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A proof of Langlands™ conjecture on
Plancherel measures;
Complementary series for p-adic groups

By FreypOON SHAHIDI*

Introduction

The purpose of this paper is to prove two general results on harmonic
analysis of p-adic reductive groups. Our first result, Theorem 7.9, proves a
conjecture of Langlands on normalization of intertwining operators by means of
local Langlands root numbers and L-functions, at least when the group is
quasi-split and the inducing representation is generic. Assuming two natural
conjectures in harmonic analysis of p-adic groups, we also prove the validity of
the conjecture in general (Theorem 9.5). As our second result we obtain all the
complementary series and special representations of quasi-split p-adic groups
coming from rank-one parabolic subgroups and generic supercuspidal represen-
tations of their Levi factors (Theorem 8.1). Both results are consequences of our
main Theorem 3.5 which proves the most general result about local Langlands
root numbers and L-functions at present.

More precisely, let G be a quasi-split connected reductive algebraic group
over a non-archimedean field F of characteristic zero. Fix a Borel subgroup
B = TU of G and let P = MN be a parabolic subgroup of G such that N c U. If
A, is the maximal split torus of T, we let W(A ;) denote its Weyl group. Finally,
if @ is a subset of simple roots A of A, in U such that P = P,, we choose
1 € W(A,) such that @(6) C A.

Fix a non-degenerate character y of U = U(F). We use x to denote its
restriction to U? = U N M as well. Let o be an irreducible admissible y-generic
representation of M. We will say x and @ are compatible if x|U° =
x|Ad @(U°). Either changing the splitting for G, or said in other words,
replacing o with another generic representation in its L-packet, we may always
assume y and @ are compatible (cf. Section 3). This will simplify our calculation
of local coefficients (cf. equation (1.2) for their definition) and makes their
definition canonical. Observe that this is permissible since local factors are
expected to depend only on the L-packet of o.

*Partially supported by NSF Grant DMS-8800761.
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Given an irreducible admissible representation o of M, v € ag, the
complex dual of the real Lie algebra of the split torus A of the center of M, and a
representative w of @, let A(v, o, w) be the standard intertwining operator
defined by equation (1.1) of Section 1. Let y,(G/P) and y,-(G/P’) be defined
as in Section 2. Then there exists a constant u(v, o, @), which depends only on
v, the class of o, and @, but not the choice of w, such that

A(v, o, w)A(D(v), ®(0), w™") = u(v, 0, ©)7,(G/P)y,-(G/P).

In analogy with the tempered case [12], [44], this is what we call the Plancherel
measure attached to v, o, @, knowledge of which is of great importance in
harmonic analysis on G (cf. Theorem 8.1, for example). Finally, set A(o, w) =
A0, 0, w) and ulo, @) = ,u(O o, ).

On the other hand let “M be the L-group of M and denote by “n the Lie

algebra of the L-group of N, = U N wN w ™ '. Let r, be the adjomt action of
"M on "n, and denote by r. o the restriction of 7, to the subspace V, c'n_,
1 <i <m, defined in Section 1. Then r, = @" r; ;.
the decomposition of r, to its irreducible constituents. We then set r = r; and
r; =rg , where @, is the longest element in the Weyl group W(A) modulo
the Weyl group of A, in M.

Given a complex number s, an irreducible admissible representation o of
M, a representation p of “M, and a non-trivial additive character ¢, of F, let
L(s, o, p) and &(s, o, p, ;) be the conjectural Langlands L-function and root
number attached to o and p. Next, let

Y(S’ o,p, lt[/F) = E(S’ g,p, lI’F)L(l - S, 6-’ p)/L(S’U’ p)

Even though neither of these factors is defined in general, they are expected to

If P is maximal this is

satisfy a number of properties. For example, if ¢': W/ — "M is a parametrization
of o, then &(s, 0, p, ¥,) = (s, p - @', ¥,) and L(s, o, p) = L(s, p - ¢'), where
the new factors are those of Artin (cf. [26], [46]), and Part 1 of Theorem 3.5 for
p = rg ;). Moreover they are supposed to be inductive (Part 3 of Theorem 3.5)
and when o becomes the local component of a glebal cusp form, they must be
the corresponding factors appearing in the functional equation satisfied by the
cusp form (Part 4 of Theorem 3.5). A first version of Langlands’ conjecture on
Plancherel measures [24] can now be formulated as follows:

The Plancherel measure u(o, ) satisfies:

(1) wlo, ®)y(G/P) 'y i(G/P) ' = (0,0, 1, ¥:)¥(0, 6, rg, Y1)

The first result of this paper is a proof of this conjecture in the generic case.
More precisely, assume o is y-generic and y and @ are compatible. Then for
each i, 1 <i <m, there exists a unique factor y,(s, o, ¢.) = y(s, 0,1, ;, ¥p)
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satisfying Properties 1)—4) of Theorem 3.5 such that if

m
y(s, 0,74, ¥p) = l_lly(s,o,r,;,,i,t/fp~),
-

then (1) is satisfied (Corollary 3.6).

To get the finer version of the conjecture, one needs to define root numbers
(s, 0,1y, ¥;) and L-functions L(s, o, ry). This we have done in Section 7, by
using, first y,’s to define these factors when o is tempered, and then analytic
continuation to extend this to arbitrary o by Langlands™ classification [43]. It
agrees completely with the case of real groups [28] and we believe that these
factors will equal their Artin counterparts as soon as a parametrization is
available (cf. Lemma 3.3, Proposition 3.4, and Part 1 of Theorem 3.5). The final
form of the functional equation is then formulated in terms of these root
numbers and L-functions as our Theorem 7.7. Next let

Ao, w) = (0,0, 7y ) L(1, 0, 7 )L(0, 0, 7)Ao, w)

be the standard normalization suggested by Langlands (cf. [27], [2]). Then our
Theorem 7.9 proves Langlands™ conjecture as follows:

The normalized operator o/ (o, w) satisfies:
a) (o, ww,) = L (0,0), w)HA (o, w,), and
b) (o, w)* = A (@(o), w ), ie., (o, w) is unitary.

We should remark that in the case of real groups this was proved in [2],
while for G = GL(n), G,, or P minimal, and F non-archimedean it was
established in [37], [40], and [20], respectively.

When we assume two standard conjectures (Conjectures 9.2 and 9.4) in
harmonic analysis this is then extended to any irreducible admissible (not
necessarily generic) representation o of M in Section 9 (Theorem 9.5). Since
inner forms are supposed to preserve Plancherel measures [1], this must
complete the conjecture in general.

Such a fine normalization is expected to be of importance in applications of
the trace formula [1], [3], [20], [35], [36]. We shall only refer to the possible
application of this to compatible normalization of intertwining operators for two
different groups when their trace formulas are compared (cf. [1]). We hope to
address this in a future paper.

Theorem 3.5 is of interest by itself since it proves a general result about
local Langlands root numbers and L-functions attached to representations r; ;
which include practically every case presently known. It proves the existence
and uniqueness of the factors y(s, o, p, ;) satisfying a number of important
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properties when p =r, ;.. Although not as strong, it is reminiscent of the
Deligne-Langlands result on the existence and uniqueness of local root numbers
for Artin L-functions [8], [26], [46]. Finally part 2 of Theorem 5.3 must be
considered as a factorization of local coefficients at finite places (cf. Conjecture
7.1). This was previously proved for real groups in [36].

Even though the results are local, the proof of Theorem 3.5 is global and
uses a version of a result of Henniart [14] and Vignéras [47] (Proposition 5.1) on
generic Poincaré series. Our experience with GL(n) shows that any local proof
of these properties, especially equation (3.10), is extremely difficult in general
([37], [15]). We refer the reader to comments at the end of Section 3 on the
inductive property 3) and equation (3.10) in the case of GL(n).

The factors 7y, are defined inductively and the induction step, which
generalizes Lemma 4.2 of [39], is established in Section 4. The proof of Theorem
3.5 which starts in Section 4 is finally completed in Section 6.

One consequence of the results of Section 4 is the removal of the technical
assumption that the restriction of 7 to the center of M is trivial whenever
m > 2, from all the results of [39] (cf. Remark 4.12 here). Thus Theorems 5.1
and 5.2, Corollary 5.3, Lemma 5.8, and Proposition 5.9 of [39] are now all valid
with no assumption on 7. :

As our second result in harmonic analysis we obtain all the complementary
series and special representations of G when P is maximal and o is an
irreducible unitary supercuspidal generic representation of M. More precisely,
let @ € A be identified with the unique reduced root of A in N and set
@ = (p,a) 'p, where p is half the sum of positive roots in N. Let L(s, o, r;) be
the L-function attached to o and r; in Section 7 and denote by P, (¢*) its
inverse which is a polynomial in ¢~*. By Lemma 7.5, P, ;=1 for i > 3. Our
Theorem 8.1 then asserts:

Assume o is ramified, i.e., (o) = o, and (o) is irreducible. Choose (by
Corollary 7.6) a unique i, i = 1,2, such that P, (1) = 0. Then:

a) For 0 <s < 1/i, the representation 1(sa, o) is irreducible and in the
complementary series.

b) The representation I(a@ /i, a) is reducible with a unique x-generic sub-
representation which is in the discrete series. Its Langlands quotient is never
generic. It is a pre-unitary non-tempered representation.

¢) For s > 1/i, the representations 1(s@, o) are always irreducible and
never in the complementary series.

If o is ramified and 1(o) is reducible, then no 1(sa, o), s > 0, is preuni-
tary. They are all irreducible.

In particular, the edge of complementary series is always either ;& or a.
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Since the cases of quasi-split rank-one groups are completely answered [19],
our examples of Theorem 8.1 are the most interesting and difficult cases of split
rank-two groups (Propositions 8.3 and 8.4, and Remark 8.5); namely:

1) G is a split group of type G, and M is generated by the long root of
T = A,

2) G is either Sp, or GSp, and P is the non-Siegel maximal parabolic
subgroup of G. The case G = GSp, was first studied by Waldspurger [49], using
an entirely different method.

I would like to thank Robert Langlands for several useful discussions on
different aspects of this paper. Thanks are also due to L. Clozel, T. Hales, R.
Kottwitz, and J. Rogawski, as well as D. Keys for very useful discussions on the
material in Sections 9 and 8, respectively. Finally I would like to thank Paul
Sally and the University of Chicago for their warm hospitality during my
month-long visit in the Spring of 1988, where parts of this paper were written.

1. Notation and terminology

Let F be a non-archimedean field of characteristic zero. Denote by O its
ring of integers and let P be its maximal ideal. Let ¢ be the number of elements
in the residue field O/P. We use | |r to denote the absolute value in F.

Let G be a connected reductive algebraic group over F. We shall further
assume that G is quasi-split over F. Fix a Borel subgroup B of G over F. Write
B = TU where T is a maximal torus and U denotes the unipotent radical of B.
Finally, let P be an F-parabolic subgroup of G, containing B. Write P = MN, a
Levi decomposition. Then U D N.

For every algebraic group H over F, let H = H(F). We then have G, B, T,
U, P, M, and N. _

Let X(M),. be the group of F-rational characters of M. We then set

a = Hom(X(M).,R)
and let ag = a* ®; C, where \
a* = X(M), ®, R

denotes the dual of a. Observe that a is the real Lie algebra of the maximal
split torus A of the center of M. Finally define the homomorphism H,: M — a

by
g =[x (m)|,

for all y € X(M),..
Next, let A, be the maximal F-split torus in T, A, D A. Denote by ¢ the
set of F-roots of A,. Then ¢ = ¢*U ¢~, where ¢ is the set of positive roots,
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i.e., those generating U. Let A C ¢ be the set of simple roots. We use 6 C A
to denote the subset of A which generates M. Finally, let W(A ;) be the Weyl
group of A, in G.

We shall always fix a special maximal compact subgroup Q of G, adapted to
Ay =A(F) (cf [44]). Then G = PQ. If G is unramified, we may choose
0 = G(O).

Given an irreducible admissible representation o of M and v € a{, let
I(v, o) be the representation of G induced from o and v. More premsely, let

I(v,o0)= Ind 0 ® ¢\»H() @ 1.
MN1G

We use V(v, o) to denote its space and let 1(o’) = I1(0, ') and V(o) = V(0, o).

Fix a @0 € W(A,) such that @(0) C A and let w € G be a representative

for @. Let N, = U N wN w™ ', where N~ is the unipotent subgroup opposed
to N. Given f € V(v, o), let

(1.1) Ahaouwlﬂg)=_&j1w‘ﬂg)w1 (g €G).

The integral converges absolutely if Re(v,H,) > 0 for every a € A — 6,
where H, is the standard coroot attached to a. Moreover it extends to a
meromorphic function of » on all of a¥ (cf. [38], [44]), and away from its poles,
it defines an intertwining map between I(v,o) and I(%(v), @(o)), where
w(o)(m') = cr(w_ m'w), m' € M' = wMw ™! Frnally let A(o, w) = A0, o, w).

Now let “M be the L-group of M. Denote by “n the Lie algebra of the
L-group “N of N. The group “M acts by adjoint action on “n. If © n, denotes
the Lie algebra of the L-group of N, it is then clear that “n_ is stable under
this adJomt action. We use r and r, to denote the adjoint action of “M on “n

u')

and “n_, respectively. Let p = pp be half the sum of the roots whose root
spaces generate N. Then for each @ with X, €'n, (2p, a) is a positive
integer. Let a, < a, < --- <a,, be their distinct values. Set

V= (X, €'nyl(2p, @) = a,).

Each V; is invariant under r,. We let r,,; be the restriction of r, to V.
Throughout this paper we shall respect the above order of r;’s.

If P is maximal, then for non-trivial @, r, = r. We then set r, =71, and
therefore r = @ |r, with each r, 1rredu01ble (cf. [39). Moreover if a €A
identifies the unique reduced root of Ain N, we let @ = {p, @) ~'p which is an

element of a*. We then observe that for each i, 1 <i < m,

V, = {Xg €'ni(a, By =i,
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and therefore each V; is an eigenspace for the action of the center of M, the
connected component of “M. We shall call m the length of the above data.

Let x be a generic character of U (cf. Section 3 of [39] for its exact
definition). Then by restriction x is also a generic character of U = U%F),
where U? = U N M. An irreducible admissible representation o of M is called
y-generic if it can be realized on a space of smooth functions WO satisfying
WO%um) = x(w)W%m), m € M and u € U°. We call this realization (which is
unique), the y-Whittaker model W(o) for o.

If o is x-generic, then so is V(v, ) and to it we have attached a canonical
Whittaker functional A X(V, o) in [38], [39]. Moreover, if )\X(d)(v), (o)) is the
canonical functional attached to I(®(v), @(o)), then there exists a complex
number CX(V, o, w), the local coefficient attached to x, v, o, and w in [38], such
that

(1.2) A (v, o) = CX(V,0',w)AX(tb(V),Lb(U))A(V,G,w).
Let C (o, w) = C,(0,0, w). It satisfies (see [38])

(1.3) C (B(v), (), w™") = C(—v.0,w)

and :

(1.4) Ay, o, w)A(@(v), ©(0), w™ ")

= CX(V,(r,w)ilcx(u-)(V),w(U')’w_l)_l

Finally we observe that if o is a unitary y-generic representation, then its
contragredient ¢ is y-generic and moreover

(1.5) Cy(6,w) =C (o, w).

