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1 Introduction

The main goal of this paper is to analyze certain periods attached to a cuspidal auto-
morphic representation 7 of GL,(Afr) for a number field F. We analyze the behavior of
these periods upon twisting = by algebraic Hecke characters. These periods, which were
originally defined by Harder when n = 2 and later by Mahnkopf when F = Q, are nonzero
complex numbers attached to 7 which are sometimes intimately linked to the special
values of the standard L-function of n.

Henceforth, we will assume the cuspidal automorphic representation 7 of
GL,(AFr) to be regular and algebraic, which is a condition only on the infinity com-
ponent n, of w. This assumption makes 7 arithmetically interesting; for example, it
ensures that the finite part = ¢ is defined over a number field Q(r). Let S, be the set of real
places of F. We let € = (¢,),cs. be a signature indexed by the real places with ¢, € {+}. In
the signature, ¢, can be any sign if n is even, and if n is odd then ¢ is uniquely deter-
mined by 7. To this data, plus the choice of a generator w,, of a continuous cohomology
group attached to n,, we attach a nonzero complex number p‘(n s, Wy), which we call
a period of m. See Definition 3.3. We will abbreviate p*(w s, wy) simply by p(ry) (see the
explanation toward the end of Section 3.4). These periods are defined by comparing a

certain canonical Q(x)-structure on the Whittaker model of 7 with a Q(r)-structure on
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a suitable cohomology space to which = has a nonzero contribution. The comparison
map between these two spaces is essentially the inverse of the map giving the Fourier
coefficients of cusp forms in the space of 7. These periods were first defined by Harder
[10] for representations of GL,(Ar), and later were generalized by Mahnkopf [14] in the
case of GL,(Ag). In both of these works they are defined to analyze the special values of
the standard L-function L(s, 7 ¢) attached to 7 y.

Concerning special values of L-functions, often times, it is interesting to know
how these values change under functorial operations on the representation at hand.
For example, one can ask for the behavior of L(m,ns® &¢) as a function of the Hecke
character £¢. An application of such a question is to the subject of p-adic L-functions. In
many, but not all, examples, this question about the relationship of L-values translates
into a question about the behavior of the periods attached to = upon twisting = by
Hecke characters. In fact, in all cases, independent of the connection with values of L-
functions, it is meaningful to ask how the periods pf(7s) transform under twisting of .

In Section 4 we prove, as our main result, the following.

Theorem 1.1. Let 7 be a regular algebraic cuspidal automorphic representation of
GL,(Af), and let & be an algebraic Hecke character of F. We attach a signature ¢; to &.
We let y(&¢) be the Gauss sum attached to £. Then

€

p

—n(n—-1)/2

Ty ®E&p) ~ome viES pilmy)

for any permissible signature € for n (which is an issue only when n is odd). By
~Q(r,e) We mean up to an element of the number field Q(r, £). Moreover, the quotient
Pélny®Es)/(y(Ep) V2P (7)) is equivariant under the action of the automorphism

group of complex numbers. O

The proof of the above theorem is a little too involved to explain in this introduc-
tion; however, we ask the reader to look at the diagram of maps (4.1). The proof comes out
of an analysis of that diagram; the period relation may be construed as the obstruction
to commutativity of that diagram.

In Section 4.2, we mention two variations of the above theorem. The first is to
state it as a reciprocity law as in Blasius [1], and in this formulation the Gauss sums do
not appear. The second is to draw attention to periods, and identical-looking relations
amongst such periods, obtained by considering cohomology in degrees other than the
degree considered in Definition 3.3.

A special case of our theorem is when F is a real quadratic field, and = corre-

sponds to a Hilbert modular form of CM type, then our period relations are formally
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the same period relations proved by Murty and Ramakrishnan in [15, Theorem A]. The
reader should also compare our Theorem 4.1 with the theorems and conjectures of Bla-
sius [2] and Panchishkin [16] on the behavior of Deligne’s periods attached to a motive
upon twisting it by Artin motives. See also [17, Conjecture 7.1]. We end the introduction
by noting that the main motivation to prove the above theorem is in its application to
the special values of L-functions. Transcribing the above period relation into a relation
between the special values of L(s, 7 ) and those of the twisted L-function L(s, 7 ® §¢) is

work in progress. We hope to report on it in another paper.

2 Notation and Some Preliminaries

For a number field F, we let Ay stand for its adéle ring, and Iy = A} be its group of idéles.
We let || ||r : Ir — R.o be the adélic norm defined by |x||z =[], |%,],, with v running over
all places of F, and the local absolute values all being the normalized ones. For a finite
v, we let ord, stand for the additive valuation on the completion F, of F at v, O, for the
ring of integers of F,, and O for the group of units of O,. When there is no confusion
about the base field F, we will drop the subscript F from Ag, Iz, and || ||r. For any finite
set S of places of F we use a superscript S to denote a product outside S, and a subscript
S to denote a product within S. For example, if S, stands for the set of all infinite places
of F, then the ring of finite adéles is Af;" and will be denoted by Ag, ¢ or simply by Ar.
We let S, stand for the set of real places and so S; := Sy, — S; is the set of complex places.
Let r; (respectively, 1) denote the number of real (respectively, complex) places of F.
Let G = GL,, and let Z = Z, be the center of G, both regarded as F-groups.
Let G = G(F ® R) = G(R)™ x G(C)™. Following Borel-Jacquet [5, Section 4.6], we say an
irreducible representation of G(A) is automorphic if it is isomorphic to an irreducible
subquotient of the representation of G(A) on its space of automorphic forms. We say an
automorphic representation is cuspidal if it is a subrepresentation of the representation
of G(A) on the space of cusp forms Acusp (G(F)\G(A)). For an automorphic representation
m of G(A), we have 7 = 7, ® ms, where 7o = Ques5, 7, is a representation of G, and

T = ®ug¢s, Ty 1S @ representation of G(Ay).

