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scalar number, can be defined in terms of the energy functional by a general class of
functions, not limited to the square root function adopted in previous approaches. The
current method has another remarkable property: the computed values for the generalized
auxiliary variable are guaranteed to be positive on the discrete level, regardless of the time

I;ggist'abmty step sizes or the external forces. This property of guaranteed positivity is not available in
Unconditional stability previous approaches. A unified procedure for treating the dissipative governing equations
Dissipative systems and the generalized auxiliary variable on the discrete level has been presented. The discrete
Conservative systems energy stability of the proposed numerical scheme and the positivity of the computed
:l‘)\uxitl.ia_rty variables auxiliary variable have been proved for general dissipative systems. The current method,
ositivity

termed gPAV (generalized Positive Auxiliary Variable), requires only the solution of linear
algebraic equations within a time step. With appropriate choice of the operator in the
algorithm, the resultant linear algebraic systems upon discretization involve only constant
and time-independent coefficient matrices, which only need to be computed once and
can be pre-computed. Several specific dissipative systems are studied in relative detail
using the gPAV framework. Ample numerical experiments are presented to demonstrate
the performance of the method, and the robustness of the scheme at large time step sizes.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

Dissipative systems are of immense interest to science and engineering. Physical systems encountered in the real world
are dissipative, thanks to the second law of thermodynamics. In dissipative systems there exists a storage function that
is bounded from below [40]. We will refer to this function as the energy in the current work. Dissipative systems are
distinguished from general dynamical systems by the dissipation inequality, which basically states that the increase in
storage of the system over a time interval cannot exceed the supply to the system during that interval [40,41]. The governing
partial differential equations (PDE) describing dissipative systems are typically nonlinear, and they satisfy a balance equation
for the energy (or entropy) as an embodiment of the dissipation inequality [11,35,2,32,1,15].
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A highly desirable property for numerical algorithms for dissipative systems is the preservation of the energy dissipation
(or conservation) on the discrete level. This not only preserves one important aspect of the underlying structure of the con-
tinuous system [23], but more practically also provides a control on the numerical stability in actual computer simulations.
The history for such strategies is long and they can be traced to at least the work of [9] on discrete energy conservation for
finite difference approximations in the 1920s. While energy-stable schemes for specific domains of science and engineer-
ing have been under intensive studies and these efforts have borne invaluable fruits, the schemes and methods developed
usually have only limited applicability across domains. The energy-stable schemes for one area are hardly transferable to a
different field, and they can hardly shed light on the development of such types of schemes in new unexplored domains.
Unified techniques that can be broadly applied to treat different PDEs from different domains for devising energy-stable
schemes are generally lacking. The metaphor used in [24] (page 139) to compare the motley collection of PDEs to a huge
unhappy family (each unhappy in its own way; Tolstoy, “Anna Karenina”) seems fitting in describing this situation (see
also [6]).

Occasionally, certain methods appear and seem to be broadly applicable to a wide class of problems spanning different
areas. The average vector field (AVF) method [6,36] and the discrete variational derivative method (DVDM) [19], both of
which can be traced to the idea of discrete gradients [22,33], are two such examples. For gradient systems that can be
expressed into the form %—'t‘ =L- % where L is an anti-symmetric or negative semi-definite matrix, u is the field variable,
H(u) is the energy functional and % denotes the variational derivative, the AVF and DVDM methods can preserve the
energy conservation (resp. energy dissipation) discretely. We refer the reader to e.g. [18,10,34,5,17] (among others) for
related and variants of these methods. A potential drawback of these methods is their computational cost. Because these are
fully implicit schemes and the governing PDEs are in general nonlinear, these methods will entail the solution of nonlinear
algebraic equations on the discrete level. Consequently, some nonlinear algebraic solver (e.g. Newton’s method) will be
required for computing the field functions, and the associated computational cost can be substantial.

In the current work we present a framework for devising energy-stable schemes for general dissipative systems that can
potentially be useful and applicable to different domains. Our method does not require the governing PDEs to be in any
particular form, as long as they are dissipative (or conserving). When devising the energy-stable numerical schemes, we
are particularly mindful of the computational cost involved therein. The resultant energy-stable schemes from our method
involve only the solution of linear algebraic equations when computing the field functions within a time step, and no
nonlinear algebraic solver is needed. Furthermore, with appropriate choice of the operator in the scheme, the resultant linear
algebraic systems upon discretization can involve only constant and time-independent coefficient matrices, which only need
to be computed once and can be pre-computed during pre-processing. Thanks to these properties, the presented method
and the resultant energy-stable schemes are computationally very competitive and attractive. In terms of the computational
cost the presented method enjoys a notable advantage when compared with the aforementioned methods.

The key to achieving the above useful properties for general dissipative systems in the presented method lies in the
introduction of a generalized auxiliary variable. The generalized auxiliary variable introduced here is inspired by the scalar
auxiliary variable (SAV) approach proposed by [38], and to a lesser extent, by the invariant energy quadratization (IEQ)
method [44], both of which are devised for gradient flows; see also e.g. [37,20,8,49,27,28,47,45] (among others) for exten-
sions and applications of these techniques. In SAV a scalar-valued auxiliary variable is defined, as the square root of the
shifted potential energy integral. In IEQ an auxiliary field variable is defined, as the square root of the shifted potential
energy density function. With these auxiliary variables, energy-stable schemes can be devised for gradient flows and their
discrete energy stability can be proven in the SAV and IEQ methods. In both SAV and IEQ, the use of the square root function
is critical to the proof of the discrete energy stability of the resultant numerical schemes, due to the interesting property
that the square root is the only function form that satisfies the relation

2f0 f'(0=1.

In the current work we will show that the square root function is not essential to devising energy-stable schemes. In the
generalized auxiliary variable method developed here, the auxiliary variable (a scalar number) can be defined by a rather
general class of functions (conditions specifically given in Section 2.1) in terms of the energy functional, which is why the
method is termed “generalized”, and the resultant numerical schemes can be proven to be discretely energy stable.

The method presented here is applicable to general dissipative systems, which is another key difference from previous
auxiliary-variable approaches. The ability to deal with general dissipative systems hinges on how the governing PDEs are
treated based on the generalized auxiliary variable and how the generalized auxiliary variable is numerically treated on the
discrete level. A unified procedure for treating discretely the dissipative governing equations and the generalized auxiliary
variable has been presented. These numerical treatments have drawn inspirations from the recent developments in [29,
46] for incompressible Navier-Stokes equations and for the incompressible two-phase flows, which are not gradient-type
systems.

The generalized auxiliary variable method proposed herein has another remarkable property: The computed values for
the auxiliary variable are guaranteed to be positive on the discrete level. Such a property is not available in the SAV (or IEQ)
method. In both SAV and IEQ, as well as in the current method, the auxiliary variable is computed discretely by solving an
associated dynamic equation, which is derived based on the definition of the auxiliary variable in terms of the square root
function in SAV and IEQ or a general function in the current method. The auxiliary variable physically should be positive
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according to its definition. However, this positivity property is in general not guaranteed in the computed values for the
auxiliary variable, because they are obtained by numerically solving a differential equation. Indeed, in numerical experiments
we have observed negative values for the computed auxiliary variable using the previous methods, especially at large time
step sizes. With the current method, on the other hand, we can prove that the computed values for the generalized auxiliary
variable are guaranteed to be positive, regardless of the time step sizes or the external forces. The guaranteed positivity of
the auxiliary variable in the current method is intimately related to and is critical to the proof of discrete energy stability
of the proposed numerical schemes.

Because of these crucial properties, we will refer to the framework proposed herein as “gPAV”, which stands for the
generalized Positive Auxiliary Variable method.

In this paper we consider general dissipative systems and outline the gPAV procedure for devising discretely energy-
stable schemes. The discrete energy stability of the proposed numerical scheme and the positivity property of the computed
auxiliary variable will be proven for general dissipative systems. As already mentioned, the gPAV method requires only
the solution of linear algebraic equations within a time step, and with appropriate choice of the operator in the algo-
rithm, the resultant linear algebraic systems involve only constant and time-independent coefficient matrices that can be
pre-computed. We demonstrate the gPAV procedure by looking into three specific dissipative systems: a chemo-repulsion
model [21], the Cahn-Hilliard equation [4] with constant and variable mobility, and the nonlinear Klein-Gordon equa-
tion [39]. Ample numerical experiments are provided for each system to demonstrate the performance of the algorithm
and the effects of the parameters.

The current work contains several new aspects: (i) the framework for developing discretely energy-stable schemes for
general dissipative systems; (ii) the generalized auxiliary variable introduced herein; and (iii) the guaranteed positivity of
the computed auxiliary variable on the discrete level. Some other aspects, such as the generalization of the numerical
algorithm as discussed in Remarks 2.5 and 2.6, are also potentially useful to other researchers and the community.

The remainder of this paper is structured as follows. In Section 2 we introduce a generalized auxiliary variable and
present the gPAV framework for devising discretely energy-stable schemes for general dissipative systems. The discrete en-
ergy stability of the presented algorithm and the positivity of the computed auxiliary variable will be proven. The solution
algorithm for implementing the proposed energy-stable scheme will be presented. An alternative formulation for the energy-
stable scheme will also be discussed in this section. Then in the three subsequent sections (Sections 3-5) we apply the gPAV
framework to three specific dissipative systems (a chemo-repulsion model, Cahn-Hilliard equation with constant and vari-
able mobility, and Klein-Gordon equation). Ample numerical experiments are provided to demonstrate the performance of
the method for each system, and numerical results with large time step sizes are presented to show the robustness of the
proposed scheme. Section 6 concludes the discussions with some closing remarks. In Appendix A we provide a method for
approximating the variables for the first time step, which guarantees the positivity of the computed auxiliary variable to
start off. This startup procedure is important for the proof of discrete energy stability of the presented numerical scheme.

2. The gPAV framework for energy-stable schemes for dissipative systems

Consider a domain €2 in two or three dimensions and a dissipative system on this domain, whose dynamics is described
by,

9
8—’: —Fu) + f(x.0) (21)

where x and t denote the spatial coordinate and time, u(x, t) denotes the state variables of the system and can be a scalar-
or vector-valued field function, and f(x,t) is an external source term (hereafter referred to as the external force). F(u)
is an operator that gives rise to the dissipative dynamics of the system and can be nonlinear in general. Equation (2.1) is
supplemented by the boundary condition

B(u)= f,, onTl (2.2)

where I' denotes the domain boundary, f} is an external source term on the boundary, which will be referred to as the
external boundary force hereafter, and B is assumed to be a linear operator for the sake of simplicity. The initial condition
is

u®, t=0)=ujx) (2.3)

where u;,(x) is the initial distribution of the state variable.
Because the system is dissipative, there exists a storage function that is bounded from below [40], which hereafter will
be referred to as the energy,

Etot (t) = Etor[u]l = / e(u)d, (2.4)
Q
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where e(u) is the energy density function. The evolution of the energy is described by

dEtOt . ’ ou . '
it _/e(u)-gdﬂ_/e(u)-[F(u)—i-f]dQ, (2.5)
Q

Q

where e’(u) is the partial derivative of e(u) with respect to u (e’(u) = g—z) and we have used equation (2.1). With integration
by part, the right-hand-side (RHS) of equation (2.5) can be transformed into

/e’(u)~[F(u)+f]dQ=—/V(u)dQ+/Vs(f,u)dS2+/Bs(fb,u)dI‘, (2.6)

Q Q Q r

where Vs(f,u)=¢€'(u) - f denotes the volume terms involving the external force f, which satisfies the property

Vo(f,u)=0, iff=0. (2.7)

The rest of the volume terms are denoted by —V (u), not involving f. Bs(f},u) denotes the boundary terms, which may
involve the boundary source term ( f;) through the boundary conditions.
Substituting equation (2.6) into equation (2.5), we arrive at the following energy balance equation for the system,

dE¢ot
dt

=—/V(u)dQ—l—/Vs(f,u)dfz—i-/Bs(fb,u)dF. (2.8)

Q Q r

We assume that the boundary conditions (2.2) satisfy the following property,

Bs(fp.u)=0 if f,=0, onT. (2.9)

The dissipative nature of the system ensures that dﬁ‘t‘" < 0 in the absence of the external forces (i.e. f =0 and f, =0).

Because the domain 2 can be arbitrary, it follows that V (u) must be non-negative, i.e.

V(u)>0. (210)
2.1. Reformulated equivalent system

To facilitate energy-stable numerical approximations of the system (2.1), we define a shifted energy of the following form

E(t) = E[u] :/e(u)dQ + Co, (2.11)
Q

where Cy is a chosen energy constant such that E(t) > 0 for 0 <t < T, and T is the time interval on which the computation
is to be carried out. Note that for a physical system the energy is bounded from below, and thus Cy can always be found.
Let .# denote a one-to-one increasing differentiable function, with its inverse .Z ! = ¢, satisfying the property

F(x)>0, fory>0;
X X (212)
4(x) >0, foryx>0.
We define a scalar variable R(t) by
R(t) =%(E), (213a)
E(t) = Z#(R), (2.13b)
where E(t) is the shifted energy given by (2.11). R(t) then satisfies the following evolution equation,
dR ou
F'R)— = [ e'(u) - —dQ 214
(R) T / (u) T (214)

Q

which is obtained by taking the time derivative of equation (2.13b) and using equation (2.11).

Remark 2.1. The choice for .% and ¥ is rather general. Some examples are,

FO=x" 900=x"", mezt=1{1,23,.}% (2.15)
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or

9()():630111(%), %(X):Kotanh(ex—o>, (2.16)

Ko

where k¢ and eq are positive constants. It is important to notice that a function like .# (x) = x?™*! (with an integer m > 0)
or Z#(x)=In(1+ x) does not automatically guarantee that .%# ()x) > 0 with arbitrary x. However, if one can ensure that
the argument satisfies x > 0, the property .% (x) > 0 can be guaranteed with such choices of functions when defining R(t).
This point is critical in the subsequent development of the numerical algorithm.

Noting that = (R) =1, we rewrite equation (2.1) into an equivalent form

F(R)
E

: (F(u)—FL(u))+f, (217)

where F(u) is a chosen linear operator about u. F;(u) should be of the same spatial order as F(u). For improved ac-
curacy F;(u) should be an approximation of F(u) in some way, such as the linear component of F(u) or a linearized
approximation of F(u). For improved numerical efficiency F;(u) should be easy to compute and implement.

Remark 2.2. F(u) often consists of linear components and nonlinear components for many systems, and oftentimes one
can choose the linear components as the F; operator. One can also add/subtract certain linear operators, and treat one
part freely and the other part together with Z® a5 in equation (2.17). By choosing an F; operator that involves only
time-independent (or constant) coefficients, the resultant method will become computationally very efficient, because the
coefficient matrices for the linear algebraic systems upon discretization will be time-independent and therefore can be
pre-computed when solving the field variables. This point will become clearer from later discussions.