2. Plancherel measures and Langlands’ conjecture

Let o be an irreducible unitary representation.of M and choose @ as
before. There exists a constant u(v, o, ), which in analogy with the tempered
case we shall call the Plancherel measure attached to v, o, and @, such that

A, o, w)A(B(v), ®(a), w ") = u(v, 0, ®) va(G/P)ya-(G/P).

The constants v,(G/P) and y,-(G/P") are defined as follows. We first extend
H, to a function of G by letting Hp(mnk) = Hp(m), m € M, n €N, and
k € K. Next let

N. = w_lNﬁw

w

N Nw 'Uw.
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We then define:

No(F)

¥o(G/P) = [ (2o B g

The measure dn is obtained by transporting the measure dn defining A(v, o, w)
from N (F) to N,(F). Similarly we define y,-(G/P’), where P’ is the standard
parabolic subgroup which has M’ = wMw ™! as its Levi factor.

Clearly u(v, o, @) is independent of the choice of measures. We shall show
that it is also independent of the choice of w. Let w = mw, for some m € M'.
Define a map T from V(w,(v), w,(o)) into V(w(¥), w(a)) by (Tf)g) =
flm~'g). Then it is easily checked that

T-A(v,o,w,) =A(v,0,w) - d(m™'nm)/dn
and
A(w(v), wy(o), w T = A(w(v), w(a), w™).

The factor d(m™"'nm)/dn appears due to the change of the measure dn on N,
and therefore the factor y,(G/P) must be corrected by it. It is now clear that
u(v, o, ©) remains unchanged. It clearly depends only on the equivalence class
of o. We finally set u(o, @) = w(0, o, @).

Now assume @ = @, is the element which sends every root « € A — 9
to a negative root. Then w(v,o) = u(v,o,®,) will be the generalization
(from tempered o) of the Plancherel measure defined by Harish-Chandra
(cf. [12], [44]). We shall then take the measures defining A(v, o, w) and
A(@(v), (o), w™ ") in such a way that

‘on(c/P) = ')'a,«o-l(c/P’)y

and let y(G/P) denote their common value.

Fix a nontrivial additive character ¢ of F. Given an irreducible admissible
representation o of M and a representation p of “M, let L(s, o, p) and
(s, o, p, ¥.) be the conjectural Langlands L-function and root number attached
to o and p, s € C. In general this has been defined only if F is archimedean or
o is of class one; i.e., G is unramified and the space of o contains a G(O)-fixed
vector. Next, let

Y(S’U’ p’ lIIF) = E(S’O-’ p’ lr[/F)L(1 - S’&’ p)/L(S’U> p))

where & denotes the contragredient of o. The following conjecture is due to
Langlands [27].
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Conjecture (Langlands). The Plancherel measure u(o, W) satisfies:
[.L(O', lz?))/u-)(G/P)_l‘ywﬂ(G/P’)_l ‘Y(O’ O,7Ts, (Zp)')’((), (;, To> 'J’F)
= Y(O’U’ru‘)’lzl'")/‘Y(lya-;rw;(ZF).

The equality of the last two statements is just a consequence of the
conjectural relation

y(s,o,p,¥p)y(1 — 5.6, p, ) =1
(cf. equation (3.10)).

The main result of this paper (Theorem 3.5 and its corollary) is a proof of
this conjecture when o is generic. The finer version of this conjecture, Theorem
7.9, is proved in Section 7. Later, in Section 9 we shall discuss how the general
case can be reduced (modulo certain standard conjectures) to the generic case
and prove the conjecture in general (Theorem 9.5).

3. The fundamental theorem

In this section we shall state the fundamental result of this paper, Theorem
3.5, from which a number of results including a proof of Langlands’ conjecture
on Plancherel measures will follow. We first need some preparation.

We shall always fix a nontrivial additive character ¢, of F. Given @ €
W(A ), we shall always fix a representative w as in [36].

Next, given a € ¢+, let G, ,, be the simply connected covering of the
derived group of the rank-one subgroup of G attached to a. Then CQ‘D =
Res 1, , »SL(2) or Res , ,-SU(2, 1) for some finite (separable) extension F, of F.
In the second case, let E,/F, be the defining quadratic extension for SU(2, 1).

Fix & € W(A,). Denote by A(®) and Ay(®) the sets of reduced
roots in ¢* with @(a) € ¢~ for which G, , = Resy, ,SI(2) or G,p=
Res ,, ,»SU(2, 1), respectively. We now set
(3.1) )‘G(ll’F’ w) = l_[ MF,/F, d’p)

acA (D)

[T ME./F.elME/F )
acAy(w)

where for each finite separable extension E/F, A(E/F, ;) denotes the corre-
sponding Langlands A-function (cf. [26]). This factor is imposed on us by the
main result of [20].

Having fixed ¢, we then define a generic character x,, of U as follows. Let
a € A. If E_ is the smallest extension of F over which the rank-one subgroup
of G generated by a splits, we let x,|U, = ¢, - Try_,. This defines x,
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uniquely. An arbitrary character x of U is obtained by conjugating x, by an
element a € A (F). More precisely x(u) = x,(a 'ua), u € U, and therefore if
Ady(a)Xu) = a 'ua, u € U, then Ady(a): U > U must be F-rational (Ad,
denotes the restriction of Ad to U).

If F is a non-archimedean local field, G is unramified, and Y is an
unramified additive character of F, then unramified characters of U are obtained
by choosing those a € A(O) for which Ad(a) is F-rational, where O is the
ring of integers of F. Finally, suppose F is archimedean. We fix Y as in [36],
ie. Yg(x) = exp(27ix) and Y(z) = Yz + 2); in other words ¥ = ¥ g By
restriction of scalars we may always assume F = R. Let g be the Lie algebra of
G(R). As in [36], denote by G,,,, the group

Gy = {2 € G(C)|(Adg)g = g}.

Then it is immediate from the definition that Ad(a) is R-rational if and only if
a € Gy, In the notation of [36], if 1(», n) is a principal series representation of
G and 7 is an extension of 7 to My, , (AYM,U is a Langlands decomposition
for B), then I(v, 7)|G = I(v, n). We start with the following lemma.

Lemma 3.1. Assume F is either local or global. Fix & € W(A,) and let
a € A(F) be such that Ad(a) is F-rational. Then w(a)a™"' € G(F).

Proof. 1t is enough to show o (@(a)a™') = w(a)a™! for every 0 € ' =
Gal(F/F). Since Ad(i): A, = A, is F-rational it would be enough to show
w(a"'o(a)) = a”'g(a). Since Ady(a) is F-rational, then o(Ad,(a)) = Ad,(a),
for all o € T', where Ad;(a) = Ady(a)|U. On the other hand o(Ad,(a)) =
Ad(0(a)) and therefore Ad,(a'o(a)) = 1. This implies that a~'o(a) belongs
to the center of G and is therefore fixed by @, completing the lemma.

Now, let P = MN be a parabolic subgroup of G, N C U, and assume
M =M,, 6§ C A. Fix © € W(A) such that @(6) C A. Let o be an irreducible
admissible y-generic representation of M. It is implicit in the definition of local
coefficients that x and @ must be compatible. (This makes them canonical and
will have no global effect.) More precisely

x|U° = x|Ad @(U"),

where U’ = U N M. This implies that if x = x, - Ad,(a), then since x, is
defined by ¢,

Xo(AdU(a)“) = )(O(Adu(d)(a))u)

for all u € U°. Consequently

Xo* AdU(d)(a)a_l) = Xo
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on U° which immediately implies that ®(a)a ™! must be in the center of M( F).
But then by Lemma 3.1 it must be in fact in the center of M(F).

Given a generic representation o of M and w € W(A ) with @w(9) C A,
the splitting for G (cf. [32], [41)), i.e., the choice of the basis {X,), a €A, and
therefore for M, can be changed so that o becomes generic with respect to a
generic character , compatible with @. In fact by a change of splitting o can
be made generic with respect to x, which is compatible with every @.

Otherwise, i.e., if we do not want to change the splitting, then, up to
conjugation by elements in A ,(F), or said in other words, up to L-indistinguish-
ability, o may be chosen to be x,-generic which is then compatible with every
w satisfying w(6) C A.

Finally we should remark that the choice of splitting for G will have no
effect on the value of Plancherel measures and therefore in (1.4) we may always
assume that y and @ are compatible.

We shall now observe the following extension of Theorem 3.1 of [36].

Proposition  3.2. Assume F = R. Let o be an irreducible admissible
x-generic representation of M. Choose a € A (C) such that x = x,, - Ady(®,(a)),
where w, is the longest element in W(A ). Choose @ € W(A,), compatible with
x. Let o: Wy — LM be the homomorphism attached to o, where Wy, is the Weil
group of C/R. Denote by w, the central character of o ® e?P, s € C, where
p, is half the sum of the roots in N. Then

(32) C,(2spy, 0, w)

= A(¥p, w) 0, (i (a)a™")

’ ]__[8(0 S, rw i P> l/jR)L(l a;s, w i (P)/L(a S rw i (P)

i=1

Here (s, 1 ;- ¢, ¥g) and L(s, 1y, - @) are the Artin root number and L-func-
tion attached to ry, ; - . \

Proof. In view of Theorem 3.1 of [36] we only need to study the effect of
changing x, to x. As in [36] we shall again use an embedding o C I w(Vo, M) to
get C,(v,0,0,w) =C (v +vy,n,, ¢, w). By the observations made before,
a as well as wy(a) both belong to G, and if n, extends to 7,, then
1@2sp, + vy, 10)|G = I(2sp, + vo, m,). Therefore we only need compute
C (v + vy, 7y, ¢, w) for Gy, with v = 2sp,. But a direct calculation using the
deﬁnltlon of local coefficients and the fact that @(a)a ™" belongs to the center of
M (using x = x4 - Ad(a™"), where x is defined by x§|U, = xolU_zq for
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every simple root a) implies
Co(2spy + vy, 7y, ¢, w) = 0, (@(a)a™")C, (2spy + vy, 7y, b, W),

completing the proof of the proposition.

Now assume g is arbitrary, i.e. yz(x) = exp(2mibx) with some non-zero
b € R. Again let ¢ = ¢y - Trg . Define x such that x|U, = ¢ - Try ¢
with E, as before. Choose a € A(F) such that x = x,, - Ad,(a). Then x is
compatible with respect to every @ with #w(8) C A. We have:

Lemma 3.3. Assume F = R. Fix x as above with yg(x) = exp(2mibx). Let
o be an irreducible admissible x-generic representation of M. Let ¢: Wy — "M
be the homomorphism attached to o. Then

m

CX(QSPo’U’w) = /\G(le,w)_l He(ais, Fai® @ (ZR)

i=1
L= sy 9 /Il e ).

Proof. By Proposition 3.2 it is enough to show that w (%(a)a™") cancels
the effect of changing the unramified character exp(2ix) to

yr(x) = exp(2mibx).

Let A = (v + v)) ® n,, v = 2sp,, where v, and 7, are as in Proposition
3.2 (cf. [36)). Fix a reduced decomposition @& = @, - i, of . Then

n

(3.3.1) w(@(a)a™") = TT(@,_, -+ ®A)(&;(a)a).

j=1

Since the measures are self-dual the lemma will be a consequence of the relation

m

(3.3.2) ].:[1 det(ru';,i e ® | |T“)(b) = ].i(wj—l U d)lA)(lbj(a)a_l)

and relation (3.6.6) of [46].

By the Langlands classification we only need prove this for o in the
discrete series. Given i, 1 <i <m, let r,, denote an irreducible component of
Tz ; - @. Then the left-hand side of (3.3.2) is equal to

m

l]l flIdet(m ® | |7“*)(b).

Every factor in the right-hand side of (3.3.2) points to a positive root which
under @ is sent to a negative one. Conversely, every such root in N points to a
factor in the right-hand side of (3.3.2). If we group the roots on both sides of
(3.3.2) according to Lemmas 3.4, 3.6, 3.9, 3.10, 3.11, and 3.12 of [36], (3.3.2) is
then a consequence of similar identities for each group of roots. When the roots
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in a group on the right-hand side of (3.3.2) are not real a-roots (Lemma 3.4 of
[36]), the corresponding identity is then a consequence of equality of infinitesi-
mal characters of o and I,,(v,,n,) (cf. relations (3.4.2) and (3.18) of [36]). But
when the group of a,-roots in the right-hand side of (3.3.1) consists of real
a,-roots, then for those roots which do not restrict to real a-roots, the sign of b
will not matter (cf. relations (3.23) and (3.24) of [36] in the case of Lemma 3.6 of
[36], for example) and the equality is again a consequence of equality of
infinitesimal characters. On the other hand for each of those (real) a-roots
which restrict to real a-roots, the corresponding one-dimensional representation
of Wy on the left-hand side of (3.3.2), when evaluated at b, is exactly equal to
the corresponding factor (@, , -+ @,AX@;(a)a™") of (3.3.2). This completes
the proof of the lemma.

In view of Lemma 3.3 we can now remove the assumption that g is
unramified and from now on assume that the character x, (in Proposition 3.2
and elsewhere) is defined by an arbitrary nontrivial character ¢z of R. All our
discussions on compatibility then carry over.

Now if F is any local field and o is an irreducible admissible x-generic
representation of M(F), we choose a in A (F) such that x = x, - Ad(@,(a)).
Up to elements in the center of G(F), a is unique. Given s € C, let w, be

ws =W ® q<25p6*HP( )>’

where  is the central character of o. It is the central character of

o ® q<23Pe Hp( ))

Let a, be the trivial cocycle in H'(W(A,), A,) defined by a () = @w(a)a™". If
W is compatlble with x, then a, takes values in the center of M and o (a (D))
makes sense. If F is non- archlmedean and G, o, and y are all unramified, then
¥y is unramified and @ € A ((O) and therefore » (a (1)) = 1.

Finally if F is a number field and o is a x-generic cusp form on G(A ),
where y = ®_x, is a nontrivial character of U(F)\ U(A ), then x, = ® xq.
will be another one (defined by a character ¢, = ® ¢, of F\A ), which we
shall call the unramified one. Moreover, there exists a € A,(F) such that
X = xo - Ad(0(a)), and if @ is compatible with x, then a () belongs to the
center of every M, and therefore the center of M(F) and

(3.3) - w,(a,(®)) = [To, [(a(@)) =
Similarly,
(3.4) AP, w) = H’\Cx,.F,.(‘/’Fgw) =1

Therefore both factors have no global significance.
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Now, if P is maximal and a € A is the unique simple root in N and s € C,
we set

(3.5) s; = (2p,, @) s.