3 Definition of the Periods

The purpose of this section is to define certain periods attached to a regular algebraic
cuspidal automorphic representation 7 of GL,(Af). This definition is due to Harder [10]
for GL,, and is due to Mahnkopf [14] in the case F = Q. (See Clozel [7] for the definitions

of a cuspidal representation being regular and algebraic.)
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Before we get into the details of the definition, we very roughly indicate the
ingredients needed in making the definition. We will have a number field E. We will have
two C-vector spaces V; and V, with E-structures V and V), respectively. (By V° being an
E-structure for V;, we mean an E-subspace such that the canonical map Vi0 Qg C — Vi is
an isomorphism.) In our situation, the spaces V; will be representation spaces, and not
merely vector spaces, and the E-structures will be unique up to homotheties. Finally,
we will have a comparison isomorphism ¢ : V; — V,. The period attached to ¢, denoted
p(@), is a nonzero complex number such that ¢(V) = p(¢) V. Observe that p(¢) is a well-
defined element in C*/E*. This way of defining periods is due to Borel [3] where he called
such numbers regulators. For us, the number field E will be the rationality field of x, the
space V; will be the Whittaker model of 7 ¢, and the space V, will be a certain cohomology
space (to which 7 will have nonzero contribution), and the comparison isomorphism ¢
will be related to taking the Fourier coefficient of a cusp form in the space of 7. We now

proceed to make all this precise.

3.1 The rationality field of =

The first ingredient we need is the rationality field of 7. The definitive reference is Clozel
[7, Chapter 3]. Given m, suppose V is the representation space of 7y, any o € Aut(C)
defines a representation 7% on ¥ ®c C,-+ where G(Ay) acts on the first factor. Let S(r¢)
be the subgroup of Aut(C) consisting of all o such that n% ~ 7r. Define the rationality
field Q(r ) of 75 as the subfield of C fixed by S(7 ); we denote this as Q(ry) = C5"#). For
example, if x is a Dirichlet character, also thought of as an idele class character, then
Q(xs) is the field Q({Values of x}). Similarly, if ¢ is a primitive holomorphic cusp form
on the upper half plane, of even weight 2k, for the Hecke congruence subgroup (),
with Fourier expansion ¢(z) = ) ;" ; a,q", and if = = n(¢) is the cuspidal automorphic
representation associated with ¢, then Q(7s) = Q({a, : n > 1})—the field generated by all
the Fourier coefficients of ¢. (See [20].) In this example, the weight is assumed to be even
to ensure that 7 is algebraic. If the weight is odd, the same is true with = replaced by
7 ® || [~'/2. The main results that we need about the rationality field of 7 is stated in

the following theorem. (See Clozel [7, Théoréme 3.13] and Waldspurger [20, Chapter I].)

Theorem 3.1 (Eichler, Shimura, Harder, Waldspurger, Clozel). Let = be a regular alge-

braic cuspidal automorphic representation of GL,(Afr). Then

1. Q(ry) is a number field;

2. myadmits a Q(ry)-structure, which is unique up to homotheties; and
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3. for any o € Aut(C), 7% is the finite part of a cuspidal automorphic represen-

tation (which we denote by 7). 0

We recall that given o € Aut(C), one defines #Z by defining an action of ¢ on the
infinity types of 7., which are indexed by the complex embeddings of F. (See Clozel
[7, Section 3.3] for the precise definition.) We denote S(n) = {o € Aut(C) : 7 = 7}, and
define Q(7s) = C5"~) as the subfield of C fixed by S(n.,). We define the rationality field
Q(mr) of m as the composite field Q(r ) Q(r); this is a number field.

3.2 Rational structure on the Whittaker model of =

The next ingredient we need is the Whittaker model of 7y and a semilinear action of
Aut(C) on this space that commutes with the action of GL,(Af). Toward this, we fix
a nontrivial character ¢ of F\Ap. We can write ¢ = ¥ ® ¥y (the notation being the
obvious one). We let W(r, ¢) be the Whittaker model of =, and this factors as W(x, ¢) =
W(too, Yool @ Wi, ). There is a semilinear action of Aut(C) on Wi(ry, ), which is
defined as follows. (See [10, pp. 79-80] or [14, p. 594].) That the values of i are all roots

of unity suggests that we consider the cyclotomic character

Aut(C/Q) - Gal@/Q) - Gal@(re)/Q) — Z* = T1,25 C 1,11y, 05

o — olg = 0| Q(ua) — to — [

where the last inclusion is the one induced by the diagonal embedding of Z; into [ ], , O,
(Here p is a prime of F above p, and O, is the ring of integers of the completion F, of
F at p.) The element t, at the end can be thought of as an element of A} =1y Let t;n
denote the diagonal matrix diag(¢; ™"V, ¢t-"=2, ..., 1) regarded as an element of GLy(A f).

For o € Aut(C) and w € Wiry, ¥ ¢), define the function w” by
w(gy) = o(wlts ngy)

for all gr € GL,(Ay). Note that this action makes sense locally, by replacing ¢, by t,,.
Further, if n, is unramified, then a spherical vector is mapped to a spherical vector
under o. If we normalize the spherical vector to take the value 1 on identity, then o fixes
this vector. This makes the local and global actions of o compatible.

We add that the above definition of the action of Aut(C) is a direct generalization

of the classical action on holomorphic cusp forms. If ¢ is a holomorphic cusp form with
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g-expansion ¢(z) = > > a,q", then one defines ¢°(z) = ) -, o(a,)q". The twisting by ¢,
in the above definition ensures that the additive character that we integrate against for

the nth Fourier coefficient is not changed, since o (Y £(t;'u)) = ¥ ¢(u) forall u € Ay.