We reformulate equation (2.14) as follows,

o dR [, ou Z(R) ,
F (R)E—[e(u)~§d9+[T—l]/E(u)-[FL(u)Jrf]dQ
Q Q

Z(R
+% /6’(u)-[F(u)—FL(u)]dQ_/e'(")-[F(u)—FL(u)]dQ
Q Q
+[1 - #] /Vs(f,u)dQ-i-/Bs(fb,u)dF (2.18)
Q r

:/e’(u) . 8_udQ — /e’(u). <FL(u) + J;R) [F(u) — Fr(u)] +f) a2
Q

LZR )/e(u) [F(u)—i—f]dQ—i—[l —@} /Vs(f,u)dﬂ—i—/Bs(fb,u)dI‘
Q

r

where it can be noted that a number of zero terms have been incorporated. In the above equation }(~)] denotes the absolute
value of (-). In light of (2.6), we transform equation (2.18) into the final reformulated equivalent form

9’(13)%1: :/e’(u) : ?Tl:dﬂ—/e’(u% (FL(U)+ @ [F(u) - FL(")]+f) ds2
Q Q

+ 20— [vande+ [ v wae + [ sy war (219)
Q Q r
[1 - @} /Vs(f,u)dQ—i-/Bs(fb,u)dF .
Q r

The reformulated system consists of equations (2.17) and (2.19), the boundary conditions (2.2), the initial condition (2.3)
for u, and the following initial condition for R(t),

R(0) =%(E(0)), where E(0) = / e(uip)d2 + Co. (2.20)
Q
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In the reformulated system, the dynamic variables are u and R(t), which are coupled in the equations (2.17) and (2.19). E(t)
is given by equation (2.11). Note that in this system R(t) is determined by solving the coupled system of equations, not by
using the equation (2.13a).

2.2. An energy-stable scheme

We next present an energy-stable scheme for the reformulated system consisting of (2.17) and (2.19), together with the
boundary condition (2.2) and the initial conditions (2.3) and (2.20).

Let n > 0 denote the time step index, and (-)" represent the variable (-) at time step n, corresponding to the time
t =nAt, where At is the time step size. If a real-valued parameter 6 is involved, (-)"*? represents the variable (-) at time
step (n+ 0), corresponding to the time (n + 6)At.

Let x denote a generic scalar or vector-valued variable. We consider the following second-order approximations:

n+3 _ 2, n+l _ Jon el _2on_1on1 291

X 5 X SX X X TS (2.21a)
3 1

8X n+1 Xn+7 _ XTH-j 1 /3 1 1 B

Bl T At At\2 20"+ " 1>7 2.21b

ot At At<2X XTH X (2.21b)

=2 = (2.21¢)

where (2.21b) is the second-order backward differentiation formula (BDF) and x"*! is an explicit approximation of x"*1.

n+1 n+1
We also consider the following second-order approximation of d‘%;% =Z'(x) based on the discrete directional
derivative [22]

i1 FHD) — (D) — F () - (XM — D)

3 1
Dz (x)| 5 1 (X"2 — ")+ F (M, (2.22)
[x"F2 — ™22
which satisfies the property
n+1 3 1 n+1
Dr(O| - (Ex”“ —2x"+ ix”*l) =0s00] (" -xm)=Fomh - FGth. 223

Note that in these equations x"t3/2 and x"t/2 are given by (2.21a). If x represents a scalar-valued variable, one can also
n+1

approximate .%'(x) by

1 FUMD - FUMY _ FM) - F(x)

D4 , 2.24
70 Xn+% _Xn+% %XﬂJrl _zxn_i_%xnfl ( )
which satisfies the same property (2.23).
We propose the following scheme to approximate the reformulated system:
Ju (n+1 _ _
S| = FL@h [P — FL @]+ (2.252)
F(RV+3/2
E[ﬁn+ / ]
E[a"/?) = / e(@"3/?)dQ + Co, (2.25¢)
Q

Bt = fi*', onT, (2.25d)
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n+1 d_R nt Z/e/(un—H) 3u
Q

dQ
dt

Dz (R)|

ot

_/e/(un-H) . (FL(ul‘H—'l) +;§|:F(l—‘n+l) _ FL(ﬁﬂJrl):I +fn+1>dQ
Q
(2.25¢)

+%_ —/V(fln+])dQ+/Vs(fn+1,ﬁn+l)d9+/3 (fn+1’~l’l+1 dr

Q Q r

+(1-£) /Vs(fn+],ﬁn+1)d9+/8 (f"+1,~"+] darl

Q r

at

defined by (2.21¢), and R"™3/2 is defined by (2.21a). "' and #"">/? are second-order approximations of #"*! and u"+3/2,
respectively, to be specifically defined later in (2.42).

) n+1
In the above equations, 2 "1 and ‘fi—f‘ are defined by (2.21b), D& (R)|™" is defined by (2.22) (or (2.24)), #™*! is

Remark 2.3. It is critical to note that in the scheme (2.25a)-(2.25e), gEZ[(uR]) is approximated at step (n + %) while the
other variables are approximated at step (n + 1). This feature, together with the approximation (2.24), allows R™t! to
be computed from a linear algebraic equation (no nonlinear algebraic solver), and endows the scheme with the property
that the computed R™! and .Z(R"*t!) (resp. R"*3/2 and .# (R"t3/2), for all n > 0) are guaranteed to be positive. These
points will become clear from later discussions. It should be noted that the approximation % at step (n+3/2) is a

Z(R)
f E

second-order approximation o =1. In fact, the approximation involving any real parameter 6,

y(Rn+9)

e 14+ O(AL)?, (2.26)

is a second-order approximation of @ =1, as long as R""? and "% are second-order approximations of R(t) and u(t)

at time (n + ) At. Therefore, the approximation in (2.25b) does not affect the second-order accuracy of the scheme.
The scheme given by (2.25a)-(2.25e) has the following property.

Theorem 2.1. In the absence of the external force and external boundary force (i.e. f =0 and f, = 0), the following relation holds
with the scheme (2.25):

m(Rn-&-%)

W va'thy <o, forn>o0, (2.27)
Q

FR™I) — FRI) = —
if the approximation of R(t) at time step % is positive, i.e. Yo = R"*1/2 0 0.
n=
Proof. By equations (2.21b) and (2.22), we have

" FR™ - PR
At

n+1 dR

dt

D #(R)

(2.28)

Taking the L2 inner product between equation (2.25a) and e’ (™), and adding the resultant equation to equation (2.25e)
and noting equation (2.28), we arrive at

+3 g (pn+3 Tl+
nid pell TR _— (R"2) ( 2)
Q
where we have used equation (2.25b), and Sy is defined by
So= f Ve(F 1 a"haq + / Bs(fi 1, @™ ar. (2.30)

Q r
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Then it follows that, if f =0 and f, =0,

j‘(R”"‘%)

At ~n+1
U o [o V@™hHde

F(R"3/2) = (2.31)

where we have used the relations (2.7) and (2.9).

Note that E[#""*/?] > 0 and V@"*') > 0, in light of (2.11) and (2.10). If Yo = R"™1/2|,_¢ > 0, then .7 (Y) > O based on
the property (2.12). By induction, we can conclude from equation (2.31) that .%# (R"t3/2) > 0 for all n > 0. The inequality in
(2.27) then holds. We therefore conclude that, if R"*1/2|,_¢ > 0,

0< . Z(R"™3) < ZF(R™3), forn>0. (2.32)

Thus, the scheme is unconditionally energy stable with respect to the modified energy .#(R), if the approximation of
R(t) at time step 1 is positive. O

There are many ways to approximate R(t) to ensure that it is positive at time step % and that the overall scheme is
second-order accurate in time. One such method is given in the Appendix A. Therefore we have the following result:

Theorem 2.2. With u' and R! approximated using the method from Appendix A, in the absence of external forces (f =0 and f), =0),
the scheme represented by (2.25a)—(2.25e) is unconditionally energy-stable in the sense of the relation (2.32).

Remark 2.4. If the functional form of .% () is such that .Z(x) >0 for all x € (—o0, 00), e.g. F(x) = x*" (with an integer
m > 1), then the scheme given by (2.25a)-(2.25e) is unconditionally energy stable regardless of the approximation of R(t)
at the time step 1.

Remark 2.5. The scheme (2.25) is devised by enforcing the system of equations consisting of (2.17), (2.19) and (2.2) at time
step (n + 1), approximating @ at time step (n + %), and employing the approximations (2.21a)-(2.22). Inspired by the
recent work [47], we can generalize this scheme by enforcing the system of equations at time step (n + 6), where 0 is a
real-valued parameter, to arrive at a family of energy-stable schemes.

In brief, let us consider the following second-order approximations at time step (n+6) with 6 > %: (x denoting a generic

variable, and B > 0 denoting a real parameter below)

PUGAR T /R VL35 DY P DV IV By I DV P DS (2.33a)
2 2 2 2
P :%(Xn+0+% +X"+07%) T B(™MT — 2" 4+ ™)
(2.33b)
0 1\ . 1 " 0 1\ .4 L N
=(B+=+-)x""+{==28)x"+({B—=+-)x"""; (implicit approximation)
2 4 2 2 4
=1 +60)x"—0x"1; (explicit approximation) (2.33¢)
1 1
aX n+60 Xn+9+§ _ XTI+97§ 1 1 1 _
x| _ = —[(o+=)x"" 205"+ (06— =) " 1]- 2.33d
at At At[( +2)X X+ ( 2)X ’ (2.33d)

7 n+6
and the following approximation of d‘%;%’ =7 '(X)|n+6 based on discrete directional derivative,

{g(Xn+0+%) _ zg(xn-&-@—%) _ <g/(Xn+9) . (Xn+9+% _ XTH—G—%)

n+o _ n+6+1  nyo—1
Dz(OI" = L 1 (x 2=X ?) (234)
+ 7' ((").
These approximations satisfy the following properties:
§ O (9 n 1)Xn+1 20" + (9 _ 1))("71 _ 1 ‘Xn+9+% ‘Xwe,% 2
2 ) 2 2 (2.35a)
2 _1,2 _112
+§<‘Xn+1_xn’ _’Xn_Xn 1‘)+9ﬂ’XH+]_2XH+Xn 1 :

1
D (O™ [(9 +3)x" =20+ (0 —)x”‘1] = F(M) = F (). (2:35b)
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Note that the parameter 8 > 0 in (2.33b) can often be used to control the numerical dissipation of the approximations,
which will be useful for approximating energy-conserving systems. An example will be given with the Klein-Gordon equa-
tion in a later section. The scheme given in (2.25) corresponds to 6 =1 and 8 = 3

By approximating the terms in equations (2.17), (2.19) and (2.2) at time step (n + 6), except for the term # which
will be approximated at time step (n+ 6 + %), and employing the approximations (2.33a)-(2.34), one can prove that the
resultant family of schemes (with 6 and 8 as parameters) is unconditionally energy-stable. The details will not be provided
here.

2.3. Solution algorithm

Let us now consider how to implement the algorithm represented by equations (2.25a)-(2.25e). We first introduce some
notations (x again denoting a generic variable):

3 1
= -, A=2 ﬂ__ I’l—]. 2.36
=35, X=2X"-3X (2.36)
Then the approximation in (2.21b) can be written as

A

a—X n+1 _ ponJrl - %

= 2.37
ot At ( )
Inserting notation (2.37) into equation (2.25a), we have
_ _ u

Note that #"*! and @ are both explicitly known, and £ is an unknown depending on u"*!. Taking advantage of the fact
that & is a scalar number instead of a field function and the linearity of the operator B in the boundary condition (2.2), we
introduce two field functions (u”+l ”+1) as solutions to the following two linear systems:

Zot r11+1 F, (un—H B (2.392)
B[t =f}"", onT. (2.39b)
%ug“ — F ™) = F@™) — Fy ™). (2.40a)
Bu)™)=0, onT. (2.40Db)

+1

Since the operator F; is chosen to be a linear operator and relatively easy to compute, u”+1 and ug can be solved

efficiently from these equations. Then we have the following result.

Theorem 2.3. Given scalar value &, the following function solves the system consisting of equations (2.25a) and (2.25d):

uttl — n+1 _’_5un+1’ (2.41)

n+1 n+1

where u|™" and u;"" are given by the equations (2.39a)-(2.40Db).

The scalar value & still needs to be determined. Define

ﬁn+1 n+l + ug+1

’

- 3 - 1 (2.42)
un+3/2 — _un+1 ——u",

2 2
which are second-order approximations of u™t! and u™t3/2. These field variables can be explicitly computed after u"+1 and

ug“ are obtained. By equation (2.25b), we have

F(R"™3) = £E[" 2], (2.43)

Note that equation (2.25e) can be transformed into equation (2.29). Inserting equation (2.43) into equation (2.29) leads to
the solution for &,

Z(R"1/2) + At|So|

, (2.44)
E[u”+2] + At [, V@™ + At(ISol — So)

~n+3/2

where @"*! and @ are given by (2.42), Sg is given by equation (2.30), and E[ﬁ"+3/2] is computed by equation (2.25c¢).
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In light of equations (2.43) and (2.21a), we can then compute R™1 by

R32 _ g (SE[ﬁn+3/2]> o
2 1 (2.45)
Rn+1 — 5RI‘H—3/2 4 §Rn’ n> 0.

The following result holds.

Theorem 2.4. The scalar value & computed by equation (2.44) and the variable R™ (n > 0) computed by equation (2.45) are always
positive, if the approximation of R(t) at time step % is positive, i.e. Yo = R"1/2|,_o > 0.

Proof. If Yo = R"1/2|,_¢ > 0, then .%#(Yg) > 0 based on (2.12). Since E(u) is a positive function, V(1) >0 and |So|— So >0,
we conclude by induction & computed from (2.44) is always positive.

Note that R% = R(0) > 0 according to equation (2.20). In light of the property (2.12), we conclude that R"*3/2 and R"+!
computed from equation (2.45) are both positive. 0O

Using the method from the Appendix A can ensure the positiveness of the approximation of R(t) at the time step % We
have the following result.

Theorem 2.5. With u' and R computed based on the method from Appendix A, the & given by (2.44) and R"*! and R"+3/2 given
by (2.45) satisfy the property

£>0, R"™'>0, and R"/?>0, (2.46)

for alln > 0, regardless of the external forces f and f, and the time step size At.

