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FOURIER TRANSFORMS OF INTERTWINING OPERATORS
AND PLANCHEREL MEASURES FOR GL (n)

By FrREYDOON SHAHIDI*

Introduction. In this paper we prove the equality of two local coeffi-
cients; one defined in the context of L-functions attached to the pairs of
representations of general linear groups by H. Jacquet, I. 1. Piatetski-
Shapiro and J. A. Shalika [8, 11], and another one, defined by means of
intertwining operators in [19]. As a consequence, we obtain an interesting
formula for the Plancherel measures for GL(r) over a nonarchimedean
field.

More precisely, let F be a nonarchimedean local field and denote by O
its ring of integers. Fix two positive integers m and n, and setr = m + n.
Let m; and 7, be two irreducible admissible non-degenerate (cf. section 0)
representations of GL,,(F) and GL,(F), respectively. Denote by = =
m; @ , the corresponding representation of GL,,(F) X GL,(F), and for
a complex number s, let I(s, 7) be the space of the representation induced
from =, i.e. the space of all GL,(O)-finite functions from GL,(F) into the
space of 7 satisfying

g1 u
f[ [ 0 ]g] = |detg1 ll/z(s+"/2)/| detgzll/Z(s+'"/2)7r1(g1) ® m,(g2)f(g),
&2

where g, € GL,,(F), g, € GL,,(F), u € M,,«,,(F), and g € GL,(F).
Let A(s, 7, wy,,,) be the intertwining operator defined by relation
(0.1) of section 0, where w,, , is the permutation matrix defined there.
Fix a non-trivial additive character ¢ of F. We assume that the
largest ideal of F on which  is trivial is O. Let N, be the subgroup of
unipotent elements of GL,, and define

x(n) =y@p+ - +n_y,)
for n € N,(F).

Manuscript received December 1, 1981.
*Partially supported by NSF Grant MCS 81-01600.
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68 FREYDOON SHAHIDI

Finally, let ;. be the Whittaker functional on I(s, 7) defined by re-
lation (0.2). Let 7" = 7, ® w;. Then from the uniqueness of Whittaker
functionals for induced representations it follows that there exists (cf. [19])
a complex number C, (s, 7) such that

AP AGs, T W) f) = C s, HNL(F)

for all f € I(s, 7).

The factor C, (s, m; ® m,) has an important arithmetical significance.
For example, when m = n = 1 (in which case 7; and w, are quasi-
characters of F*), C, I(s, 7) is the local Tate factor (cf. [17D)

p(rymy o) =€ (s, mymy L, WLGs, myms /(1 — s, w1 '7y).

More generally, it is proved in [19] that, when 7; and , are, respec-
tively, local components of two cusp forms o; and o, on GL,,(A) and
GL,(A), then C,(s, 7y ® #,) becomes the local factor appearing in the
functional equation satisfied by the L-function L(s, o; X 0;) (cf. [8, 11]).

Now, let e(s, m; X m,, ¢) and L(s, m; X m,) be the local Langlands’
root number and L-function [14] attached to the pair (x;, m,) as in
[8, 11], respectively. Set

€'(s, my X my, ¥) = e(s, w1y X w2, Y)L(1 — 5, Ty X &)/L(s, w1 X 73).

Again, when 7 and 7, are local components of o; and 0,, €’(s, 71 X 75, {)
becomes the local factor appearing in the same functional equation [8].
The first result of this paper answers the natural question of equality of
these two factors and thus computes C, (s, 7) in terms of these other arith-
metic factors. More precisely, in Theorem S.1 of this paper, we prove that
with an appropriate normalization of the measures defining C, (s, 7; ® )

Cy(s, m1 @ ) = wy (—1)e’(s, 1y X 7, ),

where w, is the restriction of 7, to the center of GL, (F). It is not hard to
show that these normalized measures are in fact independent of the repre-
sentations 7; and ;.

An important consequence of this equality is a formula for the Plan-
cherel constant u(s, 7y ® m,), which is defined by the relation
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AGS, T4 ® T3y Wi ) A(=5, T2 ® T, W) = pls, 71 ® 1) 7
In fact, suppose 7; and , are both unitary (in particular tempered). Write
e(s, Ty X my, ¥) = c(my X wy)q  MmXms,

Then Theorem 6.1 shows that with a suitable normalization of the measures

LA +s,m X7) LA —s, 7 Xm)

n(fy Xmp) .
L(s, 7y X #5) L(—s, Ty X )

uls, 7 @ ) =g¢q

The standard normalization of intertwining operators is a consequence of
this equality. This has already been used by H. Jacquet and J. A. Shalika
to determine the residual spectrum of GL,(A).

When n = 1 and 7, = 1, the integer n(#; X 1) = n(#,) is in fact the
conductor of #; [13]. This is the smallest integer r = 0 for which there is a
vector (then unique up to a complex multiple) in the space of 7; which is
fixed by the subgroup

h
{( v> |h€GL,,—1(0),u = 0(P"),x = 1(P’)}
u x

of GL,,(0). Here P is the maximal ideal of O. The L-functions are now
those of [S].

One hopes that similar interpretation can be made for n(7; X ;) in
general.

Now Corollaries 6.1.3 and 6.1.4 enable us to compute u(s, 7; @ ;)
for any pair of irreducible admissible representations.

Finally, in Theorem 6.2 we obtain an irreducibility criteria which
generalizes a similar result in [20] (for supercuspidal representations this
is originally due to I. N. Bernstein and A. V. Zelevinskii [1]), where we
have used global methods to prove a somewhat weaker result of equality of
poles and zeros of these two factors (under the assumption that 7, and
are both components of cusp forms). '

There is a different way of interpreting these results, and that is from
the point of view of Fourier transforms of intertwining operators (cf. sec-
tion 2). Intertwining operators being convolutions, they amount to Fourier
transforms of certain measures. For rank one real groups they have been
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studied by G. Schiffmann in [16]. Theorem 2.1 and Proposition 4.5 of this
paper compute these Fourier transforms for certain rank one parabolic
subgroups of GL(r) over a p-adic field. One corollary to them is the
location of the poles of intertwining operators (Corollary to Theorem 2.1).
This is originally due to G. I. Ol$anskii [15]. The reader must observe that
part (a) of Theorem 2.1 is a generalization of the formula that one obtains
for the local Tate factor by choosing the test function to be the charac-
teristic function of an appropriate subgroup of the units in O.

Theorem 5.1 is proved in three steps. We first prove the equality in
the delicate case m = n. In fact Proposition 3.1 proves the equality if one
of the representations is supercuspidal. This is proved in sections 2 and 3.
The important step is the proof of Theorem 2.1. Next we consider the case
m = n — 1 and in Proposition 4.2 we prove the equality, assuming that
both representations are supercuspidal. The general case (Theorem S.1) is
then proved by combining these two cases, results of [11] and [19] on fac-
torization of two factors, and Jacquet’s quotient theorem.

The formulas for the Plancherel measures, i.e. Theorem 6.1 and its
corollaries, are proved in section 6. Theorem 6.1 is a consequence of the
delicate relation

C,(s, 1 ® 7)C, (1 — 5, 1 @ m3) = wi wy(—1).

0. Notation. Let F be a nonarchimedean field. Denote by O its ring
of integers. Let P be the unique maximal ideal for O, and let ¢ = [O:P].
We fix a uniformizing parameter & in O, i.e. an element satisfying |@| =
g~ !. Then P = (@).

Given a positive integer r, let G, = GL,(F) and K, = GL,(0O). Then
K, is a maximal compact subgroup of G,. Let B, be the subgroup of upper
triangulars in G, .

Now, let ¢ be a non-trivial additive character of F. We assume that
the largest ideal of F on which y is trivial is O. Given r € Z", let N, be the
unipotent radical of B,, and define a character x of N, as follows

X(n) = ll/(an + et nr—l,r)s

where n € N,. An irreducible admissible representation « of G, is called
non-degenerate, if there exists a linear functional \ on the space V of «
such that
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ANr(n)v) = x(R)ANK) (neN,,veV).

Then for every diagonal element a, the same is true if we replace x by x*
defined by x“(n) = x(ana™!). Given x, the space of such functionals
(called Whittaker functionals) is at most one dimensional [21]. Now, fix a
Whittaker functional A, and for every v € V, define a Whittaker function
W, by W,(g) = Nw(g)v), g € G,. Then W,(ng) = x(n)W,(g). Let
W(x, ) be the space of all such functions which we call the x-Whittaker
model of .
Now, suppose = is supercuspidal. Set

G,_; 0 B
Gr—l = hnd Gr and G;—l = w,G,_lw, .
0 1

Given W € W(x, m), it is proved in [23], that the map W —» W|G,/_;isa
bijection onto the space of all the locally constant complex functions ¢ on
G,_ which are of compact support modulo N,_, and which satisfy

o(ng) = x(n)p(g) (mEN,_1,g€G,_)).