Lemma 3.2. With notation as above, w — w? is a o-linear GL,(A f)-equivariant iso-
morphism from W(ry, ¢ ) onto W(r$, ¥ ¢). For any finite extension E/Q(r ), we have an

E-structure on W(ry, ¥ f) by taking invariants:

Wiy, vpg = Wirg, wf)Aut((C/E)'
O

Proof. The first part of the lemma about w +— w? is easy to see and we leave it to the
reader. It is the assertion about rational structures that needs a proof. We add that this
lemma is well known. (See Harder [10, p. 80] and Mahnkopf [14, p. 594].)

For brevity, let Ey = Q(r). We begin by showing that there is a nonzero vec-
tor in Wiry, ¥ ) that is fixed by Aut(C/E,). Consider the vector w® = ®,w?, where w?,
also denoted wgv below, is a new vector (also called essential vector as in [12]) in
W(r,). Note that w? is well defined up to scalars. We can choose a normalization
of the local new vectors such that they are well behaved under Aut(C): (w3 )” = wgg.
(See [14, 3.4.1].) In particular, any o € Aut(C/E,) fixes wS, and hence fixes the global
new vector w’. Now let Wi(rys, ¥f)g, be the Ep-span of the G(Aj)-orbit of w® Then
the canonical map Wirys, ¥ ¢)g, ®g, C — Wiy, ¥ ) is an isomorphism; surjectivity fol-
lows from irreducibility, and injectivity follows exactly as in the proof of [20, Lemme
I.1.1]. The action of Aut(C/E) on Wi(rs, ) may then be identified with the action
of Aut(C/Ep) on Wiy, ¥f)g, ®r, C where it acts on the second factor. We deduce that
W(r £, ¥ g, = Wi g, ¥ p)HUC/E0) Now if E is a finite extension of Eq = Q(rry) then, in the

above isomorphism, one can identify W(r ¢, ¥ f)g, ®z, E with W(x ¢, yr p)A0UC/E), [

As a matter of notation, given a C-vector space V, and given a subfield E c C, we
will let Vg stand for an E-structure on V (if there is one at hand). Fixing an E-structure
gives an action of Aut(C/E) on V, by making it act on the second factor in V = Vg ®p C.
Having fixed an E-structure, for any extension E’/E, we have a canonical E’-structure by
letting Vg = Vg ®g E'. Further, as a notational convenience, when we talk of Whittaker
models, we will henceforth suppress the additive character v, since that has been fixed
once and for all; for example, W(r ) will denote Wiz ¢, ¥ ¢). Also, we will denote the map

w +— w’ simply by o.
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3.3 Rational structure on the (g, K)-cohomology of =

As mentioned earlier, the periods come via a comparison of Wirs)z with a rational
structure on a suitable cohomology space. We now describe this cohomology space.
Recall that G = G,, = GL, and the center of G is denoted by Z, or Z. Let g, be the Lie
algebra of G. Let Koo = Qyes, K, where K, = Z,(R)0,(R) if v is real, and K, = Z,(C)U,(C)
if v is complex. Let K° = K2 be the topological connected component of K. Note that
K+/K% ~ (Z/27)". Let by be n?/4 if n is even, and (n? — 1)/4 if n is odd. We also let
b be n(n — 1)/2. Now we define b = r1 b + r,bS. The integer b depends only on the base
field F and the rank n of GL,. It is the bottom degree of the so-called cuspidal range
for GL,, as an F-group. The next ingredient we need in defining the period is relative
Lie algebra cohomology of 7 in degree b. For a (g, Kgo)-module U, we let H*(goo, Kgo; U)
stand for relative Lie algebra cohomology of U, for the definition and properties of which
we refer the reader to Borel and Wallach’s book [6]. Given a representation t of G, by
H*(goo, Kgo; 7), we will mean the cohomology of the (g., Kgo)—module consisting of smooth
K -finite vectors of 7.

Let T = T, denote the maximal torus of GL, consisting of diagonal matrices. We
regard T as an F-group, and let T, = T(F ® R) = T(R)™" x T(C)2. We let B = B, stand for
the Borel subgroup of G of upper triangular matrices. This defines B.,. We let X(T,)
stand for the group of all algebraic characters of T,,. We let X (Ty,) stand for the subset
of X(T.,) consisting of all those characters that are dominant with respect to By. A weight
u € XT(Ty) may be described as follows: Let u = (uy)yes,,, with u, € X(T,). If v € S;, then
wo=(p1,-...Pn) i €Z, p1 > P2 > --- > pp, and the character is: if t = diag(t;,...,t,) €
T(F,) = T(R), then t — []; tip". If v € S, then let {,,1,} be the corresponding complex em-
beddings of F. Identify F, with C via ¢, (say). In this case, u, is a pair of sequences
(e, puz,), with u, =(p1,....pn) i €Z, p1 = D2 > -+ > py; likewise u;, = (qi, ..., qs) with
similar conditions on the g;'s; the character u, is: if t = diag(z,, ..., z,) € T(F,) = T(C),
then t — []; z"z?. (Here Z; is the complex conjugate of z;.) For such a character x, we de-
fine a finite-dimensional representation (p,, M,) of G, as follows. Forv € S, let (p,,, M,,)
be the irreducible representation of G(F,) = G(R) with highest weight px,. For v € S, let
(ou,» M,,,) be the representation of G(F,) = G(C) defined as p,, = p,,, ® p,;, , Where p,, is
the irreducible representation with highest weight u,,, and similarly p,, . Now we let
Pu = ®ves, Pu,- Since m is a regular algebraic cuspidal automorphic representation of
GL,(A), we have from the proof of [7, Théoréme 3.13] that there is a dominant algebraic
weight u € X*(Ts) such that H*(goo, K2; 700 ® p,)) # 0. In defining the periods, we will be
looking at H?(go, K2; oo ® py).