Combining the above discussions, we arrive at the solution procedure for solving the system consisting of equa-
tions (2.25a)-(2.25e). Given (4", R"), we compute (u™t1, R"*1) through the following steps:

1. Solve equations (2.392)~(2.39b) for u*!;
Solve equations (2.40a)~(2.40b) for u*!.
2. Compute @™ and "%/ based on equation (2.42);

Compute E[ﬁ"+%], Jo V(@@"*!) and So based on equations (2.11), (2.6) and (2.30).
3. Compute & based on equation (2.44).
4. Compute u™*! based on equation (2.41). Compute R"*! based on equation (2.45).

It can be noted that the numerical scheme and the solution algorithm developed in this section has several attractive
properties: (i) Only linear systems need to be solved for the field variables u within a time step. Moreover, with appropriate
choice for the F; operator, the system can involve only constant and time-independent coefficient matrices, which can be
pre-computed. Therefore, the solution for u will be computationally very efficient. (ii) The auxiliary variables R and & can
be computed by a well-defined explicit formula, and no nonlinear algebraic solver is involved. Their computed values are
guaranteed to be positive. (iii) The auxiliary variable R can be defined by a rather general class of functions (.# and ¥)
using the method developed here. (iv) The scheme is unconditionally energy-stable for general dissipative systems.

2.4. An alternative formulation and energy-stable scheme

The numerical formulation presented in the previous subsections is not the only way to devise energy-stable schemes
for dissipative systems. In this subsection we outline an alternative formulation and associated energy-stable scheme. The
process is analogous to the developments in the sections 2.1-2.3. So many details will be omitted in the following discus-
sions.

The main idea with the alternative formulation is to realize that % =1 with the auxiliary variable R(t) defined
in (2.13a). Therefore, one can potentially employ %, instead of @, in the numerical formulations. With appropriate
reformulation and treatments of different terms, it turns out that a discretely energy-stable scheme can be obtained with
similar attractive properties, such as the guaranteed positiveness of the computed values for the variable R(t).

Note that R(t) is defined by (2.13a), where ¢ is a one-to-one increasing differentiable function with ¢(x) > 0 and
4’ (x) > 0 for x > 0. R(t) satisfies the following dynamic equation

drR

, , ou
I =¥ (E)/e (u) - EdQ, (2.47)
Q

where E(t) is defined by (2.11).
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We reformulate equation (2.1) into

ou R
- :FL(u)+%(F(u)—FL(u))+f, (2.48)

where the notations follow those defined in previous subsections. Analogously, by incorporating appropriate zero terms we
can transform (2.47) into

drR L ou , ) R
i =9 (E)/e (u) - Edﬂ -9 (E)/e () - <FL(u)+ %[F(ll) - FL(”)]+f>dQ
Q Q
R /
Q Q r

R /
+[1_%}5¢(E) /Vs(f,u)dQ-i-/Bs(fbvu)dr .
Q r

The reformulated system now consists of equations (2.48) and (2.49), the boundary condition (2.2), and the initial conditions
(2.3) and (2.20).
We discretize the reformulated system as follows:

1 (3 1 _ _
~ (Eu’”] —2u"+ 5u"—1> =F ") +$[F(u”+1) - FL(u”“)] + (2.50a)
RN+3/2
= 2.50b
T e o
E[i™372) :/e(ﬁ”+3/2)d§2+co, (2.50¢)
Q
Bt = f}*', onT, (2.50d)
RN3/2 _ gnt1/2 3untl _oyn 4 Lyn—1
- —@(E[@™)) /e’(u”+1)~ : R LT
At At
Q

Q
(2.50e)

vE _/V(ﬁn+1)d9+/Vs(fn+l’ﬁn-&-l)dgz_i_/Bs(fZJrl’ﬁrH-l)dF
Q Q T

+(1-§) /Vs(fn+17l~ln+l)d9+/Bs(fZ—H,ﬁnJrl)dr

Q r

In these equations #"" is defined by (2.21¢), R™3/2 and R"*1/2 are defined by (2.21a), and @#"*! and @"*3/2 are second-
order approximations of #"*! and u"+3/2 respectively to be specified later.

Taking the L? inner product between ¢’(E[i"t1])e/(u™*1) and equation (2.50a), and summing up the resultant equation
and equation (2.50e), we get

R™3/2 _ RMHV2 = Av(E[a"H1) | —& / V@™HdQ + (1 - £)ISol +§5So (2.51)
Q

where Sg is given by the equation (2.30). In the absence of external forces (f =0 and f, =0), So =0 and equation (2.51)
leads to

Rn+1/2
R"3/2 = (2.52)

@' (E[a"+1)) ~n+1
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where we have used (2.50b). Note that E[@""*/%] > 0, E[#""!]> 0, V(@"*!) >0, and that Z(x) > 0 and ¥'(x) > 0 for
x > 0. By induction we can conclude from (2.52) that R"™3/2 > 0 (for all n > 0) if the approximation of R(t) at time step %
is non-negative. Equation (2.51) then leads to the following result.

Theorem 2.6. In the absence of external forces (f = 0 and f, = 0), if the approximation of R(t) at time step % is non-negative, the
scheme given by (2.50a)-(2.50e) is unconditionally energy-stable in the sense that

0< R™32 < R™1/2 forall n>0. (2.53)

In the Appendix A, we have presented a method for computing the first time step, which can ensure that the approxi-
mation of R(t) at step % is positive. This leads to the following result.

Theorem 2.7. In the absence of external forces (f = 0 and f, = 0), when the first time step is approximated using the method from
Appendix A, the numerical scheme given by (2.50a)-(2.50e) is unconditionally energy-stable in the sense of equation (2.53).

The scheme represented by (2.50a)-(2.50e) can be implemented in a similar way to that of Section 2.3, with the following
steps:

e Compute u}™" and u}™" by solving equations (2.39a)~(2.40b).

e Define "' and ">/ again by equations (2.42). These variables can be computed.
e Compute & based on equation (2.51), specifically by

Rn+1/2 + At|50|g/(E[ﬁn+l )

T GEE) + A ELE) [fﬂ V@"™")de + (1Sol — so)] (259
where Sy is given by (2.30).
e Compute u™! by equation (2.41). Compute R™t! by
R = g (B[],
Rl — %Rn+3/2 + %Rn’ (2:35)

where we have used equations (2.50b) and (2.21a).

Noting the positiveness of energy E(t) and the other functions involved in equations (2.54) and (2.55), we have the
following result.

Theorem 2.8. If the first time step is approximated using the method from Appendix A, regardless of the external forces f and f, and
the time step size At, the computed values for & and R" with the scheme (2.50a)-(2.50e) satisfy the property,

>0, and R"' >0 (2.56)
3

for all time steps.

Remark 2.6. In the current paper we have used the total energy (shifted) E;(t) (see equation (2.11)) to define the auxiliary
variable R(t). One can also define an auxiliary variable based on a part of the total energy. Suppose the total energy of the
system can be written as

Etor(t) = E1(t) + E2(t),  with E1(t):E1[u]:/e1(u)dQ, Ez(t):Ez[u]:/eZ(u)dQ (2.57)
Q Q

where each of the energy components Ei[u] and E;[u] is bounded from below. One can define an auxiliary variable R(t)
based on e.g. E,(t) (shifted appropriately),

F(R) = Eg(t) = E2(t) + Co = / ex(u)dS2 + Co,
2 (2.58)
R(t) =% (Ey),

where the chosen energy constant Cyp is to ensure that Eg(t) > 0. By appropriate reformulation of the system one can devise
energy-stable schemes in an analogous way. We refer the reader to [46] for such an energy-stable scheme for incompressible
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two-phase flows with different densities and viscosities for the two fluids, which corresponds to a specific mapping function
Z(R) = R%. A drawback with this lies in that one needs to solve a nonlinear algebraic equation (or a quadratic equation),
albeit about a scalar number, when computing the auxiliary variable, and that the property for guaranteed positiveness of
the computed auxiliary-variable values will be lost.

In the subsequent sections, we consider three dissipative (or conserving) systems (a chemotaxis model, Cahn-Hilliard
equation, and Klein-Gordon equation) as specific applications and demonstrations of the gPAV method developed in this
section.

3. A chemo-repulsion model
3.1. Model and numerical scheme

Consider the following repulsive-productive chemotaxis model with a quadratic production term (see e.g. [21]) in a
domain € (with boundary I'):

%—Ltl =Vu+V-uvv)+ fi®t), (3.1a)
Z‘t’ V2V — v 4 pw) + (&, 0), (3.1b)
n-Vu=d,x,t), n-Vv=dyx,t), onT, (3.1¢0)
u(x,0) =ujn(x), v(x,0)=vi(x), (3.1d)

where p(u) = u? is the quadratic production term, u(x,t) > 0 is the cell density, and v(x,t) > 0 is the chemical concentra-
tion. fy, f2, dq and dp denote the volume and boundary source terms, respectively. u;;, and vj, are the initial distributions
of the field variables. This system is dissipative in the absence of the source terms, with the total energy given by (see [21])

1 1
Et0t=/(§|u|2+‘—l|Vv|2)dQ. (3.2)

Q

1
By taking the L2 inner products between (3.1a) and u, and between (3.1b) and —=V?2v, summing them up and performing
integration by part and imposing boundary conditions in (3.1c), we can obtain the following energy balance equation:

a1 5 1 2 _ 2, 12 o 1 2 1
/§(E|u| +Ivv )dsz_—f(wm +5IV2v 4+ 2|V )asz+ (f1u+§Vf2-Vv)dQ

Q Q Q

(3.3)
1 1. 0v 1 1
dati + 5 dpts? + Sy~ + > dyv — S dy f2 )dT
+/(“ Tt o T dy = b S
r
Following the gPAV procedure from section 2, we define a shifted energy according to equation (2.11)
1.2 1 2

E@®) = Elu,vl= [ (1P +1Vv?)de + Co. (3:4)

Q

where Cp is a chosen energy constant such that E(t) > 0. Define a scalar auxiliary variable R(t) according to equation
(2.13a). Thus, equation (2.14) becomes

dR ou 1 ou 1 ov

Z'(R)— = — 4+ V.- V—)dQ = | (u— — =V*v—)dQ / v —dF 35

7R /<6t+ a) /(8t2 ar) to f@-VY) (3-5)
Q Q

Following equations (2.17)-(2.19), we reformulate equations (3.1a)-(3.1b) into the following equivalent form:

w__,  FR)
E_V u+TV~(qu)+f1, (3.6a)
W _ g2y —v—l——( )p(u)-i-fz (3.6b)

a
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By incorporating the following zero terms into the right hand side of equation (3.5),

<—‘/2R) —1>/u(V2u+f )d9+$ qu-(qu)dQ—qu-(uVWdQ
Q Q

Q

_<_féR)_1) [5vverv—ve fag+ 20 / (V2 v)puyds / L v2npwe

Q
Z(R) 1 av
+<T—l>/§(n~Vv)§dI‘
r
R d
+<1 #( )) /fludQ—i— /sz-Vde+/daudF+/5b(aa—‘t/—i—thuz—fz)dr‘ ,
Q r r

we can transform this equation into

dR ou 1 av
a! s R v 2]
7R /( v2y )dsz

ot 2" Vot
Q
F(R) 2, gz 2, 1o 1
+ —/<|Vu| + 5V 4 2|V )dQ+/(f1u+§Vf2~Vv)dQ
Q Q
1 1. v 1 1
+/(dau—i—idbu2+§db§+§dbv—§dbfz>dl" (3.7)

Z(R) 1 1., 1. 9v 1 1
+(1- ) <f1u+2Vf2-Vv>dQ+/(dau+2dbu +2dbat+2dbv zdbfz)dr

r
Q Q

where we have used the fact Q(R) =1 and the boundary conditions (3.1c).

The reformulated equivalent system consists of equations (3.6a)-(3.7) and (3.1¢)-(3.1d). The energy-stable scheme for this
system is as follows:

ou n+1
E VZ n+1 +EV. ( n+1vvn+1) f{l-‘rl; (3.8a)
Jv n+1
5 :Vzanrl n+1_’_%.p(un+1)+fn+1’ (3.8b)
3
F(R"72)
= W (3.8¢)
E[ﬁn+3/2"~/n+3/2]=/( [im+32)2 4 = |V\7”+3/2|2)dQ+C0; (3.8d)
Q
n-vut =dit o vyttt = dpth (3.8¢)
and
dR " dumn+l 1 dv |+l
Do Ryt 4R =/(un+1_ ——Vzv”H—‘ )
F®I 4 ot 2 at
Q

i 1. 1.
—é/<|Vu”+1|2+§|V2v"+1|2+§|Vv”+1|2>d§2+$50+(1 —£)|So|

(3.9)
_ / uﬂ+1 (Vzul’l+1 +EV . (ﬂﬂ+1v‘—/l’l+1) + f1n+1)d9

—_

+f_vz yt v2 n+l _ n+1+$p(l—ln+1)+f£:+1)dﬂ
Q

\S]
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P . n+1
In these equations, dd—'g n+1, ‘3—‘; i d—R‘ are defined by equation (2.21b). 4™ and v"*! are defined by (2.21c).

"t and ¥"t! are second-order approximations of u"*t! and v™t! to be specified later in (3.21). #"*3/2 and ¥"t3/2 are
second-order approximations of u"*3/2 and v™*3/2 to be specified later in (3.22). So in equation (3.9) is given by

~ 1 -
So=/(f{7+1u"“+§Vf§+1 _an+1)dQ

¢ (3.10)
1 1 v |xnt+ 1 '
gl g Zgntgnt1y2 2 gn+1 9F _gntigntt _ dn+l n+1)
+/(0 HPR )+2b8t 2°b !
r
where
v *,n+1 §‘7n+1 _oyn + 1vn71
— =2 2 . (311)
at At
These equations are supplemented by the following initial conditions
. 1 1
W =upx), vO=vip®), R°=9%(E%), with E°=/<§|uin|2+ Z|v\zm|2)dsz+c0. (3.12)

Q

Theorem 3.1. In the absence of the external force f1 = f = 0, and with homogeneous boundary conditions d, = d, = 0, the scheme
consisting of (3.8a)-(3.9) is unconditionally energy stable in the sense that:

9(R"+%)_ﬁ(1zn+%):_gm/(|Vu"+1| +- |v2 nHlj2 |Vv"+1| )dszgo, (313)
Q

if the approximation of R(t) at the time step % is non-negative.

This theorem can be proved in a way analogous to Theorem 2.1. We can apply the method from Appendix A to this
chemo-repulsion model for the first time step, and this ensures that R"*1/2|,_g > 0.