In this way, we obtain the so called Kirillov model K (x, 7) of 7. Similar
result is true if we replace G,—; by G,_;.

Next, let m and » be two positive integers such that m + n = r.
Consider the standard parabolic subgroup P of G, whose standard Levi
factor is G,, X G,. Let U be the unipotent radical of P. More precisely

U= {(u,-j)EB,|u,~,-= 1,1 SiSr,u,-j=0,1$i<jSm
andm <i<j=<r}.
Let w, be the longest element in the Weyl group of G,, i.e.

1

w, —
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Set V.= w,Uw, ', and let U’ = 'V. Finally, let

Oan 1m
Won,n = .
1n On Xm

Now, let m; and m, be two irreducible admissible representations of
G,, and G,,, respectively. Denote by 7 = n; @ m, the corresponding rep-
resentation of G,, X G, . Finally for a complex number s, let I(s, 7)
denote the space of K, -finite functions from G, into the space of = satisfying

g 0
! <<0 >g> = |det g1] 26772/ | det g, XS Dy (g))
&2
® m(g2)f (g),

where g, € G,,,, g, € G,, u € U, and g € G,. The intertwining operator
which we are interested in is defined by

0.1) Als, T, Wy, )f(g) = S S W1t 'g)du’
-

where f € I(s, 7), g € G,, and Re(s) > 0 (cf. [15, 19, 22]). As a function
of 5, it has a meromorphic continuation to a rational function of ¢ —* on C.

Finally suppose 7, and m, are both non-degenerate. Fix two x-Whit-
taker functionals \; and \, for 7 and 7,, respectively. Then for f € I(s, m)

0.2) N (f) = S S Wmnte’)y M @ N) x(u)du’
v

defines a Whittaker functional on I(s, 7). Finally from [19], it follows that
there exists a complex number C, (s, ) such that

(0.3) Af A, T, W) f) = Cy s, INL(S)

for all f € I(s, 7), where 7’ = m, ® ;. Here \, is the Whittaker func-
tional for I(—s, n’) defined by

AN = j CF Woamt)y Ny @ Ny x(@)du,
U
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where f € I(—s, 7). Observe that A{ ® \, denotes the map induced by
A1 X A, on the tensor product of the spaces V| and V; of 7; and ,.
The local coefficient C, (s, 7) clearly depends on the measures defining
A(s, T, W), Ny, and N7

The purpose of the next several sections is to show that with a suitable
normalization of measures, C, (s, ) is equal to another factor defined in a
completely different manner by H. Jacquet, I. 1. Piatetski-Shapiro, and
J. A. Shalika [8, 11]. The formula for the Plancherel measure (cf. Intro-
duction and section 6) is a consequence of this equality.

1. The case GL, X GL,. In this section we start the study of the
different and more difficult case when m = n. Thus in the next three sec-
tions m = n and r = 2n. We use wy to denote w, ,. For simplicity, in
the next three sections, we shall eliminate the index » from G, and its
subgroups. Thus we use G, N, B, w ..., instead of G,, N,,, B,,, w,, ....

We also assume that w; and 7, are both unitary, and furthermore 7,
is supercuspidal. Let ¢, ) be a Hermitian pairing on the space V, of =,.
Then as a function of g, {(m(g)v,, ¥,), vy € V3, ¥, € V,, is of compact
support modulo the center of G. We start with the following lemma:

LEMMA 1.1. There exists a Hermitian pairing , ) on the space V,
of m, such that

j (vy, m(n) V) x(r)dn = Ny (v2) N, (¥,)
N

for all v, and v, in V,.

Proof. Fix a pairing ¢, )¢ on V,, and set

k(vy, ¥3) = X (va, T2(n)¥2) ox(n)dn.
N

Then

k(my(n)vy, ) = x(m)k(vy, ¥,)

and

k(vy, mo(n)¥,) = x_(n—jx(vz, Vs).
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Consequently by uniqueness of Whittaker functionals, there exists a com-
plex constant ¢ such that

k(v2, 92) = chy(v2) N2 (72).

It remains to show that ¢ is positive. Normalizing a measure dg on
Z\G, we have

(1.1.1) S . (m(g)vy, P1Yo{ma(g)vy, v2)odg = ”"1“%("2, 71%0-
Z\G

where v, ¥, and v, are all in V, with \,(v,) # 0. By compactness of the
support of (m,(g)v{, v2>¢ modulo Z, it is easy to see that we may in fact
replace #; by \, and therefore (1.1.1) can be written as:

S W, (g <§ vy, 7r2(71&7)1’1)o)((lt)dn)dg‘
ZN\G N

= chy(v) j W, (e)|2dg
ZN\G

which is equal to )\2(v2)|[v1|[(2,. Here we have used W, (g) to denote
A2 (my(g)vy). Consequently

§ W, (o) 2dg = [vi]2
ZN\G

which proves ¢ > 0. Now, define ¢, ) = ¢~ 1(, ), to complete the lemma.
The following proposition follows from the irreducibility of the re-
striction of 7, to the subgroup H (cf. [2, 10]), defined by

H= {(a,-j)EG[an = l,a,-l =0,2 <i< n}.

ProrposiTiON 1.2. There exists an invariant measure d’a on
N, _\G, 1 such that for vy and vy in V,

(vi, ) = S W, (a) Wvl(a)d'd.
Np—1\G,—y

Here N,,_; = w,N,_w, !, and for every v € V5, W,(g) = \(m,(g)v),
geG.
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Now, given a positive integer m = 1, let K, ,, be the subgroup of K,
defined by K, ,, = I(mod P™). Then every element of K, ,, has diagonal
elements in 1 + P™ and the rest in P™. We use K,_; ,, also to denote
K, .. N G,_q, where G,_, is embedded in G, as previously explained. Set
Kr,—l,m = WrKr—l,mwr_l'

Let 7 be an irreducible admissible non-degenerate representation of G,.
Given W € W(x, m), let ¢y denote the image of W in the Kirillov model
K(x, m). Mf W = W,, v € V(x), we use ¢, to denote ¢ .) More precisely,
let ¢y be the restriction of W to G,—; considered as a function on G,_;.

Given a set .S, let char.(S) denote its characteristic function.

Lemma 1.3. Fix m = 1, an integer. Then there exists a unique vec-
tor vy € V, fixed by K, ,, such that

<v19 V2> = Wvl(e)

for all vy € V, fixed by K, ,,. More precisely v, is the unique vector
of V, whose image ¢,, in K(x, ) is given by ¢, = char. Kn—1,m)
meas.(K,,_l,m)_1 modulo N, _;. Here meas.(K,_; ,,) denotes the mea-
sure of K, 1, coming from the restriction of d’'a.

Proof. For v, as above, cleatly (v, v;) = W, (e). To prove the
uniqueness, let v; be fixed by K,y ,, and vy, v;) = W, (e). Set ¢’ = ¢,;.
Given x € G,—, let v; be such that ¢, = char.(xK,_,,,)(mod N, ).
Then

<V1, Vé) = a’(x) ‘ (meas'(Kn—l,m))
=W,,(e)

which is zero if x ¢ K,,_; ,,. This completes the lemma.
Measures.

1. Measure on G,_;. Let U, C N, be the subgroup defined by

U,={neN,|n;=0 l=si<j=n-—1}.

Fix two arbitrary measures dn; and dn, on N,_; and U,, respectively.
Then dnidn, is a measure on N = N,. Let d’a be the measure on
N, _\G, _ defined according to Proposition 1.2. Define a measure da on
N,—i\G,_; by da = d’(w'a”'w™'). Observe that da depends on both
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dn and dn,, but not on \, (Lemma 1.1). Now, let d*a be the measure on
G, obtained by composing da and drn in the standard manner.

Observe that d*a is independent of dr ;. Suppose dr, is changed to
cdny, ¢ > 0; then ¢, ) will change to ¢ !¢, ) and hence d*a will change
to ¢ “'d*a. Consequently d*adn, and

j d*adn,
K,—y1xon—1
are both independent of dr and dn,.

2. Measure on Z,,. We fix a measure d*z on Z = Z, = F*, the
center of G, such that

§ d*adn,d*z = 1.
K,—1 Xonr—1xo*
Then dz = |z|d*z is a measure on F.