o]
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The group K../K2 ~ (Z/2Z)" acts on H’(ge, K ; oo ® My). We consider certain
isotypic components for this action. Consider an r; tuple of signs indexed by the set S,
of real places in S.. Let € = (€,)yes, € {11, sgn}" = (KOO/KC?O)A. If n is even then there are
no restrictions on ¢; however, if n is odd then 7 uniquely determines an ¢, in that we
let €, = wy, |+1 - sgn"")/2 where the weight wt(u,) of 1, is defined in [14, (3.1)]. (See also
[7, Lemme de pureté 4.9].) If n is odd, then for v € S, ¢, is simply the central character
of 7, ® p,;, restricted to {1}, since n being odd means that K,/K9 ~ {£1} C Z,(F,); and
we call such an € permissible for m. Let H’(goo, KO; 7o ® M/)(€) be the corresponding
isotypic component. This isotypic component is one dimensional. This can be seen, by
using [14, (3.2)] for the real places, [7, Lemme 3.14] for the (real and) complex places, and
the Kinneth theorem for Lie algebra cohomology [6, 1.1.3] as follows:

H' (g0, K 1 @ MY)(€) = P | @) H* (90, KO 70 @ M, )(er) Q) H* (g0, KD 1y @ M)

> a,=b \veS veS,
= Q) H (9., K, ® M, )(e,) Q) H (g, KO; 1, ® My)).
veS, veS,

In the summation, only one term survives, because for all other summands, at least

one of the a, has to be less than b% or bf,

and by [7, Lemme 3.14] the correspond-
ing factor vanishes. We fix a generator w,, = W(r, €) for this one-dimensional space
HP(goo, K oo ® M)(e).

We have the following comparison isomorphism of the Whittaker model Wi(r )
with a global version of the above cohomology space. We let 7, w, denote the compo-

sition of the three isomorphisms:

Wi y) — Wirs) ® H (g0, K Wieo) ® M) (e)
— HP(goo, K; W) ® M) (e)
— H(g00, K% Ve ® M) (e),

where the first map is wy = wy ® W.; the second map is the obvious one; and the third
map is the map induced in cohomology by the inverse of the map, which gives the
Fourier coefficient of a cusp form in V;-the space of functions in Acusp(G(F)\G(A)) which
realizes 7.

We now describe a rational structure on Hb(goo, KC?O; Ve ® le)(e), by relating

relative Lie algebra cohomology with the cohomology of locally symmetric spaces.
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(See [7, pp. 128-29], [14, Section 3.2].) Let Ky be any open compact subgroup of G(Ay).

Consider the manifold
S(Kf) = G(F)\G(A)/KLKj.

This is typically a finite disjoint union of manifolds like I'\Go,/K2. For a dominant
algebraic weight u € X™(T), and o € Aut(C), one defines u° € X*(Ty) via the action of
o on the complex embeddings of F (exactly like the definition of 7). We denote the
corresponding rationality field by Q(u). Fix a Q(u)-structure M, g on M,, which gives
a canonical E-structure for any extension E/Q(u) by M, g = M, gy Qo E. Let M, g be
the associated locally constant sheaf on S(Ky). For brevity, we also let M, = M, c and
similarly M, = M, c.

We consider the direct limit of various cohomology groups
F7(5, M) = lim B (S ), M),

where the direct limit is taken over all open compact subgroups Ky of G(Ay), and
? € {B,dR, c,cusp} meaning singular (Betti) cohomology, or de Rham cohomology, or co-
homology with compact supports, or cuspidal cohomology, respectively. Cuspidal coho-
mology injects into cohomology with compact supports Hc'usp(g,MlVL) > HE(S:MX) and
the latter is canonically a module for Aut(C) x G(A ) with commuting actions for the
different groups. The image of cuspidal cohomology is defined over Q(u). Also, cuspidal
cohomology decomposes into a direct sum over cuspidal cohomological representations,
and for a subfield E of C containing Q(u), an E-structure on any Aut(C/E)-stable sum-
mand is obtained by intersecting that summand with an E-structure of the ambient
space. (As a general reference for all these assertions, see Clozel [7, Section 3.5].)

More precisely, by definition of cuspidal cohomology, we have
HC?USP (S’ M;\:) = Hb(goo, Kgo; Acusp(G(F)\G(A)) ® M;Z) (3.1)

From the decomposition of Agusp(G(F)\G(A)) into cuspidal automorphic representations,

we deduce that the right-hand side decomposes into a direct sum

H (oo, K Acusp (GIENGAN @ M) =~ €D H(goo, K2 Ve ® M),
m€Coh(G,uY)
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This also defines the notation Coh(G, ") as the set consisting of all = having a nonzero
contribution on the right-hand side. Now consider the action of KOO/KQO, and further
decompose each summand into its isotypic components. Let € € (K.,/K2) be permissible
for =, i.e. if n is even then ¢ can be any character, and if n is odd then ¢ is uniquely
determined by . We let 7 =7y ®e¢, and denote the inverse image of Hb(goo,Kgo; Ve ®

M/)(€) across the isomorphism in (3.1) b (S, M;)(w). We have

cusp

HCbUSP (S‘, M;;) = @ @ cusp (ﬁ’),

meCoh(G,uY) €

where in the second summation ¢ is any permissible character for . (See [14, (3.13)].)

