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WHITTAKER MODELS FOR REAL GROUPS
FREYDOON SHAHIDI

Introduction. Whittaker functions were first introduced for the principal
series representations of Chevalley groups by H. Jacquet [3]. Later, they were
pursued by G. Schiffmann for algebraic groups of real rank one [12]. They
played a very important role in the development of the Hecke theory for GL,
through the work of H. Jacquet, R. P. Langlands, I. I. Piatetski-Shapiro, and J.
A. Shalika [4, 5]. More precisely, they were the main tools for the definitions of
local and global L-functions and e-factors. They also appeared quite useful in
the development of the Hecke theory for other groups (cf. [10]), as well as in the
definition of the local y-factors of certain functional equations [13, 14],
particularly in their factorization. There seems to be other evidence of interest,
especially in the work of W. Casselman, B. Kostant [7], and G. Zuckerman.

The analytic behavior of these functions is much simpler when the ground
field is non-archimedean; a good account of their analytic properties and some
interesting formulas for certain class of such functions may be found in a recent
paper of W. Casselman and J. A. Shalika [2]. But when the ground field is
archimedean, these functions were believed to behave in a rather complicated
manner. In fact, this has been one of the main obstacles in the development of
the Hecke theory for number fields.

To make a more precise statement of the problem, we let G be a split
reductive algebraic group over R. We fix a maximal torus T of G and we let B
be a fixed Borel subgroup of G containing 7. We write B = M, AU, the
Langlands decomposition of B with T= MyA4, and fix a non-degenerate
(unitary) character x of U (see section 1).

Now, let 7 be a continuous representation of G on a Fréchet space V. Denote
by (7., V,) the corresponding differentiable representation. Topologize V
with the relative topology inherited from C*(G, V). Let V. be the subspace of
K-finite vectors of ¥, where K is a fixed maximal compact subgroup of G with
G = KB. We say that the representation (7, V') is non-degenerate, if there exists
a continuous linear functional A on V', called a Whittaker functional, such that

A (u)o) = x(uA\(v) (MEUvEV,).
Then for every v € V, the Whittaker function W, is defined to be
W.(8) =Nr(g™ o)
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The corresponding embedding of V into the left regular representation of G is
called a Whittaker model for #. When « is unitary and irreducible, it follows
from [5] that this model is unique.

One may also consider the same concept for the representations of Lie
algebras. They may be called “algebraically non-degenerate representations” as
we do so in section 3 of the present paper, and they have been investigated by B.
Kostant in a very interesting paper [7]. (The same results were obtained
independently by W. Casselman and G. Zuckerman for the group GL,(R).)

Now, let a& be the complex dual of a, the real Lie algebra of 4, and denote by
M0 the set of all the (unitary) characters of M. Fix v €a, n € M0 and define
the principal series representation I(v,n) of G as in section 1. In [3] Jacquet
proved that the Whittaker integrals (see proposition 1.1 here), which are
originally defined only inside the positive Weyl chamber, can be continued to
holomorphic functions of » on the whole a&. His results are restricted to K-finite
vectors and unfortunately do not extend easily to the smooth vectors.

The main results of this paper, Theorems 2.1 and 2.2, carry out this extension
and show that these analytic continuations do in fact define a Whittaker
functional for I(», n).

The proof follows the same ideas as those of Jacquet [3]. In section 2.1, we
prove a result (corollary 2.1.1) similar to lemma 1.11 of [3]. This is done by
means of a result of G. Schiffmann [12].

Intertwining integrals are discussed in section 2.2. They are necessary for the
results proved in section 2.3 and are based on the results of [12].

Finally in section 2.3, we prove the main lemma, lemma 2.3.1, which replaces
lemma 3.2 of [3]. The proofs of proposition 2.3.1 and theorem 2.1 now follow
almost the same line as those of proposition 3.3 and theorem 3.4 of [3].

The proof of lemma 2.3.1 requires introduction of certain convergence factors
(mainly T-functions) to replace the nice existing formulas for K-finite functions
on SL,(R) which no longer exist for the C ®-functions on an arbitrary algebraic
group of rank one. They seem to be related to the normalizing factors of
intertwining integrals (see lemma 2.3.3).

The proofs are quite general, and we believe that they work for an arbitrary
algebraic group. This is examined in the Appendix for a certain class of
quasi-split groups (which are the only groups to be studied by [7]), where we
have also given new proofs for some of the results of sections 2.2 and 2.3.

Finally in section 3, we make certain observations concerning the Whittaker
functionals of a certain class of non-degenerate representations, and prove a
result on non-degeneracy of the representations induced from such representa-
tions (proposition 3.2). In fact, in light of the results of W. Casselman, B.
Kostant [7], D. Vogan [17], and N. Wallach, they are nothing but the functionals
whose explicit existence is proved in section 2.

As it was mentioned before, the most important application of these results is
the analytic continuation of the zeta functions of the pairs of representations of
GL,(R) and GL,,(R). This in turn will lead us to the definition of the
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corresponding local and global L-functions. This is the subject of a work in
progress of H. Jacquet and J. A. Shalika. They may also be used to prove certain
non-vanishing theorems for these L-functions (cf. [6]). Finally, they are
necessary to establish certain functional equations (cf. [13] and [14]), and in fact
this has been the first reason for the author to consider this problem.

I would like to thank Joseph Shalika, William Casselman and Nolan Wallach
for their interest and many useful discussions and communications.

1. Preliminaries on non-degenerate representations. Let G be a split
reductive algebraic group over R. Fix a maximal split torus 7 of G over R. We
use B to denote a fixed Borel subgroup of G containing 7. Put U for its
unipotent radical. Let g be the Lie algebra of G. We use 1l(g) to denote the
complex universal enveloping algebra of g.

We write B = M; AU, the Langlands’ decomposition of B with T = M A4. Let
a be the Lie algebras of 4. By assumption on G, it is also the Lie algebra of T.

Let ¢ denote the set of roots of g with respect to a. We use A, ¢, and ¢y~ for
simple, positive and negative roots, respectively. We have

g=a® D g,

aEyY

with root spaces g,,.
For a € ¢, we define H, by

&(H)=«(H,H,) VHE€E[a,a],

where k denotes the Killing form on [g, g] and

We put p = (1/2)3 e+ @.

