (a1, ag) — RF=(+") maps each z; € (a1, az)
to the root of g(t,z;,U) with Thom encoding 7. This means that
k 2
Z <<9i(ta$jau($j))>/> <k
— \\go(t,zj,u(;)) T

where the derivative is taken with respect to z;.

Example 8.5 is not a well-parametrized curve segment.

If a curve segment defined over R{e) is well-parametrized, and represents
a curve bounded over R, then the image of the curve under the lim. map
can be easily described. The following proposition explains why this is true.

Proposition 8.7. Let (a.,b:) C R(e), r < j <k, zz = (2¢1,...,%,) €
R{e)", and

Ye = (Z€>7€,r+17 ce 7'75,1:) : (asv be) - {Zs} X R<5>k_r

a semi-algebraic differentiable curve parametrized by X; and bounded over
R. If v is well-parametrized,

(1) for each z € (lim, ac,lim. b.) and any x. € (ae,b:) with lim, z. = x,

~v(x) = lime v:(x) = lim, y.(z.),

(2) limg e ((ae, be)) = v([lim; ag, lim, b.]).
In other words, the graph of the semi-algebraic function vy(z) := limg ve(x)
is the image under lim. of the graph of ..

Proof. Tt follows from the definition of being well-parametrized that ||v.(z)|] <
Vk for all x € (a,b.). By the semi-algebraic mean value theorem [2, Ex-
ercice 3.4] we have that for each x € (lim a.,lim, b.) and any z. € (a., b:)
with lim, z. = z,

(@) = Ye (@)l = [17E(we) [l — ],
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for some w € (z,x.) (assuming without loss of generality that = < x.).
Taking the image under lim. and noticing that ||7.(we)|| is bounded over
R by the previous observation, we obtain that lim.v.(z) = lim. v.(z.),
proving (1). This implies that the function v : (lim. a.,lim. b.) — R¥ defined
by v(z) = lim.7.(z) is a continuous, bounded (since 7. is bounded over
R) semi-algebraic function, and hence can be extended to a continuous,
bounded semi-algebraic function on the closed interval [lim. a., lim. b.], and
(2) follows. O

A semi-algebraic curve is in general not well-parametrized. However,
subdividing if necessary the curve into several pieces, it is possible to choose
for each such piece a parametrizing coordinate which makes the piece well-
parametrized. This is what we do in Algorithm 8 (Reparametrization of a
Curve).

ALGORITHM 8. [Reparametrization of a Curve]
INpUT. (1) t € R™ represented by a triangular Thom encoding F, o,
(2) a bounded curve S represented by a curve segment,
f17013f27027g7TaG

with parameter X7 in R¥ over ¢ on (a, b).
All the polynomials in the input have coefficients in D.

OutpuT. (1) A finiteset V = {v1,...,vn_1}, of real univariate representation
over (t, ¢;), where each ¢; is a Thom encoding over ¢ fixing X, ;).
(2) A finite set W = {wi,...,wn}, of curve segments with w;

parametrized by Xy
Moreover, the union of the curves represented by W, and the
points represented by V define a partition of S.
CoMmPLEXITY If the polynomials occurring in the input have degrees bounded by
D then the complexity of the algorithm is bounded by k€M) DO(m).

PROCEDURE.
Step 1. Let ¢1(X1,T) = X190(X1,T), and for each i,1 < i < k, let

po— (99 (%% 09\ (09 090 (99

= \ar ) \ax, % Yax, ar? ~ 9ar ) \ ox,

(which is proportional to the projection on the i-th coordinate of the
tangent vector to the input curve by the chain rule) and

k
Gi=kF} - F7.
j=1

Step 2. Computing RElimp (G, g), 1 < i < k, using [2, Algorithm 11.19 (Re-
stricted Elimination)], obtain a family £ of polynomials in D[T1, . .., T}, X1].
Subdivide (a,b) in a finite union of points and intervals over which
the signs of the polynomials in £ are fixed using [2, Algorithm 12.23
(Triangular Sampling Points)] and get a = ¢; < ... < ¢ = b, where
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Step 3.

Step 3 a).
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each ¢; is represented by a Thom encoding (Cj,0;) over t € R™,
such that for each j,1 < j < L, there exists an £(j),1 < ¢(j) < k,
such that for all z1 € (cj_1,¢;), Gy (t, z1,u(r1)) > 0, denoting by
u(z1) the root of ¢(t,z1,U) with Thom encoding 7. For each j fix
an £(j) satisfying this property.

