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The purpose of this note is to give a proof of the following result for the
Ramanujan arithmetical function t(n)=rt,(n)n''/2.

Main Theorem. The Dirichlet series

0

F(s)= Y to(n)*n~°

n=1
has a meromorphic continuation to the half plane Re(s)2% and in the region
Re(s)=1 it is holomorphic except for a double pole at s=1. In particular for a
positive real number x we have
Y 1o(n)* ~cxlogx,

nsx
where ¢ is a positive constant.

The interest in establishing a result of this nature comes from some recent work
of Rankin concerning non-trivial estimates for the higher moments of t,(n) and
other arithmetical functions [4], and specially from his applications to a result of
Elliott about mean values of multiplicative arithmetic functions [1]. The proof we
give is based on the work of the second author on the L-function L(s, n, Sym*g)
applied to the automorphic representation n=m, corresponding to the
Ramanujan modular form

A(z)=q l—ll(l—q")24= Y. wn)g"
n= n=1

and especially the non-vanishing of these L-functions on the line Re(s)=1. These
ideas are in turn an outgrowth of the important work of Jacquet, Piatetski-Shapiro
and Shalika on GL,. i

In Sect. 1 we relate the study of the Dirichlet series F(s) to the functions
L(s,m,,Sym?g) and L(s, 7,, Sym*g). In Sect. 2 we establish the analytic properties
of F(s) and show how the non-vanishing of L(1+it,n,,Sym*g) implies the
presence of a double pole for F(s) at s=1.
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1. The Euler Product of F(s)

In accordance with Deligne’s theorem, |t(p)| <2p''/?, the roots of the equation
1—1(p)p~ " V2T +T?*=1—1,(p)T+ T* are complex conjugate and hence we can
put for each prime p

@)=L+
where {, is a complex number of absolute value 1. We let ¢ :GL,(C)—~GL,(C)
denote the standard two dimensional representation. In the notation of [7], with
ny=mn,® (@ np) being the automorphic representation of GL,(4,) which cor-
p

responds to the Ramanujan modular form, we put

L(s, n4,Sym' @) =I'(s,m,,, Sym" @){,(s),
L(s,m,, Sym?@)=I'(s, @, Sym®@){(s),
L(s, my, Sym*@) =I'(s, m,,, Sym*@){,(s),
where I'(s,m,,, Sym'g) is a product of I'-functions which we need not specify and

where

()= H{(I—CPP_S)(I—C;IP_S)}",
L6)= l_l{l—C2 ) (1=pT)A=( 2T

and

L4ls)= I_[{(I—C4 T)A=p AU —p U= PTG TN
In particular we have

Lis—4,n,,Sym'@)=Qn) I [[(1 —(p)p™*+p"* " *)~"
p

©

=(Q2n)~°I(s) Y, tmn™*.

n=1

Since t4(m)=t(m)n"'V? is bounded in absolute value by d(n), the number of
positive divisors of n, we can obtain by elementary means fairly precise infor-
mation about F(s) within the region of absolute convergence.

Lemma 1. For Re(s)=0>1 one has

{(o)'®

{(20)'"

Proof. From the multiplicative property of t,(n) and the fact that d(p*)=v+1 we
obtain

[F(s)l =
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™8

[F(s)| =

To(pu)étp - vs)

i

<
I
o

lzo(p")I*p™ ”")

IIA
=
Ms e ips

d(pu)4p— va)

A
~ =]
<

v+ 1)4p“"") .

I
~ =
<

0
From the identity

1+ 11T+11T*+ T
(1-1)°

i w+1)*T =
v=0

and the inequality

I+UUT+UT>+ T3S+ T) = 4-7"
= - (1 _ T)ll 5
with T=p~7 we get the lemma.
In the following {,(s) ={(s) will denote the Riemann zeta function.

Lemma 2. With notations as above and for Re(s)>1, one has

0

Y o) =L LG [T L),

n=1
where L (T) is a polynomial of degree 14 whose coefficients are bounded by an
absolute constant independent of p and whose constant and highest term equals 1.

Proof. From the multiplicativity property of t,(n)* we have the Euler product
identity

i To(n)*n = H( io ro(p”)“p““)-
n=1 p \v=

Therefore, the claim will follow if we prove, with T=p~*, that

o L(T)
L o) T = s s,

M8

where for g= (% CO

-1
p

§,(T)=det(I, — Sym?o(g)T)
=(1-2T)(1-T)(1-¢, *T),
$4T)=det(I,—Sym*o(g)T)
=(1-GT-ED1-T)(1 -8 T *T),

) we have put
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and L,(T) is a polynomial satisfying the properties of the lemma. To simplify
notation we put {={,. From the basic recurrence relation for the eigenvalues of
the Hecke operators, which can be stated in terms of the formal identity
1 o)
_— = T(p)T",
o T &)

or equivalently as

1 B © Cv+1_c—v—1)
(I—CT)(I—C"ﬂ—u:o( o

we see that our problem is reduced to showing that

© CU+1_C_0_1>4 B LP(T)
Z( —et ) T aC s, sy

v=0

By a straightforward calculation one shows that

o <a0+1_1)4 . 1+aB+5a+3a’)t+a*(3+5a+3a’)t> +a°t>
a—1 h

z (1—-a*t)(1—a*t)(1—a*t)(1—ar)(1—1t)

v=0

Substituting in this identity a={? and t= Z;, and using the fact that

a3 +5a+3a* =23+ 50+ 344)2’171
= Bro(p) = 1T,
we obtain
® N(T)
v 4Tv=
0;0 To(p ) S4(T) 4
where