Let W be the Weyl group of G. For every a €y let w, € W be the
corresponding reflection. Put w, for the longest element of W. W acts on T in
usual manner.

Let K be a maximal compact subgroup of G relative to 7, so that G = KB. We
shall use the same notation for the corresponding groups of R-rational points.

We use M|, to denote the group of (unitary) characters of M,. We put a for
the complex dual of a. Thgn one-dimensional representations of B, trivial on U,
are of the form ne”, n € M, and » € af where e” is defined by

ey(a) — ev(]oga)'

Here log: A — a is the inverse of the exponential map exp:a— 4.
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Using the notation of [12], given w in W let:

S(w)={v €ag|Re(v(H,))>0,Va € A(w)}, where

Aw)={a€y™ |w(a)EY™}.

We denote the principal series representation Indg.gne” of G by I(v,n),
v € af and 7 € M,,. More precisely, this is the left regular representation of G on
the Hilbert space V'(»,7) of the complex functions f on G satisfying

(1) f(xmgau) = n(mg e~ @+Pef(x) for all a€ A, mye M,, ueU,
x € G, and

@) [x |f()Pdk < oo.

Now, let 7 be a continuous representation of G on a Fréchet space V. Denote
by (7, V) the corresponding differentiable representation of G on the space
of differentiable vectors of V. Then g and consequently 1(g) will act on the
space V, of K-finite vectors of V', and V is dense in V' when it is equipped
with the relative topology induced from the Schwartz topology of C*(G, V).
Consequently V(v,7n), and V(r,n), will denote the smooth and K-finite
functions in V(»,7m), respectively. From now on, we shall equip ¥ with the
relative Schwartz topology, With this topology V. is a Fréchet space.

We call a character x of U non-degenerate if its restriction to every non-trivial
subgroup U,, U, =wUw ™' N U, w € W, is non-trivial. Clearly x = [[pca Xa
where each x, is a non-trivial character of U®. Here U® denotes the connected
subgroup of U whose Lie algebra is g,. Throughout this paper, we shall fix a
non-degenerate character x of U.

Now, let (7, V) be a continuous representation of G as before. We shall call
(7, V) a non-degenerate representation if there exists a continuous linear
functional A on V  such that:

AMm(u)v)=x(uA(v) u€UvEV,. (1.1)

When 7 is irreducible and unitary, it follows from [15] that A is unique. More
precisely, if V¥ denotes the space of continuous linear functionals on V
satisfying (1.1), then Dimcl¥ < 1. Such functionals are called Whittaker
functionals.

Now, let P D B be a parabolic subgroup of G. Put N for its unipotent radical.
Fix a Levi component M for P with M D T. We have P= MN. Let = be a
continuous representation of M on a Fréchet space V. By restriction x can be
considered as a non-degenerate character of M N B. Let (I, W) be the
continuously induced representation Indp.; 7. We have the following result
from [5] (see also section 5.2 in [9]).

THEOREM 1.1. Let (w, V) and (I, W) be as above; then:
Dimc Wy < DimgVy.
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COROLLARY. Let (I, W) be a principal series representation of G; then:
Dimc Wy < 1.
In fact we have:

PropoSITION 1.1. Let I(v,m) be a principal series representation of G with
v € S(w)). Then I(v,n) is non-degenerate and a Whittaker functional for I1(v,n) is
given by

M) = [ famx(wyde [ € V() (12)

Proof. In fact the integral in the right hand side of (1.2) converges absolutely
whenever Re(v(H,)) > 0 for all « € ¢ *, and defines a nonzero continuous linear
functional on V(n, »),, satisfying (1.1). More precisely, V' (1, »),, is generated by
the functions f,, ¢ € C*(G), defined by

S8 =[  m(mo)et P 0ED o gmyau) dmo da du (13)

Since Bw,U is open in G, one may choose ¢ with support in Bw,U such that
A(f,) # 0. Also put T(¢) = A(f,). Then T is a distribution on G (cf. [12]), and it
satisfies the same invariance properties as those in the proof of theorem 1.3 (cf.
[13]). It follows from the uniqueness of such distributions that A is continuous.
This completes the proposition.

Now, let G,, be the derived group of G. Denote by GD the simply connected
covering of G There exists a homomorphism « from G, onto G, which is an
isomorphism on U. For a function fin V(», 1), we defme a function f by:

fe)=fla(g) g€Gp

Then f belongs to a principal series representation of G,,. Let X be the Whittaker
functional for this principal series representation of G defined by (1.2) (we
assume that » € S(w,)). Clearly A( j) X j) f € V(»,m,, where A denotes the
Whittaker functional for G again defined by (1.2). Put A =AM V(v )k
Applying Jacquet’s results [3] to G, one may extend A, to an entire function for
all values of » € ad. The purpose of the next several sections is to extend
Jacquet’s result to A. More precisely, we shall prove that, as a function of », the
functional A defined by (1.2) can be continued to a holomorphic function on ag.

2. Whittaker functionals for the principal series. In this section we shall
assume that G is semi-simple and simply connected. We fix ¢ in C°(G) and
define:

fo(gvsm) = e Un(mo)e(”+")(‘°g 9 p( gmoau) dmg da du. [PR))
0
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Then f, € V(»,m), . Now put:
Wi g7em) = [ folguwi, v.m)x(u) du 22)
U
The integral converges absolutely for » € S(w)). Furthermore:

A(fy) = wy(e; v, m). (2.3)
We shall prove

THEOREM 2.1.  Fix ¢ € C*(G); then W (g, v,n) extends to an entire function
of v on ag.

Now put A(r,m) for the Whittaker functional A defined by (1.2). As a
consequence of theorem 2.1 we shall also prove

THEOREM 2.2.  Suppose G is split and reductive. Then the analytic continuation
of Mv,m) defines a Whittaker functional for each I(v,m), where v € a& and
nE M,

The proof of theorem 2.1 follows the same line as that of theorem 3.4 of [3]
which proves the same result for the K-finite functions. Consequently it is long
and we shall do it in several steps. This is done in the next several sections.