Next, let F be non-archimedean. Assume the representation o of M has a
vector fixed by an Iwahori subgroup of M. Then by [7], [6], it is a constituent of
an unramified principal series (not necessarily unitary) representation of M. Let
@: W, > “T c*M be the homomorphism of the Weil group W, attached to the
inducing unramified character of T of this principal series. Let W, be the
Deligne-Weil group of F/F. It is a group scheme over Q which is a semi-direct
product of W, by G,, on which W, acts by wxw ™' = |lwllx (cf. Paragraph 4.1.1
of [46]). It is expected (cf. [17], [18]) that the representation o be parametrized
by an admissible homomorphism ¢’ of Wy into “M such that ¢'|W, = ¢ (cf.
Paragraph 8.2 of [5]). Then ¢'(G,) consists of unipotent elements and if r is a
representation of “M on a finite-dimensional complex space V, then for every
x € G, r - ¢'(x) becomes a unipotent element in GI(V). If M is unramified
and o has a vector fixed by M(O), then ¢'|G, is trivial and therefore o is only
parametrized by ¢.

Let r be a representation of “M such that r - ¢’ is indecomposable. Then
r - ¢ = p’ ® sp(n), where sp(n) is the representation (p, N) of W over Q on

V=Q"=0Qe¢ +Qe¢, + - +Qe,_,

defined by
p(w)e; = |lw|le, 0<j<n-—-1,
Ne;,=¢; 0<j<n-—1,
and
Ne,_ , =0,

and p’ is an irreducible representation of W, satisfying p' ® p =1r - ¢ (cf.
Paragraphs 4.1.2 through 4.1.5 of [46]). The contragredient of r - ¢’ is p’ ® sp(n),
where sp(n) = (p~!, N) is considered on the same space V = Q" such that

Nej=ej_l, 1<j<n-—-1,
while Ne, = 0.
Artin L-functions and root numbers are defined by Deligne [8] as follows
(also cf. Paragraph 4.1.6 of [46]): «

(36)  L(s,r-¢) =det(I— (o' ®p)(d)g |V, ®e,_,)
(3.7) e(s,r- o', ¢p) =e(s,r- SD,‘/’F)det(_(P’ ® P)(¢)|V/Vp' ® en—l)

—s(dimV—dimV,,)
bl

q
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and

(38)  L(s.7+¢) = det(1— (5 ®p")($)g |V, ® eg)

Here ¢ denotes an inverse Frobenius (cf. Paragraph 1.4.1 of [46]), and V,
and V;, are the spaces of p’ and its contragredient. Observe that ¢ is unramified
and therefore (V, ® ¢, )" =V, ® ¢,_;. We shall now prove:

ProrposiTioN 3.4. Assume F is non-archimedean and o has an Iwahori-fixed
vector. Moreover suppose o is x-generic and a € A(F) is such that X =
Xo - Ad(®,(a)). Choose © € w(A,), compatible with x. Let ¢': Wy — “M be
the homomorphism of W} attached to o. Then

C, (25pg, 0, w) = Ag(Whp, w) "o, (®(a)a™")

: ]_—18(018, ru, i ¢,’ (ZF)L(I - a,-s, ru';,i : ¢,)|L(ai8’ Fd;,i : ¢’)
i=1

Proof. Fix i, 1 <i <m. Let V be an indecomposable constituent of
7z i+ @' Then
n—1

elV= @D p ®p,
izo

where p; = ple;. Consequently
(34.1) (s, 7ai @IV, )

= S(S’Fu':,i “olV, JF)

[T det(I-(5'® pj_l)((b)q_(l_s))il/det(l —(p® pj)(fb)q*"')il,

0<j<n-—1

where (s, 7 ;" @|V,¥;) has its usual meaning. But then for each j,
0<j<n-1,

det(I — (p' ® p,)(d)g ") = q‘sk‘“‘“"’ det(—(p' ® p)(d)|V, ® ¢;)
~det(I - (5 ® pt)(d)g™ " »).

Substitution in (3.4.1) then implies that up to the factor e(s, 7y i @lV, ¥,), the
factor y(s, 7 ; - @|V, ¥p) equals

g~V =dm ) det(— (p' @ p)(6)|V/V,, ® €,

det(1 = (5 @ py ' )(@)g ™" 77) " /det(l = (o © p, - )($)a ")
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But by definitions (3.6), (3.7), and (3.8),
(s, 7o @1V Up) = (s, 7, @|V. Up)det(—(p' ® p)($)|[V/V, ®¢,_))

—s(dimV —dim p’)
q b

L(s, g ¢'|V) =det(I - (p' ® p,_)($)g~*) ",

and

L(s,rg ;. ¢'|V) =det(I - (§' ® po"l)(d))q‘s)_l
Consequently

Y(S’F ¢|V le) - 7( T, (Pllv’lZF)'

Now the lemma is a consequence of Proposition 3.4 of [20].

Remark 1. As is clear from the proof of Proposition 3.4, while the L-func-
tions and root numbers may depend on all of ¢', the factors y(s,r ;- ¢', ¢¥p)
only depend on ¢, the restriction of ¢’ to W,.. Consequently, the extent of our
use of any parametrization (cf. [17], [18)]) is the fact that the inducing character A
is the one attached to ¢ by the main local theorem of [31] (also cf. [24]).

Remark 2. Assume o is an irreducible class-one representation of M with
respect to a special maximal compact subgroup Q of M adapted to A ,(F). Then
as remarked on page 45 of [5], there is no reason in general that the parametriza-
tion ¢’ of o be trivial on G, unless Q is hyperspecial. But this then requires M
to be unramified and the use of Proposition 5.1 (which is one of our basic tools
in proving Theorem 3.5) becomes quite limited in general. It is for this reason
that we have stated and proved Proposition 3.4 (cf. Part 1 of Theo-
rem 3.5).

Another remark to be made is as follows: Let o be an irreducible admissi-
ble representation of M. Suppose o C Ind y, 1 0 ® 1, where MyN,, 6 C A,
is a parabolic subgroup of M and o is an irreducible admissible representation
of M,. Let 6" = @w(6) C A and fix a reduced decomposition @& =, , - @,
of @ as in Lemma 2.1.1 of [38]. Then for each j, there exists a unique root
a; € A such that ¥(a;) < 0. Foreach j,2 <j<n —1letw, =, |, - @,
Setwl— 1. Also, letQ =0, U {a;}, where 6, = 0,0, =0, and49jJrl w,(6)),
1<j<n—1 Then the group MQ contains M Ne as a maximal parabohc
subgroup and w/(0)) is a representdtlon of M,. The L-group “M, acts on V.
Given an 1rredu01ble constituent of this action, there exists a unique j, 1 <j <
n — 1, which under w; is equ1valent to an irreducible constituent of the action
of "M, ; on the Lie a.lgebra of ¥ N, (M;N,; is a maximal parabolic subgroup of
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M,,;). We denote by i( j) the index of this subspace of the Lie algebra of LN(,J..
Finally let S; denote the set of all such j’s where S;, in general, is a proper
subsetof 1 <j <n — 1.

There is one last matter which we should attend to before stating our main
results.

Let G be a reductive group over a number field K. Fix a maximal parabolic
subgroup P = MN of G. Let a denote the unique simple root in N. By a
quasi-cusp form on M = M(A,), we shall mean a representation of M of the
form 7, ® exp(s,&@, Hp( )), where m, is a cusp form on M and s, € C
(notation as in Section 1 of [39]). Observe that every cusp form is a quasi-cusp
form.

We shall now state our main theorem.

Tueorem 3.5. Given a local field F of characteristic zero and a quasi-split
connected reductive algebraic group G over F, containing an F-parabolic
subgroup P = MN, N C U, let r, = ® v, be the adjoint action of "M on
“n, as in Section 1. Let x be a non-degenerate character of U defined by ¥y and
,(a) with a € A(F), and compatible with ®. Given an irreducible admissible
X-generic representation o of M, there exist m complex functions y(s, o, ¥p, ),
s € C, satisfying the following properties:

1). If F is archimedean or o has an Iwahori fixed vector, let ¢': Wy -'M
be the homomorphism attached to o, where Wy, is the Deligne-Weil group of F.
Denote by e(s,ry ;" ¢, ¥p) and L(s,ry ;- ¢') the Artin root number and
L-function attached to ry ; - ¢', respectively. Then

(3.9 vis,o.¢p, @)
= &(s, rei @ Yp)L(1 — s, P ¢')/L(s, Twi’ @)
2). Foreachi,1 <i <m,
(3.10) Yi(s. 0, Y, @)y, (1 — 5,6, ¥, @) = 1

and moreover if P is maximal, then
(3.11) CX(S&’ o, w,) = Ac(¥p, wo)_l‘”s_ll(d’o(a)a_l) l:-[l%(is’ g, (ZF’ ‘Z’o):

where « is the unique simple root in N, @ = {p,a) 'p, and s, is defined by
(3.5). If F is non-archimedean, then each y(s, o, Yy, @) is a rational function of
q~*. Finally assume o = o, ® q¢**%"r( ) s € C. Then

(3.12) yi(s, 0, ¢, @) = Yi(s + 80,00, Pp, ).

3). Inductive property: Suppose o C Indy y 1y 01 ® 1, where M,N, is a
parabolic subgroup of M and o, is an irreducible admissible x-generic repre-
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sentation of M,. Write 0 = @,_, - @, and for each j, 2 <j <n — 1, let
w; =w;_, ~** @, and w; = 1. Then for each j, wo,) is a representation of

My. If for each j €S, v (s, wlo), ¥, ©;), 1 <i <m, denotes the corre-
sponding factor, then

(3.13) yi(s, 0, Y, ©) = Hs Yi( s w,(0)), Yp, ;).
JES;

4). Functional equations: Let K be a number field and G a quasi-split
connected reductive algebraic group over K. Let P = MN, N C U, be a maximal
K-parabolic subgroup of G. Denote by G = G(Ay), where Ay is the ring of
adeles of K. Fix a non-degenerate character x = ®_x, of U = U(A,), trivial on
U(K), compatible with ©, and defined by a non-trivial character ¢ = ® s, of
K\Ag. Let m = ® 1, be a globally x-generic quasi-cusp form on M = M(A p).
Finally if r is the adjoint action of "M on "n, write r = ® r,. Then r, =
®" r,, is the adjoint action of "M, where r,=r-n,, T, =T1;"M, and
n,: "M, = "M is the natural map. Let S be a finite set of places of K such that for
v €& S, G XgK,, 7, and x, are all unramified. Set

Ly(s,m,r) = [1L(s,m,, ;).
. vES

Then
(3.14) Lg(s,m,r,) = [Tvs, 7, ¥, )Ls(1 — 5,7, 7)),

vES

for every i, 1 <i <m, where y(s,m,¥,) = y,(s,m,, ¥, D).
Moreover, conditions 1, 3, and 4, determine 7,’s uniquely.

CoRoOLLARY 3.6. Let

(3.15) Y(s, 0,14, ¥5) = Ijlv,-(s,a,wp,w).
Then _
(3.16) w(o, ©)7,(G/P) yyi(G/P) !

=7(0,0, 74, U )¥(0, &, rg, Yi)
= Y(O’U’ rtb’ JF)/‘Y(I’ g, rti;’ JF)

There are two results in Theorem 3.5 whose importance must be pointed
out.

The first one is the inductive property 3) whose local proof is only available
when G = GL(n) (Part i of Theorem 3.1 of [15]) and even in that case requires
an elaborate proof.
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For the second, assume P is maximal, m = 1 and a = 1;i.e., 0 is x,-generic.
Then by (3.10)

(3.17) C,(s@,0,w))C;((1 = 5)a, &, wy) = Ag(Wp, w,) >

This is again a very deep identity since all the elementary relations for local
coefficients (Propositions 3.1.1, 3.1.2, and 3.1.3 of [38]) are a reflection of those of
intertwining operators and always appear as a change from s to —s, while in
(3.17) there is a change of s to 1 — 5. In Section 8, this will be used to study
reducibility of representations induced from supercuspidal representations. Fi-
nally, we should remark that the identity

C (s, 7, ® 7,)C (1 — 5,7, ® 7,) = wiwy(—1)

(in the notation of [37]) stated at the end of the introduction of [37] agrees with
(3.17) if the representative for w,, , is chosen as in [36].

m,n

In the next three sections we shall prove Theorem 3.5.

4. The induction step

In this section we shall state and prove our necessary induction results. We
start with:

Prorosition 4.1. Let G be a quasi-split connected reductive algebraic
group over a number field F. Fix a maximal parabolic subgroup P = MN of G.
Decompose the adjoint action of “M on "n, the Lie algebra of the L-group of N
asr= @®" r. Let m = ® m, be an automorphic form on M = M(A ). Fix a
finite set S of places of F such that every v which is not in S is unramified. Then
the following statement is true for all except possibly for one i, 1 < i < m: Given
i, there exist a quasi-split connected reductive algebraic group G,; over F, a
maximal parabolic F-subgroup P, = M,N,, both unramified for every v & S, and
an automorphic form ' of M, = M (A ), unramified for every v & S, such that

if the adjoint action ' of "M, on "n, decomposes as r' = @ j":lr]f, then:

Ly(s,m,r;) =4Ls(s,77",rj),

and moreover m' < m.
We shall first prove the following local analogue of this result:

ProrosiTioN 4.2. Let G be an unramified quasi-split connected reductive
algebraic group over a non-archimedean local field F. Fix a maximal parabolic
subgroup P = MN of G. Decompose the adjoint action of LM on "n, the Lie
algebra of the L-group of N asr = @®" r,. Let 7 be a class one representation
of M = M(F). Then the following statement is true for all except possibly for one
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i, 1 <i < m: Given i, there exist an unramified quasi-split connected reductive
algebraic group G, over F, a maximal parabolic F-subgroup P, = M,N,, and a
class one representation w' of M, = M,(F) such that if the adjoint action r' of

L L
M; on “n; decomposes as r' = ® r/, then

L(s,m,r,) = L(s, 7, r}),

and moreover m' < m.

We start with the following lemma.

Lemva 4.3. Let G be a complex connected reductive algebraic group of
adjoint type. Denote by P a parabolic subgroup of G. Write P = MN. Let fi be
the Lie algebm of N and let r be a faithful subrepresentation of the adjoint action
of M on fi. Let M’ be a complex connected reductive algebmw group whose
connected center is a torus isomorphic to the center A of M. Moreover assume
that M' has a faithful complex analytic action r' on a subspace of Tt such that if

a: M,— M, — {1} and o': M},— M}, = {1} are the corresponding surjections
(M p is the derived ed_group of M and M p is its simply connected covering;
similarly M}, and MD) M,= M}, and r;, = r|M,, and r}, = r'|M}, then rp, - «

=r)-a'. Then M =M and there exists a system p of complex analytic
characters of M such that r' = r ® p.

Proof. Let K C M, be the kernel of r,, - & = r}, - &'. If x € ker(a), then
ri(a'(x)) = 0 which implies a'(x) = 0 since r}, is faithful. Consequently
ker(a) C ker(a'). Changing the roles now implies K = ker(a) = ker(a’). Thus
M, =M}, /K = M}, and r, = r},. But now

M=AXMy,/ANM,=M.

Next let w; and w! be the action of A on an irreducible component of
p =1}, under r and r’, respectively. Then w]w; '|A N M, is trivial and
consequently w/w; ' extends to a character p, -of M. Set p = ®,p,. Then
r=r®p.