3. Measureon K = K,. Wefirst fix a self dual measuredx; - - - - dx,
on F”". More precisely, if

¢(y) = j )Y -y)dxy - - dx, (¢ € S(F™),
Fn

then $(x) = ¢(—x). We further assume that dx; = dz defined in number 2
above. We now normalize the measure on K so that

&_ dk = dx,(P™) - - - dx,(P™)
R

n,m

for some m = 1 (and therefore all), where

k y
I<n,m= {< >|kEKn—lsxeMIX(n—l)(Pm)sy€M(n—l)><1(0)ya60*}
X a

andx = (x5, ..., x,) € F"" L,

4. Measure on G = G,,. We define the measure d*g on G, accord-
ing to Iwasawa decomposition, by d*g = |det a|~'dn,d*ad*zdk, where
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dn,, d*a, d*z, and dk, are respectively the measures (as specified above)
onU,,G,—;,Z,, and K,,. Observe that this is possible since

S dk’ =1
G,—1UnZ, NK

(dk’ is the restriction of dk to G,—,U,Z, N K) which is equal to

S d*adn,d*z,
G,_1U,Z,NK

according to number 2 above. As a consequence

j d*g = S dk.
K K

As we argued in number 1, the measure d*g is independent of both
dn, and dn,, as well as the functional \,. From now on, we shall fix this
measure as the measure on G,,.

S. Measure on M = M,. We now define a measure da on M, by
da = |det a|"d*a, where d*a is defined by number 4 above. Now, if
a = (aij), write

da = I_Il da;  (not uniquely).
l,J=

Redefining da;;, if necessary, we may, as we in fact do, assume that
da;; = dx|{ = dz, and da;; = dx;, 2 < i < n, where dx, ..., dx, are
defined as in number 3.

6. Measure on V. We choose this measure arbitrary but the same
for the definitions of both A} and N, (replacing f by R,,515).

7. Measure on U. Writing u € U as

1, a
u= ,
0 1,

we let du = da, where da is the measure on M, fixed in number S above.
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Further remarks on intertwining operators. Replacing f by R, ;1f
in (0.2) and (0.3), from now on we may consider the integral

(1.1) jv (F0) A ® Nd X ()dy

which we still denote by \5.(f), where x’(v) = x(w ™~ lvyw). Then C, (s, m)
satisfies the same equality as (0.3). Given f € I(s, 7), there are functions
f1 and f; in I(s, m), with f; of compact support modulo P in PV and f,
satisfying

§ (20, M ® M) x'(W)dv =0,
Vo

where V) is any compact open subgroup of V which is larger than a fixed
one depending only on f, such that f = f; + f, (cf. [4]). In particular the
integral over V in (1.1) may be considered to be only over a sufficiently
large open compact subgroup of V.

Now for every f € I(s, ), write f = f; + f, as above. Then

1.2) A (AGs, T, wo)f) = C M, WIN(f1)
= )\;s(A (Ss ™, WO)fl)

Next, given f € I(s, 7), choose an integer m = 1 such that f is fixed
by the compact subgroup

K,, 0
Kn,m = had G2n and VﬂKz,,ym.
0 1,

Lemma 1.4. Let K, ,, = woK, .wo . Then for every k € K, and
vevV

(1.3) (1 @ m)(k)A(s, m, wo)f (v) = Als, m, wo) f (v).

Proof. By definition (0.1), we only need to show that for every
k€K,, CGyandveV,v (kvk)isin VN K,,,,. To show this write
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1, 0
v p—l
o1,
with 7 € M,,(F). Thenv ! = —pandw’ = + #". Nowkvk ' =7-k~'.
Butthen? -k ! — % = 0(mod P™) since k ~! = I (mod P™). This completes

the lemma.
We also need:

LEmMA 1.5. Let V and W be two complex vector spaces. Suppose
Eﬁzl vi ® w; = 0, v; € V, w; € W, where v;’s are linearly independent.
Thenw; =0,1<i =<1l

CoROLLARY. Let T € End(W), and suppose for u € V @ W,
1 ® Tu = u. Write u = L; v; ® w; where v;’s are all linearly inde-
pendent. Then Tw; = w; for all i.

Finally, we have

ProposITION 1.6.  Fix f € I(s, w) and choose an integer m = 1 such
that K, ,, and V N K,, ,, both leave f invariant. Let ¥, be the unique ele-
ment in V, whose image in the Kirillov model K (x, ;) is given by ¢;, =
char.(K,—y ) - meas.(K,_,,) "' modulo N,_;. Then

jv (A, T, wo) f (), A ® Na) X W)y
= j (A, T, wo) f (), N ® 720 X' (W)d.
v

Proof. Choose Vy C V an open compact subgroup such that

(1.6.1) N(AGs, m,wo)f) = S CAs, 1, wo) f (), N\ @ N x'(Mdvy
Vo

= <§V A(S, ™, Wo)f(V)de, )\1 ® )\2>'
0

But now write

S Als, w1, wo)f W)X’ (dv =L vy; ® vy
o i
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Then by Lemma 1.4,

1® Wz(k))()i:vu ® vy) = ;vli & vy

for all k € K, ,,,. Next, we may assume that v;;’s are all linearly indepen-
dent, and therefore the corollary of Lemma 1.5 implies that 7, (k)vy; = vy;
for all 7 and all k € K, ,,. But then Lemma 1.3 will allow us to replace \,
by #, in-(1.6.1). Now, taking the limit over V, completes the proposition.

Jacquet-Piatetski-Shapiro-Shalika’s local coefficient. Let 7; and ,
be two irreducible admissible non-degenerate representations of G = G,,.
Letu, = (0, ..., 0, 1) € F*, and denote by ¢, the diagonal matrix defined
by a; = &;;(—1)". Finally for W € W(x, m), i = 1 or 2, define
W(g) = W(e,wyle™").

Now, let & be a Schwartz-Bruhat function on F”. Define its Fourier
transform by

d(y) = S

®(x)Y(x-y)dx,
Fn

where dx is the self dual measure, i.e. it is so that ti(y) = ®(—y).
Givens € C, W; € W(x, w;), i = 1, 2, and ® as above, set

V(s, Wy, W, @) = g Wi(g) Wi(e, ) ®(u,g)|det g |°dg.
N\G

Then it is an important result of H. Jacquet, 1. I. Piatetski-Shapiro and
J. A. Shalika [8, 11] that there exists a complex number €’(s, m; X 7, V)
depending only on s, 7, 7, and ¢, such that

(1-4) ‘I,(l -, Wls WZv ‘i)) = el(ss ™ X T2, ll/)\I,(S, Wl9 WZ’ (I))

for all Wi € W(x, m1), W, € W(x, m,), and ®.

Now, let us assume m, is unitary. Take W € W(x, ;) and define
J(W)g) = W(g). Then j(cW) = G (W). Set W(x, m) = {W|W ¢
W(x, m)} and define 7, on W(x, m;) by 72(g)j(W) = j(m(g)W).
Then 7, on W(x, m,) is isomorphic to #, and therefore W(x, m,) =
W()?v 7?2)

For W, € W(X, #,), define W,(g) = W,(e,g). Then W, € W(x, 7).
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Consequently the functional equation (1.4) applied to W; and W, can be
written as

1.5) S Wi(g) W, (g)®(u, g)|det g|*dg
N\G

= wﬁ_l(—l)e'(S, my X 7y, ¢)—l S W1(g)—"~72(g)‘i>(ung)|detg|1_sdg’
N\G

Here we have used the identity VvV(e,, g) =wi 1(—1) W( g).
Finally, we assume that the measure dx is defined by number 3 on
measures.

2. Fourier transform of A(s, w, wg). In this section we shall ex-
plicitly compute the left hand side of (0.3). We need some notation.

We assume that both 7; and 7, are unitary. For i = 1, 2, let w; =
m;:|Z, be the corresponding central characters. For a quasi-character
0 € F*, let

{(1 —0@)q )" 6|lo*=1
L(s,0) =

1 otherwise,

be the corresponding Hecke L-function. Also, let d (7, ;) be the relative
formal degree between w; and 7, which is defined by

S (m1(@vy, 1 ){ma(g)vy, ¥20dg = d(my, T){vy, v2){P1, ¥2)
Z\G

if 1, = 7, and d(mw;, m,) = 0 otherwise.
Now, given f € I(s, w), write f = f; + f, as in section 1, where f; has
compact support in PV modulo P and A\5.(f,) = 0. Then

S Fim)x')dv
v

is convergent and denotes an element in V; Q V,.
Let m = 1 be a fixed positive integer such that

(1) (m1(k) ® 1) Svfl(v)mdv B jvfl(V)mdv



82 FREYDOON SHAHIDI

and
(2) my(k)v, = ¥,,

both for all k in K, ,,, where 7, is as in Proposition 1.6 applied to f;.

Set &y = char.(K,, ,,) - u(K,,’m)_l, where m is such that K, ,, satis-
fies conditions 1 and 2 above, and u denotes the measure on G.

Finally for a Schwartz-Bruhat function & on M, (F), let ® denote its
Fourier transform defined by

$(g) = § ®(a)y(tr(ga))da (g € M,(F)).
M, (F)

n

The measure da is as in section 1, and may not be self dual (cf. number S
on measures).