For each j,1 < j < L, reparametrize the segment of the input curve
over the interval (c;-1, ¢;) using the coordinate X ;). Suppose with-
out loss of generality from here on that ¢(j) = 2.

Set

H:=g*+ (X2 go(T, X1,U) — g2(T, X1,U))* € DT, X1, Xo, U].

Step 3 b).

Step 3 ¢).

Note that Zer(H (¢, —), R?) is a curve bounded over R (by assumption
on the input). Call Algorithm 1 (Curve Segments) with input the
polynomial H, and the triangular system F, o, noticing that X» is
now the parameter.

For each element

(h(T, X2, V),O’h, H(T, XQ, V)) c Di,
where
H(T, X2,V) = (ho(T, X2,V), hi (T, X2, V), hao(T, X5,V)),

and D; is a set of distinguished points in the output of the call to
Algorithm 1 (Curve Segments) in the previous step, use [2, Algo-
rithm 12.19 (Triangular Sign Determination)] to check if the point
(21,2, u) represented by (h,opn, (ho, h1, X2ho, ha)) over t, coincides
with
(zy, 2L TLU@)) oy
go(t, z1, u(z1))
Retain only the element

(h(T, XQ, V),Uh, H(T, XQ, V)) S Dz

for which this is the case, and add to the set V the real univari-
ate representation u = (h, o, Gg) (see Notation 4.6) representing a
point v;, € R¥, with parameter X, over t.

For each element

(fl(Ta V),O'l,fQ(T, V)’O-Zah(T) XQ,V),O'h,H(T, X27V)) S C’ia
where
H(T7 X27 V) = (hO(T7 X27V>7 hl(T7 X27 V)7 h2<T7 X27 V))

use [2, Algorithm 12.19 (Triangular Sign Determination)] to check if
the point (z1, z2,u) represented by

h(Ta X?v V)7 Oh, (h’07 h’lv XQhOa h?)
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over t, coincides with

92(t> Iy, u(xl))
L w1
1 gott, o, ) )
for o = (v1 + v2)/2 where vy,vy are represented by (f1,01) and
(f2,02) respectively. Retain only the element of C; for which this is
the case, and add to the set W the curve segment, (f1, 01, f2, 09, h,on, Gg),
with parameter Xo over ¢ (see Notation 4.6).

PROOF OF CORRECTNESS. Let (f1,01, f2,092,9,7,G) be a curve segment
parametrized by X over ¢ representing the curve v : (a,b) — RF.
Let (¢, d) be a sub-interval of (a, b) such that for every x; € (a,b)

k
(8.1) Go(t,x1,u(z)) = k:Fg(t,xl,u(xl)) — ZFf(t,xl,u(fvl)) > 0.
j=1

(using the notation of Step 1 and Step 2).
Since
Ol 1
0X1| = VE’
the mapping ~, from (¢, d) to (¢, d’); with ¢ = v4(¢),d" = v4(d) is invertible.
Defining 7(z¢) = (v, '(z¢)), 7((<,d’)) = 7((c,d)) is well-parametrized by
X,.
Moreover, at each point 21 € (a,b) such a choice of ¢ exists, since there
ald
0X1

2
must exist an £,1 < ¢ < k such that < > is at least the average value

k 2

1 i

z (8)7(1 > . In Step 2 of the algorithm we obtain a partition of the
i=1 !

interval (a, b) into points and open intervals, such that over each sub-interval
(¢j—1,¢;j) of the partition, there exists an index ¢ = £(j) such that (8.1) is
satisfied at each pointv € (¢j_1, ¢j).

Each curve segment corresponding to elements of V output by the algo-
rithm is thus well-parametrized. The remaining property of the output is
a consequence of the correctness of Algorithm 1 (Curve Segments), and [2,
Algorithm 12.19 (Triangular Sign Determination)]. O

COMPLEXITY ANALYSIS.

Let D be a bound on the degrees of the polynomials in the input. The
complexity of Steps 1 and 2 is bounded by £°M) D) from the complexity
of [2, Algorithm 11.19 (Restricted Elimination)], and [2, Algorithm 12.23
(Triangular Sampling Points)|, noting that the number of polynomials in £
is bounded by k€1 pO(m)

In Steps 3-4 the Algorithm 1 (Curve Segments) and [2, Algorithm 12.19
(Triangular Sign Determination)] are both called with a constant number
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of variables in the input. Using the complexity analysis of these algorithms,
the total complexity is bounded by kC1) DOm) ([

8.2.2. Limit of a curve. We are now ready to describe Algorithm 4 (Limit
of a Curve). The algorithm proceeds by reparametrizing the curve and
computing the limit of the well-parametrized curve segments so obtained,
as explained below.