3.2. Solution algorithm and implementation

Using the notation (2.37), we rewrite equations (3.8a)-(3.8b) into

%umrl _v2ynt = + fn+l +EV- (@ n+1an+1) (3.14)
(Z"t + 1) nHl_g2yntl ~+ I pep@™h). (3.15)

Barring the unknown scalar &, (3.14) and (3.15) are two decoupled Helmholtz-type equations about u"*! and v"*1, respec-
tively.

Note that & is a scalar number instead of a field function, we define two sets of variables (u”+1 '17“) (i=1,2) as the
solutions to the following equations:

gurllﬂ V2T = +fn+l’ n. vt = g, (316)
Zot it - vzug“:v-(a"“vv"“), n.-vult = o; (317)
(Vo +1) ytHl Vzvqﬂ +fn+l’ n_VVqH:dZH; (3.18)
(VO +1)viH vzvg“:p(a"“), n. vyt =0, (3.19)

Then we have the following result: Given the scalar number &, the following field functions solve the system consisting of
equations (3.14)-(3.15):

= n+1 +§Un+1 yl — n+1 +§V"+1, (3.20)

n+1 n+1

where (u; ) i=1,2 is given by equations (3.16)-(3.19), respectively.
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Once (u*!, v!"*1) i =1,2 are known, we determine @"*!, ¥"*+!, i"+3/2 and ¥"*3/2 according to (2.42), specifically by
g+l — urlH-l T ug+1’ G+l — vr]H—l 4 vg+1; (3.21)
ﬂ”+3/2 — iﬂm-l _ lun ‘7n+3/2 — §‘~/n+1 _ lvn' (3‘22)

27 2 2
In light of equations (3.1b), (3.21) and (3.11), we compute V2¥"t1 in equation (3.9) by
v2yntl — qvprntl g Py — o+ (3.23)
ot ’ '

where %—'t’ e is given by (3.11).

Combining equations (3.8a)-(3.8b) and (3.9), and using the property (2.23), we have

9(Rn+%) ﬁ(RnJrZ)
At

s/ (v + 2 |V2 P+ |Vv”“| )dS2+ &S0 + (1 = £)ISol. (3.24)

This gives rise to
- F (R™1/2) + At|So|
E[n+3/2 ym+3/2] 4+ At I:IQ <|Vfl”+1 12+ %|V2\7”+1 12+ %|V‘7n+1 |2)d§2 + (ISo| — SO)]

(3.25)

in which Sg is given by (3.10), V27 is to be computed by (3.23), and E[i"13/2, $"13/2] is given by (3.8d). With & known,
R™1 and (u™1, v**1) can be evaluated directly by (2.45) and (3.20), respectively.

We employ C°-continuous high-order spectral elements for spatial discretizations in our implementation. Note that equa-
tions (3.16)-(3.19) involve Helmholtz type equations with Neumann type boundary conditions. The weak formulations of
these equations are: Find u!™" and v/*' € H'() for i = 1,2, such that

(V1 90)g + 2 ) = (ot F1 ) + A )y

(Vug+1’ Vo), + ZOt (ungl, )= _(l—ln+1v\—,n+l’ Vo), +in v‘7n+1l—1n+1,¢>

(VI Ve)g + (22 + 1) (V1) ( 1)+ g

r

(V3 99)g + (20 + 1) (5. 0)g = (p@ 0. 0),

for Yo € H1(Q), where

(f.9)a= f FRg®d,  (f.g)r = / Fg@r. (3.26)
Q r

These weak forms can be discretized using C° spectral elements in the standard way [25].
3.3. Numerical results

3.3.1. Convergence rate

We first employ a manufactured analytical solution to the chemo-repulsion model to demonstrate the spatial and tem-
poral convergence rates of the proposed algorithm.

Consider the computational domain € = [0, 1] and the following contrived solution to the system (3.1) on this domain

u=exp(—t)(cos(2wx)cosmwy) +2), v=/(1+sin(t))(cos(2mwx)cos2mwy) +2). (3.27)

The external forces fi(x,t), fo(x,t) and boundary forces d,(x,t), dy(x,t) therein are chosen such that the expressions in
(3.27) satisfy (3.1).

The domain is discretized with four equal-sized quadrilateral elements. The initial cell density u;, and initial chemical
concentration v, are given according to the analytic expressions in (3.27) by setting t = 0. We simulate this problem from
t =0 to t =tg. Then we compare the numerical solutions of u and v at t =ty with the analytic solutions in (3.27) and
various norms of the errors are computed. The element order and time step sizes are varied systematically in order to
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Fig. 3.1. Spatial/temporal convergence tests for chemo-repulsion model: L% and L® errors of u and v versus (a) element order (fixed At =0.001 and

ty =0.1), and (b) At (fixed element order 18 and tf =1).
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Fig. 3.2. Spatial/temporal convergence tests for the chemo-repulsion model obtained using several mapping functions . (R) as given in the legend: L2
errors versus element order (a) (fixed At =0.001 and ty =0.1), and L? errors versus At (b) (fixed element order 18 and ty=1).

investigate their effects on the numerical errors. We employ the function .% (R) = R for defining the auxiliary variable R(t)
and the energy constant Co =1 in the following convergence tests.

We first study the spatial convergence rate. A fixed tf = 0.1 and At =0.001 is employed and the element order is varied
systematically between 2 and 20. We record the errors at t =ty between the numerical solution and the contrived solution
(3.27) in both L and L? norms with respect to the element orders. Fig. 3.1(a) shows these numerical errors as a function
of the element order. We observe an exponential decrease of the numerical errors with increasing element order, and a
level-off of the error curves beyond element order 10 and 8, respectively for u and v, due to the saturation of temporal
errors.

The study of the temporal convergence rate is summarized by the results in Fig. 3.1(b). Here we fix the integration time
ty =1.0 and the element order at a large value 18, and vary At systematically between 0.2 and 1.953125 x 10~%. This
figure demonstrates the L™ and L? errors of u and v as a function of At. It is evident that the proposed scheme has a
second-order convergence rate in time.

Note that a general mapping function .%# (R) can be employed for defining R(t) with the gPAV method. Fig. 3.2 shows
the spatial and temporal convergence behaviors of the method in terms of the L? errors of u and v corresponding to
several mapping functions: .#(R) =R™ (m=1,2,3,4,6) and #(R) =% ln(zgfﬁ) with eg = kg = 10. It is evident that the
method exhibits a spatial exponential convergence rate and a second-order temporal convergence rate with various mapping
functions .% (R). We also observe that the difference among the errors corresponding to different .%(R) is very small and
basically negligible. The choice for the specific mapping .%# appears to have very little or essentially no influence on the
simulation results using the current method.
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Fig. 3.3. Chemo-repulsion model: Temporal sequence of snapshots of the cell density u distribution visualized by its contours. The color map in (a) applies
to all the plots. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

3.3.2. Study of unconditional stability and effect of algorithmic parameters

We next consider the test problem used in [21], and show the efficiency and unconditional stability of the method pro-
posed here. Consider the domain = [0, 2]> and the initial distributions for the cell density u and chemical concentration
v in this domain given by

Uin(®) = —10xy(2 — x)(2 — y) exp(—10(y — 1)2 — 10(x — 1)%) -+ 10.0001, (3.28a)
Vin(®) = 100xy(2 — X)(2 — y) exp(—30(y — 1)2 — 30(x — 1)%) + 0.0001. (3.28b)

The external forces and boundary forces in (3.1) are set to f; = fo =d; =dp = 0. The computational domain is discretized
with 400 equal-sized quadrilateral elements, and the element order is fixed to be 10.

Figs. 3.3 and 3.4 demonstrate the dynamics of the system. These results are obtained with At =107, #(R) =R and
Co =1 in the numerical algorithm. Fig. 3.3 shows the evolution of the cell density u(x,t) with a temporal sequence of
snapshots of the distribution visualized by the contour plots. The z coordinate corresponds to u in these plots. The system
exhibits a very rapid dynamics. The initial cell density has a Gaussian type distribution, taking a minimal value 0.0001 at
the domain center %y = (1, 1) and gradually approaching the maximal value 10.0001 near the domain boundary. In a very
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Fig. 3.4. Chemo-repulsion model: Temporal sequence of snapshots of the chemical concentration v visualized by its contours. The color map in (a) applies
to all the plots herein.

short time t = 1072, the maximal density increases to around 16, attained near the boundary of a circular region with
radius 0.6 and center at Xg; see Fig. 3.3(b). Then the maximal density gradually moves from the circular boundary to the
domain boundary between t =2 x 1072 and t = 7.5 x 1072; see Fig. 3.3(c)~(f). The high density near the domain boundary
then appears to diffuse to the region with low density near the center xp, and the system finally reaches an equilibrium
state between t = 0.1 and t = 0.5 with a constant density level; see Fig. 3.3(g)-(i). Fig. 3.4 illustrates the evolution of the
chemical concentration v(x, t). Fig. 3.4(a) shows the distribution of the initial chemical concentration. It has also a Gaussian
type distribution, with a maximal value 100.0001 at the origin %9 and decreasing to 0.0001 gradually near the domain
boundary. The concentration diffuses rapidly between t =0 to t = 5 x 10~2 (Figs. 3.4(a)-(e)), and the maximal concentration
decreases to around 10 at the origin. From t = 7.5 x 10~2 to t = 0.2, the contrast in the concentration levels in the domain
becomes even smaller (Fig. 3.4(f)-(h)), and the concentration reaches its equilibrium with a constant level around 36.6
(Fig. 3.4(i)).

Fig. 3.5 shows time histories of three quantities: E(t), .#(R), and & = %, corresponding to three time step sizes

At =107, 10~* and 103, Note that E(t) is computed based on equation (3.4), .#(R) is computed based on the R(t)
obtained from the algorithm, and & is computed based on equation (3.25). These results are obtained with .%#(R) = R and
Co =1 in the algorithm. It is observed from Fig. 3.5(a) that both E(t) and .%#(R) decrease over time and gradually level
off at certain levels over time. A comparison of the E(t) histories obtained using different At indicates that they are quite
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Fig. 3.6. Chemo-repulsion model: time histories of (a) E¢o:(t) and (b) & = .% (R)/E(t) obtained with several large time step sizes At =0.01,0.1, 1, 10.

close, with only some slight difference on the interval between t = 0.002 and t = 0.15. Note that .% (R) is an approximation
of E(t) in the current method, and the evolution equation for R(t) stems from this relation; see equations (2.13a)-(2.14).
Therefore, the difference between E(t) and .% (R), and also the quantity & = ‘f((g), can serve as an indicator of the accuracy
of the simulations. If the difference between E(t) and .% (R) is small, or the deviation of & from the unit value is small, then
the simulation tends to be more accurate. On the other hand, when the difference between E(t) and .% (R) is pronounced,
or the deviation between & and the unit value is significant, it implies that .% (R) is no longer an accurate approximation
of E(t) and the simulation will contain large numerical errors. Here it can be observed that E(t) and .% (R) computed with
At =103 essentially overlap with each other, indicating .%(R) approximates well the quantity E(t). However, the time
histories for E(t) and .#(R) obtained with At =10~ and 10~3 exhibit noticeable discrepancies. This suggests that in these
cases . (R) is no longer an accurate approximation of E(t). We also observe from Fig. 3.5(b) that £ computed by At =107
is essentially 1, while with larger values At =10~% and At =103 the computed & attains values significantly smaller than
1. These results indicate that with the larger time step sizes At =10~% and 10> the simulation results contain pronounced
errors and they are not accurate anymore. Because this problem exhibits very rapid dynamics (see Figs. 3.3 and 3.4), to
capture such dynamics accurately the requirement on At is very stringent.

Thanks to its energy-stable nature, our algorithm can produce stable simulation results even with very large At values.
This is demonstrated by Fig. 3.6 with several large time step sizes, ranging from At =0.01 to At =10, with .#(R) =R and
Co =1 in the algorithm. We show the time histories of the total energy Eq(t) (see equation (3.2)) and the ratio & = @
for a much longer simulation (up to t = 1000). The long time histories demonstrate that the computations with these large
At values are indeed stable using the current algorithm. On the other hand, because these At values are very large, we
cannot expect that the results will be accurate. This is evident from the values of & in Fig. 3.6(b). These time histories for &
tend to level off at very small but positive values, with large deviations from the unit value. It is noted that the simulations
are nonetheless stable, regardless of At.
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Fig. 3.7. Chemo-repulsion model: time histories of Ey(t) (plots (a) and (c)) and & = f((['?) (plots (b) and (d)) attained with various Co =1, 1e3, 1e6, 1e10.

The simulation results correspond to At =107 in (a) and (b), and At =10"* in (c) and (d).

When defining the modified energy E(t) (see equation (3.4)) we have incorporated an energy constant Co. The goal of
Cp is to ensure that E(t) > O for all time, even in certain extreme cases such as when E;o =0, so that ﬁt) (as in %) is
always well-defined. We observe that the choice of the Cp value seems to have some influence on the numerical results. This
effect is illustrated by Fig. 3.7. Here we employ .#(R) = R and At =107 and 10—, and depict the time histories of Eo (t)
and £ obtained with several Cq values (Co =1, 103, 108 and 10'%). With the smaller At =103, the obtained E histories
corresponding to different Cy values overlap with one another. The computed & values are essentially 1, with a discrepancy
on the order of magnitude of 10~8. This discrepancy between the computed & and the unit value is associated with the
smaller Co =1 and 103. With the larger Co = 10% and 10'°, no difference can be observed at this scale. This suggests that
with a small At (so that the simulation result is generally accurate) a larger Cq value tends to give rise to more accurate
& in terms of its discrepancy from the unit value. Figs. 3.7(c) and (d) are the corresponding result obtained with a larger
At = 1074, in which case the simulation result is no longer accurate. In this case it is observed that with the larger Co = 106
and 1019, the energy E history curves exhibit a bump, apparently artificial; see Fig. 3.7(c). In contrast, with the smaller
Co=1 and 103, such a bump is not quite obvious from the energy history curves. In addition, with the larger Co = 10% and
1019, the computed & attains a very small value (close to 0), while £ attains a value around 0.2 with the smaller Co =1 and
103. This indicates that, with larger At (when simulation loses accuracy), the simulation results obtained with a smaller Cg
may be better than those obtained with a larger Cp, even though all the results become inaccurate. The results of this group
of tests suggest the following. With small At values, a larger Cp tends to give rise to more accurate results in the sense that
the computed & tends to be closer to the unit value. However, a Cp that is very large seems to have an adverse effect when
At becomes large, because it can lead to computed & values that deviate from the unit value more severely. The majority
of simulations in this section are performed using Co = 1.