2.1. The case G =SL,R). Suppose that G = SL,(R). Choose ¢ in
C>(G/U) and put:

Jlgrm) = [ nmo)e P8 g gmoa) dmy da

For » € S(w)) define W,(g,v,m) using (22). Let ¥ =w, 'Uw,. Then for
v € S(w;) we have

W (w™ ", =f my)e? T8N b m a)x'(v) dmy, da dv,
(W n) MOXAXVT'( 0) d(vmga)x'(v) dmg

where x'(v) = x(w,ow, ") is a non-degenerate character of V. As in [12],

changing a to a?, we have
Wo(w ™ vm) = 2fM i Un(m 0) €2 P 18D 6 (vmya®)x'(v) dmy da dv,
0

where we again assume » € S(w)).
Let us assume that 7 = 1, and consequently consider

w 1’ 1 2f 2(V+p)(loga) 2 d da d
Wo(w v, 1) = M0><A><V o(vmga®)x’'(v) dmgda dv.



WHITTAKER MODELS FOR REAL GROUPS 105

Now changing v to ava™!, we have

Wy(w v, 1) = ?.Lez"(bg 9 dafy¢(aoa)x’(ava")dv

+ 2f e? (%89 gq f o(—ava)x'(ava™ ") dv.
A 14

Further, consider

wi(w 1) = L 29 g fycp(ava)x'(ava'])dv. @2.1.1)
Now, put
a= (’ B 0) t>0
0 ¢
Then
Wylw 1) = [T e p v
where

f(1) = quh(a,va,)x’(a,oa,_ ') db. (2.12)

Again we assume that » € S(w)) to justify our computation. It is a result of G.
Schiffmann [12] that W;(g,», 1), and consequently W,(g,»,n) extend to entire
functions of » on a.

Now, put »=a + if and fix a real number m > 0. We shall prove the
following proposition which is an analogue of lemma 1.11 of [3].

PROPOSITION 2.1.1.  The function W (g, v,n) vanishes uniformly as | B|— + co
for |a| < m.

As we observed we may study Wq’,(wl‘l, v, 1) defined by (2.1.1). We need the
following result from [12].

PrOPOSITION 2.1.2.  (G. Schiffmann). Let f be the function defined by (2.1.2).
Then f is a continuous function of compact support in [0, + c0). Furthermore, given
any positive integer n, there exists a constant M, > 0 such that

|f(n)] < M, 2",
Now, put:

f)=12f() ol <m.
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Then lim,_,, f,(¥) =0, and f, € L'(R). Changing ¢ to e*, we have:
_ + o0 iBx
Wiyw v, 1) =f_w fu(x)€¥P* dx

= ,2B),

where f; denotes formally the Fourier transform of f, .
We need

LEMMA 2.1.1.  For |a| < m, the family { f,} , is uniformly equicontinuous.

Proof.  f, has support inside the support of f. First let z—>0. We may assume
0 < |¢| < 1. Fix ny > m, an integer; then by proposition 2.1.2 we have

O < M Je2C™™ o < m.

Now given € >0, take 8 =(¢/M,)"/*"™~™ >0. Hence for |t| <8, we have
| £2(9)| < € which implies that f, is equicontinuous at 0.

Now let 7, # 0 be arbitrary in the support of f. Fix y > 0 such that ¢, € [y, 4],
where 4 > 0 is so that support of f is contained in [0, 4].

Given €' > 0, there exists a step function s.(¢) such that

(D)= sl <€ 1€[y,4].
Now consider the continuous map g
g:[vA]lX[-mm]>C

defined by g(t,a)=1r** Put C=[y,4]X[—m,m], and set B=sup , ec
| g(¢, @)|. Then:

|2%f(1) — 1*s,.(0)| < €B 1 E[y,4],
and
13 (1) — 3s.(10)] < € B.
From uniform continuity of g we conclude that there exists § > 0 such that
|2%5.(1) = 85.(10)| < €15e(to)
for |t — 15| < 8. Now, set M =sup,c(, A | f(?)l, and € = €(2B + M). Then

1) = fu(t0)] <€

for |1 — t,| < 8. Consequently f, (¢) is equicontinuous everywhere. The uniform
equicontinuity follows from the compactness of the support of f. The lemma is
now complete.
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Proof of proposition 2.1.1. It can be shown that

2 (B < i fu = Ry pfally-

where (R_, /pf X)) = f,(t —7/B) and || ||, denotes the L'-norm. By lemma
2.1.1,, given € > 0, there exists 0 < §(e) < 4 such that

|fu(s) = Sl <(3A) 7'+ €
for every s and ¢ in the support of f with |s — 7| < 8(¢). Then
+ o0
—_ R_ i
o= Rewafuli= [

<(BA) e (24 + 8(¢))

50 =11 = )| @

<e€
for |m/B| < 8(e) and the proposition follows.
Now, put:
L(nv)y=a" %(”")I‘( -;— (e + v))
where

n(m) =sgn(m)* €=0,1.
Also for a Schwartz function ¢, put:

L) = [ o(m(@lel a*e
Then from [16] we have:

Ly(@, 1= »)=y(n,v)Ly(n, ),
where

L7, 1—v»
Y(na")=€(m")—%m7))

with e(n, ») = i*.
We need the following lemma

LEMMA 2.1.2. Let a and b be two positive real numbers, 0 < a < b. Then T'(s)
vanishes uniformly for Re(s) € [a, b] as |Im(s)| approaches + oo.

Proof. This follows from the formula

[(s) =27 s°7 /%%’
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COROLLARY 2.1.1.  Fix g € G; then
[Wo(gv,m)l - IL(0, 1+ »)|

vanishes uniformly for Re(v) € [a, b], a > — 1, as |Im(»)| approaches + .

Proof. |L(, 1 + v)| = 7~ VAH+RODIT(1 /2(e + v + 1))|, and the corollary
follows from proposition 2.1.1 and lemma 2.1.2.