PROCEDURE.
Step 1.

Step 2.

Step 3.

Let T = (Ty,...,Tn), X' = (X1,...,X;). Call a slight variant of
[2, Algorithm 12.18 (Parametrized Bounded Algebraic Sampling)],
pseudo-reducing intermediate computations modulo F using (4.1),
with input

Y A* €D, T, X
A€H.
and parameters ¢, 1, and output the set U, of parametrized univari-
ate representations with variable U.
For every (he, H.) € U., use [2, Algorithm 12.20 (Triangular Thom
Encoding)| with input the triangular system (F, h.) to compute the
Thom encodings of the real roots of he(y,U). If

H: = (h[l]a RN h[r})
with hy; € D[T, X1,..., X;,] substitute the variables X’ in

U Dery, (hy;)

1,...,r

using H. by (4.5) and define a family A of polynomials in &, T, U.
Using [2, Algorithm 12. (Triangular Sign Determination)], compute
the signs of the polynomials of A at the roots of h.(y, U). Comparing
the Thom encodings, identify a specific (he, e, H;) representing z.
over t.

Then apply Algorithm 3 (Limit of a Bounded Point) with input
(he, e, H.) representing z. over t to obtain a real univariate repre-
sentation p,, p., P, representing z over t.

Using Algorithm 8 (Reparametrization of a Curve) reparametrize
the input curve segment.

For every well parametrized curve segment output in Step 2, S.,
represented by

(fs,la O-E,la fS,27 0-6,27957 Te, GE)a

do the following.

First reorder the variables to ensure that the parameter of S is
Xr+1.

Then compute a description of lim.(S.). This process is going to
generate a finite list of open intervals and points above which the
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representation of the restriction of the curve lim.(S;) by a curve
segment is fixed. This is done as follows.
Step 3 a). Denote by a. 1 the element of R(e) represented by f. 1(e, T, X', X;41), 0c 1
over (t, z¢).
Call a slight variant of [2, Algorithm 12.18 (Parametrized Bounded
Algebraic Sampling)|, pseudo-reducing intermediate computations
modulo F using (4.1), with input

Z A2 + fa,l(T7 X/7 X’I‘+1)2 S D[Ea T7 Xla XT‘+1]
A€H,

and parameters e, T, and output a set U, of parametrized univariate
representations with variable U.

For every (he, H.) € UL, use [2, Algorithm 12.20 (Triangular Thom
Encoding)| with input the triangular system (F, h) to compute the
Thom encodings of the real roots of h.(y,U).

If

He = (hpap -5 hyy)
with hp) € D[T, X1, ..., X;,] substitute the variables X', X, in

Dery, ., (fe1(e, T, X', Xp 1), X1 U | Derx, (hyy)

1,...,r

using (4.5) and define a family B of polynomials in ¢, T, U. Using [2,
Algorithm 12. (Triangular Sign Determination)], compute the signs
of the polynomials of B at the roots of h.(y,U). Comparing the
Thom encodings, identify a specific (h., 7., Hc) representing (z, o 1)
over t.

Then apply Algorithm 3 (Limit of a Bounded Point) with input
(he, Tz, He) representing (z., ce1) over ¢ to obtain a quasi-monic real
univariate representation p o, Pz.a,, Pz, representing (z,ai) over
t with oy = lim,(a, 1). Obtain a Thom encoding over ¢, of a; using
[2, Algorithm 15.1 (Projection)].

Similarly, for o, o the element of R{e) represented by f- o(T, X', X;41),0c2
over (t, z¢), compute a Thom encoding over ¢, of ap = lim,(a. 2).

Step 3 b). Perform a slight variant of [2, Algorithm 12.18 (Parametrized Bounded
Algebraic Sampling)], pseudo-reducing intermediate computations
modulo F using (4.1), with input

Y A+ (T, X', X1, V)? €D, T, X', X1, U
A€H.

with parameters €, 7T, X, 41 and output a set V. of parametrized uni-
variate representations with parameter €,7T, X, and variable V.
Denote by F. the set of polynomials f. such that there exists F;
such that (f., Fr) € V.. Note that f. € D[e, T, X, 41, V].

Step 3 ¢). Compute the family of coefficients C C D[T, X, ;1] of the polynomi-
als f. € F. considered as elements of D[T, X,11][e, V] and the list
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Step 3 d).

Step 3 e).

Step 3 f).

Step 3 g).

Step 3 h).