We now have the following description of the rational structures. The Betti co-
homology spaces H};(S‘, M) are naturally defined over Q(u), since the coefficient system
admits a Q(u)-structure [7, p. 122]. (This will be exploited in the proof of Proposition 4.5.)
The Q(u)-structure on Betti cohomology induces a Q(u)-structure on cohomology with
compact support [7, exact triangle on p. 123], which we denote by H2(S, Mgy~ This
in turn induces a Q(u)-structure on the full space of cuspidal cohomology ([7, Théorém
3.19))

cusp(S M )Q(IL) CHSP(S M )me(S M )Q(M) (3.2)
We get for each summand of cuspidal cohomology [7, Lemme 3.2.1]
HY,oo (S M) (7) = HYyep (S, M) 7) N HY o, (S M) (3.3)

for any extension E/Q(r). We note that Q(u) = Q) C Q). We can transport the
rational structures (3.2) and (3.3) across the identifications with relative Lie algebra

cohomology to get rational structures on the latter spaces as:

Hb(goor Kgo; Acusp(G(F)\G(A)) ® MII)Q(M) ‘>~ H cusp (S M )Q(M)'

and for any extension E/Q(x) we have

H (900, K%, Ve ® M) (€)p = H (900, K Ve ® M) (e)
NH® (9o, K; Acusp(G(FN\G(A) @ M) ..
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Given o € Aut(C) and a permissible character ¢, one defines €° just like the defini-
tions of 77 or u?; the action being induced by the action of Aut(C) on the real embeddings
on F. Finally, for o € Aut(C), we define w7, as W(r, €)? := w(rZ, €”). We are now in a po-

sition to define the periods attached to 7.

3.4 Definition of the periods attached to =

Definition/Proposition 3.3. Let 7 be a regular algebraic cuspidal automorphic repre-
sentation of GL,(Ar). Let u € X (Ty) be such that 7 € Coh(G, u"). Let € be a character of
KOO/KCE)o that is permissible for n. (If n is even then ¢ is any character, and if n is odd,
then 7 uniquely determines €.) Let w,, be a generator of the one-dimensional vector space
H(goo, Kgo,noo ® Mlj)(e). To such a datum (r, €, W), there is a nonzero complex number
P (75, Ws), such that the normalized map

P e = D0 Woe " o

1€, Woo
is Aut(C)-equivariant, i.e. the following diagram commutes:

Fo

T f1€Woo

Wir 5) HP(goo, K Vz @ M,))(€)

l ) l

W(n—%) 7€ Wog Hb(gOOIK(())O; V;-[«’X (9] M;L/J)(ed)

The complex number pf(7 r, W), called a period, is well defined only up to multiplication
by elements of Q(x)*. O

Proof. We begin by noting that both the spaces Wi(rs) and H%(goo, K; Vy ® M))(€) are
irreducible G(Af)-modules, and the map 7w, is a G(Ay)-equivariant isomorphism.
Next, we note that the theory of new vectors [12] says that there is an open compact
subgroup Ky of G(Ay) such that the space of Ky-fixed vectors in either of these two
spaces is one dimensional. Applying [20, Lemme I.1.1] we get that these representation
spaces have Q(r)-rational structures that are unique up to homotheties. We have already
fixed rational structures on either side in Sections 3.2 and 3.3; this defines the period
P s, W) as that nonzero complex number needed to modify F,w, so that the nor-
malized map preserves these rational structures. Note that p‘(7f, W) is well defined

only up to multiplication by elements of Q(r)*.
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Now let o € Aut(C). Applying the above paragraph, we have a period p*’ (% W)
well defined up to Q(n?)*. Now consider the diagram in the statement of the defi-
oo, and Fp:=0oF, ., . Then

both ¥, and F, are G(Ay)-equivariant o-linear isomorphisms that preserve the above-

nition/proposition, and for brevity, let F; := ]-"T?;'Eglwgo
mentioned choice of rational structures. Let w® be the global new vector as in the proof
of Lemma 3.2. Then F,(w°) and F;(w°) are both new vectors in the same Q(7%)-rational
structure on Hb(goo, Kgo; Vie @ leg)(e"), and hence differ by an element of Q(7?)*. We can
adjust p’ (7%, wg,) by this element and assume that F,(w°) = F;(w°). Irreducibility implies
then that F, = 7, i.e. the diagram commutes. Note that once we have chosen pf(7f, Woo),
requiring the commutativity of the above diagram actually pins down p*’ (7% wg), and
further, if we change p( ¢, Woo) to tp®(m r, Woo) with a t € Q(x)* then the period e’ (n;'c, wZ)

changes to o (t)p’ (§F, WZ,). u

It is helpful to simplify our notation a bit. We begin by fixing generators for all the
possible one-dimensional relative Lie algebra cohomology spaces for the groups GL,(R)
and GL,(C). Having done so, we have therefore fixed generators for the cohomology
spaces for the group G.. We also ask that this choice be compatible with twisting
T by algebraic characters &, of G.; this condition, although crucial in the proof of
Proposition 4.6, is not a serious constraint. (For example, for G = GL,, the choice of a
generator for H! as in Waldspurger [20, p. 130-31] is compatible with twisting.) Further,
this choice is compatible with the action of Aut(C) on automorphic representations at
infinity. Henceforth, we abbreviate 7, cw., by Fr,¢, similarly for the normalized maps,
as well as p(7r, W) by pf(7s), while keeping in mind that w,, has been chosen already.
(For example, in the classical setting of modular forms, this is equivalent to fixing a
generator W, for H! of the discrete series representation of GL,(R) of lowest weight k,
and now for all weight k modular forms, we work with this choice of w,.)

In terms of the un-normalized maps, we can describe the above commutative
diagram by

00 Fape = (W) Frger 00. (3.4)
7

4 Behavior under Twisting

Before we state and prove the main theorem, we need some preliminaries on Hecke char-
acters. By a Hecke character & of F, we mean a continuous homomorphism & : F*\Ir — C*.

By an algebraic Hecke character, we mean a Hecke character £ whose component at
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infinity, denoted by &, is algebraic in the sense of [7, Section 1.2.3]; these are the
Grossencharakters of type Ay of Weil. We let Q(£) denote the rationality field of £. Note
that & being algebraic implies that Q(£¢) is a number field.