2.2. Intertwining operators. Suppose now that G is of arbitrary rank. Let
f, € V(¥,m),. Fix w € W and suppose that v € S(w). As in [12], define:

AW Ag)= [ f(gwo)d

where V,, = ¥V N w™'Uw. The integral converges absolutely since » € S(w) and
defines an intertwining operator between I(n,»),, and I(w(v), w(n)),, (cf. [12]).
Let us first recall certain results from [12]. Put:

(8= [y ), ey e v ES)

where

L= II T()

aEA(w)
with v, = »(H,) and
Aw)={a€y™ [Ww(@) EYT)

as before.
Now put w = w,, a € A. Then in the proof of lemma 2.1 of [12], Schiffmann
has shown that:

T(2)2,0(8) =45 (8) + I, (9) @2.1)
with
+ 00
K@= [ Tels 0 d

and

1
7 (8)= [ .80 .

Here ¢, is a function satisfying

LEMMA 2.2.1. (G. Schiffmann). The function ¢, has the following properties:
(@) ¢, is C*=.
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(b) For every integer n >0, the function (3"/0t")p,(g,t) is a continuous
function of (v, g,t) which is analytic with respect to v.

(c) Given Q a compact subset of G, and ' a compact subset of af, there exists a
continuous semi-norm u on V(v,m),, which depends only on Q and ' such that:

l6,( g D) < n(f,)|t|ReB e

forlt|>1,g€Q, andv €.
(d) Given Q and ¥ as above and a non-negative integer n, there exists a
continuous semi-norm p, on V(v,n), which depends only on Q, Q" such that:

(577 Jere0] < mih)

for || <1,g€Q, and v €.

Let m, = n| M,. Write n,(m,) = sgn(m,)*. We now prove

PROPOSITION 2.2.1. (a) Suppose €,=1; then for every even non-negative
integer r:

(£ )o(s0=0 @22

(b) Suppose €, = 0; then (2.2.2) holds for every odd positive integer r.
Proof. The possible poles of

r( Va)q)wa(v)( g)
are provided by J,”( g) which has the following Taylor expansion (cf. [12])

J)(g)= g r,(—rlw—) ( )<I>V(g, 0)

____1_____ hrl _ n—1,p+n—1 E’_
* (n—1)zf0f0(1 N (atn)¢v(g,ut)dudt. (2:2.3)

Now, let T(D,n,, »,) be the operator defined by Jacquet in corollary 1.10 of
[3], where 9 is a representation of K. Let % and % be two vectors in the space of
) and its contragredient, respectively, and define the following function in
V(V’ n)K

£,(8) = {D(k,)°0,%)n(m; e+, (2.2.4)
where g = k,m,a,u, and % satisfies:

D(m)% =n(m~ Y, meM,
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We need the following lemma from [13]:

LEMMA 2.2.2.  Suppose f, is defined by (2.2.4). Then for Re(v,) > 0:
Y(urva) [ f(gwv) dv

= (wym)(mg ")~ (e PR (D )T(D, My, 1,) 0, %8>, (2.2.5)

where V, =V,

Wu'

Let us substitute the value of y(7j,,»,) and use (2.2.1). Then the left hand side
of (2.2.5) is equal to

e(ﬁu’va)L(na’ a) L( v ) (g) t V= L(— , ) ”(g)

Now suppose that in the expansion (2.2.3) n is so chosen that Re(r,) > — n; then
the poles will appear only at »v,=0,—1,..., —(n—1) (cf. [12]). Suppose
Re(r,) < 0. Then L(n,,1 — »,) has no pole and no zero. It has been proved by
H. Jacquet [3] that the right hand side of (2.2.5) is analytic for Re(r,) < 1.
Consequently the poles of J,’(g) must be among those of L(7,,»,), or equally
those of I'(1/2(», + ¢,)). Hence when ¢, = 0, there should be no pole for odd
negative », and consequently (2.2.2) holds for odd positive integers. The case of
¢, = 1 follows in the same way. This proves the proposition for the K-finite
function. Now, suppose that f, is any function in V(»,7).. Choose a sequence
{f"}. of K-finite functions in V(»,n), approaching to f, in the semi-norms
topology. By part (d) of lemma 2.2.1, there exists a semi-norm y, such that:

‘(%)%( g,t)’ < w(f)

for g and » in the compact subsets of G and ag, respectively, and |¢| < 1. Now, if
£ f,, then (3"/3t")¢,'(g, 1)—> (" /3t")$,(g, t) for |¢| < 1, and the proposition
follows for every f, in V(v, 1), . :

COROLLARY. Let G be a split, semi-simple, and simply connected real algebraic
group. Fix w € W and write w=w, , ..., W,, &; €A in the reduced form. De-
fine A(v,m,w) as before, and put v'=v, v*'=w pi; n'=nq, p/t' = wajnj,
jh= 1, ...,m. Write nt{j(maj) = sgn(m%)‘fv,m% S Maj,eaj =0,1, j=1,...,m
then

(@) Suppose ¢, =1,j=1,...,m, and v/(H, > J=1,...,m, are non-positive
even integers, then A(v,m, w) has no pole.

(b) Suppose e, =0,j=1,..., m, and v/(H, ) J =1,..., m; are odd negative
integers; then A(v,n,w) has no pole.

2.3 Analytic continuation of Whittaker functions. Let ¢ be in C°(G) and fix
veagandn € M. Define f, by (2.1) and fix g € G. The restriction of L -.f, to
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G, (the subgroup whose Lie algebra is generated by g,, g_,, and a) is a member
of V(¥,,m) - Let v € S(w,) and put

W€ vesm,) = fVaﬁ,,( gv)x’(v) dv. (23.1)

Fix a real number 0 < b <1 and let ' be a compact subset of ag such that
|Re(r,)| < b for all v € Q.

We need the following lemma which is the analogue of part (iii) of lemma 3.2
of [3].