As in section 1, we assume that w is supercuspidal, and let the pair-
ing on V, be as in Lemma 1.1. The main result of this section is the
following:

THEOREM 2.1. (a) Suppose Re(s) >> 0. Then

(2'1) g <A(S, ™, WO)f(V), )\1 ® )\2)de
\4

= wy(—1) SG <Svf1(v)mdv, (g O\ ® 7rz(g)172>
| det g [*®o(t,8)d*g

where (v, T1(g "DN;) = N\(7,(g)vy) and

Furthermore the integral over G is absolutely convergent for Re(s) > 0.
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(b) The right hand side has an analytic continuation to a rational
Function of q°. It has poles same as L(ns, w w5 ') with residue equal to

wi(—d(ry, 7, ® P«s)<§vf1 Mx')dv, \; ® 172>‘i’o(0)ﬂ(0*),

where p = dz.
Several lemmas are needed. We first explain some more notation.
Given an integer m, let

M,,,={a€M,(F)la;€P ™, 1=<1i,j=<n},

where P° = O. Denote by v,,, the characteristic function of M, .. Given
f €l(s, ) and m = 0, an integer, set:

A, (s, T, wo)f(g) = L Fwoua@) V@ )da,

1, a
u, € ey, and G=G,.
0, 1,

Finally, let || || be the norm on V; ® V,. In what follows all the limits are
with respect to this norm.

where

LemMmA 2.1. Suppose Re(s) > 0, then A, (s, ®, wy) is convergent
and for each g € G, and fixed s

lim A,,(s, 7, wo)f (&) = A(s, m, wo)f(g).

Proof. Clearly

g fwou,g)da = 0,
M,—G

n n

which implies:

46,700 @)~ Ants, Twdf @1 S | fOwouag) e

a”¢M

n,m
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But this last integral approaches to zero as m gets large, since A (s, m, wg) £ (g)
is absolutely convergent for Re(s) > 0.
LEMMA 2.2. Suppose Re(s) > 0. Then

A(s, T, wy)f(g) = lim S m(—a) ® 7r2(a_1)|deta]s_"f(vag)gbm(a)da,
m—o G

1, 0,
v, = eV,
a 1,

and da is the measure on M, restricted to G.

where

Proof. By Lemma 2.1, for Re(s) > 0,
A(s, m,wy)f(g) = lim S fwou,-12)¥,,(a)| deta| " d*a.
m— G
Now, the lemma follows, if we use the decomposition
1, a! —a 1,\/1, 0,
Wo =
0, 1, 0, a'/\a 1,
for alla € G.
The following lemma is clear.
LeMMA 2.3. Let ® be as before. Then
S <7rl(ag_1) ® Wz(ga_l)g F10)x'Wdv, \; @ 172>‘1’o(g)
G v
-|detal|®|det g|" *d*g
= <7r1(a) ® wz(a_l)g f1Wx' Wdv, \; ® 172>|det al’.
v

LEMMA 2.4. Let C be a compact set in G, and assume g € ZC, where
Z is the centre of G. Suppose ®,(t,g) # 0. Then



PLANCHEREL MEASURES FOR GL(n) 85

S ®¢(@) ¥, (ga) ¥ (tr(t, ga))da = $y(t,8)
G

for all m sufficiently large, depending only on ®, and C.

Proof. Up to a constant, ® is the characteristic function of K,, , for
some positive integer r. By compactness of the support of &, in M, (F),
there exists a compact set K’ C M,,(F) such that if g € ZC and &o(t,8) #0,
then g € K’ (K’ depends only on ®, and C). Now, choose m large enough
so that K’-K, , C M, ,. Then for all such g, ®¢(a)y,,(ga) = Po(a),
Va € M, (F), and the lemma follows.

By relation (1.2), to prove the theorem, we may replace f by f; which
is of compact support modulo P. Consequently we only need to prove the
theorem for functions with this property. Furthermore, observe that by
Proposition 1.6, we only need to prove that the right hand side of (2.1) is
equal to

SV CAGs, T, wo) f1(0), Ay ® 72 x () d.

We choose V,, C V, a compact open subgroup, such that V; contains
the support of f; modulo P. Then

S F10)x ' dv = S F10)x ) dv.
v Vo

We denote this vector in V; @ V, by w.

We now start proving Theorem 2.1 by expanding the right hand side
of (2.1). By supercuspidality of w, and Lemma 2.4, for large m, the right
hand side of (2.1) (without the factor w;(—1)) is equal to

(2.1.1) S (m1(8) ® ma(g ™ Hw, A ® 72)
G

<§ <I>0(a)\lxm(ga)1//(tr(t,,ga))-Idetal"d*a)ldet gl*d*g.
G

To check the convergence of (2.1.1), we observe that (2.1.1) is domi-
nated by
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j S [<w, (& TN @ my(@)9y) | - |det g | R
G JZ\G
-<I>0(a)<g 1//m(zga)|z|”'R°(‘)d*z>|deta|"dgd*a.
F*

By supercuspidality of 7,, we conclude that ¢ is in a compact subset of
Z\G, and zga € M,, ,, implies the existence of K, > Osuch that |z| < K,,,.
Consequently for Re(s) > 0

S ¢m(zga)|z|”'R°(s)d*z < oo,
F*

which implies the absolute convergence of (2.1.1) for the same values of s.
We then can use Fubini’s theorem to interchange the integrals. Changing
atog la(2.1.1)is equal to (for Re(s) > 0)

(2.1.2) §G SG (11(2) ® m(g Hw, \; ® 7,) |det g|* "
- ®(g " a)y,, (@) Y(tr(t,a)) | det a|"d*gd*a.

1

Again changing g to g~ *, we get

(2.1.3) (2.1.2):S § (m(g™H) ® m(gIw, \{ ® 7,) | det g|"™*
G JG

®0(ga) ¥, (@)Y (tr(z,a)) | det a|" d*gd*a.

Finally, changing g to ga !, (2.1.3) changes to

(2.1.4) § j (m1(ag™) ® my(ga Hw, \; ® 7,) |det g|"*|detal®
G JG
< ®o(8)¥m (@)Y (tr(t,a))d*gd*a.

But now Lemma 2.3 implies that for m large and Re(s) > 0, the right
hand side of (2.1) is equal to

(2.1.5) wl(—l)j (my(@) ® ma@a Hw, N\ ® 73)
G

- |deta|*y,, (@) Y (tr(t,a))d*a.
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For each such large m, we choose an open compact subgroup V,,,
such that V,, O V;, and furthermore V,, O K,,, N V. Then we can
clearly use

- 1, 0,
\&(tr(t,,a))g f1)x'W)dv = § f1<< >V)x’(v)dv,
Yo Vin a 1,

to conclude that (2.1.5) is equal o (Re(s) > 0 and m large)

1L, 0, -
S <7F1(a) ® 7r2(‘1_1)f1<< >V>, MN® 172>X'(v)
m vG a 1,

(2.1.6) X
v,

- |detal|*y,,(a)d*ady.

Here the interchange of two integrals is justified since V,, is compact and
Re(s) > 0.
To complete part (a) of Theorem 2.1, we need

LEMMA 2.5. There exists a large positive integer m such that

(2.5) S CAGs, 1, wo) f1(v), My ® 720 x'(v)dv
%
1, 0,
= wl(—l)g S 71(a) ® ma N, v], N\ ® 7,
Vy 9G a 1,
-x'(v) - | deta|*y,, (a)d*adv.
Here V,, can be replaced by any larger open compact subgroup of V.

Proof. Fix s with Re(s) >> 0. Choose a compact open subgroup
Vi C V (depending only on f; and s) such that

(2.5.1) S (A(s, T, wo) £1(1), Ay ® 720 x'(n)dv
Vi

= S (A(s, T, wo) f1(), N\; ® ) x " (v)db.
v
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Pick m so large that V,, = V. We first observe that A\, in (2.5.1) and
(2.1.6) can be replaced by a vector in V;. More precisely, we choose a
compact open subgroup K, C K, such that

(my(ko) @ 1AC(s, m, wo) f1(v) = A(s, m, wo) f1(v)

for all k) € K, and all v € V. This is possible if one uses a version of
Lemma 1.4. Furthermore, write

fiv) = zi:ci(v)vli ® v,

where ¢;’s are complex functions on V, vy; € V{, and v; € V,. Using com-
pactness of (v,;, m(a)¥,), Vi, modulo center, the vectors v;; can be
replaced by a possibly different set {v{;} (also functions c; and vectors v;;
with {¢/} = {¢;} and {v3;} = {v,;}) such that

1, 0
<7r1(a) ® 7r2(‘1—1)f1<< , >V>, MN® 172>
a n
1, 0
. J/<< v (V{j, )\1><7l’2(a_l)V£j, ‘\72)
J a 1,

Consequently, if we take K so small that it fixes all the v{;’s, we then can
replace \; by #;(¢)\; denoted by #,, where ¢ = char.(K,) - u(Ko) ",

vy, TN ) = (D) vy, M),

and

T (P)vy = L ¢(g)mi(g)vid*g.