LEmMa 4.4. Let F be a non-archimedean local field and M the group of
F-points of an unramified quasi-split connected reductive algebraic group over F.
Assume 7 is a class-one representation of M. Let r, and r| be two T-invariant,
I' = Gal(F/F), complex analytic representations of “M°, restricting representa-
tions r and r' of "M, respectively, for which r|Wy = r'|W,. Moreover assume
that there exists a T-invariant character p = ®" p, of "M® X -+ X*"M° n
being the number of irreducible components of r, (or r}), such that r{, = r, ® p.
Finally, carry the action of T on p to (C*)"; i.e. o((x,)) = (x,), (x;) € (CH",
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where o(i) is defined by p{ = p, ;). Assume that there exists a complex analytic
[-morphism &: (C*)* — Z, center of "M°, such that r, - &((x,)) = (x)), (x,) €
(C*)". Then there exists a character m of M such that

L(s,m,r') =L(s,m®mn,r),
Proof. Let ¢, € H' (W, LT ) be attached to 7 (cf. [31], [24]). Then for w,
and w, in W,
p - eo(ww,y) = p(qoo(wl))pwl(¢0(w2))
= P(Spo(wl))wl(P(‘Pa(wz)))’

where the action of W, is always through I'. Consequently p - ¢, €
H'(W,,(C*)"). Since & is a I'-map, we see immediately that @ -p - ¢, €
HY(W,, Z). Let 6=@4 p- ®o- By [5], [28], there exists a character x, of M
such that if 7' is the class-one representation attached to ¢, where ¢(w) =
(¢o(w), w) is the corresponding homomorphism of W; into LT, then 7' =
T ® X, Moreover,

o ¢o=(ro®p) - @,
= (19" @9) ® (p " @)-
But since p - ¢, =71, & " p - ¢, we have:
r(,)'ﬁoo:(ro'ﬁpo)@(ro'e)
=19 (@o),
which implies
r'o=r-(¢0).
Thus
L(s,m,r") = L(s,7',r)
=L(s, T ® x,,7).
Now, set 7 = x,. This completes the proof of the lemma.

Let p be a T'-invariant element of X*(*T°) which extends to a character of
LMO. Then p is perpendicular to every root of LM_ % and therefore as an element
of X,(T), p(a) must belong to the center of M(F), a € F*. We thus have:

Lemma 4.5. Let p be a T-invariant element of X *(ET°) which extends to a
character of "M°. Then for each a € F* for which p(a) € M = M(F), p(a)
belongs to the center of M = M(F).

Lemma 4.6. Let p be a T-invariant element of X*(“T°) which extends to a
character of "M°. Given an irreducible class-one representation w of M = M(F),
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let A € Hom(T(F),C*) and ¢, € H(W;, "“T®) be the corresponding parame-
ters. Finally let o denote the central character of M. Then for each a € F* with
pla) € M,

p(¢o(a)) = w(p(a)),

where on the left-hand side p € X*(“T°) while on the right-hand side p denotes
an element of X ,.(T).

Proof. By [24], [31],
Ap=p- e,
Now, take a as above; then A(p(a)) = p(¢,(a)). But by Lemma 4.5, p(a)
belongs to the center of M and therefore A(p(a)) = w(p(a)).

Lemva 4.7. Let B € X, (D" and fix & € X,,(*T°) as in Lemma 44.
Consider B where B is an element in X*(*T°). Then for every t € F* with
B(t) € M, p(t)P* belongs to the center of M and

n(B(t) = w(p(t)* ),

where w is the central character of m and m is attached to 6 = & - p - ¢, €
HY(W,, 2).

Proof. If ¢, is attached to A € Hom(T(F), C*), then ¢} = ¢,0 will be the
one for An. Consequently

(An) - B =B - (¢,9).

But then A - B = B - ¢, implies n - B = B - 6. Now assume t € F* is such that
o(B(t)) = B(t) for all o € T'. We must show that p(t)#% belongs to the

center of M. By Lemma 4.5, we need only show its rationality. Since p is
I'-invariant

o{p(0)? ) = (1))

for all o € T'. But considering a € X*(T), representing @ € X, (*T?), and
B € X,.(DF, we have

a ()% = a(B(a(t)))
= a(o(B(1)))

= ¢<B.&)
as desired. Now by Lemma 4.6

n(B(t)) = Ba(p(eo(t))))

= o(p(t)*®).
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Levva 4.8. Let G be a complex connected reductive algebratc group of
adjomt type. Denote by P a maximal parabolic subgroup of G. Write P = MN.
Let ?t be the Lie algebra of N. Let r be the adjoint action of M on fi. Write
r = @,r; as before. Then r is faithful.

Proof. Let M, be the derived group of M. Then
My, > Mp, = {1},
where M p 1S the simply connected covering of M, Let K, = ker(r,) N M,
and denote by K, its prelmage in M . Then KD is a normal subgroup of M CIf
K, is not central, let $ be an almost simple factor of M, contained in K. Let
7, =r, - 7. Then 7(5) = r(m(§)) will act trivially for every § &€ S. But by the
tables in [29] and [39] this cannot happen. Thus 12 must be in the center of M
and therefore K must be central as well. Since M acts on fi faithfully, G being
of adjoint type, r|A must also be faithful. But now if r,|A is not faithful, then

every other r, will act trivially for the elements in the kernel of r,|A. This
completes the proof.

Lemmva 4.9. Let G be a complex algebraic group whose connected compo-
nent G° is reductive and let ¢: G — G, be a C-rational surjection. Let A° be the
connected center of G°. Then G¢ is reductive and ¢(A°) is the connected center

of GY.

Proof. Let G = A° - G, where G}, is the derived group of G°. Let GO be
the simply connected converging of G2. Then ¢(G}) is isomorphic to a quotient

of GO and is therefore semi-simple and thus of finite center. Consequently ©(A%)
which is connected must be the connected center of G = ¢(A”)@(G}), making
GY a reductive group. '

Proof of Proposition 4.2. We shall first assume that G is not of type *A,, (cf.

the tables in [39]). Fix i, 1 <i <m. Let M’ be the connected component of
“M /ker(r,). Then M' is a complex connected algebraic group which is a

quotient of “M° and thus by Lemma 4.9 is a connected reductive group whose
connected center is the image of the connected center of LM, Moreover it acts
on the space of r, faithfully. But now by Lemma 4.2 of [39], except possibly for
one i, 1 <i < m, there exists a complex connected reductive algebrarc group G
of adjoint type containing a maximal parabolic subgroup P = MN such that if
£ = @f, is the adjoint action of M on the Lie algebra ft of N, then 7, ;, - a =
r;-a, where fip=T1 |M while r/ is the restriction of r;, which factors
through “M /ker(r,), to M. Here « and a’ are as in Lemma 4.3. Moreover,
since the connected center of M’ is the image of the connected center of MmO
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under the surjection “M° — M’ — {1}, action of the connected center of M’ on
irreducible components of the restriction of r, to “M° is defined by linearly
independent roots of the connected center of “M? in “n. Since the action is also
faithful, the dimension of this connected center will be equal to the number of
irreducible components of r;|*M°. This will also be true for the dimension of the
center of M (which is connected), showing that it is isomorphic to the connected
center of M'. But now by Lemma 4.8, 7, is faithful and Lemma 4.3 applies,
implying that M = M’, while r) =7, ® p, where p is a system of complex
analytic characters of M. Here r? = r|“M° is being considered as one of M.

The Weil group W, acts on “M and leaves ker(r,) invariant. It therefore
acts on M = (LM/ker(r ))° and moreover, M X W, ="M /ker(r,), where it is
understood that on the left-hand side W, N ker(r,) acts tr1v1ally on M. It is
implicit in Lemma 4.2 of [39] that the action of W, on M can be extended to
one on G in such a way that the action of W, C M X W, on the space of 7, is
isomorphic to that of r,.

Now let G; be an unramified quasi-split connected reductive algebraic
F -group, containing a maximal parabolic F-subgroup P, = M;N; for which

G, =G X W, and "M, = M X W,. It is easily checked (by the tables in [39])

that 7, is irreducible unless M; = Res;, #M,, [E: F] = n, in which case it will
have n irreducible components At any rate, let @ be the I'-map identifying
(C*)" with Z, the center of “M° = M. Then, since by Lemma 4.8, 7, is faithful,
we have 7, - @((x,)) = (x,), (x,) € (C*)". Now Lemma 4.4 applies, implying

L(s,m,r;) = L(s,m, ® n,1}).

Here r{ is the action of “M, on the space of #,, m is the character of
M; = M(F) attached to p and & by Lemma 4.4, and finally 7, is obtained by
restricting 7 to M,. Observe that “M; ="M /ker(r,) allows us to consider M, as
a normal subgroup of M and therefore similarly for M, and M. Now, let
7' =, ® 7, to complete the proposition unless G is of type 2A2k.

Proof of Proposition 4.1. Proof of Propositlen 4.2 apphes showmg the
existence of G; and P, = M;N; for which "G, = G % W, and "M, = M X We,
where M = (LM /ker(r)))°. Moreover the action of W, € M X W, on the space
of #, is isomorphic to that of r,. The proof also goes through to imply the
existence of a I'-coroot &: (C*)" — Z, the center of M, satisfying 7, - @((x,)) =
(x), (x;) € (C*)".

Now let v & S be an unramified place of F. Choose ¢, , € H'(W,, “T°)
attached to 7,. Then 6, =& - p - ¢, , € H'(W,, Z). Let m, be the correspond-
ing character of M,(F, ) Denote by 1, the restriction of 7 to M; = M,(A ). It
is cuspidal if 7 is. Choose B € X ,(T)'. Denote B by B as an element in
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X*(*T°). Then by Lemma 4.7,

(4.1.1) 1.(B(1) = w,(p(t)* ),

whenever t € F* is such that B(t) € M(F). Here @ = ® w, is the central
character of 7. We use (4.1.1) to define 7, for every v € S. Let n = ®n,.
Assume t € F* is such that B(t) is in M(F). Then

n(B(1)) = [T, (p()*¥) = 1.

Thus n is trivial on T(F).

By construction (cf. [28]), each m, is trivial on U°(F,) as well as on
U ~(F,), where U" is the unipotent radical of B N M and U® ~ is its opposite.
Now Bruhat decomposition for M(F) implies that m is in fact trivial on M(F)
and therefore is a character of M(F) \ M(A ;). Now again simply set 7' =
7, ® m and use Proposition 4.2.

Proof of both propositions when G is of type “A,,. We shall treat the case
A ok — 3, since two other cases are similar.

Here m = 2 and the restriction-of 7, to “M? is irreducible. The argument
at the beginning of the proof of Proposition 2 applies and consequently for
i = 2, (G;,M,) may be chosen as in case A, _, — 2, with G, | = SL,, simply
connected, where G, | is the Chevalley group isomorphic to G, over L. Here

L/F is the quadratic extension defining G as well as G,. The Levi factor M, is
defined by:

M, = {(g;. 85) € GL; X GLy|det(g,8,) = 1}
together with the twisting

To((gl’ gz)) = (To"(gZ)’ T(;(gl))

where 7, is the twisting of GL, which defines U,, the quasi-split unitary group
in k variables and o is the non-trivial element of Gal(L/F). If F is local, the
F-points M, of M, are

{g € GL,(L)|det g € F*},
while for global F,
M,(A;) = {g € GL,(A,)|det g € A%}.

Let 7, be an irreducible component of the restriction of 7 to M,. Denote by v
the character of F* (A% if F is global) attached by class field theory to L/F.
Use v also to denote the character v - det of M,. Finally let n be the character
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of M, as in Lemma 4.4. Now set 7' = 7, ® nv. Then
L(s,m,ry) = L(s, 7, 1)),
which completes the proof of the proposition.

Remark. Unless (G, M) is obtained by restriction of scalars from the case
F, — 1, it must be remarked that in both propositions the exceptional i for which

the statement of the corresponding proposition may not be true can be chosen to
be i = 1.

We finally need:

Lemma 4.10. Assume 7 = @ 1, is a globally x-generic cusp form. Then
m' = ®_ m/ can also be chosen to be a globally x-generic cusp form. Moreover, if
G as a group over F, and 7, (with respect to M(O,)) are both unramified, then
s0 is ).

Proof of the lemma is a consequence of the following discussion in which F
is either local or global.

We start by explaining the restriction of 7 to M,. Let M, be the simply
connected covering of the derived group of M. Lift 7 to an irreducible
Xx-generic representation 7 of A X M,,. Let M, € M, X A be the full preimage
of M,. Since M, is normal, A X M, becomes a product of M, and another
connected reductive group. Consequently 7 determines a unique irreducible
X-generic representation 7, of M,. Let 0,: M, — M, be the natural map. Then
0,(M,)\ M, is at most compact (ﬁnlte if F is local) Let 77, also denote the
representation of 6,(M,) obtained from 7.

Let 7, be an irreducible constituent of 7|M,. Then ,|0,(M,) is equivalent
to a multiple (possibly infinite) of 7. Thus 7, must appear in Indg iy, 71
Consequently, distinct irreducible constituents of |M, are among those of
Indgy7)1 pr, 7. In particular, distinct components of |M, are finite in number,
if F is local, and appear discretely otherwise.

Assume F is local and 7 ‘is x-generic. Then so is 7, ie., 7, C
Indy; ;41 X, where U, is the maximal unipotent radical of M, which is the
same as that of 8,(M,). Consequently Indgy1)1a, 71 C Indy ;y x and therefore
each component of Indg ), M, T is x-generic and appears with multiplicity
one.

Next assume F is global. If ¢ is a cusp form in the space of 7, then ¢|M,
becomes one in the space of |M,. It is again a cusp form. Moreover if 7 is
globally x-generic, then there must exist a constituent in this restriction which is
globally x-generic; otherwise the y-Fourier coefficient of = would vanish as
well. This is a consequence of the fact that the maximal unipotent radical of M,
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can be identified with a normal subgroup of that of M in such a way that the
simple roots in the first one are among those of the second one.

If F is non-archimedean and 7 is of class-one with respect to some special
maximal compact subgroup, the homomorphism ¢": Wy — “Mm (cf Sectlon 3),
attached to 7, when composed with the natural projection p; of LM onto “M,,
defines one of Wy into “M,. All the distinct components of 7|M; are attached to
the parameter p, - ¢’ and therefore they will all appear in the same principal
series which contains only one y-generic component. In particular 7|M; must
have only one distinct component Thus 7r,, as well as 7', are both x-generic.
Local coefficients for 7, M,, and G, are then the Artin factors defined by p, - ¢’
(cf. Proposition 3.4 here). If G (and thus v in case “A,) and 7 (with respect to
M(O)) are both unramified, then so is 7,. By Lemma 4.7, the character 7 is
unramified and therefore so is 7.

Finally assume F is archimedean. Then all the distinct components of 7|M,
will belong to the L-packet defined by p, - ¢, where ¢: Wy — M is the
homomorphism attached to 1. It follows from a result of Vogan (cf page 95 of
the proof of Theorem 6.2 of [48]) that in every L-packet of M, there is at most
one y-generic representation. Thus again 7|M; must have only one distinct
component, and consequently each 7 determines a unique 7, as well as 7.

The following proposition must now be clear. It can be used as a reference
to replace Proposition 4.2.