The Gauss sum of & is defined as follows: We let ¢ stand for the conductor ideal
of &7, and let Dy be the absolute different of F. We fix, once and for all, an additive
character ¢ of F\Ap, as in Tate's thesis, namely, ¥(x) = e*"**® with the A as defined
in [19, Section 4.1]. The conductor ideal of ¥ is D;'. Let y = (i) ugs., € A% be such that
ord,(y,) = —ord,(c) — ord,(Dr). The Gauss sum of & is defined as

vErvs =[] r& v n)

V¢Sx

where the local Gauss sum y(&,, ¥, ;) is defined as
y(sv,wv,yv)=/ 6, () (o1s,) d,.
Oz,

For almost all v, where everything in sight is unramified, we have y(&,, ¥, y3) = 1, and
for all v we have y (&, ¥,, ) # 0. (See, for example, Godement [9, Equation 1.22].) Given
a £, we will arbitrarily pick an element y as above to define y (£, ¥ ¢, y); having chosen y
for &, we will work with the same y for every character of the form £°, where o € Aut(C).
This choice will not affect us in any serious way, because we will really be concerned
with certain quotients involving Gauss sums, and such quotients will not depend on y.
(See Lemma 4.3 below.) In the notation we will therefore suppress the dependence on
y; and as with Whittaker models, we will also suppress the dependence on the additive
character ¢, and denote the Gauss sum y(¢, ¥ r, y) simply as y(£5).

Given an algebraic Hecke character £, we define its signature €; = (e ,y)yes, € {£1}"
as follows. For v € S, if &,(t) = sgn(t)™|t|™ for all t € R*, where 5, € {0,1} and m, € Z
(since ¢ is algebraic), then define €, = (—1)™™ . We will think of ¢; as a character of
K+ /K2 . We can now state and prove the main result of this paper. We note that stating
period relations, or results about special values of L-functions, in an Aut(C)-equivariant

manner is originally due to Shimura. (See, for example, [18].)

4.1 The main theorem

Theorem4.1. Let F beanumberfield and = be aregular algebraic cuspidal automorphic

representation of GL,(Ar). Let u be a dominant algebraic character of T, such that
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7 € Coh(G, u"). Let € be a character of KC,O/KSo as in Section 3, and let p*(r s) be the period
as in Definition 3.3. Let £ be an algebraic Hecke character of F with signature ;. Then
7 @ € is also a regular algebraic cuspidal automorphic representation, and the signature
€-€ =€ Q¢ is a character of K,,/K2 that is permissible for = ® & (which is an issue
only when n is odd), hence the period p““(7f ® £f) is defined. We have the following

relations:

(1) For any o € Aut(C) we have

(Lo ) P ing e g
y(gj—f)—n(n—l)/Zpe(nf) - y(é;)—n(n—l)/zpw(n?) :

(2) Let Q(r,£) be the compositum of the number fields Q(r) and Q(&). We have

—n(n-1)/2 pe (

P ®&p) ~aque vEy) ).

BY ~q(r,s) We mean up to an element of Q(r, ). 0

Proof. Note that (1) = (2) follows from the definitions of the rationality field of = and
&. It is really statement (1) that takes some work to prove; this entails an analysis of
the following diagram of maps. Warning: This diagram is not commutative! Indeed, the

various complex numbers involved in (1) measure the failure of commutativity of this

diagram.
f?[ €
Wi ) ! HY(V, ® M})(e)
J/W’Ef ilAE@lMx’*
- Fr ¢®% £e-¢ -
Wirs ® &) o H (Vye ® (M ® &) - )
}-‘T?,EU /
Wix§) —° HY (Ve ® M,)(e) ’
WE%\L / (4o @1y, )*\L
. . f,’rf®E},e° “€go b v
Wiry ® &) HY(Vyoger ® (MY ® £7))(€” - €0)

(4.1)

We need to explain the undefined and abbreviated notations in the above diagram.

We have abbreviated H’(go, K; V; ® M))(€) as HYV, ® M,/)(€). Same remark applies to
three other objects. The maps W: and A; are defined as follows. If w is any Whittaker
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function for GL,(A), then define
We (w)(g) = &(det(g)w(g)

for all g € GL,(A). It is easy to see that W; maps W(x) onto W(r ® £). An identical formula
defines W;, and W, . Similarly, we define A(¢) for any automorphic form ¢ on GL,(A) by

A:(9)(g) = &(det(g)o(g)

for all g € GL,(A). It is easy to see that A; maps V, onto V,g:. The identity map on the
vector space M, is denoted 1. Observe that A; ® 1y is a G-equivariant isomorphism
from V, ® M) onto Vyg: ® (M) ® £.}), and we denote (A; ® 1yy)* the map induced by
A¢ ® 1y in cohomology.

Analyzing the diagram involves an analysis of certain subdiagrams. Some of these
are independently interesting, and so we delineate them in the following propositions.
The three propositions below give information about (non-)commutativity of some of the
faces of (4.1).

Proposition 4.2. Let m be a regular algebraic cuspidal automorphic representation of

GL,(A), and & be an algebraic Hecke character of F. For any o € Aut(C), we have

oo We, = o (Ef(t; " V2) Wiy 0 0.

Proof. Consider the diagram

W) — > Wix%)

Wins ® &) — > Wi} @ £9)

We chase an element w € W(ry) in the above diagram. For g € G(A ), we have o (W, (w))(g) =
—n(n—1)/2

o(Eflts )o(Erldet(g))o(w(tsng). On the other hand, we have Wilo(w)(g) =
o(&r(det(g))o(w(ty ng)). u
Lemma 4.3.

Proof. This is an easy exercise! [ |
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We remark that Gauss sums are themselves period-like quantities, and the lemma
says that these quantities satisfy a reciprocity law. See also the first paragraph of
Section 4.2.