Observe that #; depends only on f; and s, but not on m.
Now, forr € Z1, 7 = m, and v € V, set

1, 0
(25.2) FO)= S <7r1(a) ® Wz(a_l)f1<< >v>,
Gnn(Mn,r_Mn.m) a ln

7 ® 172>x'(v)- |det a|*d*a,
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Then, the difference between the right hand side of (2.5.1) and that of
(2.5) is equal to

(2.5.3) wi(—1) S lim F,(v)dv

Vi

using Lemma 2.2 and Schwartz inequality. But by compactness of Vi,
(2.5.3) is equal to

wy(—1) lim S F,(v)dv.
r Vl

Let N, be the double integral

1, O
N, = § S <7r1(a) ® Wz(a_l)f1<< >v>, 7 ® ﬁ2>
vy G, N, ,—M, ) a 1,

-x'(v) - | deta|*d*adv.

Then since V| = V,, D supp. f; (mod P), we conclude that the integral
over G, is in fact over G,, N V;, where

1, 0,
Vl = - .
v 1,
Enlarging m and consequently V; = V,,, if necessary, we may assume
V= M,, .., and therefore forr = m, Vin WM,,— M, ,) = ¢, and the
integral over G,, vanishes. Consequently for r large N, = 0, which implies

vanishing of (2.5.3), and the lemma follows.
To prove part (b), we write

S FiMX Wdv = Zvy; ® vy
\% i

with v{; € V] and vy; € V. Then by an argument similar to the one given in
Lemma 2.5, we may replace A\; by a vector #; € V; such that

<§Vf1 Wx'Wdv, (g HN\ ® 7rz(g)172>

= wle_I(Z)Zi:<V1i ® vai, T(& T ® m(8)92),



90 FREYDOON SHAHIDI

and

<Svf1(v)mdv, M® 172> = <,‘vf1 Mx' W) dv, 7; ® 7’2>,

where g = zg, with ¢ in a compact subset of Z\G, z € Z. Clearly $,|M,(0)=
@O(O) - char.(M,(0)). Now, part (b) follows if we use the Iwasawa decom-
position of g in the right hand side of (2.1), and the definition of relative
formal degree for my and 7, ® p°.

COROLLARY. The operator A(s, @, wg) has a pole at s = s if and
only if m1; = my ® p*0 (here w is also assumed to be supercuspidal).

Proof. From holomorphy of A, it follows that A(s, m, wo)f has a
pole if 7, = m, ® u* (part (b) of Theorem 2.1). Conversely suppose
A(s, m, wo)f has a pole at s = s¢. Then by [22], I(s¢, =) is irreducible,
and from the non-vanishing of X\, it follows that the left hand side of
(2.1) must have a pole. But by part (b) of Theorem 2.1, this is only pos-
sible if 7, = 7, ® u®0. (Here 7, is also assumed to be supercuspidal.)

3. Relation with €’(s, m; X w, ¥). In this section we prove:

ProrosiTiON 3.1. Let m; and w, be two irreducible unitary non-
degenerate representations of G. Assume , is supercuspidal. Normalize
measures as in section 1. Then

C\ (s, 1y @ mp) = w3(—1)e’(s, my X Ty, Y).

Proof. Fix W; € W(x, m;), i = 1, 2, such that W;(e) # 0,e = 1,,.
Choose m = 1, an integer, such that K, ,, fixes both W; and W,. Let

&, = char.(P N K3, ,) - meas.(P N K, ,,) "
and

®, = char.(V N K, ,,) - meas.(V N Kzn,m)_l.

Define a function ® on G,, by

®,(p)®,(v) g=pvePV
®(g) =

0 otherwise.
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Set $(g) = ®(g)v; ® v,, where W; = W,,v; €V, i=1,2, and define:
fa(®) = L ( ® 85) " (p)®(pg)d, p.
Then fy € I(s, ), and
SV (Fa(), M @ M) X' (W) dv = Wi(e) Wle).

Finally, let #, be as in Proposition 1.6, i.e. the unique element in V, whose
image in K (x, ;) is char.(K,—; ) - meas.(K,,_,‘m)_1 modulo N,,_;.
Now, for Re(s) > 0, by Theorem 2.1, we have

(3.1.1) Cy (s, M) Wi(e) Wle)

=w(—1) S Wi(g){v2, m2(g)¥,) | det g|*®o (2, g)d*g
G

= w(—1) g

N\G

Wl(g)<§ (vy, ma(ng)¥,) x(n)dn)
N

| det g |*®(t,8)dg.
By Lemma 1.1, (3.1.1) is equal to
(3.1.2) wi(—1) Ws(e) S Wi(g) W;,(g)| det g|*®o(t,g)dg
N\G

Fix r = 1, an integer, such that &, in Theorem 2.1 is char.(K,,,)
meas. (K, ,) " ". Let ¢ € S(F") be

¢ = (char. P")"~! X char.(1 + P").
Then

Bo(tng) = dx(1 + P7)"! I=I2 dxi(P) 13—, gw),
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where we refer to number S on measures. Consequently (3.1.2) is equal to

(3.1.3) wi(—1)cWy(e) - wywy(—1) SN\G Wi(2)W;,(g)|det g|°d(u,gw)dg,
where

c=dx;1+P)" . I_I2 dx;(P")~ L.

Finally, changing g to gw and using functional equation (1.5), applied to
w1 (w) W, and w,(w) W, in (3.1.3), we conclude that:

(3.1.4) C; (s, M Wi(e) Wy(e)
= co (=) Wyle)wy(—1)""le'(s, m; X 71y, ) 7!

: S @@, )e)maw) Ws, X@)b(u,0) | det g|'*dg.
N

To complete the proposition, we need the following lemma:

LemMa 3.1. Let ¢ = (char. P")"! X char.(1 + P"). Then:
(3.1.5) SN\G (7, 50) W @)y () W, () b, ) | det g |~
= C_lwle(_l) Wl(e).

Proof. For simplicity, let Wi = m;(w)W; and W; = m,(w)W;,,
and set

é(g) = S (0, ...,0, z)g)wl_lwz_l(z)|z |”(1_S)d*z.
F*
Then the left hand side of (3.1.5) is equal to
(3.1.6) S Wi(e)Ws(2)(g)|det g|' ~*dg.
ZN\G

Now, if we write g € ZN\G as ¢ = ak, witha € N,_\G,—{and k € K,
and dg = |det a| ~'dadk, (3.1.6) will change to



PLANCHEREL MEASURES FOR GL(n) 93

(3.1.7) Wi (ak) W, (ak) $ (k) | det a| ~*dadk.

SN,,_I\G,,_IXK
It is easy to see that if k = (k;;), then ¢((0, ..., 0, z)k) # 0 implies

thatk,, € P", 1 <i < n, k,, € O%, and z € O%, with zk,, € 1 + P’.
Consequently

(k) = wyw,(k,,) § wi lwy z)d*z
1+P"

if k,, € P",1 <i < n,andk,, € 0%, and (k) = 0, otherwise. But from

(1 + PYW; = W;, i = 1, 2, we conclude that w;(1 + P") = 1, and
therefore by definition of d*z = d*x,

dlk) =

{wlwz(k,m) -dx;(1+P) i kek,,
0 otherwise.

Since Wi and W, are both fixed by K, ,, it then easily follows that (3.1.7)
is equal to

W(ak) Wy(ak)| det a| ~* dadk - S dk”

¢! j
N, \Gp_ XK,_; U,Z,NK

(dk " is the restriction of dk to U,Z, N K)

(3.1.8) =c! S Wi(a) Wi(a) | deta| ~*da
Ny—1\Gp—1

=c! j Wl(enw’a_lw_l)W‘;z(enw‘a_lw_l)|det a|™*da
Nyu—1\Gp—1

=c_1w1w2(—1)g Wi(a) V_Vﬁz(a)ldetalsd’d
N,—\G,—y

But, now from the definition of ¥, it is clear that (3.1.8) is equal
to ¢ 'wjwy(—1)Wi(e). This completes the lemma and therefore the
proposition.