LemMA 2.3.1. Fix 0< b <1 and ¥ as before; ihen there exists a constant
B () > 0 such that

Woslemom)] < B(@)e(r) [ 1 (g0)do 232)
for all v € ', where c(v,) is a continuous function of v, for |Re(v,)| < b and
£, (emeau) = ¢~ (p+m)(log a)
with
= Re(v) = 5 (Re(,) - b)
Proof. The function

W¢,g(e’ Vys n(x) ) L(ﬁa’ 1+ Va)

is analytic on the strip |Re(»,)] < b< 1, and furthermore by corollary 2.1.1
vanishes uniformly as |Im(»,)|— + . Therefore we may apply the maximal
principle to conclude that for |[Re(r,)| < b

l W¢,g(e’ Va’ T’tx)l

< |L(ﬁa9 1 + Va)|_l ’ IR (suﬁ b|W¢,g(e, Vaa na) ' L(ﬁa’ 1 + Va)‘ (2’3'3)
e(v)| =

Here » is a fixed element of £’ and the sup is being taken over the set:
(v Eaglvg=rs for B EA, B+ a, |Re(ry) =b}.

Now we shall compute the right hand side of (2.3.3).
Suppose first that Re(»,) = b. Then from (2.3.1), it follows that:

Wos(errom)l < f 1fy(go)ldo

A ACOES (234)
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where

via(fe) = sup [ /4(8)] (235)
gEK

and
f,, (kmoau) = ¢~ (mtp)(loga)
b

Let us now introduce some notation from [12]. Given a compact subset { of
G, a compact subset &’ of a&, and a distribution X on G with support at the
origin, we define

vq, 9',x(f¢) = sup ‘X*f¢( gl
gEQ
reQ

Here we have identified the universal enveloping algebra with the algebra of
distribution with support at the origin so that the topology of these semi-norms
is the same as the Schwartz topology of V(»,7), explained in section 1. This
justifies the indices in (2.3.5) where we have eliminated {»}.

Now, set

A0, W,) = ¥ (T 1) A (7,15 W),

and suppose Re(r,) < 0. Take f € V(v,7),; then:

J, 4@ w)f(go)x (o) do
is absolutely convergent and defines a holomorphic function of ». More

precisely, this follows from proposition 2.2.1 which states that A'(»,n, w,)f is
holomorphic whenever Re(»,) < 0. We need the following lemma.

LemMMA 2.3.2.  Suppose that Re(v,) < 0. Then:
Wog(esns ) = [, 40 m )y 800X (0) o (23.6)
Proof. Put
Wi ()= [ 4 (nw)f(go)x (e) do
Then the map f— W/ is continuous. Choose a sequence {f,}, with

Jo € V(r,m)k so that f=1lim, f,. Consequently lim, W/ = W/. Using Jacquet’s
functional equation (cf. [3]) together with lemma 2. 2 2, we conclude that:

Wi.(8) =W, (e rem) = Wi(g)-
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Hence the map f+— W, is also continuous for f € V(v,n)g. Consequently:
Wy = lim W}, = lim Wj, = Wy

for all f € V(v,7),. This completes the lemma.
Remark (1). The left hand side of (2.3.6) is defined by analytic continuation.

Remark (2). We have used W, (e, ,,7,) to denote W, (e, 7,,7,).
Now suppose Re(r,) = — b. Using (2.3.6) we have:

|Wog(erm)] < |L(n 1= )] [ [@,(go)| do (237)
where @, is defined by

@y(8) = L(Tar7a)” A (1,7 Wa) £y 8):

which itself is holomorphic for Re(r,) < 0 by proposition 2.2.1 and its corollary.
From (2.3.7) we conclude:

Wt )] < L (s 1 = 2)| - v n(@y) - [ f(g0)do (238
Now, set:

By(8.0:m) = () L(Tpr 1+ 1) L(mn 1 = 1,); (23.9)
then we have

LEMMA 2.3.3.  Suppose Re(v,) = —b and let ¢ and V' be as before. Then there
exists a continuous semi-norm . depending only upon ' and b such that:

sup |B,( g 7. m)| < w—'/2<'+b+=«>r( % (1+b+ ea)) w(e,f,). (23.10)
Re(v,)= —b
for all v € ', where
L(7,,1+7,)
“ T L)
is the corresponding normalizing factor for A(v,n,w,).

Proof. Using (2.2.1) and (2.2.3), (2.3.9) can be written as

c (2.3.11)

B¢(g’ V’n) = L(T’a’ 1- Va) ’ c"a {j;wqbv(g? t)ty"_ldt

+ ;1:¢V(g,0)+j(;1j(;lt”“(%)q),,(g,ut)dudt}. 23.12)
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Now by lemma 2.2.1, we have the following inequalities.

|9,(8 D] < C - vy i( fy)lt] R, (2.3.13)

with g € K, » €, and [¢| > 1, where C is a constant depending only upon
Re(r,) = —b and @ (cf. the proof of lemma 2.2.1). Also there are constants
a; > 0, depending only upon Re(,), and distributions X; with support at the

origin such that l
0
l( ot )¢”(g’

forge K,ve, and |7| < 1
Let us now compute |B,(g,»,n)| by means of (2.3.12), (2.3.13), and (2.3.14);
then

<Saviax (fo) (2.3.14)

e}
B < 11— )61 { O 17

“_4_ ZaVKQX(fda)} (2.3.15)

where we are assuming that Re(r,)= —b > —1, g € K, and » €. Observe
that we are considering the case ¢, = 1 which implies ¢,( g, 0) = 0 by proposition
2.2.1. The other case can be treated the same way.

Now for each distribution X with support at the origin, choose a function
¢y € C2(G) such that

|X*¢l <o
Then clearly:
1X*fo(D)] < [ fo, (B

where f, € V(Re(v), 1),, is defined by

f¢x(g) =fM i U¢X(gm0au)e(lle(u)+p)(loga) dmo da du.
0

Consequently
sup  vxgx (fo) < vkoa(fey) (2.3.16)
Re(vg)=—b
Now as |Im(»,)| = + o0, Re(y,) = — b and » is fixed in &, the coefficients:

|L(na’ 1 - Va) ’ Cval
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and

L(na’ 1 - Va) .
(+vy) ™

will approach to zero, while the terms avxgq x(f,) and C - vgg (f,) remain
bounded by (2.3.16). Consequently there are constants b; >0 and another
compact set " of a&, depending upon € and b, such that

sup | By(g v, m)| < w”2ATIYDOT(1/2(1 + b+ €)) 2 bk ar, x, (6, fo)-
EK j
Re(f‘, =—b /
Now put:
b= brcas,
J
to complete lemma 2.3.3.