Corollary 4.4.
e\
am,E:(f’V(Tf;) W oo
Yise O
Proof. Follows from Proposition 4.2 and Lemma 4.3. |

Proposition 4.5. Let 7w be a regular algebraic cuspidal automorphic representation of
GL,(A), and let 4 € X*(Ty) be such that = € Coh(G, 1V). For any algebraic Hecke character

& we have

*
) oo.

00 (4 ® )" = (A ® Lug;

no

O

Proof. This proof is a little more involved, and to help the reader, we adumbrate it
as follows. First go up to a bigger ambient vector space (H} (S, M)) and then use an
identification of this bigger space with another space (H};(S, M)) where it will be obvious
that a lift of Af is Galois equivariant, and hence so is the original A;. During the course

of the proof, it helps to keep the following scheme of spaces and maps in mind:

H®(goo, K2; Vi @ M) (e) ~ Hp,, (8, M) ()
l l
H® (g0, K%; Acusp(GIFN\G(A) ® M) ~  HE, (8, M)
y y
H%(g00, K& C®(G(FN\G(A) ® MY) ~ HI(5,M)) =~ HE(5 M)

where all the vertical arrows are injections induced by inclusions. Indeed, the rational
structures on all the above spaces come from a rational structure on the Betti cohomology
space on which it is very easy to describe an action of Aut(C) (see [7, p. 128]). In the above
scheme, we need not (and so did not) refer to cohomology with compact supports because
one has [7, p. 129]

H},, < H — H:=Image(H; — Hi)

cusp

and the composite is an injection, i.e. Hy,s, <> H/", and hence Hg, <> Hgg.
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To begin the proof of Proposition 4.5, observe that the map (4; ® 1py)* in the

statement of the proposition is the restriction to H?(go, K; V; ® M;)(€) of the map

(44 ® 1ar,)" : H? (900, K2; Acusp(G(F)\G(A)) ® M)
— H®(9o0, K Acusp(G(F\G(A) ® (M) ® £1}))

induced by A; on Acusp(G(F)\G(A)). From a fundamental theorem of Borel [4], cohomology
with coefficients in the space of cusp forms injects into cohomology with coefficients
in the space of smooth functions, and the above map (44 ® 1M,Y)* is the restriction to
HP(goo, K2; Acusp(G(F)\G(A) ® M) of the map

(c~A: ® 1ay)" : HP (900, K2; CX(GIFN\G(A) ® M)
— H(goo, K9,; CX(GIFN\G(A) ® (M) ® 63)))

induced by A: on C*(G(F)\G(A)).
On the other hand, relative Lie algebra cohomology can be identified with de

Rham cohomology, and we can transport the map (¢~ As ® 1umy)" across to get
arAL T Hip(S, M) — HYp (S, M) @ £L)).

(By M, ® ' we mean the locally constant sheaf induced by the representation M ®
£2'.) We can describe the map ar4; as follows. Let Ky be an open compact subgroup of
G(Ay) such that &(det(k)) = 1 for all k € K. Recall the identification ([13, Section 1.1])

HS2(S(Kp), M) = HP (g0, K,; C¥(GIFN\G(A)S @ M).

The choice of Ky implies that A stabilizes C*(G(F)\G(A))Xs and so induces a map
(c=A¢ x; ® 1uy)* on the right-hand side above. Clearly, limg, (c~4¢x, ® luy)* = (¢~ As ®
1ar)*. Moving across to de Rham cohomology, we can deszribe the map drA k, as acting
on differential forms by pointwise multiplication by &, i.e. if ® is a M/ -valued (closed)

differential form of degree b on S(K) then

dr4] g, (0)g = £(det(g)wg
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for any g € GL,(A), where g is the image of g in S(Ky). (For any x € S(Ky), by wx we mean
the value at x of w, which is a section of the bth exterior of the cotangent bundle twisted
by M, over the manifold S(Kf).) Observe that the above equation is well defined. Passing
to the limit, we get the map dRA; = li_r)an dRA;’Kf.
Now we move across to Betti cohomology via the de Rham isomorphism, and get

a map,
s AL HY(S, M) — H5(3, M), ® 63)).

The point of going to Betti cohomology is because the action of Aut(C) is especially simple
to describe—it acts by acting on the coefficient system. (See [7, page 128].) Namely, if
o € Aut(C) then we have a o linear isomorphism

H;(S(Ky5), M) — Hy(S(Kg), M,.,).

This isomorphism is the one induced in cohomology by the following map on the singular

cochain complex
A (SIK ), M) — A (SIKp), Mo,

which is simply 7 + [, o 7, if [, is the o-linear isomorphism from M to M. (Recall that
M, is defined over Q(u), and the definition of x” is via the embeddings of F into C.) The
action of Aut(C) on H;(S(K ), MZ) can be transported to an action on H}}z(S(K ), MX), and

after passing to the limit, induces an action of Aut(C) on each of the spaces
H* (8o, K3, Ve @ M)Y)(€) C Hpyo o (S, M) C Hjp(S, M,)).

The statement in the proposition may be phrased as that the map (4; ® 1ay)*
is Aut(C)-equivariant. From the above description of the action of Aut(C), we can see
that the (4 ® 1Ml)* is Aut(C)-equivariant if and only if any of the maps (44: ® 1Ml)*'
(c=A¢ ® 1my)*, arAf, or pAf is Aut(C)-equivariant.

It is easy to see that the map 4rA; is Aut(C)-equivariant, since Aut(C) acts on
the coefficient system, and 4 RA; is intrinsic to the manifold. More precisely, consider
the de Rham map Q*(S(Ky), M;) — A*(S(K7y), M;) from the space of differential forms to
the space of singular cochains, given by integration. (This induces the de Rham isomor-

phism in cohomology.) We can describe the action of o € Aut(C) on w € QP(S(Ky), M;), by
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olw)y =1, o wy for x € S(Ky). For any g € GLy(A), if g denotes the image of g in S(Ky), we

have

U(dRAg,Kf(w))g =1, o0 dRAg,Kf(a))g =l;o0 E(det(g))a)g

= o((det(g)y o wg = arder k(o ().