ProposiTion 4.11. Assume F is a local field and Wy is the Deligne Weil
group of F/F. Suppose there exists a homomorphism ¢: Wy — "M which is
attached to . Choose G, and M;N; as before. Let ¢; denote the composition of
¢ with the natural projection M — "M,. Finally if 6 is the 1-cocycle of Wy into
the center of “M° as in Lemma 4.4, let 0, be again the corresponding composi-
tion. Then

L(S’ L QD) = L(S7 ryc ¢i9i)
and
S(S’Ti ’ 90’¢’F) = s(s,ri ’ ¢i9i’¢F)’

Uy € F, Y. # 1, where the factors are those of Artin.

Remark 4.12. By Propositions 4.1 and 4.2, it is easy to see that the technical
assumption that the restriction of 7 to the center of M is trivial whenever
m > 2 in all the results of [39] can now be removed. Thus Theorems 5.1 and 5.2,
Corollary 5.3, Lemma 5.8, and Proposition 5.9 of [39] are now valid with no
assumption on 7.
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5. On a result of Henniart and Vignéras

Let F be a non-archimedean local field and let G be a quasi-split connected
reductive algebraic group over F. Fix a Borel subgroup B of G. Write B = TU,
where U is the unipotent radical of B. Let A, be a maximal split torus in T. Fix a
non-degenerate character y of U = U(F). In this section, we shall modify the
proof of Theorem 2.2 of [47] to obtain the following version of a result of
Henniart [14] and Vignéras [47].

ProrosiTion 5.1. Let o be an irreducible x-generic supercuspidal represen-
tation of G = G(F). Then there exist a number field K with ring of integers O, a
quasi-split connected reductive algebraic group H over K, a non-degenerate
character ¥ = ®, %, of Uy(K)\ Uy(A), and a globally §-generic quasi-cusp
form = ® m, on H=H(A,) such that:

a) K, = F for some place v, of K,

b) X, = x.

¢ H XxF = G; i.e. H, as a group over F, is equal to G,

d) m, = o, and finally

e) for every other finite place v of K, v # v, m, is of class-one with respect
to a special maximal compact subgroup Q, of H(K,). Here Uy is the unipotent
radical of a Borel subgroup of H for which Uy X F = U.

Proof. We may assume o is unitary and 7 is a cusp form. Let K be a
number field that has F as its v,-completion. Clearly we can choose a quasi-split
group H over K such that H X, F = G. Let w = ® o, be a character of the
center Z = Z(A ) of H, trivial on Z(K), such that w,, is equal to the central
character of o and moreover, w,|Z(K,) N Ty(K,)° = 1, where Ty is a maximal
torus of H such that T = Ty, ® ¢ F and Ty(K,)° is the largest compact subgroup
of Ty(K)).

Next let x" = ®, x, be an unramified character of U,(K) \ Ug(A ). Fix a
maximal split torus Ay, of H such that Ay, C Ty and Ay o XxF=A,.
Choosing a € Ay O(E), with Ad(a). defined over K, we can obtain a character
X" = x'" - Ad(a) such that for every finite place v of K for which G is ramified,

(5.1.1) X!IUg(K,) N Qy =1,

where Q is a special maximal compact subgroup of H(K ), adapted to Ay o(K,)
(cf. [44]; in particular T,(K,) N Q! = Ty(K,)°). The element a can be chosen
so that (5.1.1) holds for every finite place of K. Now, changing x’ if necessary,
we can find a ¢ € Ay ((K), with Ad(c) defined over K, such that X =
x!, - Ad(c). Set ¥ = x" - Ad(c) = ® x,. At each place v of K, let Q, =
Ad(¢™1)Q;. Then unless either H X K, or X. is ramified, or ¢ & Ay ((Og ),
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Q, = H(Og ). Since Ad(c™") is defined over K, Q, € H(K,) and is again a
special maximal compact subgroup adapted to A 4 ((K,). Moreover, if f, and f,;

are functions supported on Z,Q, and Z_ Q!, respectively, satisfying f,|Q, =
f/1Q! =1, then

(5.1.2) fU (k) du = a(a)fU (K_)fv’(u)x,z’(u) du # 0

H

by (5.1.1), where a(a) = d(aua™")/du.

As in [47], given a pair of smooth functions f°= ®_ f? and f'= ®_ f!
on H, of compact support modulo Z, which transform on Z according to w, we
shall consider

I=[ g YWe(Bf°)(g) dg,
Z\H
where Pf° is the Poincaré series attached to f° (cf. [47]) and
We(Bf*)(g) = [ %' (u) Bf*(ug) du.
Uyg(KN\Uyx(AK)
Let C be a compact subset of H such that
Uy(Ag) c Ug(K)C
Assume that f° and f' are chosen so that
(5.1.3) H(K) N Supp(f'* f°)C < Z(K),

where
(f'=f)g) = [ f'(h")f"(gh) dh.
Z\H
Then as explained in [47],

1=]11,,

where

(5.14) L=[ (£ u)du.
Up(K,)

We shall now show that it is possible to choose f° and f' in such a way
that:

1) (5.1.3) is valid;

2) For each v, I, given by (5.1.4), is non-zero; thus the automorphic form
given by the Poincaré series P is globally y-generic;

3) For every v < ®, v # v, m, is of class-one with respect to Q,; and

4) At v = v,, m, = o; in particular 7 is cuspidal.
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Fix an infinite place v, of K. First if v < o, v # v,, let £ =f! be
supported on Z Q, and equal to 1 on Q,. Then by (5.1.2) I, # 0 and moreover
m, is of class-one with respect to Q. Next for v = v,, let fo = f,, be a matrix
coefficient of o modulo the center of G. As argued in [47], again I, # 0 and
7,, = 0. Finally if v = », v # v, choose f and f, so that I, # 0.

We may assume C is of the form C = C' X C,, where

C'cH" ={g=(g,) €Hlg, =1}

and C, C H, are both compact. Moreover, we shall assume C[' is the closure
of a precompact neighborhood of identity in H, .
Let
D' = [T Supp(f)*f’)C'(mod Z).
v#F U,
Then D' is a compact subset of H"!.

Lemma 2.7 of [47] goes through word by word to imply the existence of a
precompact open neighborhood K; of the identity in H, such that

H(K) N Z(A ) D'K, c Z(K).
We shall now assume that
(5.1.5) Supp(f,! * £2)(mod Z, ) € K,Cy .

This then implies the validity of (5.1.3) for f* = ®f/, i = 0, 1, and consequently
I =TI,1,. The following lemma allows us to choose f,) and f,, satisfying
(5.1.5), in such a way that I, # 0, completing the proposition.

Lemma 5.2. Fix a character o, of the center Z, of H,. Let ¢ be a
C*function of compact support modulo Z, for which ¢(zg) = w,(z)¢(g),
2 €Z,, and g € H, . Then there exist two functions f,) and f, in C*(H, ), both
of compact support modulo Z,, and satisfying f,(z2g) = w,(2)f;(g), i = 0,1,
such that ‘ ’

— (1 0
¢ = vl* [

More precisely

e(g) = [  FLRTOfS(eh) dh.

vy

Proof. Write H, =Z, H;, where H is a semisimple (not necessarily

connected) real Lie group with finite center equal to Z, NH].Let ¢ =¢|H.
Then ¢'(zg) = 0,(2)¢'(g) for z € Z, N H] and g € H] .
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Choose ¢} € C7(H) ) such that

e(g)= X e¢i(z)o,(z71).
Z,,NH,,
By the main result of [9], choose ¢ and ¢f in C7(H| ) such that ¢} = ¢f * ¢g.
Let

¢(g)= X el(z)o,(z7),
z, NH],

where i = 0, 1. Then it is easily checked that
0'(g) = (6, &,)(g)

=/ Gi(h")@o(gh) dh, (g€ H).
Z, NH{ \H,

Now define
fi(zg) = o, (2)¢(g) (2€Z,.8€ H,),
i =0,1. Then for z € Z and g € H;
o(zg) = w,(2)¢'(2)

=/ FART)FI(zeh) dn,
Z,\H,

completing the proof of the lemma.

6. Proof of Theorem 3.5

We shall first assume P = MN is maximal. While proving parts 2 and 4 of
the theorem we shall prove the existence of 7y,’s. Their uniqueness will be
proved later.

Existence of y,’s and proofs of (3.11) and part 4. Let G’ be a connected
reductive quasi-split algebraic group over a local field F. Assume P’ = M'N’ is
an F-parabolic subgroup of G'. Suppose that P’ is either maximal or more
generally, there exists a quasi-split connected reductive group H' over a number
field K with K, = F for some place v, of K, and a maximal parabolic subgroup
P, of H' such that P’ = Py, Xy F. Let p’ be half the sum of positive roots in N'.
Then (p’, @) is the same for every simple root @’ in N'. Let &' = (p’, a') '
for some simple root &’ in N'. Finally let ' be the adjoint action of M’ on "n'.
Write r' = Z;.":'Irj’ as before.

We shall now define v,’s inductively. This will be done by defining ,’s so
that (3.11) holds. Our induction statement is: For every G’ and P’ = M'N’ of
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length m’ as above, and an irreducible admissible y'-generic representation o’
of M, there exist m’ functions (s, 0’ (//F) each satisfying conditions 1 and 4 of
Theorem 3.5, such that

Co(sa', 0", w}) = Mg (W, w)) ™ @l (@y(a)a ™)™ l_[lyj(js,&’, ),
[

where @/ and x' are compatible.

Assume this is true for every G/, P' = M'N/, and o', where the length
m’ < m. Then it follows from the results of Section 4 that for all except possibly
one i, say i,, there exists a group G; over F and an F-parabolic subgroup
P, = M,N, of G, such that r) = #; ® p (notation as in Propositions 4.1 and 4.2).
We shall choose i, arbitrarily if for every i, 1 <i < m, this is always the case.
Let o' =0, ® (o' =0, ® nv if G is of type A,,), where o, is a restriction
of o to M, and 7 is as in Lemma 4.4. For i # i,, define

(s, 0. 95) = vi(s, 0", ¥p),
where the factor on the right is defined by G’ = G,. Let

Y. (8,0, Uy) =.C;(sd,6,w0)/\c(tlfp,wo)wsl(d)o(a)a_l)
: ]._.[ Yi(is’ 0.’ ‘t[/F)_1

i*ig

This proves (3.11). We finally observe that if o is as in part 1 of the theorem,

then (3.11) is just Lemma 3.3 or Proposition 3.4, according to whether F is
archimedean or not.

Now, if 7 is a cusp form on M(A), where M is a Levi factor in a

quasi-split connected reductive group G over a number field K, then by relation
(3.6) of [39],

(6.1) fIlLs(is,ﬂ- ) = 1‘[c (sa, ‘n'b,wo)l_[L (1- zs,w,fi),

i=1
where 7= ® 7, and r;, 1 <i < m, is as in part 4 of the theorem. Again by
induction we may assume that (3.14) holds for all i; 1 < i < m, except possibly
one, say i = i,, where for each v € S, we take a fixed decomposition (3.11) of
C;(sd, 7, w,), using the global group G, attached to G, to define v,’s for i # i,,.
The functional equation (3.14) for i, now follows from (6.1), completing the
induction. The case of a quasi-cusp form is just a shift in s.
Equation (3.12) is now a simple consequence of our induction applied to

C.(sa,0,w,) =C,((s + s0)&, 0y, w,).
Given G, M, and o it is clear that the choices of G,, M, and o, are not, in

general, unique. But the following lemma proves the uniqueness of v,’s for
supercuspidal representations.
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LemMma 6.1. Assume F is non-archimedean and o is supercuspidal. Then
conditions 1 and 4 of Theorem 3.5 determine each vy/(s, o, ) uniquely. In
particular each vy, is independent of the possible choices of the group G, the
character x', and the representation o' used in its definition.

Proof. By Proposition 5.1 we can choose a number field K, a quasi-split
connected reductive group M over K, a non-degenerate character ¥ = ® ¥, of
Uy(K) \ Ugx(Ag), and finally a globally ¥-generic quasi-cusp form 7 = ® m,
on M such that for some place v, of K, K, =F. M= M X F, X, = X> and
m,, = 0. Moreover, if v <o, v # v,, then 7, is of class-one with respect to
some special maximal compact subgroup Q, of M(K,) (equal to M(O,) for
almost all v). Choose a connected reductive quasi-split group G over K which
has M as its Levi factor such that G X F = G. We may assume each Q_, v < o,
v # v,, is the restriction of a special maximal compact subgroup of G(K,),
adapted to A ((K,). If 7 is the adjoint action of “M on “fi, write 7 = @ 7, Fix
i, 1 <i <m. Then r; =7 n,, where r is the adjoint action of "M on "n,
r= @ r. Assume vy,(s, o, ¥) and y/(s, o, ;) are two factors attached to o
and r;. Then by part 4 of Theorem 3.5 the functional equation for 7 and 7, must
be satisfied with both factors appearing as the factor at v,. But by part 1 of the
theorem the factors defined at all other places are Artin factors attached to
and 7, - m, and are therefore uniquely determined. Comparison of the two
functional equations now implies vy,(s, o, ) = y/(s, o, ), which completes
the lemma.

Now, assume F is non-archimedean and o is an irreducible admissible
x-generic representation of M, where P = MN is a parabolic subgroup of G
over F. Let r be a subrepresentation of the adjoint action of “M on “n. Define

’)’(S,O',T, '7[/I<) = Hyj(S,U, de),
J

where the product runs over factors attached to the irreducible components of .
Observe that each such component comes from a maximal parabolic and the
factors on the right are all defined. We call y(s, o, r, ;) a factor attached to o
and r. Then y(s, o, r, ¢;) will satisfy condition 4 of the theorem and it follows
from Lemma 6.1 that if o is supercuspidal the factors attached to o and r are
unique, which we call the factor attached to o and r. We shall now prove the
inductive property (property 3) of Theorem 3.5.

Proof of inductive property 3 when o, is supercuspidal. We first observe
that

n—1

Ac(¥p, w,) = l_[ AM“J_(wF> wj)’
j

=1
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and moreover m = Max, _;_,_, m;. A similar identity holds for w (,(a)a™"),
where x = x, - Ady(@,(a)). If m = 1, then (3.13) is just Proposition 3.2.1 of
[38]. Otherwise for all but possibly one i, say i,, we can choose G;, M,N,, and a
X'-generic representation o’ of M, such that if

) = ~ -1
CX'(S&i’a-,’wl) = /\Gi(l/lF’wl) lw;i(w'(a')a'_l) EYI(lSaO-” d’l«")’

then y,(s, 0, ) = y,(s, 0", ) and m’ < m. Here w' and &, have the obvious
meaning for G, and M,, and x' and w' are compatible, where x' =
Xo - Ad(0i(a).

The natural projection from “M° onto “M?, when restricted to the L-group
of U N M, splits and therefore the simple roots of “M? may be identified with a
subset of those of “M°. The action of W, on the roots of “M? also agrees with
this identification. In this fashion we may choose M, as we in fact do, so that its
simple roots are a subset of those of M.

The group M = M, N M, becomes a Levi factor for M, and thus G,.
Observe that o’ was obtained by restricting o to M, Consequently o' C
IndA—mTMi(alll\—Z). Let & be a component of o,|M = M(F) for which ¢’
Indgz, 0,0 ® 1. We also observe that every unipotent radical of M is in fact
one of M, and therefore if o, is supercuspidal, then so is &.