Proof of lemma 2.3.1. For Re(»,) = b, it follows from (2.3.4) and (2.3.16) that
forve @

Sup |L(ﬁa’ l + Va) : W¢, g(e’ V(x’n(x)l
Re(v,)=b

< T VAHYOT(1/2(1 + b+ ¢,)) u,(‘g,,,(f‘,,l)fy £, (gv) dv,

where ¢, € C°(G) and satisfies |¢| < ¢,.
Suppose now that Re(r,) = —b; then using (2.3.8) and lemma 2.3.3, we
conclude that for » € &

sup |L(ﬁ(x’ 1+ Va) W¢.g(e’ Vo> na)f
Re(v,)=—b

< .
sup |By( g v, m)l fvafy,,(gv) dv
Re(vg)=—b

< W—1/2(1+b+<,)1‘(1/2(1 +b+ €,,l))p,(cytI f¢) -fV f,,(gv) dv.

Now set

B, () = n ™ 2U*OrIT(1/2(1 + b + ¢))sup{vgai(f,,) #(c, " fo,)}
and
c(v,) = L('r_pa, 1+ Va)—l

to conclude lemma 2.3.1.
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Now choose ¢ € C*(G) and define f, € V(»,7),,. Suppose » € S(w)). Then
the integral:

J, Jo(go)x (0) do

is absolutely convergent and defines a function W/.»( g.v,m), analytic in
v € S(w). Here V is w;” 'Uw, and x/'(v) = x(w,ow, ).
As before put:
A’(V’ LB wa) = Y(ﬁa’ Va)A (V’ B wﬂ)
for a € A. We have:

ProposiTiON 2.3.1.  Fix ¢ € C°(G) and define f, € V(v,n),, as before; then
W;(g,v,m) extends to a holomorphic function of v on the convex hull of
S(w)) U w,S(w,). Furthermore it satisfies

Wﬁ»( &M= Wy wa)f.,.( 8> WoPs Wo)- (2.3.17)

LEMMA 2.3.4.  Suppose v € w,S(w,). Then

Wi (g = [ A'(r.mw ) (g0)X (0) do
Proof. This may be proved the same way as lemma 3.2, but this time we have
to use proposition 3.3 of [3].

Proof of proposition 2.3.1.  Suppose first that » € w,S(w,). Then A’(»,n, w,) is
holomorphic, and therefore by lemma 2.3.4 Wf¢( g v»m) is also analytic. Now
suppose » € S(w,). Then

Wi (& v.m) = [ f(g0)X (v)do. (23.18)

Let V, be the subgroup of B generated by § =y~ —{ —a}. Then (2.3.18) can
be written as

Wiemm) = | [ Fi8o0tx (0)X (c0) do dey

= fVaW%g%(e, T o)X (0g) 5. (23.19)

All the computations are justified since » € S(w). Now fix a real number b,
0<b<1. Let »° be in the convex hull of S(w,)U w,S(w,) with Re(rQ)=0.
Choose a compact neighborhood €’ of »° in the convex hull of S(w,) U w,S(w))
with |Re(z,)| < b for all » € Q. Then by lemma 2.3.1 there exists B,(£2") > 0 such
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that:
W (& 70| < By@)e() [ 1, (000) do (2:320)

forall v € Q.
Using (2.3.20), (2.3.19) implies that for » € &'

W (& 7. < Bo(@)e(v) | f,(g0) e

As v varies over ', v, ranges over a compact subset of S(w,) and the last
integral converges uniformly. Consequently (2.3.19) converges uniformly for
v E SZ and defines W;(g:v,m)as a holomorphic function of » in a neighborhood
of »°. This completes *the proposition.

Remark. This is the substitute of proposition 3.3 of [3].

Proof of theorem 2.1. The proof follows exactly the same method as that of
theorem 3.4 of [3]. Clearly:

Wo(8:vsm) = Wi (8w, v, ).

For ¢ >0, let B, be the union of all wS(w,), w € W, with /(w) < ¢, and the
common walls between them of the type

S, ={v €Eag|Re(r(H,)) =0}, a €A

For every a € A, W, has an analytic continuation to S(w)), w,S(w)), and S, by
proposition 2.3.1. Put

Ay =S(w)Uw,S(w)US,.

Then (M, A4, = S(w) which is connected. Consequently W, extends to a
holomorphic function of » on B,. The proof is now an 1nduct10n on g. As we
just observed it is true for g = 1. Now suppose W, has an analytic extension to
B,. Following [3], we shall show that it extends to an analytic function on
B, U w,B, for every a € A.

Suppose » € w,B,, but » & B,. By (3.4.8) of [3], and proposition 2.2.1,
A’(v,m,w) is holomorphic. Define:

‘P(V) - A (v, m, ‘,), (g’ Wo?s an)

Now by induction hypothesis y(») is holomorphic for » € w,B,, but » & B,.
Furthermore by proposition 2.3.1.,

v(r) =W (&7.m)
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v € A,. Consequently J(») defines an analytic continuation of W, to a
holomorphlc function of » on B, U w,B,.

From (3.4.7.1) of [3], it follows that B, U w,B, and B, U wzB_, a, B €A, have
a connected intersection. Thus W, extends to an analytlc functxon on the union
of all B , U w, B, a €A,

Now, an application of Hartog’s theorem shows that W, extends to an
analytic function on the convex hull of this union which contains B ,+1 DY (3.4.6)
of [3]. This completes the induction.

Let m be the maximum length of the elements of W, i.e. m = I(w,). Then B,
contains | J, ey wS(w). Again an application of Hartog’s theorem extends W,
to the convex hull of |,y wS(w,) which is a&. This completes the theorem.

Proof of theorem 2.2. We only have to show that the extension of A(»,n) by
means of theorem 2.1. is continuous for all » € a&. For v €S (w,), the closure of
S(w,), this follows from proposition 1.1 and the fact that the pointwise limit of
distributions is again a distribution. For other values of », the theorem is a
consequence of the functional equation (2.3.17) which now holds for all » € af,
lemma 2.2.1, lemma 3.4.2 of [3], and the same statement for » €S(w,).