4. The case GL(n — 1) X GL(n). In this section we shall consider
the case (n — 1, n). Let 7, and =, be two irreducible unitary supercuspidal
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representations of G, and G,,, respectively. Fix W, € W(x, 7;),i = 1, 2,
and set

a 0
\P(S, le WZ) = g W2<< >> Wl(e,,_la) | deta|s_1/2dd,
Nn—l\Gn—l 0 1

where ¢, is defined in section 1.
Again, it follows from [8, 11] that there exists a complex number
€’(s, my X w5, ¥) depending only on s, 7, 7,, and ¢ such that

(4.1) ‘I’(l - S, Wl’ Wz) = wlwz(—l)e’(s, ™ X T, lp)‘I’(S, Wl’ Wz),

where W; € W(x, m;),i = 1, 2.
We first normalize our measures. Let wy = w,—; ,,. More precisely

0 1n—l
wy = .
1, O

Let
1 0 Y
U'={{0 1,., a ||YeF" Y aeM,_(F);,
0 0 1,

where Y is a row matrix. Also set

1,., X b
U= 0 1 0 || XeF L beM, ((F)}.
0 0 1,

Then by (0.1), for Re(s) > 0,
1 0 Y

flwol 0 1,—y a |g|dYda
0o 0 1,

42) AG, w,wO)f(g)=S - §
Yer 1 JaeG,

since M,,_{(F) — GL,—{(F) has measure zero. Again 7 = 7m; @ ;.
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Also we can rewrite (0.3) as follows:

4.3) S j A(s, m,wo)
xeF" ! JbeM,_((F)

1,., X b
Slwel 0 1 o0 J A ® Ny JW(x,—q)dXdb
0 0 1,
= Cx_l(s, ) S §
X'eFn=1 Jb'eM,_(F)
1,., 0 b’
Aflwol 0 1 X)), N @ N \Wx)dXdb,
0 0 1,
where ‘X = (xy, ..., x,—1) and X’ = (x{, ..., x,—y). Clearly C,(s, m)

depends on a number of measures, which we shall now start to fix.

1. Measures dX’, dY, db, and db’. We normalize these measures
only by the relations db = db’ and dX’ = dY. Otherwise they are free to
change.

To define the measures dX and da, we proceed as follows:

2. Measure on G,_,. Let {, ) be the Hermitian pairing on the space
V, of 7, which satisfies Lemma 1.1 for \;. We clearly have:

ProposiTION 4.1. There exists an invariant measure dg on N, _,\
G, —,such that for all vi and v, in V;

<V1, V2> = \g Wvl(g)WvZ(g)dg"
Np—2\Gy—3

where for every v € Vi, W,(g) = N(m(g)v), g € G,—;.

Fix two arbitrary measures dn| and drn, on N,,_, and U, _,, respec-
tively. Then dndn, is a measure on N,_;. Now, let d*g be the measure
on G, _, obtained by composing dg¢ and dr . Again d*gdn,, as well as
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j d*gdn,
K, —> XOn_z

are both independent of dn; and dn,.

3. Measure on Z,,_;. We fix d*z on Z,_,, such that

X d*gdn,d*z = 1.
K,—,X0" " 2x0*

Set dz = |z|d*z.

4. Measure dX. Letdx,, ..., dx,—; be measures on F with dx, | =
dz. WeletdX =dx; --- dx,—;.

S. Measure on K, _;. We normalize the measure dk on K, _{ so that

S[E dk = dx((P™) - - - dx,_,(P™)

n—1,m

for some integer m = 1 (and therefore all), where K n—1,m is defined as in
section 1.

6. Measure on G,_;. Again we define the measure d*a on G,,_; by
d*a = |det a| " 'dn,d*gd*zdk.

7. Measure da. We now set da = |det a|" 'd*a with d*a as in
number 6.

Let w, = m|Z,—; and w, = m,|Z,,. The main result of this section is
as follows.

ProrosiTION 4.2. Let m and w, be two irreducible unitary super-
cuspidal representations of G,—, and G,, respectively. Normalize mea-
sures as above. Then

C,(s, ™ ® m) = i (—=1)e’(s, 7y X 7y, ¥)
We need some preparation.

First we define our Kirillov model a little differently. For every W €
W(x, m1), let ¢y be the restriction of W to

G,_, 0
Gn—Z = 0 1 i Gn—l-
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Denote by K(x, 7y) the set of these restrictions. The following results can
be proved as in section 1.

LemMaA 4.3. Let f € I(s, w), and choose an integer m = 1 such that
f is fixed by the compact subgroups

Kn—l,m 0
Kn—l,m = < 0 1 > C G2n—1 and Uun K2n—l,m*

Then for every k € K, ,,and u € U
(my @ DK)A(s, m, wo)f (wg 'u) = A(s, T, wo) f (wg ‘).

ProrosiTiON 4.4.  Fix f € I(s, w) and choose an integer m = 1 as in
Lemma 4.3. Let ¥ be the unique element in V| whose image in K (x, ) is
given by

3, = char.(K,_, , ) meas. (Kn—Z,m)_l

modulo N, _,. Then
X CAGs, T wo) f(wg 'u), Ny @ Np)x(w)du
U

= S CA(s, T, wo)f wo 'u), 71 @ Ny ) x w)du.
U

As in the other case we first compute the Fourier transform of
A(S, ™, Wo).

Given f € I(s, ), write f = f| + f,, where f; has compact support in
PwoU’ modulo P, and N;(f,) = 0 (cf. [4]). Fix the pairing on 7, as in
Lemma 1.1. We now prove:

ProrosiTION 4.5. Let f € I(s, ), @ = m; @ m,, where T, and
are two irreducible unitary supercuspidal representations of G,_, and
G,, respectively. Then there exists a positive integer m such that for all
m = mg:

(4.4) § CA(s, T, wo)f (wg ), Ay ® Ny x(w)du
U

:wl(_l)g X <S Silwou")x(u")du’,
Xe(P—myn=1 JaeG, _; \JU’
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10 1 0
womar (L) )
0 a X ln—l

Y(x,_1)|deta| V> dXd*a,

where

0 1
tX=(x1,...,x,,_1) and wy = ,
1,; 0

and where the double integral in the right hand side converges absolutely
for all s.

Proof. For a fixed m the absolute convergence of the right hand side
follows from the fact that @ must have compact support modulo Z, _; and
Nn— 1-

Now, we fix m and observe that the right hand side of (4.4) can be
written as

1, 0 0

(4.5.1) wi(—1) S S b 1,, 0
G, X(p~—my—1 \ UM, (F)XFn~1

Y 0 1

10 10
Y(y1)dbdY, w(a)?; ® Wz_l<< >< >W1>)\2
0 a X ln—l

Y(x,—y)|deta| 2 d*adX,

where Y = (yy, ..., yo—1) € F* L,
Changing Y to Ya ' and b to b + a 'X + XYa ™!, (4.5.1) can be
written as

(4.5.2) w(—1) j

Gn—l x(P—m)n——l XM

n

_1{(F)xFn—1
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1,—4 0 0
fill p+a ' X+Xya™! 1,, 0 |dbdY,
—Ya! 0 1

1 Ya~™\/1 0\/1 0
wonos (0 )G DG
0 1,,_1 0 a X ln—l

F(x,_y)| deta| ~6+120n=D) gugx.

Now the proposition follows from replacing f by R,,s1f and the following
lemma, together with Proposition 4.4, if we choose m large enough so that

j <A(S’ WywO)f(WO_Iu)s x1 ® xZ)Wdu
U

CA(s, T, wo) f(wo '), Ny ® Ny ) x () du.

SUnMZn—l,mo

(The process of going from f to f; is same as in the other case.)

LEmMMA 4.6. Let a € Gn—l’ b € Mn—l(F)s X ¢ M(n—l)Xl(F)’ and
Ye MIX(n—l)(F)~ Then:

1 0 Y 1,4y X b
wol 0 1,4 a wo_1 0 1 0 wo_1
0o 0 1, 0o 0 1,
—a ' 1, , X 1,4 0 o0

=( o0 Y 1+vx|[b+aea'X+XYa' 1,.; 0
0 a aX —Ya™! 0 1
Proof.  Straightforward but tedious.
We now prove Proposition 4.2.

Proof of Proposition 4.2. Fix W; € W(x, w,), i = 1, 2, such that
Wi(1,-1) # 0 and W,(1,) # 0. Choose m = 1, an integer, such that
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K, 1.and K, ,, fix W; and W,, respectively, and furthermore m = m,.
Let

&, = char.(P N Ky,—1 ,,) -meas.(P N Ky, )"

and
&, = char.(U’' N Ky,—1,,) -meas.(U' N Ky,_1,)"".
Define a function ® on G,,—; by

®,(p)®,(u’) g = pwou’
®(g) =

0 otherwise.

Set ®(g) = ®(g)v; ® v,, where W; = W, , v; € V;, i = 1, 2, and define
felg) = L (r ® 63) "' (p)®(pg)d, p.
Then fg € I(s, w), and
L' Fawou'), Ny @ N x@du’ = Wi(1,—1) Wa(l,).