Step 3 1).
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L of non-empty conditions = 0,# 0 satisfied by C in R using [2,
Algorithm 12.23 (Triangular Sample Points)]. Note that for every
Zr41 in the realization of 7 € L, the orders in ¢ of the coefficients of
the polynomials in F.(t,z,1) C D[V] are fixed. For every f. € F.
we denote by o(fz,7) the maximal order in € of the coefficients of
fe(t,xy41) on the realization of 7 and by F, C DI[T, X, 41, V] the set
of polynomials obtained by substituting 0 for & in e =<7 f_.
Define

F=|JF cDIT, X, 11,V].
TEL
Compute

&€ =C | RElimy (f, Der(f)) C DIT, X,41].
fer

using [2, Algorithm 11.19 (Restricted Elimination)], so that the
Thom encodings of the real roots of f(t,z,+1,V) are fixed when
Tr41 varies in an open interval defined by the roots of the polyno-
mials £(t).

Compute using [2, Algorithm 12.19 (Triangular Sign Determination)]
the Thom encodings of the real roots of the polynomials in £(t), and
the ordered list ¢; < --- < ¢p_1 of the roots of the polynomials in
£(t) in the interval (co, ¢p), with c¢g = a1, ¢p, = ao. Denote by Cj, p;
a polynomial in £(t) and a Thom encoding representing c;.

For every j from 1 to h — 1 and for every f € F, determine, using
[2, Algorithm 12.19 (Triangular Sign Determination)| the Thom en-
coding f(t,¢;,V), 1j of a root v; such that v; = lim.(v.), where v,
is the root of f.(e,t,c;, V) with Thom encoding 7.. The multiplicity
; of the root v; is determined by 7;.

For every j from 1 to h, define I = (¢j—1,c—j). For every f € F de-
termine, using [2, Algorithm 12.19 (Triangular Sign Determination)]
the Thom encoding f;(t, z,+1, V), 71 of a root vy(z,41), of multiplic-
ity pr such that for every z,41 € I, v(a,41) = lim(v:) where v, is
the root of f.(e,t, z,41, V) with Thom encoding 7.. The multiplicity
pr of the root vr(x,41) is determined by 7.

Given (fz, F;) in U. denote by (gr.,GF.) the k —r + 1-tuple of poly-
nomials obtained by substituting in (g., G<) the variables X', U by
F, (see Notation 4.5). Denote by V. C Dle,T, X;,V] the set of
k — r + 1-tuples of polynomials (gr.,GF.).

For every j from 1 to h — 1 and every (he, H.) € V., with H. =
(heo, hery2, ..., he ) determine the order in e of

he(e,t,cj,v5), hei(e, t, cj,v5).

This is done by determining the signs of the coefficient hy, h; ¢ of elin
h(e,t,cj,v), hi(e, t, cj,v;) using [2, Algorithm 12.19 (Triangular Sign
Determination)]. Retain those (h., H.) such that o(hco) > o(he;)
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for all 4 from r +2 to k and replace € by 0 in (e (<) h,, e=oh<0) ),
which defines a set H;. Inspecting every (h,H) € H;, determine,
using [2, Algorithm 12.19 (Triangular Sign Determination)], a k —
r+ 1-tuple (hj, H;) with the following property. Let d; be the point
represented by the real univariate representation

(hj(T, Xpy1, V)5, HY (T, X1, V)

over t,u. The image under lim. of the point of S with X,11-
coordinate (¢;) is (z,¢j,d;).

For every j from 1 to h define I = (¢j_1,c—j). For every (he, H.) €
V., with H, = (heo, heps2, ..., he ;) subdivide I so that the order in
e of he(e,t,cj,vj) and hi(e, t, xpq1,vr(2r41)) is fixed. This is done
by computing

& = U RElimy (f, h¢) C D[T, X,41],
feF,(h,H:)eV! 0<t<deg, h;

and

Eri= U RElimy (f, hi¢) C D[T, X,41],
feF,(h,H:)eV!,0<t<deg, h;

using [2, Algorithm 11.19 (Restricted Elimination)].
Defining
&g=& |J
i€0,r42,....k

compute the Thom encodings of the roots of the polynomials in
& (t), using [2, Algorithm 12.19 (Triangular Sign Determination)].
On each open interval J between two successive roots, the order in
e, denoted by o(he),o(he ;) of the polynomials

h(s, l, Trq1, UJ(xT-H))a hi(a‘, t, Tr41, UJ(xT-H))

remains fixed. Retain those (h., H) such that o(h.o) > o(h.;) for
all i from 7 4 2 to k and replace ¢ by 0 in e=°(=0)(h, H.), which
defines a set H ;. Inspecting every (h, H) € Hj, determine, using [2,
Algorithm 12.19 (Triangular Sign Determination)], a k —r + 1-tuple
(hy, Hy) such that the point represented by
~1
(h(t,@rgr,0r), HYY ™D (8, 2g1, 1)

is the image under lim, of the point of S. with X,.;1-coordinate x4 1,
where gy is the multiplicity of uj(z,4+1) as a root of hy(z,41,V).