COROLLARY. Let (I, W) be a principal series representation of G; then:
Dimc Wy = 1.

Remark. This has also been proved by a completely different approach by B
Kostant [7].

3. Whittaker functionals for non-degenerate representations. In this section,
we shall make certain observations concerning the Whittaker functionals of
certain non-degenerate representations, and prove a result on non-degeneracy of
the representations induced from such representations (cf. {11] for p-adic
groups). Throughout this section, we shall make the following assumption on G
(except at the end of this section).

Let g be the complexification of g. Denote by G a complex connected group
containing G whose Lie algebra is gc. Let Ad(G() be the corresponding adjoint
group, and set g = ad(g). Put

GMax={gEAd(GC)|g‘gCg}

Then as a Lie group, G, = exp(g,) is the identity component of G,,,, and
Gumax = FG,, where F is the set of all a € exp(ad ag) such that a? = Id (cf. [7]).
Now let Z(G) be the center of G. We shall assume G = Z(G) X Gp,y- This
includes GL,(R) and PGL,(R), but, for example, not SL,(R).
Let u denote the Lie algebra of U. We fix a non-singular homomorphism p of
Lie algebras from u into C (cf. [7]). As before, we put U(g) = U(gc).
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Definition. A W(g)-module V is said to be (algebraically) non-degenerate, if
there exists a linear function N € V' (algebraic dual of V') such that

X A=p(X)\ VXeuw

Now, from the results of B. Kostant [7] and D. Vogan [17], it follows that for
every v€ad and every n€ M,, V(v,n)x, has a unique non-degenerate
subquotient which is a subrepresentation if » €S (w,) (the closure of the positive
Weyl Chamber). We denote this subrepresentation by V2. Now, let A(»,1) be
the Whittaker functional defined by theorem 2.2. Define a Lie algebra
homomorphism p from u to C by exp( (X)) = x(exp(X)), X € u.

Let B(v,m) be the intertwining map v—>w, between V(»,7), and its
Whittaker model (cf. Introduction). Then using p, B(v,n) and consequently
A(»,m) do not vanish on V2. Let ¥2 be the closure of V2 in V(»,1),. Then
A(r,m)| V2 is a Whittaker functional for V2. If we denote by §° the map

0
V(wp, w,n)K—(S——> Ve—0 rveS(w),

then by a result of W. Casselman and N. Wallach, §° is continuous with respect
to the Schwartz topologies on V(»,1), and V(ww»,wmn),, and consequently
Dimg( Vf,’o);‘ =1L

Fix v€ag, n€ M, and we W. Write w=w, ...w,, o; €A, as in the
corollary of proposition 2.1.1. Define

m
Yu(n,7) = H1 v(nd, 7).
=

where V(g = v/'(Haj). Now set

A/(Va UB W) = .Yw(ﬁ’ 1}) A (1), m W)'

When w = w,, it follows from lemma 2.2.1 of this paper and lemma 3.4.2 of [3]
that A4’(w,», wn, w)) is holomorphic whenever » €S (w,). Now write

V(wp,wn)=W,® W,

with W, indecomposable and

80
W,— V2—>0,

where we still use §° for its restriction to W,. Let A’ denote the restriction of
A'(wp,wm,w) to W,. Then, by Jacquet’s functional equation 4’#0. The
following proposition is a simple consequence of the uniqueness of the
non-degenerate quotient.
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PROPOSITION 3.1.  Let v €S(w,). Then the image of A" in V(v,n)x is V2, and
furthermore every intertwining operator whose image is V2, is in fact only a
multiple of A'. In particular we may assume 8§° = A’.

COROLLARY 3.1. The image of the operator A’ in V(v,n)g, v ES(W)), is
irreducible.

Now, let 7 be a non-degenerate irreducible admissible representation of G on
a Fréchet space V. Then Vj is algebraically non-degenerate. By Casselman’s
subrepresentation theorem (cf. [1, 9, 18]) and [8], choose » € a& and n € M, such
that

0— VK—8—> V(v,m)g

and
)
V(wp, wn)K—> Ve—0

for some w € W. Observe that we may actually assume v €S (w)).
Let us call 7 a fine representation if every infinitesimal imbedding §’ of # into
a principal series extends to a bicontinuous isomorphism 8" : V', = V2.

Remark. When the group G = GL,(R) or GL,(C), then it is a result of W.
Casselman and N. Wallach that every irreducible unitary representation of G is
fine.

Suppose now that « is fine. Then, the imbedding 8" of Vy inside V(»,n)g
induces an isomorphism §": ¥ = V' and consequently Dimg Vi=1

Furthermore, we may normalize a Whittaker functional A on 7 such that
Ag - 6 = A(wr, wn); or by Jacquet’s functional equation and proposition 3.1

Ag = A, M), 8" (€R))

Finally, suppose G is any split reductive group. Let P be a parabolic subgroup
of G containing B. We fix a Levi factor M with M D T. Write P = MN. We
assume M = Z(M) X My,,. Let = be a non-degenerate irreducible admissible
fine representation of M on a Fréchet space. Then

PROPOSITION 3.2. The continuously induced representation Indp,cm is
non-degenerate.

Proof. Let I,,(»,1) be a principal series representation of M such that

Ly
Vie(wiv, win) ,— V—0,

where w, _denotes the longest element of the Weyl group of (M, T), v ES(w,O)
andn € M By theorem 1.1, we may assume V,,(w», w'n) is indecomposable.
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Then, the map gM is in fact 4 M(w,ov, w,o'q, wy). Now, by inducing in stages,

a/
I dI 9 ;I b >
PI%G M(V n)oo (V n)oo

and
a
Ind 1), (win, win) _ =1(win, win)_,
P1G
where
a(f)(gm) = f(g)(m).
We need
LemMA 3.1. o - (8,,) - a™' = A'(wh, wihy, wP).

Proof. Let a: f— f; then f( g) f( g)(e). Put B =a~". Then Ind(§,,Xf)(g)
=68, (f(g) for f € Indp,g L, (W, wi),, . Now, take f= B(j) then

(Ind(8, ) - B)(F X&) = 8u (BT ) &))- (32)

But for » € S(w)) and m € M
B (B )())(m) = v (wfi. o) [ T (gmun?)
Set y = Ind(§,,) - B; then by (3.2) we have

(@ V()8 = 1(F )()(e) = A'(wiw, win, w) f (&)
and the lemma follows by analytic continuation.