The method developed in the current work can employ a general function .% (R) (with inverse ¢) to define the auxiliary
variable R(t), as long as .# is a one-to-one increasing differentiable function satisfying (2.12). We observe that the choice for
the specific mapping .% seems to have very little or no influence on the simulation results using the current method. This
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Fig. 3.8. Chemo-repulsion model: time histories of Eq(t) (plots (a) and (c)) and & = @ (plots (b) and (d)) obtained using several mapping functions

Z(R) as shown in the legend. Results in (a) and (b) correspond to At =10~* and those in (c) and (d) correspond to At =102 in the simulations. Other
parameters are fixed, with Cop =1, eg = 8040 and «o = 1000.

point is demonstrated by Fig. 3.8. Here we have considered several functions, .#(R) = R™ (m=1,2,3,4,6) and #(R) =
“’70 ln(ﬁgfﬁ) with eg = 8040 and ko = 103. Fig. 3.8 shows the time histories of E;(t) and & obtained using these mappings,
together with a fixed Cog = 1 and two time step sizes At =10~* and 107>. It can be observed that the time history curves for
both Es(t) and & corresponding to different . functions overlap with one another, suggesting no or very little difference
in the simulation results. In particular, Fig. 3.8(d) shows the & history curves corresponding to different . obtained with
the smaller At, with the vertical axis & magnified around the unit value. It can be observed that the difference between
various curves is on the order of magnitude 10~6. Since little difference in the numerical results is observed with different
mapping functions .% (R) using the current method, the majority of numerical tests reported in this and subsequent sections
will be carried out using the simplest mapping .% (R) = R.

In Section 2.4 we have discussed another unconditionally energy-stable scheme (referred to as “alternative method”),
which is based on an alternative formulation with & = %. The dynamic equation for the auxiliary variable R(t) is accord-
ingly replaced by equation (2.47). Fig. 3.9 is a comparison of the time histories for E;(t) and & obtained using these two
methods. The results in Fig. 3.9(a) and (b) are obtained with a mapping function .%# (R) = R? (or equivalently 4 (E) = vE),
and those in (c) and (d) correspond to .Z(R) = R3 (or ¥(E) = +/E). We observe that there seems to be little difference
in the computed total energy E(t). But some difference can be noted with the & histories. The computed & values using

the current method (with @) seem to be consistently larger than those using the alternative method (with %). While
all these values deviate from the unit value substantially because of the time step size At =10~%, the deviation with the
current method appears noticeably smaller than that with the alternative method. This seems to suggest that, while the
simulation results using these methods are not very much different, the formulation using Z®) may be somewhat better

E
than the alternative formulation using ??T)-
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Fig. 3.9. Chemo-repulsion model: comparison of the time histories of E (t) (plots (a) and (c)) and & (plots (b) and (d)) computed using the current method
and the alternative method from Section 2.4. In the current method & = % (R)/E, and in the alternative method & = R/% (E). Plots (a) and (b) are obtained
with the mapping .% (R) = R? (i.e. 4(E) = +E), and plots (c) and (d) are obtained with .% (R) = R> (i.e. ¢ (E) = vE). Other parameters are fixed with
At=10"%and Co=1.

4. Cahn-Hilliard equation with constant and variable mobility
We apply the gPAV method to simulate the Cahn-Hilliard equation [4] in this section. This equation has widespread

applications in the phase-field modeling of materials science, two-phase and multiphase flows (see e.g. [32,7,30,48,26,12,16,
13,14,31,42,43], among others). Consider the Cahn-Hilliard equation on a domain  (with boundary I'):

ad
WV m@n) + fx 0, (41a)
B _
=50 AVZe +h(e), (4.1b)
m(pn-Vu =dg(x,t), onT, (4.1c)
n-V¢ =dpx,t) onT, (4.1d)

supplemented by the initial condition

¢ (%, 0) = ¢in(X). (4.2)

In these equations, ¢ (x,t) € [—1, 1] is the phase field function, f(x,t), dq(x,t) and dp(x,t) are prescribed source terms for
the purpose of convergence testing only, and will be set to f(x,t) =dq(x,t) =dp(x,t) =0 in actual simulations. E;; is the
free energy functional,

A A
Etot (t) = Etot[$, V] = / [EW : V¢+H(¢)]dsz, with H(¢) = W@Z —-1)? (4.3)
Q
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in which 7 is the characteristic interfacial thickness scale, and A is referred to as the mixing energy density coefficient and
is related to other physical parameters. For example, for two-phase flow problems A is given by A = %an, where o is
the surface tension. y is referred to as the chemical potential, and the nonlinear term h(¢) is given by h(¢) = H'(¢). H(¢)
is referred to as the potential free energy density function, which can take many different forms. In this paper we only
consider the double-well form as given in (4.3). m > 0 is the mobility, and in this work we consider two cases: (i) m = my,
and (ii) m = m(¢) = max(mg(1 — ¢2), 0), with mg being a given positive constant.

We take the L? inner product between (4.1a) and j, perform integration by part and impose the boundary condition
(4.1d). This leads to the energy balance equation,

0 A
2 (5|V¢|2+H(¢>)d9=—/m(mwmzdm/fudﬂ
Q

ot
Q Q
¢
—i—/m(d))(n-Vu)udl“—i—k/(quﬁ)EdF. (4.4)
r r
Based on equations (2.11) and (4.4), we define the shifted total energy by
A
E(t)zE[qs]:/(5|V¢|2+H<¢>>)dsz+co, (4.5)

Q

where Cp is chosen to ensure E(t) > 0. Let us define .# and ¢ and R(t) based on equations (2.13a)-(2.13b). Following
equation (2.14) and using (4.5), we have

dR 9 9
F R =/[—AV2¢+h(¢)]a—¢t)dQ+k/dba—¢t)dF, (4.6)
r

Q
where the boundary condition (4.1d) has been used.

4.1. Constant mobility

Assume that m(¢) =mg > 0 is a constant. We reformulate equations (4.1a)-(4.1c) as follows,

% =moV? [—W% +S(p—¢) + @h(@] +f, (4.7a)
mon - V [—w%p +S(p—¢) + @h(@] =dg, onT, (4.7b)

where S is chosen constant satisfying a condition to be specified later. Note that a zero term S(¢ — ¢) is added in these
equations. By incorporating appropriate zero terms into the RHS, we reformulate equation (4.6) as follows,

ﬂ/(R)Z—I: :/uaa_‘fdsz _/M |:m0V2 (-w% +S6— )+ yéR)h(@) + f] ds
Q Q
Z(R 0
+% _/mo|V/,L|2dQ+/f//LdQ-i-/da,udF-i-/)»dba—(fdr ’ (4.8)
Q Q I I

+<1—@> /fu,dQ—f—/da;LdF—}-/Adb%dF
Q r r

where u is given by (4.1b).
The energy-stable scheme for the equations (4.7a)-(4.7b), (4.1d) and (4.8) is as follows:

aa_f n+1 :mOVZ[ _ }va(z)nJrl + S(¢n+1 _ q_sfH»]) +&.h(¢'§n+l)] + fTH*l’ (493)

mon - V[ = AV2g" 1 4 S(¢"! — ") 4 £h ("] =diT, onT, (4.9b)

n V"' =d*' onT, (4.9¢)
g (pht3

g TR (4.9d)

= E[$n+3/2] ’
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~ A ~ ~
E[$"%] = f [5|V¢"+3/2|2 + H(¢”+3/2>] dS2 + Co. (4.9)
Q
and
n+1dR n+1 96 M1
D#(R)| — :/[-W%p”“ +h(¢"“)] L
dt at
Q
Q
(4.10)
~ ~ _ 3¢ *,n+1
+§[ _/m0|vun+1|2d9+/fn+1Mn+1dQ+/ (dZ-HMn-&-] ad! 2 dF]
Q Q r
3(]5 *,n+1
+ (1 _g) /fn+1ﬂn+1d9+/ <d3+1ﬂn+1 +)\,dg+1 E )dI‘ )
Q r
These are supplemented by the initial conditions
0 0 0 ; 0 1 2
9" = g0, RO =(E), with E°= [ (SIV¢ul’ +H(@im) }d2+ Co. (411)
Q
. ag |"+1 dar ™! Tl Tnl Tn43/2 ~nt1
In the above equations, 3; and ‘& are defined by (2.21b), and ¢ is defined by (2.21c). ¢, ¢ and [
a0 *,n+1

are second-order approximations of ¢"*!, ¢"*3/2 and p"*1, respectively, to be specified later in (4.24)-(4.26). 52 is

o, (n+1
an approximation of % to be specified later in (4.25).

Theorem 4.1. In the absence of the external force f = 0, and with zero boundary conditions dq = d, = 0, the scheme consisting of
(4.9)-(4.10) is unconditionally energy stable in the sense that

FR™E) — F(R™2) = ~£AL / mo| V"2 <0, (412)
Q
if the approximation of R(t) at time step % is positive.

Proof. Multiplying —AV2¢"! 4 h(¢™t1) to equation (4.9a), integrating over the domain, and adding the resultant equation
to equation (4.10), we obtain the energy balance relation as follows:
*,n+1
) dr}

3., 1
F(R"2) — F(R"7) :E[/fn+1lan+ld9+/<d2+1'an+l_’_)Ldg-i—l 99
Q

At ot
F (413)
P *,n+1
_ S/molvllnﬂ 12dQ+ (1 — g)‘ / Fr A de +/ (ngrlﬂnJrl + )\dg+1 a_(f arl.
Q Q 5
where we have used the relation (2.28). If f =0 and d; =dp, =0, then
F Rn+1/2

( : (4.14)

5= E[¢"3/2] + At [omo|Vart!2

If R"*1/2|,_¢ > 0, one can conclude by induction that & > 0 for any n > 0. This leads to (4.12). O

The method from the Appendix A can be employed to compute the first time step, which can ensure that the approxi-
mation of R(t) at the step % is positive.
To implement the scheme we note that equation (4.9a) can be transformed into
S Yo 11¢ S_,- 1, -
V2(V2mtly — 2 y2entl 4 n+1 _ [_+ n+1]__vz nH g S y2p(gtt, 415
(Vo9™™) 7 ¢ —mOAAtqﬁ — f . ¢ SA (@) (4.15)
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where we have used the notation in equation (2.37). This equation can be reformulated into the following two Helmholtz
type equations that are de-coupled from each other (barring the unknown scalar number &), (see e.g. [16,47] for details)

2 n+1 E n+1 L (Z) n+1 2 7n+1 l 2y cxn+1
VR (D Jum = [ ] - 2V e R, (4162)
V21 gt = gt (4.16b)

where y¥"*1 is an auxiliary field variable defined by (4.16b), and the constant « is given by and the chosen constant S must
satisfy

s 4y 4
a:——(l— P (a ); s> |2 (417)
2A moAtS? moAt

In light of (4.16b) and (4.9c), the boundary condition (4.9b) can be transformed into

S - 1 -
. n+1 _ n+1 _ n+1 | _ 2. n+1 n. n+1
n-vy [<a+x)d o xd" ] n- Vo +§kn Vh(g"t). (418)

To solve equations (4.16a)-(4.16b) together with the boundary conditions (4.18) and (4.9¢), we take advantage of the fact

that & is a scalar number and introduce two sets of field functions (gﬁ”“ ”“) (i=1,2) as solutions of the following
equations:
For y !
1 r¢ S -
V2t ( ) n+l _ [ n+1] 2 g2t 4192
i Vi il + =V (419a)
S _
wovy = [ ) - ] v (4.19b)
MmoA A
For yyt1:
- 1
Viyptt - ( )w”“ vzh(q&”“), n- vyt = n- Vh@"). (4.20)
For ¢/
VAT +agit =yt n vt =dpt (4.21)
For ¢ t1:
V2¢ﬂ+1 4 a¢g+l — 1/[34’1’ n- V¢g+1 —0. (422)

Then for given scalar number &, the following field functions solve the system consisting of equations (4.16), (4.18) and
(4.9¢):

wﬂ+1 — Tl+] + S,(//T'H’l’ ¢I’H—] ¢I’l+1 4 S¢n+1 , (423)

where (¥, ¢ (i =1,2) are given by equations (4.19a)-(4.22).
Now we are ready to determine the unknown scalar &. Following equations (2.42), we define

G =¢?+] +¢121+1’ g = 1//?"'1 + ng, V2l = gt _ g gntl (4.24)
where equation (4.16b) has been used. Accordingly, in light of equations (4.1b) and (2.37), we define
[Ln sz¢n+l + h(¢n+1) A(I/fn—&-l (xq;n'H) + h(¢~>n+1),
8" _ yod™' ¢ (4.25)
at At
We further define
q;n+§ _ §$n+1 _ %d}n. (4.26)

Combining equations (4.9d) and (4.13), we obtain the formula for &,
B F(R™1/2) + At|So|
E[@" 3]+ Atmg [, |VA™2dQ + AL(So| — So)

(4.27)
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where Sy is given by

3¢ *,n+1
So= f A amdQ + / (dg“ﬁ,““ + adpt! o )dF. (4.28)
Q r

Once & is known, ¢"*! and ¥"*! can be obtained directly by equation (4.23) and R™*! can be computed based on equa-
tion (2.45).

Equations (4.16a)-(4.22) are Helmholtz type equations with Neumann type boundary conditions. They can be imple-
mented with CO spectral elements in a straightforward fashion.

Remark 4.1. In equation (4.9a), we have treated the nonlinear term explicitly by h(¢"*!). When At becomes large, $"*! can
no longer approximate ¢™t! well. Thus, although the scheme (4.9)-(4.10) is unconditionally stable, the simulation will lose
accuracy for large time steps. One possible approach to improve the accuracy is to replace £h(¢™t!) in equation (4.9a) by

%(d’% - 1)‘15“1 +$[h(q_5”“) - %((}55 _ 1)q;n+1],

where ¢ is a chosen field function close to ¢"*1, e.g. a snapshot of the ¢ field in the recent past. The first term in the
above equation serves as a linearized approximation of h(¢"*!) and the second term serves as a correction to this ap-
proximation. By doing so, equation (4.9a) with the mentioned modification is still linear, but can no longer be decoupled
straightforwardly. One needs to solve either a fourth-order linear equation or a coupled linear system. However, this treat-
ment can result in improved accuracy besides unconditional stability. We will demonstrate this in the forthcoming case for
the Cahn-Hilliard equation with variable mobility.