Now by induction on groups with smaller m,

(6.2) Yi(s. o, ¢p) = vi(s, 0", ¥p)

n;—1

= T n(s (@))(@). us).

Observe that “M, is a Levi factor of “M as well as “G. It is easy to see that for a
given i, 1 <i < m, the factors vy, (s, iﬁj(a), Ups d')j) are so definied that their
product over S; becomes a factor attached to o, and r, - k,, where k, is the
embedding of LMG into “M. Moreover by Propositions 3.4 and 4.11, Lemma 3.3,
and the discussion after Lemma 4.10, the right-hand side of (6.2) is also a factor
attached to the same data. Since o, and & are both supercuspidal, by the
uniqueness Lemma 6.1, these two factors, i.e., the right-hand sides of (3.13) and
(6.2) are equal. We now apply Proposition 3.2.1 of [38] to C,(sd, o, @) to
conclude (3.1) for i = i, completing the induction.

Lemma 6.2. Assume P is maximal. Then properties 1, 3, and 4 of Theorem
3.5 determine each (s, o, Y, W,) uniquely, and therefore they are independent
of all the choices made in their definition.

Proof. We may assume F is non-archimedean. By Jacquet's submodule
theorem, given an irreducible admissible representation o of M, there exist a
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parabolic subgroup M,N, of M and an irreducible supercuspidal representation
o, of M, such that o C Ind y, 1,0, ® 1. Now the lemma is a consequence of
Lemma 6.1 and the inductive property 3 for supercuspidal o, which was just
proved.

Proof of inductive property 3 for arbitrary o,. By Jacquet's submodule
theorem and induction in stages, there exist a parabolic subgroup M'N’ of M,
and an irreducible supercuspidal representation o' of M’ such that o C
Indy g0 ®1and o CIndyy gy, o ® 1. Then by property 3 applied to
o', v(s, o, ¥, ©,) becomes equal to the factor attached to o’ and the represen-
tation r, - k' of “M’, where k' is the embedding of “M’ in “M (“M’ is a Levi
factor of “M and “G). A similar statement is also true about the right-hand side
of (3.13). Property 3 is now again a consequence of the uniqueness Lemma 6.1
applied to o’.

Now assume P is arbitrary. Write a reduced decomposition @& = w, _, * -
w, for @, and then define

n—1

y.(s, 0, ¥y, ) = rllyi(s,wj(a),wF,wj),

where the factors on the right are attached to maximal parabolic subgroups
which were defined before. It is independent of the decomposition of @ and is
easily checked to satisfy all the required properties.

Proof of (3.10). This is just a consequence of Jacquet's submodule theorem,
property 3 of Theorem 3.5, and a double application of the functional equation
(3.14).

We conclude this section with the following proposition.

ProrosiTioN 6.3. Assume the vy,'s are defined, satisfying properties 1, 3,
and 4 of Theorem 3.5. Then they satisfy (3.11).

Proof. This is a consequence of property 1, equations (6.1) and (3.14),
Jacquet's submodule theorem, and inductive property 3. -

7. Local factors and Langlands’ conjecture

In this section we shall define the local L-function L(s,o,r;) and root
number &(s, o, r,, ;) for each i, 1 < i < m. Thus, let P be maximal, and first
fix an irreducible tempered y-generic representation o of M. We assume that x
is compatible with @,. From now on we use y(s, o, r;, ¥;;) to denote y,(s, o, ¢p).
We observe that if 6 is a graph automorphism of “M, then r, - 8 is also a
representation of “M. Choosing 6 appropriately, we can consider y(s, o, 7;, ¥5).
Moreover, y(s, o, 7., ¥;) = y(s, &, r;, ¥p).
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For each i, let P, /(t) be the unique polynomial satisfying P, ,(0) = 1 such
that P, (g~°) is the numerator of y(s,o,r, ¢,), ie., the polynomial in ¢~
satisfying P, (0) = 1 which has the same zeros as y(s, o, r,, ). Define the
L-functions attached to o, r;, and 7; as

(7.1) L(s,o,1) =P, (q~*)""

and

(7.2) L(s,o,7) =P, (¢7°) "

Then by (3.10)

(7.3) 7(3,0,ri,(//F)L(s,0',ri)/L(l — s,a',f,.)

is a monomial in ¢° which we denote by &(s, o, r;, ), the root number
attached to o and r,. Thus

(7.4) y(s,o,r, ¥p) =e(s,o,r, ¢ )L(1 —s,0,7)/L(s,0,1,).

Observe that we must show that L(s,o,r;) does not depend on . First
assume o is supercuspidal. Then the zeros of each local coefficient which one
has to employ to define the factors v,(s, o, ¥,) are exactly the poles of the
corresponding intertwining operators and therefore independent of ,, (Corollary
5.4.2.3 of [44] and Proposition 3.3.1.b of [38]). The polynomials P, ;,1 < i <m,
are defined inductively in terms of these local coefficients and consequently they
are also independent of ¢,. The independence for tempered o is now a
consequence of (3.13).

Having defined L(s,o,r;) for tempered representations, we now use
Langlands’ classification ([43], also due to Borel and Wallach) to define the
factors for arbitrary y-generic representation o, exactly as in the case of real
groups [28]. In fact, we first extend the L-functions by analytic continuation to
include L-functions for quasi-tempered representations. The L-function for an
arbitrary o is then a product of these L-functions according to a reduced
decomposition of @, with respect to simple reflections of the parabolic sub-
group by means of which o is defined as a Langlands quotient. Inducing in
stages and the fact that local coefficients only depend on the class of o imply
that (7.3) is a monomial in ¢ ~*. We then define (s, o, r,, ) to satisfy (7.4).

Now fix ¢, and define x, as in Section 3. Let o be x,-generic. If o’ is
another generic representation which is in the same L-packet as o, then the
factors y,(s, o', ), 1 < i < m, are defined to be equal to (s, o, ¥,.) (Theorem
3.5). Consequently the L-functions, and by (7.4) the root numbers, depend only
on the L-packet of o.

In the case of G = GL(m + n) and M = GL(n) X GL(m), Theorem 5.1 of
[37] and Propositions 8.3 and 9.4 of [15] imply that our L-functions and root
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numbers are those of Rankin-Selberg defined by Jacquet, Piatetski-Shapiro, and
Shalika in [15]. For G = G,, we refer to [40] for the equality of our L-functions
with those of Artin.

Going back to the tempered case, the following conjecture is then expected
(cf. [15] for GL(n)) for which we shall produce ample evidence (Propositions 7.2
and 7.3). In fact if it is true, (3.11) becomes a genuine factorization of local
coefficients (also see Remark 7.10).

CoNjeCTURE 7.1. Assume o is tempered. Then each L(s, o, r;) is holomor-
phic for Re(s) > 0.

Our first evidence is:

PropOSITION 7.2. Assume o is tempered.
a) If m = 1, then L(s, o, r) is holomorphic for Re(s) > 0.
b) Assume m = 2 and
R
(7.5) L(s,o,ry) = [1(1 —a;q ),

J

possibly an empty product, where each a; € C is of absolute value one (in
particular if r, is one dimensional). Then for Re(s) > 0, L(s, o, r}) is holomor-
phic.

Proof. a) The zeros of C(sd,o,w,) are those of P, (g™*). Thus by
Proposition 3.3.1.b of [38], the poles of L(s, o, r,) are among those of intertwin-
ing operators. Since o is tempered, Theorem 5.3.5.4 of [44] implies that these
operators are holomorphic for Re(s) > 0, proving part a).

b) Using the local coefficient for the pair (G,, M,) and Lemma 3.1 of [39]
we see that

L(Sad"rz) = l_[(l - C_qu_s)_l‘

J

The argument of Lemma 6.4 of [39] (for the case m = 2) now applies which
shows that the zeros of P, (¢7°) (i.e., the poles of L(s,o,r,) are among the
zeros of C,(s@, o, w,). But since o is tempered, the argument at the end of part
a) implies that L(s, o, r,) is holomorphic for Re(s) > 0. This completes the
proof of the proposition.

Our next evidence is:

ProrosiTion  7.3. Assume o is an irreducible unitary supercuspidal x-
generic representation of M. Then for Re(s) > 0, each L(s, o, r,) is holomorphic,
1 <i < m. In fact each L(s, o, r,), 1 <i < m, is a product (possibly empty) as
in (7.5) with |a;| = 1.
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We need a definition and two lemmas. Let P = P, be a maximal parabolic
subgroup of G. We shall say P is self-conjugate if @,(8) = 6.

Lemma 7.4. Let o be an irreducible supercuspidal x-generic representation
of M. Suppose P is not self-conjugate. Then C,(sa, o, ®,) never vanishes.

Proof. This is just a consequence of the corollary to Lemma 2.2.5 of [38]
and Proposition 3.3.1.b of [38].

Lemma 7.5. Suppose o is as in Proposition 7.3 and m > 3. Then, for
3<i<m,L(s,0,r) =1

Proof. We may assume G is simple. Checking every case with m > 3 in
[29], [39], we easily see that except for representation r4 of the case (Eg — 1) of
[39], each (G;,M,), 3 < i < m, may be chosen to have length one with P, not
self-conjugate in G,. The lemma is then a consequence of Lemma 7.4. The
representation r; of (Eg — 1) appears as r{ in the case (E; — 2) for which
L(s, o', r}) = 1 for every irreducible supercuspidal y-generic representation o’
of M3. Moreover, P; in G, (G5, M;) is the case (E; — 2)) is not self-conjugate.
Again the lemma is a consequence of Lemma 7.4.

Proof of Proposition 7.3. We shall show that each L( s, o, r;) is a product as
in (7.5) with |a;| = 1. The first assertion then follows. By Lemma 7.5 we may
assume that, up to a monomial in g ~*, CX(so”z, o, w,) is equal to

(7.3.1) L(1 -s,6,r,)L(1 — 25,6, ry)/L(s,o,r)L(2s,0,7,).

If L(s,0,1,) is of the form (7.5) with la;| = 1, then Proposition 7.2.b, when
applied to (7.3.1) implies the same for L(s, o, r,). We now apply our general
induction of Section 4, together with the induction deduced from (7.3.1), to
reduce to the case where there is only the ratio of one L-function present in
(7.3.1). To this we now apply Theorem 2.2.1 of [38]. This proves the proposition.

CoroLLarY 7.6. Let o be an irreducible supercuspidal x-generic represen-
tation of M. Then up to a monomial in q~°, C (sa, o, wy) is equal to

(7‘6) Pa,l(q_s)Pa,z(q_zs)/P&, 1(‘7_(l_s))P.;,g(q_(l_zs))-

The numerator and the denominator have no common factors. Moreover, if o is
unitary, then the following statements are equivalent:

a) o is a pole of Ao, w,).

b) P, (1) = 0 for either i = 1 or 2 and only for one of them.

¢) I(o) is irreducible and o is ramified, i.e., wy(o) =o0.

Proof. In view of Proposition 7.3 we need only verify the last three
equivalent statements. But these are consequences of Corollary 5.4.2.3 of [44],
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Proposition 3.3.1.b of [38], and the fact that the Plancherel measure is positive if
o is unramified.

Remark. We conclude our discussion of Conjecture 7.1 with two com-
ments. First, by inductive property 3 of Theorem 3.5 we only need to prove the
conjecture for o in the discrete series. Observe that, if one assumes Conjecture
7.1, then by the same property both root numbers and L-functions are also
inductive for tempered representations. Second, by Proposition 7.2 and tables in
[29] and [39], we only need consider those cases where the simply connected
covering of the derived group of M is a product of classical groups and o is a
non-supercuspidal discrete series representation of M. For example if G =
Sp(2(m + n)) and M = GL(n) X Sp(2m), it is not hard to see that if o is only
supercuspidal on one of the factors then Conjecture 7.1 is valid.

With notation as in part 4 of Theorem 3.5, let m = ® m, be a yx-generic
cusp form on G = G(A). Assume x is defined by means of ¢ = ® ¢,. For
each i, 1 <i < m, define L(s, 7, r, ) and &(s,m,, 1, ,,¥,) as before. Set

(7.7) L(s,m,r)=T1L(s, 7.1 ,)
and

(7.8) e(s,m.r) = [Te(s.m.ry o0 t0).

Observe that (s, , r;) does not depend on . The functional equation (3.14)
can now be stated as follows:

Turorem 7.7. With notation as above, the following functional equation
holds for each i, 1 <i <m,

(7.9) L(s,m,r;) =¢&(s,m,r,)L(1 — $, M, F;).

Langlands’ conjecture on normalization of intertwining operators by means
of the L-functions and root numbers defined in this section can now be proved
using Corollary 3.6. We only need:

ProrosiTioN 7.8. Let o be an irreducible unitary generic representation of
M. Then for each i, 1 <i <m,

L(s,o,r,)=L(5,0,7;)
and

S(S,O'arwdfF) = E(E’U’Fi’d_jF)'
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Proof. By Lemma 3.1 of [39] and the inductive definition of y(s, o, r;, ¥/,
it is clear that

(781) y(S,U,rial/lF):7(51&’ri’lZF)
=y(5, 0,7, ¥5).

From this the proposition follows if o is tempered. Otherwise, let P = M'N’ be
a parabolic subgroup of M, N’ C U, such that o = J(P',v,0’'). Here o' is a
tempered representation of M', v € (a’)§ is in the positive Weyl chamber,
and J(P',v,0’) denotes the corresponding Langlands quotient. Then & =
J(P', =, 0"), where P is the parabolic subgroup opposed to P'. Then

L(§>0->ri) = L(E’ (TV” rl‘)’

where 0 = 0’ ® g0’ Assume v is pure imaginary. Then by the tempered
case

L(E, o/, ri) = L(s, g, ri)
=L(s,0";,1,).

But by definition (in terms of analytic continuation) this last L-function is the
L-function for J(P’, — 7, o’) and r;; e, it is equal to L(s, &, r;). The identity for
root numbers now follows from (7.8.1).

Now assume P = MN, N C U, is any standard parabolic subgroup of G. Fix
w € W(A,) such that @w(6) C A, P =P, Let o be an irreducible unitary
Xx-generic representation of M. We may assume that @ and y are compatible.
We fix a reduced decomposition @ = @©,_, * -+ @, and set

n—1 m;

(710) L(S’U>r:b) = 1_[ ﬁL(s’wj(o-)’r'L‘u)

j=1i=1
and

n—1 m;

(7.11) e(s,o.rg.0p) = T [e(s, @)(0), o, ).

j=1i=1

They are both independent of the decomposition of .
We shall now normalize the intertwining operator A(o,w) in the way
conjectured by Langlands. Let

(7.12) (o, w) =¢(0,0,7,, ¥:)L(1,0,7,)L(0,0,7;) Ao, w),

where the right-hand side is determined as a limit. We then have:
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Tueorem 7.9 (Langlands’ conjecture). The normalized operator o/(o, w)
satisfies:

a) Ao, w,w,) = F(wy0), w,) (e, w,), and

b) A (o, w)* = A (0(o), w™?), i.e., (o, w) is unitary.

Proof. This is a consequence of Corollary 3.6 and Proposition 7.8.