In other words, o o grA:,x, = drée-,x, © 0. Passing to the limit over all K¢, we get o o

drA: = grAs- o 0, which induces the desired equality of maps in cohomology. |

Proposition 4.6. The diagram

]:ﬂf" b 0 v
Wi g) H"(goo, K2i Ve ® M)(e)
lvvff \L(Ag@lMl)*
]:n £ £,€-€;
Wiy @ &) P HYgeo KO Vige ® (MY ® E))(e - &)
commutes. (The horizontal maps are the un-normalized maps.) O

Proof. That this diagram commutes can be seen by observing that the following three
diagrams commute, since the horizontal maps are both the composition of three maps.
(For brevity we denote H?(—) for H(g, K%; —).)

Wit ) Wiy ® HY (W) ® M)(e) @.2)
lwéf lWEf@(WEooQMM)j]*
Wirr@&p) — Wiy Q&p) @ H (Wrte ® &x0) @ (M) @ EN))e - €)

Wirp) ® HAX(W(r) ® My)(e) H(W(r) @ M))(e) (4.3)

im@f@(mw@lw)* l(m@@lw)*

W s ®Ef) @ HAW(Too ® £x) ® (M @ E)e - &) —— HAW(r @ §) @ (M) @ §1))(e - €)

H*(W(r) @ M)(e) H(V, ® M))(e) (4.4)
\L(W@QZJIMX)* i[Ag@lMl)*
H*(W(r @ §) @ (M @ )€ - €) ——= H (Ve ® (M) ® £1))e - )

For the commutativity of (4.2), note that the linear map W;_ induces a G-equivariant
isomorphism W:, ® Ly : Wine) ® M — Wine ® éx) ® (M) ® £.'), and hence induces an

isomorphism (W;_ ® 1xy)* in cohomology. From the choice we made on the generators
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of such one-dimensional cohomology spaces, we have (W ® 1uy)*(Wirne, €)) = Wlre ®
£, € - €¢). Now it is easy to check that (4.2) commutes. The commutativity of the diagrams

in (4.3) and (4.4) are easy to see. |

We can now finish the proof of Theorem 4.1 as follows. We consider the composite
map (A ® 1y, )" 00 0 Fr e in the diagram (4.1). On the one hand, using Equation (3.4)

and Proposition 4.6, we have

. . (olpiry
(A ® 1ag,) 00 0 Frpe = (A ® Loy, )" o0 (Wn;) Frjur 00

_ (a(pf(nf))

7 () ) Frjosy.eren © Wej 00

On the other hand, using Propositions 4.5 and 4.6, Equation (3.4) and Corollary 4.4 (in

that order), we have

(Aga ® 1M;Y“)* 00 0Fze =00 (Ag ® IMZ)* o0 Frnpe
= 00 Frseepee © We

_[o(plmr®Ey)

Pt ®§%)

n(n—1)/2
o(pfelmr@&Ef)\ [oly(Ey)
— TORE% ¢0.cos O Wio 0 0.
(p“fsn(n;’c@if;’c))( ) Fajaegeres © Weg 00

) fﬂ;®§}'50,656 o0 O Vng

Putting both together, we have

oplrg)  (olpremroen (oEn)
g \preriesy) )\ rEy

from which the theorem follows. [ |

4.2 Some variations

As a first variation of the main theorem, we note that the theorem may be rephrased as
that a certain quotient of periods satisfies a reciprocity law. This kind of a reciprocity

law, over a CM field, is originally due to Blasius. (See [1, Theorems 2.5.1 and 6.2.1] and
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[2, Introduction].) With the notation as in Theorem 4.1, we can state the period relation

as

Py ® gf)) _ nin—1)2 P (”?‘ ® 57“) 45
- (—pe L858 = otest) ) @.5)

The quantity o (£ £(t,)) is canonically attached to £ and o. In contrast, the Gauss sum y (£¢),
or its conjugate o (y (&), is not canonical—it depends on a somewhat artificial choice of
a finite idele and an additive character.

A second variation of the main theorem is to look at cohomology in other degrees.
We thank Haruzo Hida for pointing out that in Definition 3.3, if instead of looking at
bottom degree of cuspidal cohomology, we considered, say, the top degree cohomology,
then it is likely that one would get Beilinson-type periods, which are (conjecturally)
related to the noncritical values of certain L-functions. For example, in [11], Hida proves
an algebraicity result for noncritical values of quadratic twists of adjoint L-functions
for SL(2) in terms of periods obtained by considering top degree cohomology. Toward
this second variation, we define t= as ((n + 1)> — 1)/4 — 1 if n is even, and (n + 1)2/4 — 1 if
n is odd. Define ¢S as (n — 1)(n + 2)/2. Now let t = rit + rptS. Then one can check, using
[7, Lemme 3.14], that the vector space H'f(goo,K(?o;no<> ® M/j)(e) is of dimension one. In
Definition 3.3, one can consider cohomology in degree ¢, and get certain periods, which
we denote as g (7). Then Theorem 4.1 is true with the periods pf(ws) replaced by g“(r ),

i.e. we have

(4.6)

< qe.ef (7Tf ® %-f) ) _ qed.esa (7'[;- ® s})
7/(%-f)fn(nfl)/z q¢ (7Tf) y(g;)—n(n—l)/z qu (7[370)

The proof is absolutely identical to the proof of Theorem 4.1, because the only place
where the degree of the cohomology group matters is in the definition of the comparison
isomorphism F, .. It is a very interesting question, even for F = Q, to find the relation

between the periods g(7f) with L-functions attached to my.
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