Now, by Proposition 4.5 and Lemma 1.1 applied to

(4.2.1) Cy (s, mWi(1,—)Wy(1,)

= wl(_l)Wl(ln—l)§
Ivn—l\Gn—lX(P_m)n_1

1 0\/1 0 L
W2<< >< >W1> W, @)y (x,—1)
a 1 X ln—l

-|deta|'? *dadX.

Using wi = w,w,—, we observe that (4.2.1) is equal to
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4.2.2) w(—1)Wi(,-y) g
(P—m)n—l

, wa—1a O\ 1/2—s 1.
. Wy x| wa W;,(a)| detal da
N,—\G,_; 0 1

: ‘Z(xn—l)dxy

, 1,0, X
Wz,X=7l'2 Wz.
0 1

To proceed, let Wl(a) = V_Vl(e,,_la), a € G,_y; then W1 € W(x, %),
and the functional equation (4.1) changes to

a 0 -
(4.2.3) S W2<< >> Wf'l(a)|deta|l/2_sdd
N,—\G,_; 01

= WA= Dwjwy(—1)e’(s, Ty X 73, ¥)

a 0 _
§ W2<< >> W; (a)|deta|*~"2da.
Nn—l\Gn—l 0 1

We now observe that the inner integral in (4.2.2) can be written as

a 0 -
wy(—1) X Wz',x<< >> W, (a)| deta|*~"2da,
Nn—l\Gn—l 0 1

and therefore using (4.2.3), (4.2.2) is equal to

where

(4.2.4) Wi(1,— et 2=De’'(1 — s, 7 X 73, ¥) j S
p=myp=1 JN, _\G,—;

a 0 1n—l X . B
W2<< >< >> Ws,@|det a| 7y (x, - )dXde.
01 0 1
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It is easy to check that
€'(s, m X Ty, Y)e’(1 — s, 1 X 73, ¥) = ol (—1),
and consequently (4.2.4) is equal to

(4.2.5) W N =)W (1,_1)e(s, m X 7y, §) !

a 0 .
. g W, W; (a)|deta|'* da
Ny—1\Gy—y 0 1

S 1 Y(ap—1,1x1+ -+ @,—yp—1 — Dx,—1)dX
(p—myn—

=3 (=DWi(1,_)e'(s, T X 7y, Y) 7!

a 00

_ a 0
S Wol|0 1 0 Wﬁ1<< >>|det al'?>5da
Np—2\G,—2 01

0 01

using the orthogonality of characters and the normalization of measures.
Now the proposition is a consequence of the definition of #; which re-
duces the integral in (4.2.5) to W,(1,,).

5. The general case. Fix two positive integers m and n, and let 7,
and m, be two irreducible admissible non-degenerate representations of
G, and G,, respectively. Let w; = m|Z,, and w; = m,|Z,. When
m = n, let €¢'(s, m; X m,, ¢¥) be defined as in section 1. Observe that
€'(s, Ty X my, ) = €'(s, 1y X my, ¥).

Now suppose m < n — 1. Let (j, k) be two integers such that
Jtk=n—m—1,j 20andk = 0. Let v, ,, be the matrix

1, 0
Vn’m = .
0 “C€n—m Wn—m
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Fix W; € W(x, n;),i = 1, 2, and set

g 0 0

\P(Sa le WZ;J) = j\

X wol[x 1, 0
8EN,\G,, Jx€Mjx 1 (F)

0 0 1p4q
“Wileng)|det g|*~ ™ 2dxdg.

Again, it follows from [8, 11] that there exists a complex number
€’(s, m; X m,, ¥) depending only on s, 7y, m,, and ¥ such that:

(5.1) ¥ — s, Wy, 73(vy ) Wa, k)
= wlwz(—l)"_me'(s, T X T, t//)\I’(S, Wl: Wz,j)

for every pair (j, k) as above. In particular e’(s, m; X m,, ¥) is also inde-
pendent of (j, k). Observe that when m = n — 1, €’(s, m; X m,, ¥) is
same as the one defined in section 4.

When m > n, set

€'(s, T X wy, "l/) =€'(s, Ty X Ty, ‘)b)s

where €’(s, m X wq, ¥) in the right hand side is defined by (5.1).
We now prove the first main result of this paper:

THEOREM S5.1. Let w; and w, be two irreducible admissible non-
degenerate representations of G,, and G,,, respectively. Then there exists
a normalization of measures defining C,(s, 7y @ ) such that

(52) CX(S’ ™ ® 7l'2) = wrzn(__l)el(s’ ™ X '7!'2, ¢)

Reduction to the supercuspidal case. Suppose that the theorem is
proved for every pair of supercuspidal representations. By Jacquet’s quo-
tient theorem, choose, respectively, two standard parabolic subgroups
p, =M,U, and P, = M,U, of G,, and G,,, and irreducible super-
cuspidal representations ¢ = (0y, ..., 0,) and 7 = (7¢, ..., 7,) of M,
and M, such that m; C Indp 16,0 and 7, C Indp g, 7 (M, and M,
consist of » and ¢ blocks, respectively). Then by Theorem 3.2.1 of [19]
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Cyls, 1 @ my) = . H Cy(s, 0; ® 7;).

<i=r
1sj<t

Also by Theorem 3.1 of [11]

el(s; ™ X ‘7['2, ¢) = 1 II El(S, 0; X ?19 ¢)-
<i<r

1<j<t
Now, equality (5.2) is an immediate consequence of the equalities
Cy(s, 0, ® 7)) = w:ji(_l)f'(& 0; X 7, 9)
foralliand j,1 <i < r,1 < j < t. Here m; is the dimension of the block
of M,, attached to ;.

To prove Theorem 5.1 for supercuspidal representations we need
several lemmas.

Lemma 5.1. (a) Let wy and m, be two irreducible unitary repre-
sentations of G,,. Assume w is supercuspidal. Then there exists a normal-
ization of measures defining C, (s, Ty ® ;) such that

Cy (s, 11 @ m) = wh(—1)e’(s, 7y X T3, Y)
(b) Let wy and w, be two irreducible unitary supercuspidal repre-
sentations of G, and G, _1, respectively. Then there exists a normalization
of measures defining C,(s, 71 @ ) such that

CX(S, T ® 1['2) = wg(—l)e'(s, ™ X ’7!'2, 1//)

Proof. (a) By Proposition 3.1.3 of [19] and Proposition 3.1 of this
paper, there is a normalization of measures such that

Cy (s, T @ mp) = Cy (s, T, ® my)
= wWf(—1)€’(s, Ty X 7y, ¥).

Now, a little manipulation of the functional equation (1.5) shows that
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e'(5, my X 7, ¥) = i3 (—1)e’(s, mp X 72, ¥),

which proves part (a). Part (b) can be proved exactly the same way.

LeEmMA 5.2. Let py be a unitary character of F* = Gy, and let 7, be
an irreducible unitary supercuspidal representation of G, . Then there are
normalizations of measures such that

C,(s, 01 ® ) = wy(—1)e'(s, py X 73, V)

and

C\(s, T, ® py) = p1(=1De’(s, 3 X py, ).

Proof. We only prove the first equality, since the second one can be
proved exactly the same way, using Lemma S.1.

Let P be the standard parabolic subgroup of G, whose standard Levi
factor is of type (n — 1, 1). Fix an irreducible unitary supercuspidal repre-
sentation w1 of G,_;, and let m; be the unique non-degenerate subrepre-
sentation of Indean{ ® p;. Then by Theorem 3.2.1 of [19], Theorem
3.1 of [11], and Propositions 3.1 and 4.2 of this paper, there exists a nor-
malization of measures defining C, (s, p;y ® ;) such that

C(s, 1] ® 1) C, (5,01 ® ) = W5(—1)e’(s, w1 X T3, Y)e'(s, py X T3, ¥)

=W (= De'(s, 7] X 7, Y)C, (s, 1 @ T3),
which proves the lemma, if one cancels out €’(s, w{ X 7, ¥) from both
sides of the last equality.

ProrosITION 5.3.  Theorem 5.1 is true if w and , are supercuspidal.