4.2. Variable mobility

Next, we consider the case with a variable mobility, m(¢) = max(mg(1 — ¢%),0). We reformulate the equations
(4.1a)-(4.1c) into

2 v meo e+ T m() Vi~ me9o)vC + £, (4.292)
me(go)m - VC + = }(:_R)n M@ Vit — me(o)VC] = do. (4.29b)

In these equations, w is given by (4.1b), ¢ is a chosen field distribution corresponding to ¢ (x,t) at a certain time instant
or at some time instants, and

C=—AV2p + S — @) + Kk (Po)¢;
mc(¢po) =m(po), or me(po) =mo; (4.30)

A 2
Kk (¢0) = F(% —1), or k(¢o)=0:

where S > 0 is a chosen constant. By incorporating appropriate zero terms into the RHS of (4.6), we can transform this
equation into,

dR 0 Z# (R
7R = f uilag - / u [v Mm@V + LY @) Vi~ me(go)vC] + f] ds
Q Q

ZF(R ad
+% _/m(gb)vu-V;L+/fud§2+/daudf‘+/kdba—‘fdl“ (431)
Q Q r r
Z (R ad
+(1 — %) /fudQ+/daMdF+/Adba—dt)dF .
Q r r
Following equations (2.25a)-(2.25e), we propose the following scheme:

d¢ |n+1 - _
a—‘f =V (mc@o)VC™) +£V - [m@ VA —me(po)VET ] + 1, (432a)
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F(RM+3/2
&= ¥ (4.32c)
E[¢n+3/2]
~ A ~ 2 ~
E[¢n+3/2] :f |:§ ‘V¢n+3/2’ + H(¢ﬂ+3/2):| dQ + CO7 (432d)
Q
me(goyn - VC"! 4+ £n- [m(q's"+1 )Wt - mc(¢o)VC"+1] —d™on 59, (4.32¢)
and
n+1dR n+1 d¢ |n+1 .
Q Q
+ f [AV2¢"+] _ h(¢n+1)][v . (mc(¢0)vcn+1) +§V . I:m(d_)n+1)vﬂﬂ+'l _mc(¢0)v6n+1:| 4 fl‘l-‘r] }dQ
Q
o [+ (433)
+S /fn+1l2n+]d9+/ <d2+l/1n+] —l—)\dZ-H E )dr
Q r
ad) *,n+1
+(1-§) / gt 4 / dit gt 4 adpt! N dr|,
Q r
. .. C . .. . 3¢ n+1 dr |11
together with the boundary condition (4.9¢) and the initial condition (4.11). In these equations, W‘ and F are
defined in (2.21b), "+ is given by (2.21c), and C"*! and i"*! are computed by
C™l = AV £ (go)d™ !, A" = —AVEET 4 h(@™ . (4.34)

*,n+1

@M1, §mH32, in+1 and 9 are approximations to be specified later.

Theorem 4.2. In the absence of the external source term (f = 0), and with zero boundary conditions (d; = d, = 0), the scheme
consisting of (4.32)-(4.33) is unconditionally energy stable in the sense that

F(R'I) — F(R™I) = —EAT / m@" | va"t12 <o, (4.35)
Q

if the approximation of R(t) at time step % is positive.

Proof. We take the L? inner product between (—AV2¢"™! +h(¢"1)) and equation (4.32a), and add the resultant equation
to equation (4.33). This leads to

*,n+1

)dr|

F(R™3) — FR™) ) _ 3¢
= :g[/fnJr]anleQ_}_/(ngrlunJrl +adit 22
Q r

at

-~ (4.36)

—E/m($n+l)lvﬂ”+1|2d9+(1 —5)‘/f"+1ﬂn+1 +/(dg+1/1n+1 +adr %
Q 5 2

)dl“‘.
By the same arguments as in the proof of Theorem 4.1, we arrive at the relation (4.35) based on the above equation. 0O

For implementation of the scheme, one notes that equation (4.32a) can be transformed into

Y

n n q’S n n L —n
29" = V- [me(go)VC ] = (12 4+ 1) 46V - [m@ VAT —me(9o) V. (437)

Barring the unknown scalar &, equations (4.37), (4.32b), (4.32e) and (4.9¢) can be solved as follows. Introduce two pairs of
field functions (¢{’+], C;”'l) (i=1,2), as the solution of the following equations:
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For (¢!, C1):

A

¢

gt =V [mego) V] = £+ 1, (438a)
(i (o) + S) it —aAv2g T — CIH! = 5+, (4.38b)
me(gpo)n - VCH =dit!, onT (4.38¢)
n Vet =d*', onT. (4.38d)
For (57!, C3H1):
£¢3+1 —V. [mc(¢0)vcg+]] =V. I:m(q;ﬂJrl)V/ln‘Fl _ mc(¢O)V6n+l], (4'393)
(i (o) + S)ph T —av2pi Tt — i+l =0, (4.39b)
me(po)n - VCit! = —n. [m(é“*l)v/z"“ - mc<¢o)v6”+1], onT, (4.39¢)
n-veit' =0, onl. (4.39d)

Then for given scalar value &, the following field functions solve the system consisting of equations (4.32a)-(4.32e) and
(4.90):

CT‘I+] — CT+1 + %-Cg+1 , ¢l’l+1 — ¢?+1 + ‘§¢g+1 (440)
where (C!"*!, ¢!"™!) (i =1,2) are given by equations (4.38)-(4.39). ]
~ POREN LY
The unknown scalar value & remains to be determined. Following equation (2.42), "1, "1 and ‘3—‘? are again
given by equations (4.24) and (4.25), where based on equation (4.32b) we compute V2¢"*! by
~ 1 - ~ -
v2¢ﬂ+1 — X [K (¢O)¢Tl+1 + S(¢n+1 _ ¢n+1) _ (C?Jrl + CT21+1):| (441)

The approximation ¢~z”+% is given by (4.26). As a result, & can be computed by,

F(R"™1/2) + At|So|

§=—— o - : (4.42)
E[¢"2]+ At [om(¢")|Van+112dQ2 + At(|So| — So)
where Sq is given by (4.28), and ¢"*! and R"*! can be evaluated by equations (4.40) and (2.45), respectively.
Equations (4.38)-(4.39) can be discretized in space by C° spectral elements, and their weak forms are:
For (¢!, CT™): Find ¢, CT*! € H'(Q) such that
Y0 ¢
@1 0)g + (Mo VeI Vo) = (T + " e) + @ e (443)
([c@0) +5161".0)_+2(VO} . Vo)g = (€T 0)g = S(8™ " 9)g + 2d  )r (4.44)
for all ¢ € HI(RQ).
For (¢4, C31): Find ¢*!, C3*! € H' () such that
Yo - _ _
@5 0)g + (@) VCET Vg) = —(m@HVA™! —me(go) VT V) . (4.45)
([K (o) + S]git (p)g + (VR Vo), — (CBF1, ), =0, (4.46)

for all p € HI(Q).

Remark 4.2. If one chooses «(¢g) =0 and m¢(¢g) = mg > 0, then the scheme (4.32a)-(4.33) can also be implemented by
solving four de-coupled Helmholtz type equations in a way similar to the constant mobility case in Section 4.1.

4.3. Numerical results

We next provide numerical examples to demonstrate the accuracy and unconditional stability of the proposed schemes
(4.9)-(4.10) and (4.32)-(4.33) for Cahn-Hilliard equation with constant and variable mobilities. For cases with variable mobil-
ity we employ m¢(¢o) = m(¢p) = max(mo(1 — d)é), 0) in the algorithm with these tests, where mg and ¢o will be specified
below.



30 Z. Yang, S. Dong / Journal of Computational Physics 404 (2020) 109121

Table 1
Simulation parameter values for convergence tests of Cahn-Hilliard equation.
Parameter Value Parameter  Value
Co 1 A 0.01
mo 0.01 n 0.1
to 0.1 ty 0.2 (spatial tests) or 1.1 (temporal tests)
Element order  (varied) Elements 2
At (varied) Atmin le—4
. .. Ay Ayoh .
S 1 (variable mobility solver) S / mKOA[ or /mOKDfmm (constant mobility solver)
F(R) R $o Gin
me(¢o) m(¢o)

4.3.1. Convergence rates
Consider domain Q2 = [0, 2] x [—1, 1] and a contrived solution in this domain:

¢ (x, t) = cos(wx) cos(mr y) sin(t). (4.47)

The external force and boundary source terms f(x,t), dqs(x,t) and dp(x,t) in (4.1a), (4.1c) and (4.1d) are chosen such that
the analytic expression (4.47) satisfies (4.1).

The computational domain € is discretized with two equal-sized quadrilateral elements. The algorithms (4.9)-(4.10)
for the constant-mobility case and (4.32)-(4.33) for the variable-mobility case are employed to numerically integrate the
Cahn-Hilliard equation from t =to to t =ty. The initial field function ¢;, is obtained by setting t =tp in the contrived
solution (4.47). The numerical errors are computed by comparing the numerical solution against the analytic solution (4.47)
at t =ty. In the following convergence tests, we fix Z#(R) =R, Co =1, and ¢g = ¢jp(x) in (4.32). The values for the
simulation parameters are summarized in Table 1.

In the spatial convergence test, we fix At =0.001, to =0.1 and t; = 0.2, and vary the element order systematically from
2 to 20. The numerical errors in L and L? norms at t =t s are then recorded. For the algorithm with constant mobility, S

in equation (4.9) is chosen as S = ;Z‘)Akt, while for the algorithm with variable mobility we use S = 1. Figs. 4.1(a) and (b)

show the numerical errors as a function of the element order from these tests. It can be observed that the errors decrease
exponentially with increasing element order and that the error curves level off at around 10> and 10~¢ beyond element
order 8 and 10, respectively for these two solvers, due to the saturation of temporal errors.

In the temporal convergence test, we fix the element order at a large value 18, to = 0.1, and ty = 1.1, and vary At
systematically from 0.2 to 1.953125 x 10~* to study the behavior of numerical errors. For the constant-mobility case,

S=,/ m:ﬁ;m (where Atmin = 10~%), while for the variable-mobility case S = 1. Figs. 4.1(c) and (d) show the numerical
errors as a function of At for these cases. We observe a second-order convergence rate in time for both cases.
Fig. 4.2 shows the spatial and temporal convergence behaviors of the method in terms of the L? errors of ¢ corresponding

"°+R). These results
Ko—R

demonstrate the spatial exponential convergence rate and the second-order temporal convergence rate of the method with
various mapping functions, and also the insensitivity of the simulation results with respect to .% (R).

to several different mapping functions .% (R). Note that ey = kg = 10 with the mapping .#(R) = %0 ln(

4.3.2. Constant mobility: coalescence of two drops

We next consider the coalescence of two drops to demonstrate the numerical properties of the proposed scheme
(4.9)-(4.10) for problems with constant mobility. Consider a square domain € = [0, 1]® and two materials contained in
this domain. It is assumed that the dynamics of the material regions is governed by the Cahn-Hilliard equation with a
constant mobility, m(¢) =mp > 0, and that ¢ =1 and ¢ = —1 correspond to the bulk of the first and second materials,
respectively. We assume that at t = 0 the first material occupies two circular regions that are right next to each other and
the rest of the domain is filled by the second material.

To be more specific, the initial distribution of the material takes the form

¢in(x) =1 —tanh w — tanh w’
V21 V27

where Xy = (xo, yo) = (0.3,0.5) and xy = (0.7,0.5) are the centers of the circular regions for the first material, and Rg =
0.19 is the radius of these circles. The external force and the boundary source terms in (4.1) are set to f(x,t) =d;(x,t) =
dp(x,t) = 0. We discretize the domain using 400 equal-sized quadrilateral elements with element order 10. We employ a
mapping function .% (R) = R? for this problem. The simulation parameters are listed as follows:

3 106 4yph 6
n=001, o=151.15, A=——0n, mMy=——, S= , Co=10°. (4.49)
232 N moAt

(4.48)
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10° ‘ ‘
—-L*-¢ 100 b L%
o1 2 2
107" E L™¢ || 124
-2 | 4
102 L ] 10
4 4
w0 -3
w o 10% |
104 L 4
10° ¢ 1
108 L O 1 ©
10-6 L L L L L 10-8 L L L L L
2 6 10 14 18 2 6 10 14 18
Element order Element order
(a) Errors vs Element order (constant mobility) (b) Errors vs Element order (variable mobility)
10° : : : : : :
o0
P ] 1020 |-B-L%%¢ 1
10 o124
o124
——reference
2 ——reference
102 ¢ E
10—4 L 4
o 10%¢ ER
e e
w 104 L ] w
10° 1
5L 4
K e
6| ] 1
10 108k |
10»7 L L L L L L
10° 10?2 107 10° 10?2 107
At At
(c) Errors vs At (constant mobility) (d) Errors vs At (variable mobility)

Fig. 4.1. Spatial/temporal convergence tests for Cahn-Hilliard equation. L2 and L errors of ¢ versus element order for (a) constant mobility, (b) variable
mobility (fixed At =0.001, to =0.1, tf =0.2). L2 and L* errors of ¢ versus At for (c) constant mobility, (d) variable mobility (fixed element order 18 and
to =0.1, ty =1.1). Numerical results correspond to ¢o = ¢in(%) in (4.32) for cases with variable mobility.

Fig. 4.3 shows the evolution of the two material regions with a temporal sequence of snapshots of the interfaces between
these two materials visualized by the contour level ¢ = 0. It can be observed that the two separate regions of the first
material gradually coalescence with each other to form a single drop under the Cahn-Hilliard dynamics.

To investigate the effect of time step size on the accuracy of the simulation results, in Fig. 4.4 we compare the distribu-
tions of the material interfaces at t = 50 obtained with several time step sizes, ranging from At =10~" to At =10~%. The
distribution computed with At =1072, 10~3 and 10~* are essentially the same. With the larger time step size At =107,
some difference can be noticed in the material distribution compared with those obtained using smaller At values. This
suggests the simulation is starting to lose accuracy with time step sizes At =10~! and larger.

Fig. 4.5 shows the time histories of the total energy E:y:(t) (see equation (4.3)) and the ratio & = obtained using

time step sizes At =10~2 to At =104, It can be observed that the history curves essentially overlap with one another for
different time step sizes. The computed values for & = @ are very close to 1 for each At, suggesting that .%# (R) is a good
approximation for E(t) and the numerical approximation is accurate with these time steps.

Thanks to the energy stability property of the current method, we can use fairly large time step sizes for the simulations.
In Fig. 4.6, we depict some longer time histories (up to t = 10000) of the total energy E:y(t) and the ratio & = @
obtained using several large time step sizes At =0.1,1, 10. At these large At values we can no longer expect the results
to be accurate. Indeed, in Fig. 4.6(a), E¢ increases initially, and levels off over time at around E: =~ 2000. Meanwhile,
& decreases rapidly to a smaller number close to 0, suggesting that there is a large discrepancy between % (R) and E(t).
While these computation results are not accurate, they nonetheless demonstrate the proposed method is stable and robust
with large time steps.