Remark 7.10. If one assumes Conjecture 7.1, then our normalizing factor
will also satisfy condition R, (and thus all the conditions) of Theorem 2.1 of
Arthur [2]. Observe that condition R. of Theorem 2.1 of [2] was not among the
original conditions conjectured by Langlands [27].

8. Complementary series and special representations for p-adic groups

In this section we shall determine all the complementary series and special
representations coming from generic supercuspidal representations of Levi
factors of maximal parabolic subgroups of any quasi-split p-adic group. While
the proof (of Theorem 8.1) is standard, the results are quite sharp and deep and
are only possible due to our precise knowledge of Plancherel measures (Corol-
laries 3.6 and 7.6). In particular our formula for Plancherel measures determines
the only important unknown factors in the formula obtained by Silberger [45],
namely a’s (page 579 of [45]). We should remark that in many cases the Levi
subgroups are products of A-type groups for which supercuspidal representa-
tions are always generic and therefore our assumption on genericity is in many
cases naturally satisfied. Our notation is as in the previous sections.

Tueorem 8.1. Let P = MN be a maximal parabolic subgroup of G, where
G is a quasi-split connected reductive algebraic group over a p-adic field F. Let
o be an irreducible unitary supercuspidal x-generic representation of M. Assume
o is ramified, i.e., W,(0) = o, and I(0) is irreducible. Choose (by Corollary
7.6) a unique i, i = 1 or 2, such that P, (1) = 0. Then:

a) For 0 <s < 1/i, the representation 1(s@, o) is irreducible and in the
complementary series.

b) The representation 1(@/i, o) is reducible with a unique x-generic sub-
representation which is in the discrete series (a special representation). Its
Langlands quotient is never generic. It is a pre-unitary non-tempered representa-
tion.

¢) For s > 1/i, the representations I(s@, o) are always irreducible and
never in the complementary series.

If o is ramified and 1(o) is reducible, then no I(sa,o), s> 0, is pre-
unitary. They are all irreducible.
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Proof. Given f € V(s&, o) and f' € V(—3a, o), let

(f.f) = gSc (f(g). f(2)) dulg),

where (, ), is the unitary pairing on the space of o and du(g) is defined by

w(h) =gtg;h(g)du(g),

h € V(pp, 1), and u is a relatively bounded linear form on V(pp, 1) defined by

u(hy) = fcd>(g) dg (¢ € CH(G))

and

ho(2) = [ o(umng)q ~2r 1 dn

(cf. page 303 of [38)).
Given f and g in V(s@, o) we set

(f.g) = (M(Usa’wo)fa g)’

where 27(0,4, w,) is defined by analytic continuation of the normalized operator
which was originally defined for pure imaginary s in the previous section.

If s is so that ©/(o,,, w,) is non-zero and pole-free, and is positive or
negative semi-definite, then {( , ) defines a unitary pairing on the Langlands
quotient of I(s&, o) (Theorem 16.6 of [21]; also cf. Section 6 of [19]). Here we
use Wy(0) = o and the fact that since s is real, @ (s&) = —5a.

First assume (o) = I(0,0) is irreducible. Then (o, w,) acts like a
non-zero scalar. In fact &/(o, w,) is unitary and we may assume .o/(o, w,) is
positive definite. By continuity ©7(o,,, w,) remains positive definite in a neigh-
borhood of s = 0, s > 0, until I(s@, o) becomes reducible, i.e., the first pole of
the Plancherel measure (Lemma 5.4.2.4 of [44]). By the above discussion all of
these representations are pre-unitary. Thus what is.deep and new is the location
of this pole. We continue as follows:

By Corollary 7.6 choose i, i = 1,2, uniquely, such that P, (1) = 0. In fact
by simplicity of the poles of intertwining operators and Corollary 5.4.2.3 of [44],
such an i exists uniquely. To get the edge of complementary series we must find
this first pole. By Lemma 1.2 of [45], given the initial data o, this pole (on the
positive real axis) will be unique. By Corollary 7.6 we need to choose s, s > 0,

such that
P&,i(q_(l_m) = 0.
Observe that P, (1) = 0 if and only if P; (1) = 0. Thus the first pole is at
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s = 1/i. The representation I(&/i, o) is reducible and by Lemma 5.4.5.2 of [44]
has a subrepresentation, the kernel of A(a/i, o, w,), which belongs to the
discrete series.

Now, by Corollary 7.6 the corresponding local coefficient has a pole as well,
and therefore by its definition the corresponding Langlands quotient cannot
be y-generic. By Rodier’s theorem it cannot be generic with respect to any
other character with respect to which o is not. Thus it is never generic. The
Hermitian form is now positive definite on this quotient and therefore this
quotient is pre-unitary. Moreover for s > 1/i, the normalized operator
(s, o, w,) when considered as an operator on K-types, will be negative on
those which lie in the kernel of 27(a /i, o, w,), while it will be positive on the
others. Since there are no other changes of sign for &7(s&, o, w,) after s = 1/i,
this operator can never be positive or negative semi-definite. Now by Theorem
16.6 of [21], if I(sd&, o) is pre-unitary, its form must be proportional to ( , ).
This is a contradiction.

Finally assume (o) is reducible. Then by the theory of R-groups (cf. [20],
for example) o/(o, w,) will have different signs on irreducible components of
I(o). Again the same argument applies to show that for s > 0, the representa-
tion I(sa, o) is never pre-unitary.

Remark 8.2. The variable z used by Silberger [45] is not equal to ¢~* in
general, but rather to an integral power of it. But the polynomials P, ;, i = 1,2,
are in fact rational functions of z. As an example, take G = GL,, and
M = GL, XGL,. Then m = 1. Let o be an irreducible unitary supercuspidal
representation of GL (F). Let n be an unramified character of F*. Then its
composition with determinant becomes a character of GL,(F) which we still
denote by 1. Assume o ® n = 0. Then n" = 1. The set of all such characters is
a cyclic group of order r, r|n. Then P, (¢7°) =1—q " and z = q~" (cf. the
definition of z in [45]).

We conclude this section by giving two examples. Both groups are split of
rank two. In fact the case of rank-one quasi-split groups has already been
answered by Keys [19]. Our examples comprise the most interesting and difficult
cases of rank-two groups.

Example 1. Let G denote the split group of type G,. Fix the parabolic
subgroup P = MN of G whose Levi factor is generated by the long root of
A, = T. Then M = GL, (cf. [40]). Let o be an irreducible unitary supercuspi-
dal representation of M. It is always generic. In Proposition 6.3 of [40] we
studied the reducibility of I(o)). We now apply Theorem 8.1 to obtain the
complementary series and special representations of G coming from P. In what
follows, we shall refer to Proposition 6.3 of [40] for details.
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Let w be the central character of o. The fact that o is ramified implies
o =7 or equivalently o = 0 ® w. This implies w? = 1. If o is extraordinary,
the two polynomials are

Pa',l(q_s) =1

and

P,2(q7°) = L(s,@)"",

where L(s, w) is the Hecke L-function attached to w. Otherwise o comes from
an irreducible representation 7 = Ind(W,, Wy, x), [K: F] =2, y € K*. Let
n € F* be the quadratic character attached to K/F, ie., ker(n) = Ny ,.(K*).
The central character w is equal to w = y|p+ - 1 and

P, (qg7*) = Lg(s, x2x' ™),
and

P, (qg7%) = L(s,0) "
Here x' = x - 0, 0 € Gal(K/F), o # 1. We have:

ProrosiTion 8.3. Suppose o = &; i.e., o is ramified.

a) Assume o is extraordinary. Then w = 1 and therefore 1(o) is irre-
ducible. Moreover, for such o the representation 1(s&, o) is in the complemen-
tary series only for 0 <s < 1/2.

b) If o =m(r), 7 = Ind(W,, Wy, x), [K: F] =2, x € K*, then I(c) is
irreducible if and only if either x|p« = m, or x|px = 1 and x° = 1. If x|p+ = m,
then I(s&@, o) is in the complementary series for only 0 < s < 1/2. Otherwise,
i.e., if xlpx =1 and x* = 1, then 1(s&, ) is in the complementary series only
for 0 <s < 1.

Proof. In view of Proposition 6.3 of [40] and Theorem 8.1 we only need to
check part b). The condition o = & implies that either yx' =1 or y2 = 1. In
the first case either x|« = 1 or 1. If x|p+ = 7, then P, ,(1) = 0 and therefore
the edge of complementary series becomes @/2. Notice that y® # 1 and
therefore P, (1) # 0 as expected. If x|p+« =1, then @ =7 and P, ,(¢~*) has
no real zero for s > 0. On the other hand P, (1) = 0 since x* = 1. Conse-
quently I(s&@, o) is in the complementary series for 0 < s < 1, and only there.
Finally assume x* = 1. Then P, (¢g7°) = L(s, x'"") "% But P, (1) can never
be zero since o is supercuspidal. If x|z« = m, then I(¢) is irreducible and
P, ,(1) = 0. Again the edge of complementary series is @ /2.

Example 2. Next assume G = Sp, and P is the non-Siegel maximal para-
bolic subgroup, i.e., M = SL, X GL,. Then o = 0, ® 0, where o, is a super-
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cuspidal representation of SL,(F) and 6 € F*. By [25], there exists an irre-
ducible unitary supercuspidal representation &, of GL,(F) such that o C
G,ISLy(F). Let 3, be the Gelbart-Jacquet [10] lift of & from GL4(F) to
GL4(F). It is unique and does not depend on the choice of ;. Then m = 1 and
Pa,l(q_s) = L(S’El ® 0)_1’

where the L-function is the principal L-function for %, ® 6. If &, is extraordi-
nary, then 3, is supercuspidal and P, (¢~°) = 1. Otherwise &, = 7(7), 7 =
Ind(W,, Wy, x), [K: F] =2, x € K*. Then 3,, is the representation induced
from o' ® n ® 1, where ¢’ = w(7"), 7' = Ind(W,, Wy, xx' ") and 7 is as in
Example 1; i.e., ker(n) = NK/F(K*) (cf. [10]). Consequently

P, (¢7*) = TTL(s,n0)"".

The Levi subgroup M is generated by the long root B = 2¢, and @, =
©,s1D,, Wwhere @ =¢, — g, is the short root. If the representation o is
ramified, then 62 = 1. By the general theory of R-groups, I(c) is reducible if
and only if P, (1) # 0 and 6 = 1. Thus we have:

ProposITION 8.4. Suppose o is ramified. Then 6% = 1.

a) First, assume &, is extraordinary. Then 1(o) is reducible and there are
no complementary series.

b) Next, let ¢, = w(7), 7 = Ind(W,, Wy, x), [K: F] =2, x € K*. Then
1(o) is irreducible if and only if @ = n, where n is the character of F* attached
by local class field theory to K/F. The representations I(sa, o) are in the
complementary series only for 0 <s < 1.

Remark 8.5. Suppose G = GSp, and M = GL, X GL,. Let c =0, ® 0,
where o, is an irreducible unitary supercuspidal representation of GL,(F) and
6 € F* is unitary. Then @y (o) = o implies 82 =1 and o, =0, ® 0, and
therefore either # =1 or 6 # 1 and o, =0, ® 6. But by [25], 0, =0, ® 0
with 8 # 1 if and only if o, = w(7), 7 = Ind(Wy, Wy, x), x € K* [K:F] =2,
and ker § = Ny ,;(K*). It follows from the proof of Proposition 8.4 that (o) is
reducible if and only if 6 = 1. Moreover, if oy =0, 860, 0 #1, I(g) is
irreducible and I(s@, o) is in the complementary series only for 0 < s < 1. The
representation I1(&@, o) is reducible. This is Proposition 5.1 of [49] which was
proved by Waldspurger by an entirely different method.

Remark 8.6. In view of the previous remark, it is clear that Proposition 8.4
can be formulated as follows: Suppose o is ramified. Then 6* = 1. The induced
representation 1(c) is reducible unless ¢, =&, ® 6, 0 # 1, in which case
the representations 1(s&@, o) are in the complementary series for 0 < s < 1. The
representation (&, o) is reducible.
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9. The conjecture in general

In this section we shall study the conjecture in general, i.e., when the
representation o is not necessarily generic. We shall show that assuming two
natural conjectures in harmonic analysis, the conjecture whose origins are in
number theory can be positively answered. Since Plancherel measures are
expected to be the same for inner forms (cf. [1], for example), this should answer
the conjecture in general. In what follows, we shall freely use definitions,
notation, and results from [32].

Let G be a quasi-split connected reductive algebraic group over a p-adic
field F of characteristic zero. Given f € CX(G) and 7y a regular semisimple
element of G, let ®(y, f) be the corresponding orbital integral. Now, assuming
Y is strongly regular, i.e., its centralizer in G is connected, set

(6.1 **(y.f) = Lo f),

where the sum is over representatives y’ of the conjugacy classes inside the
stable conjugacy class of y (cf. [32] and [22]).

Let (H, “H, s, £) be an endoscoplc datum attached to G, where &: “H - G
is an L- homomorphlsm If H (LH % in our notation) is the connected component
of the L-group “H of H, then H = £ Cent( s,G)°, where s € G is semlslmple If
Ty and T are maximal tori of H and G, respectively, then T, = T,. will induce
an F-map &/ . from semisimple conjugacy classes of H(F) into those of
G(F). An element Yu € H is called strongly G-regular if the image of its
conjugacy class under &7y ; is strongly regular. Finally a strongly G-regular
Yu is called an image of y; € G if y; € Ay ,c{yyd) [32].

Now, let A be a complex function of two variables whose first variable Yu
belongs to the set of strongly G-regular elements of H, while its second variable
y lies in the set of strongly regular elements of G, satisfying:

1) A(yy,v) depends only on the con]ugacy class of y and the stable
conjugacy class of vy, and

2) Alyy,y) = 0 unless vy, is an image of Y.

Following [32], A is called a transfer factor, if given f € C*(G), there
exists a function f € CZ(H) such that

(9.2) D (v, f1) = LAy, v)P(v, f)

for all strongly G-regular y,. The sum is over representatives for conjugacy
classes of strongly regular elements in G. The functions f and f are then said
to have A-matching orbital integrals. A transfer factor has now been defined by
Langlands and Shelstad in [32] as a product of five different factors. We shall
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now fix their transfer factor and we shall make the following assumption:

Assumprion 9.1. The map f — ! from C3(G) into the quotient of CZ(H)
by the subspace generated by all those g € CZ(H) for which ®*(y, g) =0, for
all y,, € H strongly G-regular, exists.

This assumption is by now very much accepted and is the basis for
stabilization of the trace formula by Langlands [30].

By a stable distribution on a group G we shall mean a distribution which
vanishes on every function in C*(G) whose stable orbital integrals (defined by
(9.1)) are all zero.

Our next attempt is to list conjectural properties of tempered L-packets.
For a connected reductive quasi-split group H over F, let E,(H) be the set of
equivalence classes of discrete series representations of H. We shall assume that
the set E,(H) is partitioned to finite subsets with the property that if 3 is one
such subset, then for every o € 3, there exists a positive integer m(o) such that

xs= 2 m(o)x,
ogEZ

is stable, where x, is the character of o. More generally, if H is endoscopic to
another quasi-split group G, and if @ is a stable distribution on H and 6 - 0¢ is
the dual map to f — £, then x$(f,) # 0 if and only if 7 belongs to one and
only one such partition IT of E,(G). Here f, is the pseudo-coefficient of  (cf.
[16]), i.e., a function in C(G) such that x.(f,) =1, while x,_(f,) =0 for
every other tempered representation 7' of G. These finite sets are called
discrete series L-packets for G and H. We denote their collections for G and H
by E,(G) and E,(H), respectively. The L-packet II is said to be obtained by
endoscopic transfer from 2.