Proof. We may assume m < n, since the other case can be proved
exactly the same way, using Lemma 5.1 and the second equality of Lemma
5.2. Furthermore, we may assume that = and , are both unitary. For, if
= ® p'i,s; € C,i = 1,2, with 7{ and 7, unitary, where p = |det|,
then it is easy to see that

Cyls, 1 @ m) = Cy (s + 51 — 53, 1 ® 73)
and

E(S, T X ’7['2, 1//) == E(S +S1 — 87, 1I'1/ X 7('2,, d/)
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Now, let P be the standard parabolic subgroup of G, whose standard
Levi factor is of type (m, 1, ..., 1). Fix n — m unitary characters pq, ...,
Pn—m Of F* = Gy, and set

71 =Indpig, T @ 01 ® *+* @ pr—m

(or rather its unique non-degenerate subrepresentation). Then by Theo-
rem 3.2.1 of [19] and Proposition 3.1 of this paper:

Cy(s, 1y ® m3) ig Cy (s, p; ® ) = W3 (—1)e’(s, w1 X 7, ¥),

which is equal to

wg(_l)e,(s9 ™ X ‘Tl'z, ‘p) I=-Il 6/(59 P; X ’7['2, lp)

by Theorem 3.1 of [11].
But now for each i, 1 =i < n — m, Lemma 5.2 states that

Cy(s, 0, ® m3) = wy(—1)e’(s, p; X Tz, ),
which then implies that
Cyls, m @ m) = w3 (—1)e’(s, w1y X 7, Y).

This completes the proposition, and consequently, by the observations
which were made before, the theorem follows in general.

6. Plancherel measures. Let 7; and 7, be two irreducible admis-
sible representations of G,, and G,,, respectively. Set wy = w,, ,,. Then it
follows from [19, 22], that there exists a complex constant u(s, T; ® ),
which we call the Plancherel constant attached , and 7,, such that

A, ™ @ mp, wp)A(—s, 1y ® w1, wo 1) = (s, 7y @ mp) L.

It clearly depends on the measures defining the intertwining operators. In
this section we shall obtain a formula for u(s, m; ® ;).
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Assume first that 7, and 7, are both non-degenerate. Write
e'(s, m X 7y, ¥) =€(s, my X o, Y)L(1 — s, 71 X T)/L(s, ™y X 73),

where the local root number e(s, m; X w5y, ¥) is of the form

€(s, T X mp, ¥) = c(my X my) g mmXms

with ¢(r; X m) € C — {0} and n(m; X ) € Z; and L(s, 7y X m3)
denotes the corresponding local L-function. We now prove:

THeEOREM 6.1. Let m; and w5 be two irreducible unitary non-degen-
erate representations of G,, and G, respectively. Normalize measures de-
fining the intertwining operators as in Theorem S.1. Then:

L(l+s,7r1><'7r2) L(l—s,1"r1><7r2)

n(fy Xmy) . .
L(S, ™1 X 7!'2) L(_S, 7{'1 X 1('2)

ps, 7 ® m)=gq

Proof. By Proposition 3.1.1 of [19], we have
6.1.1) Cy (s, 1 @ m)Cy(—s, T @ ) = pls, 7 @ m3).
But now Theorem 5.1 states that

C, (s, 1 ® ) = c(m; @ my)q "MOTHL(1 — 5, 7y X mp)/L(s, m X 72),

where

c(my ® mp) = w3 (—De(my X )

and n(m; ® ;) = n(wy X #;). The following lemma is crucial.
LemMa 6.1. |c(m ® ) |2 = q"(hxﬂz).

Proof. From Proposition 3.1.3 of [19], it follows that c(m; ® m;) =
c(my ® m) and n(r; ® m) = n(w, @ m). More precisely, one also
needs the equality

L(E, ™ X ‘7{'2) :L(S, 71'1 X 7{'2).
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Consequently, using e’(s, m; X m, ¥) = €’(s, m, X w1, ¥) and Theorem
5.1, we have:

c(m @ 7)) = wF(—1e(my X 7q)
= wiwy(—1e(m, ® 71)
= w5 (—De(F; ® m3),

as well as the equalities of the integersn (7, X #), n(F1 ® 1), n(my, @ %),
n(my X m), and finally n(w; X m,). But then

(6.1.2) c(my X my) = oF(—De(my @ 73)
and = of(—1Dec(F @ )
(6.1.3) c(Fy X 7)) = WP (—De(F; @ ).

Now, using functional equations (1.4) and (5.1), it is easy to see that
(6.1.4) €'(s, my X mp, Y)e’(1 — s, 7y X 72, ¥) = e (—1).
Substituting (6.1.2) and (6.1.3) in (6.1.4), then simply implies:

le(# ® m)|* = ">,

and the lemma follows.
To complete the theorem, one must now only observe that (using
(6.1.1))
L(1+S, 1('1X’7{'2) L(l—s,'i'rIsz)
L(S, ™ X ’7{'2) L(_S, Ty X 7('2)

pls, 1 @ m) = |e(m ® m) |

Now, suppose n = 1 and m, is the trivial representation 1 of G;.
Denote by () the smallest integer » = 0 for which there exists a vector
(then unique up to a complex multiple) in the space of w; which is fixed by
the subgroup

()

heK,_,u=0(P"),x= 1(P’)}



PLANCHEREL MEASURES FOR GL(n) 109

ofK,,.SetK, o = K,. The integer n(m) is called the conductor of 7y (cf.
[3, 13]). Also denote by L(s, 7;) the local Godement-Jacquet L-function
attached to 7 (cf. [5, 12]). We then have:

COROLLARY 6.1.1. Let w be an irreducible unitary non-degenerate
representation of G,,. Let n(%) denote the conductor of %. Then:

wy LA+ s, 1) . L(—s, %) .
L(s, m) L(—s, ®)

ps,T®1) =gq

Proof. This is a simple consequence of Theorem 6.1 and the main
theorem of [13].

COROLLARY 6.1.2. Let 7 and 7 be two irreducible tempered repre-
sentations of G,, and G,,, respectively. Then the statement of Theorem 6.1
is true.

Proof. This is a simple consequence of the fact that for GL (n) all the
tempered representations are non-degenerate [9].

COROLLARY 6.1.3. Let m and m, be two irreducible supercuspidal
representations of G,, and G,,, respectively.

(a) Suppose m # n. Then

n(’frIXﬂ'z)

p(s, 71 @ 7r2) =q

(b) Suppose m = n, but fornos € C, 7y = 7y ® pn’. Then

n(fyXmy)

“(s’ 1 ® 1I'2) =4

(¢) Suppose m = n, and for some s € C, my = m) @ p°. Then

ms

1 — w0y '@g~
—m(1+s)

(s, T X my) = g"F1X™) -
* 1 ¥ 1— ww; (@)g

1-— wflwz(&})q’”s

—m(1—s) ’

1—- wl_lwz(d))q

Finally, let m; and 7, be two irreducible admissible (resp. unitary)
(not necessarily non-degenerate) representations of G,, and G,,, respec-
tively. Choose, respectively, two standard parabolic subgroups P, =
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M,U, and P, = M, U, of G, and G,, and irreducible supercuspidal
(resp. quasi-tempered) representations ¢ = (ql, ceno)andr=(1(,...,7;)
of M,,and M, such that 7; C Indp ¢, 0and 7, C Indp 1, 7. We now have

COROLLARY 6.1.4. Let w and w, be two irreducible admissible
(resp. unitary) representations of G,, and G,, respectively. Fix ¢ =
(0ys ..., 0,)and 7 = (11, ..., 7,) as above. Then

poym ® m) = II uGs,0;® 7)),

=i=r

1<sj<t

where for each iand j, 1 < i <r,1 = j < t, p(s, 0; ® 7;) is given by
Corollary 6.1.3 (resp. Corollary 6.1.2).

Remark. The reader must observe that when 7; and , are in the
discrete series, the function u(s, 7; ® m,) defined here differs from the
one defined by Harish-Chandra [22], by the positive constant multiple
v2(G/P) (cf. [22]).

Irreducibility criteria. We now state a generalization of Theorem
4.4 of [20]. It is an immediate consequence of the definition of C, and
Theorem 5.1. It takes on an importance since tempered representations
are the building blocks for unitary representations.

THEOREM 6.2. Let P = MU be a standard parabolic subgroup of
G,,. Fix an irreducible admissible non-degenerate (in particular quasi-
tempered) representation 0 = (o, ..., 0,) of M (M has r blocks). Sup-
pose the representations oy, ..., and o, are so that the product Il <;x;<,
L(1, 6; X 0;)/L(0, 0; X ;) is infinite. Then the induced representation
Indpig,, 0 is reducible.

Remark. When o is supercuspidal, using Corollary 6.1.3, Theorem
6.2 gives a new proof of a theorem of I. N. Bernstein and A. V. Zelevinskii
[1] on reducibility of representations induced from supercuspidal ones
(Theorem 4.3 of [20]).

The following corollary is an immediate consequence of Proposition
2.1 of [13] and the above theorem.

COROLLARY 6.2.1. Let 7 be an irreducible unitary non-degenerate
(in particular tempered) representation of G,,. Suppose s is a pole of the
local Godement-Jacquet L-function L(1 — s, ). Then the induced repre-
sentation I(sy, m @ 1) is reducible. Here 1 denotes the trivial represen-
tation of G,.
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