Proof of proposition 3.2. Let §,, be the original imbedding of Vi in
Vu(@sm)g, and put 6 =1Ind(5,). Suppose Indp,;7, is degenerate. Then
A(v,7m) - 0 vanishes on Ind,,; 7. Finally, using Jacquet’s functional equation

}\(wlov, w,on) = N(v,)A'(wv, wn, wlo) =A(»,m)-8=0.

which is a contradiction.

CoROLLARY 3.2. A Whittaker functional \ for Indp,g 7, is given by
A =A(#,n) - Ind(§;).

with v €S(w}).
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Appendix. Quasi-split groups. In what follows, we shall explain how to
extend the results of section 2, to certain quasi-split reductive real algebraic
groups. Since the other results explained in section 3 are already true for such
groups, this will extend the results of this paper to these groups. Observe that the
results of section 3 only hold for certain quasi-split groups, namely when
G = Z(G) X Gpp,y- Therefore let us still resume this assumption.

This extension follows the same lines as in section 2, but we have to limit
ourselves only to the results of [12]. In fact, we shall prove all the results that we
need from [3] for this larger class of groups. This is done by means of the results
of [12].

We make the assumption that for any root a, 2« is not a root. Using the
previous notation, the torus M, A is no longer necessarily split. For the sake of
simplicity we also assumen = 1,7 € Mo First observe that all the results proved
in 2.1 hold for any group of rank one.

Now, let » € ag and fix an irreducible unitary representation ¢ of K on the
Hilbert space H,. Denote by P(o), the projection operator on the subspace of
the vectors v € H, satisfying

a(m)v =" me M,.
Consider the function f, , on G defined by
fys (kamu) = o(kye ™" +9098 p ().
For we W and » € S(w), put

T(»,0, w)=f a(wk,)e™ (**+PUBWP (g dy,
Vw

where v = k,a,u,. Then proposition 3.2 of [12] implies that for » € S(w)
fwv,oT(V’o’W) fo v,0,w?

where @, is the measure defined in paragraph 1.8 of [12]. Now, we define a
Whittaker function of type o by

W,(g:2 1) = | f.(g0)X(v) db.

Suppose first that G has real rank 1. Then for » not a nonpositive integer,
theorem 3.3 of [12] implies

W,(g wr, N)T(v,0,w) = W, (g, v, DX (P, 4.)- (A.1)

Here w denotes the non-trivial element of W and x'(®,,,) is the Fourier
transform of @, with respect to x'. Let b denote the Lie algebra of V'=V,.

Put v =exp(Y) with Y €p. Observe that we are assuming that V is abelian.
Suppose that

x/(exp( Y)) = e—21ri0( Y)
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with 8 € v*, the real dual of b. Now, let

T(1/2(p—v»

where p=p=dimV. Observe that when the dimension of V is one,
v,(1,7) = y(1,») defined in 2.1. Let || || denote the Euclidean norm in v*; we
prove

LEMMA A.l. Assume ||0]| = 1; then X(®,,,) = v,(1,»)”"
Proof. By (3.4.2) of [12]

D, = N(@) "= |Y|""
where || || also denotes the Euclidean norm in v. Then

X (@) = [ 17 I"72x (exp(Y)) dY

=fVN(u)" X (v) dv.
But

N(U)y P l/2(p—v)e-tN(u)2d*t

NG b

— N(ava~")? da.

4 (@-20ga),
T(1/2(p - »)) Je

where ¢ = e ~*1°82, Thus

X@n) = Ty S X o) dode

___ 4 +eo 2»( TR _\YIR, - 2mie(Y) dY)d*t
T(1/2(p - u))fo ([ e

4 R Y P
= WM [T e gy,
e b e

where all the computations are justified for Re(») > 0. By assumption |0} = 1,
and consequently

K iy dy

= ‘Yp(l’p)“l)

and the lemma follows.
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Remark. In the case of split groups this is just lemma 2.2.2.
Let e and e’ be two vectors in H,. Define a function in V(», 1), by

Jeors(kau) = e~ TPV (e | o (k) P(v)e’),
where (| ) denotes the inner product in H. Then

A (V’ uB w)fe.e’,v = fe,T(V,a,w)e’,wv’

which is an element of V' (wwr, 1),. Consequently (A.1) implies
X (Lo W(8: v, 1) = Wi 1(8wrs 1) (A-2)
for every f € V(», 1)x. Now set
A'(v, Lw) =vy,(1,»)A(v, 1, w),
same notation as in the split case. Then lemma A.l and relation (A.2) imply

Wi(g v, 1)= Wy, w)f(g’ wr, 1) (A3)
first for f € V(», 1) and then by continuity for all f € V(», 1),.
LEMMA A.2. Suppose Re(v) < 0; then A'(v, 1,w) is holomorphic.

Proof. Suppose Re(r) < 0. By a new form of proposition 3.1, the image of
A’(v,1,w) is non-degenerate and furthermore the Whittaker integrals on
I(wv,1), do not vanish on this image. Now the lemma follows from the
holomorphicity of Wy(g,», 1) for all » € a and the relation (A.3).

Now suppose G is of arbitrary rank. Lemma 2.3.2 and consequently lemma
2.3.1 are now immediate, using the same methods as in section 2. We also
observe that the corollary to proposition 2.2.1 holds for such groups.

The proof of lemma 2.3.4 is not of any more difficulty. In fact, for » € w,S(w)

JA G g @) do ($€ C(G)) (A4)

is holomorphic (after lemma A.2). Also when » is close to the wall between S(w,)
and w,S (w,) the proof of the second part of proposition 2.3.1, shows that
W (g v.m) is holomorphic in a small neighborhood of ». The equality of
Wf (g,v,m) and (A.4) in this neighborhood follows from lemma 2.3.2. It clearly
extends to the whole w . S(w)) by analyticity of (A.4). Now proposition 2.3.1, and
consequently theorems 2.1 and 2.2 follow immediately.
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