As discussed in previous sections, the current scheme guarantees the positivity of the computed & and R(t) values,
regardless of the time step size or the external forces. In Fig. 4.7, we compare the time histories of the computed auxil-
iary variable R(t) obtained using the current method and the auxiliary variable obtained by the scalar auxiliary variable

Z(R)
E
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v L~ ¢:F[RI=R 10° wv»~L27(,’>:F[R] R ]
; vt L~ ¢ F[R] = R? ~&-L*—¢: F[R] = R’
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(a) Spatial test for various .#(R) (constant mobility)
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Element order

(b) Spatial test for various .#(R) (variable mobility)

10° : w ‘ ; ‘
g L?—¢: F[R]=R o - szo F[R]
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(¢) Temporal test for various .7 (R) (constant mobility) (d) Temporal test for various .Z (R) (variable mobility)

Fig. 4.2. Spatial/temporal convergence tests for the Cahn-Hilliard equation obtained using several mapping functions . (R) as given in the legend. L2 errors
of ¢ versus the element order for (a) constant mobility, (b) variable mobility (fixed At =0.001, top =0.1, ty =0.2). L2 errors of ¢ versus At for (c) constant
mobility, (d) variable mobility (fixed element order 18 and tp =0.1, ty =1.1).

(SAV) method from [38]. Note that in the current method .#(R) = R? (hence R(t) = +/E(f)) has been used. In the SAV
method the auxiliary variable, denoted by Rq(t) in the figure for clarity, is computed by a dynamic equation stemming
from the relation Rq(t) = +/E1(t), where E{(t) = fQ H(¢)dg + Co > 0. Therefore, R1(t) should physically be positive. In re-
ality, however, the discrete solutions for R{(t) computed by the SAV method can become negative. This is evident from
Fig. 4.7(b), where the result obtained using the SAV method with a large At =1 is shown. On the other hand, the discrete
solutions for R(t) from the current method are guaranteed to be positive, which is evident from Fig. 4.7(a). It should be
pointed out that since the definitions of the auxiliary variables in the current method and in the SAV method are different,
the specific values of R(t) and Rq(t) are not comparable. Nevertheless, the positivity of these variables are both expected
physically.

4.3.3. Variable mobility: evolution of a drop

We next consider the evolution of a square drop governed by the Cahn-Hilliard equation with a variable mobility. The
computational domain and the settings follow those for the coalescence of two drops discussed above. The difference lies
in the initial distribution of the materials. To be precise, the initial distribution of field function is set as follows:

din(X) = (4.50)

X —Xo+ho X—xo —ho y—Yyo+ho y—Yyo—ho
tanh — tanh {tanhZ———— —tanhZ——— [ — 1,
[ V21 V21 ] [ V21 V21 ]

where (Xg, yo) = (0.5, 0.5) is the center of the domain and hy =0.2.

Fig. 4.8 shows the evolution of the system with a temporal sequence of snapshots of the interfaces between the two ma-
terials. These results are computed with a time step size At =0.01, S =1, Co = 10°, and the mapping function .# (R) = R2.
The ¢g in the algorithm is taken as the field ¢(x,t) at every fifth time step, i.e. ¢o(x) = ¢°*(x) (k=0,1,2...). In other
words, the ¢¢ field and also the coefficient matrices of the system are updated every 5 time steps in this set of tests. These
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Fig. 4.3. Temporal sequence of snapshots showing the coalescence of two circular drops visualized by the contour level ¢ = 0 governed by Cahn-Hilliard

equation with constant mobility.
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values are not comparable. But both should physically be positive.
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Fig. 4.8. Evolution of a square drop (Cahn-Hilliard equation with variable mobility): Temporal snapshots of the material interface visualized by ¢ = 0.
At =102 in the simulations.

results illustrate the process for the evolution of the initial square region into a circular region under the Cahn-Hilliard
dynamics.

In Fig. 4.9, we show the time histories of the total energy E;o:(t) and & = “i((g)
ranging from At =102 to At =10~%. Note that the variable mobility is m(¢) = max(mp(1 — ¢2), 0). Here we have consid-
ered two ways to simulate the problem:

obtained with several time step sizes
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Fig. 4.9. Evolution of a square drop (Cahn-Hilliard equation with variable mobility): time histories of (a) E;(t) and (b) & for various time step sizes
At=10"2,10"3,10~%. In these tests, ¢ = 0 for At =103 and 10~4, while for At =102, we set ¢y = 0, referred to as “no update” in the legend of (a),
and also update ¢g to ¢" every 5 time steps, referred to as “update”. The case At =102 in (b) corresponds to the “update” case.

e by setting ¢ = 0 in the algorithm. This leads to mc(¢g) = m(¢pp) = mg and k (¢pg) = —%, and a time-independent

coefficient matrix for the system, which can be pre-computed. We refer to this setting as the standard way.
e by setting ¢ = ¢* (k=0,1,2,...) in the algorithm. The ¢ field and the coefficient matrix are quasi time-independent,
and they are updated every 5 time steps.

With the smaller time step sizes At =10~3 and 10~4, we set ¢9 = 0 in the algorithm (the standard way) when performing
simulations. With the larger At = 1072, we have conducted simulations in both ways with the algorithm. In Fig. 4.9(a)
the results from these two settings are marked by “no update” (standard way) and “update” (second way) in the legend
corresponding to At =1072. It is observed that the energy histories corresponding to At =104 and 1073, and At =102
with ¢ updated periodically, essentially overlap with each other. However, the energy history corresponding to At = 1072
with ¢g = 0 exhibits a pronounced discrepancy compared with the other cases. These results indicate that with the standard
way (by setting ¢o = 0) in the algorithm the simulation result would cease to be accurate when the time step size increases
to At = 10~2. However, if one uses the second way (by updating ¢o periodically), accurate simulation result can be obtained
even with At =1072. In other words, by updating ¢ in the algorithm from time to time, one can improve the accuracy
of the simulations even at larger time step sizes. We depict in Fig. 4.9(b) the time histories of & = @ corresponding to
these time step sizes. Shown for At =102 in this plot is the result with ¢ updated periodically. It is observed that the
computed & is essentially 1 with At =103 and 10~4. With At =102 (and ¢o updated periodically), the computed £ is
substantially smaller than 1. But interestingly, the simulation results for the field function ¢ are still quite accurate with
this larger At. This group of tests suggests that one possible way to improve the accuracy of the proposed energy-stable
scheme is to update the ¢ in the algorithm periodically, e.g. every N time steps. By choosing an appropriate N for a
given problem, one can enhance the simulation accuracy even at large or fairly large time step sizes. Because ¢ and the
coefficient matrix for the system only need to be updated infrequently, the cost associated with updating the coefficient
matrix can be manageable. There is a drawback with this, however. The computations using the second way (updating ¢o
periodically) seems not as robust as the standard way (by setting ¢o = 0) for large At. Because of the non-zero ¢ field
in the algorithm, the conditioning of the system coefficient matrix using the second way seems to become worse for large
At. We observe that for larger At > 0.1 the system coefficient matrix using the second way can become singular and the
computation may break down.

5. Nonlinear Klein-Gordon equation

We consider an energy-conserving system, the nonlinear Klein-Gordon equation, in this section and apply the gPAV
method to this system. Consider the nonlinear Klein-Gordon equation [39] on a domain € (with boundary I')

au _
P
0V

ot
u=dq(x,t), onT, (5.3)

v, (5.1)

e?— —a?Viu+etu+gu) = f(x,t), (5.2)
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where ¢, o and &1 are positive constants. These equations are supplemented by the initial conditions

ux,0)=uj(x), v(x,0) =vi@x) in Q. (5.4)

In these equations g(u) = G’(u) and G(u) is a potential energy function with G(u) > 0. The above system satisfies the
following energy balance law:

% (—| u + 4 |u| +& |v| +G(u) dsz /fde—l—oz /(n Vu)vdr. (5.5)
Q 0Q2

We define a shifted total energy according to equation (2.11),

E(t)zE[u,v]=/( vup+ & |u| + & |v| +Gw)de + Co, (5.6)
Q

where Cyp is chosen such that E(t) > 0. Choose .% and ¢, and define the auxiliary variable R(t) based on equation (2.13a).
Following equation (2.14), we have

, -~ dR ou av ou
F (R =/(—azvzu—i—s%u—i—g(u))ﬁdﬂ—i—/szvﬁdfz—i—az/(wVu)ﬁdl‘, (5.7)
Q Q r

where integration by part has been used.
Following equations (2.17)-(2.19), we reformulate equations (5.2) and (5.7) into

- () (e T b

dR ou ov
FR =/ (~a?v2u+ctu+gw) +/82v§d§2

Q Q
/(R) /f vdQ + o /(n Vu)vdF)+|: 7(R)] /f vdQ + o? /davdr‘ (5.8b)
r
£1\2 F((R) 1
—/(—a2V2u+8%u+g(u))de—/82v[(;) Vzu—(;l) U=~ 58w+ f]dsz
Q Q

The reformulated system consists of equations (5.1), (5.8a)-(5.8b) and (5.3)-(5.4), which is equivalent to the original system
(5.1)-(5.4).

Since the Klein-Gordon equation is conservative (in the absence of external source term and with appropriate bound-
ary condition), we will employ the Crank-Nicolson method for time discretization of the field variables, by enforcing the
discretized equations at step (n + 1/2). This corresponds to the approximations (2.33a)-(2.34) with 6 = % and 8 =0. So
the method here is slightly different than the one presented in Section 2.2, which corresponds to 6 =1 and 8 = }l in the

approximations (2.33a)-(2.34). The energy-stable scheme for the nonlinear Klein-Gordon equation is then as follows:

un+1 —u"
wo-w_ v”+%, (5.9a)
At
n+l _ ,n 2 2
v v _ (g) Vzu”% — (8_1> u”+% — glg(a"“r%) + lf”ﬂ“%’ (5.9b)
At P € g2 g2
_ ZR™ (5.9¢)
- E‘[ﬁnJrl, gt ’ '
E[a™!, 1) = / ( |Vun+l| +a |u"+1| +Z |v”+]| + G(u”+1)>d9 + Co, (5.9d)

Q
u™t=d"1 onT, (5.9¢)
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together with
n+1 _ R™
N

n+1 _ un

R
Dy (R / (—evaurth 4 ettt 1 grth) Lo

At
Q

2, n+1 v e 292, n+1 2, 41 ntl ntd
+ [ v ZTdQ— (—otVu 2 4equ 2 4 g(u 2))v 2dQ
Q Q

2 2
_/82Vn+%{(g> V2t _(8_1) u _glg(ﬁn+%)+lfn+%]d9 (510)
€ e &2 g2
Q

+§(/f”+%\7”+%dsz+a2f(n-va"+%)\7"+%dr)

Q r

+a-g| [ riiag va? [ (novir)iriar)
Q r

These equations are supplemented by the initial conditions
W =upn@®, vP=vin®, RO=9(E0), (511)
where E? is evaluated by
2 2 2
o £ &
E0 = / (S 19uinl® + S luinl? 4+ - Vinl? + G(win) )2+ Co. (512)
Q

In the above equations, Dg(R)|"+% is defined by (2.34) with 6 =1/2, and

W2 l(un-t-] Fumy, ymH2 2 l(vn+1 v,
2 2 (5.13)

- - gl —_— L 1 1 . .
g1, §n+1 itz and "tz are second-order approximations of ™!, v*1 "2 and v™tz, respectively, defined later in
(5.22)-(5.23).

Theorem 5.1. In the absence of the external force f = 0, and with homogeneous boundary condition (d, = 0) and suppose that the
initial condition vy satisfies the compatibility condition vi,|r = 0O, the scheme consisting of (5.9)-(5.11) conserves the modified energy
% (R) in the sense that:

F (R — Z(RY) =0. (5.14)

Proof. Multiplying (—otzvzu”+% +8%u”+% +g(u”+%)) to equation (5.9a), e2v*2 to equation (5.9b), taking the L? integrals,
and summing up the resultant equations with equation (5.10), we arrive at the relation,

n+1y _ ¢ n
FRT)-FR ):g(/f"+%v"+%dsz+a2/(n.va"+%)\7"+%dr)
Q

At
" (515)
ra-g| [ rriviagva? [ (v,
Q r

where we have used equations (2.21b)-(2.22). If d; =0, then u"|r =0 and v"|r =0 for all n > 0. Based on the definition of

"3 in the equation (5.23) below, it is straightforward to verify that gty Ir =0 as long as vO|p = 0. Furthermore, if f =0,
the volume integrals in equation (5.15) vanish. This leads to equation (5.14). O

Remark 5.1. Since .% (R) is an approximation of E(t), the discrete conservation for .#(R) in equation (5.14) does not imply
the conservation for E(t) on the discrete level. However, it does lead to an unconditionally energy stable scheme for long
time simulations.
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Despite the complication caused by the unknown scalar variable &, the proposed scheme can be solved in a decoupled
fashion. Combining equations (5.9a) and (5.13), we get

2 2
Sy L (5.16)
At At

Inserting equation (5.16) into (5.9b) leads to

) (v Y ([ -l o )

vn+1 —

(517)
—§3 2 @™ + VA,
To solve this equation, we introduce u”+1 and ug+ as solutions of the following two equations:
2e \2 ‘912n+1 2 £\2 2.2 £1.2 4
= =) [utt—v u”“:(—) {[ =) — (= ]u —v ”+2} vaun, 518
[(otAt) +(a)] 1 1 o (At) (8) + ta f + (>18)
u'}“ _ d2+1 onT, (5.19)
and
28 \2 £1\2 2
[(—> + (—1) ] Wit vt = 2 g(@™2), ult' =0 onT. (5.20)
aAt o a?
Then the solution to equation (5.17), together with the boundary condition (5.9¢), is given by
= n-H +€__un+1 (5.21)
where £ is to be determined.
We define
- - 1 .
gt — u'lH'] + ug'H, gmt1/2 — E(HHH +u"), (5.22)
gt = 2t gy yn gz 2 Lgner o) (5.23)
At ’ 2 ' '

By combining equations (5.9c) and (5.15), we can determine &,

Z(R") + At|So|
E[@"+1, ¥+1] 4+ At(|So| — So)’

with So = (/ FrE2nH1240 4 2 /(n : Vﬂ”“/z)f/”“/zdl“). (5.24)
Q

.i-':

With & known, u™! and v™t! can be computed by equations (5.21) and (5.16), respectively. R™! can be computed by,

R™! =@ E[a"!, v"H1)). (5.25)

The weak formulations for equations (5.18) and (5.20) are: Find (u}*', u}*") € H'() such that

(i Vo) + [(r) + (5) " 0) =~V Vore

&\ 2 2.2 £1\27 n 4 il ] ; (5.26)
+(E> ([(E) -() ]” T’ +8—2f 240)9, VgoeHo(Q):z{weH (@:wlr=0
(5. 50)+ (o) +(5) ]0570)a, =~z (6@ .0)g. Vo< H@. (527)

These can be implemented with C° spectral elements in a straightforward fashion.
5.1. Numerical results

We next provide numerical examples to demonstrate the accuracy and unconditional stability of the proposed scheme
to the Klein-Gordon equation (5.1)-(5.3). Specifically, we fix the parameters therein and the potential energy function as

e=¢gr=a=1, Gu)=1—cos(u), gu)=CGC"(u)=sin(u). (5.28)

This corresponds to the dimensionless relativistic Sine-Gordon equation (DRSG) (see e.g. [3]).
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Fig. 5.1. Spatial/temporal convergence tests for DRSG equation: L% and L™ errors of u versus (a) element order (fixed At =0.001 and ty =0.1), and (b) At
(fixed element order 18 and ty =1).