Let wy be the curve represented by the curve segment represen-
tation

hi(T, Xpi1, U), 75, HE (T, X0, U)

with parameter X, over ¢, u.
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Step 3 k). Let ¢; < --- < e¢ny—1 denote the set of all the elements of R computed
in Steps 2 d), and 2 i) above, and ¢y = ¢. Re-index each v; computed
in Step 3 h), such that d; lies above ¢;. Similarly, re-index each wy
computed in Step 3 i) by some j,1 < j < N, so that w; lies above
the interval (c;j—1,¢;).

Output the list of dy,...,dny_1, and w1, ..., wnN.

PROOF OF CORRECTNESS. Let 7. : (ae1,@c2) — R(e)* be the curve repre-
sented by a well-parametrized curve segment

f€,17 Oc1, f5,27 0¢e,2,9e, Te, GE

computed in Step 2.

Let G : (a1, a0) — RF be the curve whose image equals the image of 7,
under lim.. Since the input curve segment is well-parametrized it follows
from Proposition 8.7 that in order to compute for any =1 € (co, cn), G(z1) it
suffices to compute lim, 7. (z1). The proof of correctness of the algorithm is
then similar to the proof of correctness of Algorithm 3 (Limit of a Bounded
Point).

O

COMPLEXITY ANALYSIS. Let D be a bound on the degrees of all polynomials
appearing in the input. We first bound the degrees in the various variables,
e, T,X', X,11,U, V of the polynomials computed in various steps of the al-
gorithm. In Step 1, the degrees of the polynomials in U, are bounded as
follows. The degrees in ¢, U are bounded by DY) by the complexity analy-
sis of [2, Algorithm 12.18 (Parametrized Bounded Algebraic Sampling)] and
the degrees in the T; are bounded by D, because of the pseudo-reduction.
Moreover, the complexity of this step is bounded by DP+7) from the com-
plexity of [2, Algorithm 12.18 (Parametrized Bounded Algebraic Sampling)]
and the complexity of pseudo-reduction (see Definition 4.2).

The degrees in &,T;, X’,U in the output of Step 2 are all bounded by
DM and the complexity of Step 2 is bounded by

(ki o T)O(I)DO(m—&-r) _ kO(l)DO(m—i-r)

using the complexity analysis of Algorithm 8 (Reparametrization of a Curve).

The degrees of the polynomials in Step 3 a are bounded as follows. In the
output of the call to [2, Algorithm 12.18 (Parametrized Bounded Algebraic
Sampling)], the degrees in ¢,U are bounded by DO and the degrees in
the T; are bounded by D. Now, from the complexity analysis of Algorithm
3 (Limit of a Bounded Point) it follows that the degrees in the T; of the
polynomials output are bounded by D and those in ¢,U are bounded by
DO() . Moreover, the complexity of Step 3 a is bounded by DP("+7) from
the complexity of [2, Algorithm 12.18 (Parametrized Bounded Algebraic
Sampling)], the complexity of Algorithm 3 (Limit of a Bounded Point) and
the complexity of pseudo-reduction (see Proposition 8.4).
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The degrees of the polynomials in Step 3 b are bounded as follows. In the
output of the call to [2, Algorithm 12.18 (Parametrized Bounded Algebraic
Sampling)], the degrees in €, X,;1,V are bounded by D) and the de-
grees in the T; are bounded by D. The complexity of Step 3 b is bounded by
DO+ from the complexity of [2, Algorithm 12.18 (Parametrized Bounded
Algebraic Sampling)], and the complexity of pseudo-reduction (see Defini-
tion 4.2).

The complexity of Step 3 ¢ is bounded by DY™*7") using the degree
bounds from the complexity analysis of the previous steps and the complex-
ity of [2, Algorithm 12.23 (Triangular Sample Points)].

It now follows from the complexity analysis of [2, Algorithm 12.19 (Trian-
gular Sign Determination)], [2, Algorithm 11.19 (Restricted Elimination)],
and the degree estimates proved above that the complexity of the remain-
ing steps are all bounded by kM DO(m+7)  Thus, the complexity of the
algorithm is bounded by k01 pOm+r), O
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