N(T)=1+(314(p)* = DT +Bto(p)> = )T+ T>.
If we make use of the fact that

S,(T)=1—(to(p)* = DT +(zo(p)* — VT* + T2,
we obtain that
L(T)=N(T)S,(T)*(1—T)*
=l—c,(p)T?+...+ T,
is a polynomial of degree 14 whose coefficients are bounded by an absolute

constant independent of p, whose constant and highest term equal 1, and whose
linear term equals 0. This completes the proof of the lemma.
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2. Analytic Properties of the Function F(s)

The meromorphic continuation of the Euler product

L(s, 4, Sym?0)=TI'(s, 7, Sym?>@){ (s),

where I'(s,m_,Sym?g)=Ix(s+ 11)Ix(s+ 12)[x(s+ 1), and Fm(s)=n“/21"(%), was

established by Rankin [5] who also proved that {,(1+it)=+0 for all real ¢. That
L(s, 74, Sym?g) is actually an entire function was first proved by Shimura ([8],
Theorem 1). This was generalized by Jacquet and Gelbart for all automorphic
representations 7 of GL, over any global field [9].

From the convergence of the series ) p~** for all s with Re(s)>4, and the

p
information we have about the polynomial L,(T) given by Lemma 2, we obtain
that the Euler product

[1L,7)

converges uniformly for any ¢>0 in the region Re(s)=1+¢; furthermore in this
region it represents a holomorphic function which is free of zeros. To complete the
proof of the main theorem we now prove the following result.

Theorem 1. The function L(s,n,,Sym*g) has a meromorphic continuation to the
whole s-plane, which is holomorphic in the region Re(s)=1 and satisfies

(@) L(s, Tys Sym4g)= L(1-s, Ty Sym4Q) ;

(i) L(1+it, 7, Sym*)=0 for all real t.
2. The function

L(s, m4, Sym®)L(s, m4, Sym? ) L(s, 74, Sym* )

is holomorphic in the whole s-plane except for simple poles at s=1 and 0, and is free
of zeros outside the strip 0<Re(s)<1.

Proof. In [7], Theorem 4.1.1 and Theorem 5.3, it has been shown that for any
automorphic representation n of PGL(2) which is not monomial, the L-function
L(s,m,Sym*g) has a meromorphic continuation to the whole s-plane, satisfies a
functional equation of the type (i) and does not vanish on the line Re(s)=1, except
possibly for at most a simple zero at s= 1. Hence it remains to show that it actually
has no zero at s=1 and that in the half plane Re(s) 2 1 it is free of poles. This will
follow from the following auxiliary lemma, where we use the notation of [2] and
[7]. Let S be the finite set of ramified primes including the infinite ones and put
Lis,m=[] L,(s.7,).
v¢S

Lemma 3. Suppose 7 is an automorphic representation of GL,(A,) of a global field
K which is not monomial (i.e. i®n=n for no Hecke character of K*\Ag ). Then
Ly(s, n, Sym*g) is holomorphic in the region Re(s) =1 and does not vanish on the line
Re(s)=1.
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Proof of Lemma 3. We shall use the method of Deligne and Gelbart [2]. Let II be
the lift of @ to PGL,(Ay) as defined by Gelbart and Jacquet [9]. Then IT is
cuspidal and

Lg(s, IT x IT)= Lg(s, n, Sym? g ®Sym* g)

= LS(S: TC, Sym4 Q)LS(Ss TC, Sym2 Q)Ls(s’ n, Symo Q) »

where Lg(s, n, Sym®g) is the partial Hecke L-function attached to S. L(s, 7, Sym®y)
has a simple pole at s=1 and otherwise is non-zero in the region Re(s)=1. If
L(s, IT x IT) denotes the full L-function of Jacquet, Piatetski-Shapiro, and Shalika
on GL(3) x GL(3), then we know it has a simple pole at s=1 (II = IT). Moreover,
the local factors L(s,II, x I1 ), for ve S, are all holomorphic and non-zero in the
region Re(s)=1 ([3], Proposition 1.5, p.507 and Proposition 3.17, p. 542).
Consequently, Lg(s, IT x IT) has a simple pole at s=1 and otherwise is non-zero on
the line Re(s)=1 by [7]. This completes the proof of the auxiliary lemma and
hence also of the previous theorem.

From the basic identity of Lemma 2

0

El ":o(n)‘t’n—s = 5(5)252(5)3C4(5) H Lp(p =),
n= p

and from the previous theorem applied to n=m,, we obtain that the expression on
the right hand side has a meromorphic continuation to the half plane Re(s) = 3, at
s=1it has a double pole, and otherwise it is a holomorphic function free of zeros
in the region Re(s)=1. By a standard use of the Wiener-Ikehara Theorem we
obtain for positive real x sufficiently large

Y. 1o(n)*~cxlogx,
nSX

and

Y 7o(p)*logp~2x.
PSEx

This completes the proof of the Main Theorem.

Remarks. The meromorphic continuation of F(s) to the region Re(s)=% can be
obtained by a more careful analysis of the Euler product [ ] L,(p™") using the fact
p

that
L(T)=1—(7—12t4(p)* + 61o(p))T* + ... + T'*.

This is of some interest when trying to locate the possible singularities of F(s) to
the left of Re(s)=1. Such information would lead to an asymptotic estimate with
an error term O(x*3(logx)*), as in Rankin’s paper [5]. This would then have
applications to the problem of the Petersson-Ramanujan conjecture for the
Fourier coefficients of the real analytic cusp forms of Maass, namely to
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la(p)| <p°2 "¢ (¢>0), which is the best estimate presently known for the coef-
ficients of real analytic cusp forms; we do not pursue this line here because it
would lengthen the paper dramatically. The best estimate for the Petersson-
Ramanujan conjecture at infinity follows more directly from the work of the
second author concerning the L-functions L(s, n, Sym3 g).
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