5.1.1. Convergence rates
To study the convergence rates in space and time of the proposed method, we employ the following manufactured
analytic solution

u = cos(mrx) cos(r y) sin(t). (5.29)

The external force f(x,t) in (5.2) and the external boundary source term d, (%, t) are chosen such that the above expression
(5.29) satisfies equations (5.1)-(5.3).

The computational domain © = [0, 2] x [—1, 1] is discretized using two equal-sized quadrilateral elements, with the
element order and the time step size At varied systematically in the spatial and temporal tests. The algorithm presented
in this section is employed to numerically integrate the DRSG equation from t =0 to t =t;. The mapping % (R) = R and
Co =1 are used in these computations. The initial condition u;; and v;, are obtained by setting t = 0 in the analytic
expression (5.29) and using (5.1). We then record the numerical errors in different norms by comparing the numerical
solution with the analytic solution at t =ty.

To conduct the spatial convergence test, we vary systematically the element order from 2 to 20 and depict in Fig. 5.1(a)
the L% and L? errors of u as a function of the element order with a fixed At =0.001 and ty =0.1. It is observed that the
numerical errors decay exponentially with increasing element order, and levels off beyond element order 12, caused by the
saturation of temporal errors.

To study the temporal convergence rate, we fix the element order at a large value 18 and ty = 1.0. The time step size At
is varied systematically from 0.2 to 7.8125 x 10~* and the numerical errors in L> and L2 norms are depicted in Fig. 5.1(b).
A second-order convergence rate in time is clearly observed.

Fig. 5.2 shows the spatial and temporal convergence behaviors of the current method, in terms of the L? errors, corre-

sponding to several different mapping functions .% (R). Note that eg = ko = 10 with the mapping .% (R) = %0 In (fgfg) It
is evident that with different mapping functions the current method exhibits a spatial exponential convergence rate and
temporal second-order convergence rate. We again observe the insensitivity of the simulation results with respect to .%(R),

similar to those with the other tests in previous sections.

5.1.2. Study of method properties

We next study the remarkable stability of the proposed method with the DRSG equation. Consider the DRSG equation on
the domain Q = [0, 14]2, with zero external force f(x,t) =0 and zero boundary source term dq(x, t) = 0 in (5.3). The initial
conditions are set to

2
exp(x =72+ -7 +exp(— x—=72—(y—7)?)

With these initial and boundary conditions, the DRSG equation is energy conserving.

The domain 2 is discretized with 400 equal-sized quadrilateral elements with a fixed element order 10. We employ
a mapping function .#(R) = %’ln(fgtg) (eo = 10, kg = 100) and the energy constant Co = 1 in the algorithm. Fig. 5.3
illustrates the evolution of u by a sequence of snapshots of its contour levels. One can observe a circular wave pattern
starting from the center of the domain and propagating outward toward the boundaries. As the wave reaches the boundaries,

the interaction with the Dirichlet boundary (u = 0) gives rise to an extremely complicated wave pattern; see Fig. 5.3(d).

Uin(X) = Vin(X) =0. (5.30)
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Fig. 5.3. DRSG equation: Temporal sequence of snapshots for u distribution. Simulation results are obtained with At =104, and the mapping .% (R) =
9 In (M) (with eo =10, kg = 100).

Kko—R

Fig. 5.4(a) shows the time histories of the energy errors, |E(t) — E(0)|, obtained using several time step sizes (At = 1074,
103 and 10~2). One can observe oscillations in the history curves about their respective mean values that are consistent
with a second order accuracy in time. It should again be noted that the current algorithm conserves the modified energy
% (R) discretely, not the original energy E(t). Fig. 5.4(b) shows time histories of the ratio & = @ corresponding to these
At values. The computed & values are essentially 1, indicative of the accuracy of these simulations.

We then increase the time step size to At =0.1,1 and 10, and depict in Fig. 5.5(a) the time histories of E(t) and .% (R)
for a long time simulation to t = 1000. Large discrepancies between the energy E(t) and .#(R) can be observed, especially
for At =1 and 10, suggesting that .% (R) no longer approximates well the energy E(t) with these time step sizes. Note that

the .% (R) histories obtained by different large At values overlap with one another. This is consistent with Theorem 5.1 that
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the current scheme conserves the modified energy % (R). It can be observed from Fig. 5.5(b) that the computed & = @

becomes significantly smaller than 1, indicative of large errors in the simulations with these large time step sizes. However,
the computations are evidently stable, even with these large At values.

6. Concluding remarks

In this paper we have presented a framework (gPAV) for developing unconditionally energy-stable schemes for general
dissipative systems. The scheme is based on a generalized auxiliary variable (which is a scalar number) associated with
the energy functional of the system. We find that the square root function, which is critical to previous auxiliary-variable
approaches, is not essential to devising energy-stable schemes. In the current method, the auxiliary variable can be defined
by a rather general class of functions, not limited to the square-root function. The gPAV method is applicable to general
dissipative systems, and a unified procedure for discretely treating the dissipative governing equations and the generalized
auxiliary variable has been presented. The discrete energy stability of the proposed scheme has been proven for general
dissipative systems. The presented method has two attractive properties:

e The scheme requires only the solution of linear algebraic equations within a time step, and no nonlinear solver is
needed. Furthermore, with appropriate choice of the F; operator in the algorithm, the resultant linear algebraic systems
upon discretization involve only constant and time-independent coefficient matrices, which only need to be computed
once and can be pre-computed. In terms of the computational cost, the scheme is computationally very competitive
and attractive.
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e The generalized auxiliary variable can be computed directly by a well-defined explicit formula. The computed values for
the auxiliary variable are guaranteed to be positive, irrespective of the time step size or the external forces or source
terms.

Three specific dissipative systems (a chemo-repulsion model, Cahn-Hilliard equation with constant and variable mobility,
and the nonlinear Klein-Gordon equation) have been studied in relative detail to demonstrate the gPAV framework devel-
oped herein. Ample numerical experiments have been presented for each system to demonstrate the performance of the
method, the effects of algorithmic parameters, and the stability of the scheme with large time step sizes.

Time step size adaptivity can be a useful property for numerical schemes. When the approximations (2.33a)-(2.34) with
0= % and S =0 are employed in the current scheme, just like those presented in Section 5 for the Klein-Gordon equation,
the current method becomes a single-step scheme. Only the field data in the previous time step (u") is needed when
marching in time. In this case, it is quite straightforward to adaptively change the time step size. In the more general
case (6 # %), the approximations presented in the current work become a two-step method, requiring the field data in the
two previous time steps (u" and u"~!) for time-marching. In this case, it will be much more involved to adapt the time
step size and simultaneously ensure the other attractive properties (such as positivity, unconditional energy stability, and
second-order accuracy). This is an interesting problem that will be explored in a future work.

Numerical results in the current work suggest that the simulation results are not sensitive to the choice of the mapping
function .#(R) using the gPAV method. The difference between the simulation results corresponding to different .% (R)
seems very small and basically negligible. In terms of which mapping function to use in actual applications, we would like
to recommend the function .%(R) = R, since it is perhaps the simplest one available. A sizable portion of the numerical
experiments in the current work has been performed using this mapping function.

All physically meaningful systems in the real world are energy dissipative (or conserving) due to the second law of ther-
modynamics, and these systems are typically nonlinear. The design of energy-stable and computationally-efficient schemes
for such systems is critical to their numerical simulations, and this is in general a very challenging task. The gPAV frame-
work presented here lays out a roadmap for devising discretely energy-stable schemes for general dissipative systems. The
computational efficiency (e.g. involving linear equations with pre-computable coefficient matrices) and the guaranteed posi-
tivity of the computed auxiliary variable of the method are particularly attractive, in the sense that the gPAV method is not
only unconditionally energy-stable but also can be computationally efficient and competitive. We anticipate that the gPAV
method will be useful and instrumental in numerical simulations of a number of computational science and engineering
disciplines.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgements
This work was partially supported by NSF (DMS-1522537).
Appendix A. Approximation for the first time step

We present a method on how to deal with the first time step such that the approximation for the auxiliary variable R(t)
at time step % shall be positive. We consider below only the formulation based on @. It is noted that for the alternative
formulation based on % (see Section 2.4) one can modify the following scheme in a straightforward fashion to achieve
the same property. The notations here follow those employed in the main text.

Consider the system consisting of equations (2.17), (2.19), the boundary condition (2.2), and the initial conditions (2.3)
and (2.20). Define

0
u” =uip(x),

RO = %(E%), with E0 = / e(tjn)dQ + Co. (A1)
Q

One notes that E® > 0 and R? > 0.

We compute the first time step in two substeps. In substep one we compute an approximation of (u', R'), denoted by
(ul, R1), and in substep two we compute the final (u!, R!). More specifically, the scheme is as follows:
Substep One:

u1 0

B S Fuud) + & [F@®) - Fua®) |+ £, (A22)
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1
€a = g(ﬁ“), (A.2b)
Elu,]
Elii}] = / e(it})dS2 + Co, (A2¢)
Q
Bul)=f}), onT, (A.2d)
1\ _ g (r0y p1 _ po 1_ 40
gr(Ral) F (RO Rl —R =/e/(u;)."“ w o
Rl —RO At

Q

- [ewd - (Fumd + & [Fa) - Fuw®)] + 1) e
Q
(A.2e)
+ & —/V(ﬁ},)dsz+/vs(fl,ﬁ;)dQJr/Bs(f;,ﬁ;)dr
Q Q r

+a-)| [ vastahda+ [ sarlar].

Q r

Substep Two:

"1_"O—F 1 Fu® — F u® 1 A3
—— = FL@) +§[F®) — FLa®)| + £, (A3a)
F(R/?)

=2 A3b
E[i*/%] (A-35)

E[ﬁ3/2]:/e(ﬁ3/2)d9+co, (A3c)

Q

B')=f}, onT, (A.3d)

PQ(R?:/Z) —ﬁ(Rl/z) R3/2 _ R]/Z S u] _ uO
R3/2 _R1/2 At =/e(u ) A 9%

Q
- [ea) (P + e [Fa®) - P + 1) de
Q
(A3e)

+& —/V(ﬁ1)d9+/Vs(fl,ﬁl)d9+/85(fg,ﬁl)dr

Q Q r

+-5)| [vrtahda+ [ pashahar).
Q r
Note that in the above equations the superscript of a variable such as (-)1/? and (-)3/? denotes the time step index. In

(A.2b) and (A.2e) ﬁ; is an approximation of u} and will be specified later in (A.12). In (A.3e) ! is an approximation of u!
and will be specified later also in (A.12). In (A.3b), (A.3c) and (A.3e), #i>/%, R1/2 and R3/2 are defined by

- 3 1
2 =Zul — -,
2 2
3 1
R3/2 — 5R] _ 5R07 (A4)

1
R =L (R4 R0).

It can be noted that the above scheme represents a first-order approximation of (u!, R1) for the first time step.
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Combine equations (A.2a) and (A.2e) and we have

F(Ry) — F(R%) = —SaAt/ V(g)dS2 — & At(Sa| — Sa) + [Sal At (A5)
Q

where Sq = [, Vs(f',i1)dQ2 + [ Bs(f}, fi)dT. In light of (A.2b), this leads to
: F(RO) +|Sq| At
a = ~ — ’
E[it] + At [o V(i1))dS2 + (|Sa| — Sa) At (A6)
R} =% (&EliL})).

Since R > 0, we conclude that & > 0 and R} > 0 based on these equations. It follows that R'/? = (Rl + R%) > 0 in light
of equation (A.4).
Similarly, combining equations (A.3a) and (A.3e) gives rise to

FRY? — FRYV?) = —gAt/ V@@hdQ — EAL(ISo| — So) + |So| At (A7)
Q

where So = [, Vs(f',@t")d2 + [, Bs(f}. @i")dT. In light of (A.3b) and (A.4), we have

. F(R'?) +|So|At
E[i*/*] + At [, V(@")dQ + (S0l — So)At’

RY? =4 GE@?)), (A8)
2 1

R'=ZR¥?+ _RO.
3 + 3

We therefore conclude that £ >0, R3? >0 and R! > 0.

We still need to determine u} and u', and specify ﬁ; and @', Note that F;(u) and B(u) are linear operators. Equations
(A.2a) and (A.2d), and also equations (A.3a) and (A.3d), can be solved as follows. Define two variables u} and u% as solutions
to the following systems, respectively:

For ul:
1 4 1 u’ 1
—ul_F = , A9
Atu] L(uy) At+f (A.9a)
Bu})=f}, onT. (A.9b)
For u}:
1
Eu} — Fr(u))=F@® — F ), (A10a)
B(u))=0, onT. (A.10b)

Then it is straightforward to verify that, for given &; and &, the following functions respectively solve the equations (A.2a)
and (A.2d), and equations (A.3a) and (A.3d),

ul =uj +&ul, (Al1a)
u' =uj 4 £ul. (A11Db)

We then specify ﬁ; and ' as follows,

~1

1
u, =

i =ul+ul. (A12)

The solution for (u!, R!) at the first time step consists of the following procedure:

e Solve equations (A.9a)-(A.9b) for u};
Solve equations (A.10a)-(A.10b) for ul.
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e Compute ﬁ; and @' by equation (A.12);
Compute &; and Rg by equation (A.6);
Compute u} by equation (A.11a).

e Compute @#>/? and R1/2 based on equation (A.4);
Compute £ and R! based on equation (A.8);
Compute u! by equation (A.11b).

We can make the following conclusion based on the above discussions.

Theorem A.1. The scheme represented by (A.2a)-(A.3e) for computing the first time step has the property that

R'>0, RY?>0, and R*?>0, (A13)

where R1/2 and R3/? are given by (A.4), regardless of the time step size At and the external forces f and f,.
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