Tempered L-packets are then defined by inducing from discrete series
L-packets on Levi factors. Observe that if {m,...,m,} is a discrete series

L-packet on a Levi factor M of G and #; = Indy ;¢ 7;, then
n

Z m(ﬂ'i)/\/ﬁ',

i=1
is stable. This follows from the fact that, up to a discriminant function, ®(y, f)
is equal to ®3(y, f7), where

flg) = /Kf(k*gk)dk

and
93) F#(m) = 81/2(m) [ Flmn) dn
N
(cf. the equality Ff/ T(y) = Fj}‘,? /T(y), page 204 of [44] and page 398 of [41]).
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We shall call ¥i_;m(m;)x, a stable tempered character.
We start with the following conjecture whose validity for real groups has
been verified by Shelstad in [42] (cf. Definition 1.2.1 of [3]).

Conjecture 9.2. The space of stable distributions is the pointwise closed
span of all the stable tempered characters.

In the next proposition G is a quasi-split connected reductive algebraic
group over F. Let .# be a complete set of representatives of conjugacy classes
of Levi subgroups of G defined over F. Then given f € CX(G), the Plancherel
formula [12] implies:

(9.4) f= X em)

Me.z g€ Ey

M)u(d)d(o)x.f(f) do.

Here c¢(M) is a positive constant depending on M and certain measures,
w(o) = ulo, @,) is the Plancherel measure defined in Section 2, d(o) is the
formal degree of o, x, is the character of ¢ =1Ind,,; o, and do is the
Euclidean measure explained in Section 2 of [12].

ProrosiTion 9.3. Assume- Conjecture 9.2 is valid. Let 3 € E(M) be a
discrete series L-packet. Then

a) For o € 3, d(a)/m(a) is a constant Ay(2) which depends only on the
L-packet 3., where m(o)’s are the weights which make L, .sm(a)yx, stable.

b) The Plancherel measure u(o) depends only on the L-packet 3. of o.

Proof. By Proposition 3.1 of [23], the distribution f — f(1) is stable. Thus
by Conjecture 9.2,

@30 0= T [ 263 T m@)(f)de.

Me.w "2€E, 4=

where Ao(2) € C and f € CHG). Consequently (9.4) implies

032 T [ 2@ T mlol()do

Me.# "2 €E(M oces
= L)  ple)d(o)xs(f)do.
Me.#Z o€ E(M)

a) Fix 0 € 3 € E,(G). With M equal to G and f equal to a pseudo-
coefficient of o (Proposition 5.3 of [16]), i.e., such that x,(f) = 1 but x,.(f) =0
if 0" € E,(G), the set of equivalence classes of irreducible tempered representa-
tions of G, and ¢’ # o, it is clear from (9.3.2) that d(o)/m(c) is a constant
Apm(2), depending only on 3.
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b) Fix 0 € 3 € E,(M). Let M° be the kernel of H,. Then M = MA,
where A is the split component of the center of M.

Fix a complex function h defined on the equivalence classes of discrete
series representations of Levi subgroups of G satisfying:

1) h(7) = 0 unless the Levi subgroup is conjugate to M and 7 is conjugate
to 0, v € ia*;

2) h depends only on the conjugacy class of M; and finally

3) the map v — h(o,) is regular.

Let 0° = 0o|M° and denote by w, the central character of o. By the
abelian Paley-Wiener theorem, choose n € C3(A) such that

fAn(a)au,(a)q“’””(“)> da = h(a,).

Let ¢° € CX(M°) be a pseudo-coefficient of o°. We may assume n(am) =
o, (m)n(a), m € AN M as well as ¢%(am) = 0, (a)e’(m), a € A N M°.
Consequently ¢ = ¢° ® 1 belongs to C2(M) and

Xo(¢) = h(a,),

while

x-(¢) =0
if 7 # o, for any v € ia*. Thus we have the following Paley-Wiener result:

x.(8) = x,(¢) = h(7)

for every equivalence class of discrete series representations 7 on a Levi
subgroup of G, where @&(m) = [i~pye(k~'mk) dk with measure of K N M
equal to 1.

Now choose f € C*(G) such that ¢ = f¥. Then x.(f) = h(7) for every
T E€E (MM €. If Ayy(Z)ula) — Ag(2) # 0, then Ay (3 )ulo,) — A(Z)
# 0 for v in some open subset of ia*. Choose h such that

[ ((E)u(0,) = A6(2))A() # .

veEia*

But this contradicts (9.3.2), which completes the proof of the proposition.

Remark. Even though there is a Paley-Wiener theorem for representations
induced from supercuspidal representations of p-adic groups [4], none has yet
been stated in any form for tempered representations. This is the reason for
being so careful in proving the proposition. I would like to thank Clozel and
Rogawski for useful communications on this.

To continue, let II be a finite set of equivalence classes of irreducible
admissible representations of G. We shall say II is generic if it contains an
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element which is generic with respect to some generic character of U. Our
second conjecture is:

Conjecture 9.4. Every tempered L-packet is generic.

When G is a real group, this was proved by Vogan in [48].

Observe that if II is a tempered L-packet and 7 € II, then 7. Ad g is also
expected to belong to II, if Adg is defined over F, g € G(F); and therefore if
we assume Conjecture 9.4, every tempered L-packet of M contains a y,-generic
element (cf. Section 3).

Now let o be an irreducible admissible representation of M. Let o =
J(P', v, ') be the corresponding Langlands quotient. Then u(o) =
(o, )y (o)) !, where o' is tempered and w,,(c;) is the Plancherel measure
for o) and P’ as a parabolic subgroup of M. In fact if we compose the standard
intertwining operator A(o,/, w,;) induced from the one attached to the longest
element @, of the Weyl group of A, the split torus in the center of M’, in M
modulo that of M’, which sends J(P’,v,o’) to the unique subrepresentation of
I,(w/(v), w(o") with the operator A(g/, w,), we obtain the operator
A(o,), w,w,). Observe that by inducing in stages

Ao, wy)|A(o), w;) Ind J(P',v,0') = Ao, w,).
PTG

The equality u(o) = u(o ), (o))" is now clear.

By ranging o' in its L-packet X', {J(P',v,0’), 0’ € 3’} then becomes the
L-packet of o. Assuming Conjecture 9.4, we see there exists a x,-generic
representation o’ in the L-packet 3’ of ¢’ and therefore by Proposition 9.3,
w(o) = w(o)) - pylo) "' Let @ = J(P',v,a’). We remark that & may not be
generic. Define L(s,&,r;), 1 <i <m, by analytic continuation of the corre-
sponding L-function for o’ which was defined in Section 7. Similarly define the
root number (s, &, r;, ;). We then set

L(s,o,r;) = L(s,a,r1,),
and \
e(s,o,r, ) =e(s,a,r,¥5),

1 <i <m, for every o € 3. If o is unitary, they then satisfy Proposition 7.8.
We shall now normalize the intertwining operator A(o, w) as in (7.12) to get

&/(o, w). The equality u(o) = u(o))u, (o))" for each rank-one component of
A(o, w), Corollary 3.6, and equations (7.10) and (7.11) now imply:

Tueorem 9.5. Assume Conjectures 9.2 and 9.4 are valid and o is unitary.
Then the normalized operator o/(o,w) satisfies conditions a and b of
Theorem 7.9.
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The rest of this section is aimed at proving an inductive result (Proposition
9.6) in the direction of Conjecture 9.4. It reduces the conjecture to discrete
series L-packets with only one element in them (these are expected to be the
only ones which are not endoscopic transfers from a non-trivial endoscopic
group).

Let H be a quasi-split group, endoscopic to G, both defined over a
non-archimedean field F of characteristic zero. (The referee has informed me
that the condition char F # 2, where F is the residue field of F, is not necessary
for the purposes of this paper.)

ProposiTioN 9.6. Suppose the map f — f! exists. Let 3 be a tempered
L-packet of H. Denote by 11 the L-packet of G obtained from 2, by endoscopic
transfer. Assume 2 is generic. Then so is II.

Let g and § be the Lie algebras of G and H, respectively. Set n = dim g
and h = dim ). Let f € C(G) be a function supported around the origin.
Moreover, assume that on the support of f, the inverse of exp: ¢ = G is
defined. Take f € C*(g) such that f(X) = f(exp X), X € g. Given a function
h € CX(g) and t € F*, let

h,(X) =h(t"'X) (X € q).
Assume |t| is small and define f, by f, = f, - exp. If f¥ € CX(H) is defined by

means of f and f is of sufficiently small support, we may assume the same is
true for f1. Let (f1), be the corresponding function for f".

Now, let A be the transfer factor defined by Langlands and Shelstad in [32].
We need:

LemMa 9.7. Suppose f has sufficiently small support around the origin. Then
for |t| small, f,: and

" (f)e

have A-matching orbital integrals.

Proof. Let vy, and vy, be strongly G-regular and regular elements of H and
G, respectively, which for the purpose of this lemma we may assume to lie in
small neighborhoods of origins in H and G. The transfer factor Ay, v) is a
product of five factors which in the notation of [32] are denoted by A;, A}, A,
A,, and A,y,. If Ty is the centralizer of y, in H, we fix an admissible
embedding Ty, — T C G (cf. [32], [22]) and let y be the image of 7y, under this
embedding. If y,, = exp(X), X € B, we then use ¢t >y, to denote exp(t *X),
where throughout this proof we shall assume |¢t| is small. Clearly Ty, is also the
centralizer of ¢ 2y, in H. Moreover if {y}} is a set of representatives for
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conjugacy classes inside the stable conjugacy class of y,;, then so is {t~2y;,} for
tfz‘yH.
It is now clear that
A(t 2yt ye) = Ay ve)-
If h € G(F) is such that hy,h~! = y, then the same h can be used to

define A (t 2y, t 2y;) and therefore A, will remain unchanged.
Next consider A,,(t 2y, t %y.). Then

A11(':_2')'H’ t_z‘yG) = nXa(t_z)AII(YH’ 'YG),

where {x,} is a y-data for I' = Gal(F/F) and R = R(T, G) (notation as in §2.5
of [32]), and the product is over representatives a for orbits of I' in the roots of
T outside H. We now choose our y-data such that y,=1if F,,=F, .
Otherwise, ie., if [F,, :F,, ]1=2, then ¢t 2 is a norm and x, (¢t %) =1 by

condition (iii) of subsection 2.5 of [32]. Then with this y-data,

All(t_zyH’ t_zyc) = AII('YH> Yc)'
Fix this y-data to define A, (cf. §3.5 of [32]). Reducing the supports of f and
Y, if necessary, we may assume A,(y,,7v;) =1 (it is the value of a certain
character of T, depending on the y-data, at y, where vy is the image of vy, as
above). Choosing [¢| small enough we may assume A, (t 2y, t %y;) = 1.
Observe that (§3.6 of [32])
Alv(t_zyH’ t_z')’c) = [t] 7(nih)A1V(YH’ Y(;)-

Now it follows from the definition of A(yy,, y.) that for functions f and f"
with small supports around the origins of G and H respectively, and |t| small,

A(tiz)’ua tizyc) = [t 7(nih)A(')’H, 'Yc)‘

Finally observe that

(DSI(YHa (fH)t2) = ZA(t_ZYH’t_ZY)(D(%fﬂ)

Y

= [t17" Y Ay, v)P(v. f),

v

which completes the proof of the lemma.

To prove the proposition we shall need the following two results.

If 7 is an irreducible admissible representation of any p-adic group G,
then by Harish-Chandra [13], the character x, of 7 can be expanded in a
sufficiently small neighborhood U of the origin as follows:

(9.6.1) Xo(f) = Xeoma(f).
174
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where f € CX(U) and f = f - exp, f € C(g). The sum is over all the nilpotent
G-orbits (conjugacy classes) & of g and ., is the Fourier transform of u,,
where

I-Lﬁ(f) = /ﬁf(g) dg.

The second result is an important result of Rodier [34], generalized by
Moeglin and Waldspurger [33], that 7 is generic (which requires G to be
F-points of a quasi-split F-group) if and only if ¢ (7) # 0 for some maximal
(regular) nilpotent G-orbit & of g. This is a remarkable characterization of
generic representations in terms of their characters which gives them a new
meaning.

We now proceed to prove Proposition 9.6.
Given 7 € I1, let ¢(7) € C* be such that

(9.6.2) xs(f1) = X m(a)x, (")

o€l
= 2 c(m)x.(f)
rell
Let
Cﬁ(H) = Z C(”T)Cﬁ(ﬂ')
mell
and

¢ (2) = X m(o)e, (o),

oEX

where for nilpotent orbits £ and &}, of G and H, ¢(7) and ¢, (0) denote the
coefficients in the expansion (9.6.1) of the characters of 7 and o, respectively.
Now suppose f — f and they both have small supports near the origins of G
and H, respectively. Take ¢t € F* with |¢t| small. Then by Lemma 9.7, f,. —
[t]*~"(f"),; applying (9.6.1) and (9.6.2) to this pair in small neighborhoods of
origins in G and H, respectively, we have

Y e (i (fi) = eaENe " an((F1),0)-
4 Oy

But it is easily seen that if d(#) and d(&,;) denote the dimensions of & and
Oy, respectively, then

Ao(fe) = 1L D (f)
and

o ((f1)) = 812" 4wp, (f1).
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Consequently

(9.6.3) g%amﬂ%ﬂ@Auv=;pdzmr””%mﬂﬁﬂ.

Let [ = rank Ty = rank Tg. Then d(&\,) =n — 1, while d(&}; ) =
h — 1, for maximal mlpotent G and H-orbits, respectively. Thus (9.6.3) implies

Z Cﬁ(H)ﬁﬁ(f) = Z CﬁH(E)ﬁﬁH(fH)-

& maximal &y maximal

Now assume c¢,(m) = 0 for every maximal nilpotent G-orbit & and every
7 € II. Then

(9.6.4) Y o, (Di,(f) =0

&y maximal

Observe that m(o’) > 0, ¢, (o) = 0, and ¢, (o) > 0 for at least some maximal
Oy [33] Thus we have ¢, (%) # 0 for some maximal ;. To conclude we need
the following lemma.

Lemma 9.8. Let Cy be a fixed regular nilpotent H-orbit of Y. Then there
exists a function f" € CX(H) with arbitrarily small support which lies in the
image of the map f — f* such that

/ic,,(fH) =1

while

/ieﬁ,,(f H) =0
for any other nilpotent H-orbit &, of b.

Proof. We need to choose a function h € CZ(H) with small support such
that u,,(h) = 0 for every nilpotent orbit &y, i, (h) = 0 for all nilpotent orbits
Oy # Cy, and finally 4 | (h) = 1. Such an h is “then in the image of f— fH.
This results from the followmg lemma.

Lemma 9.9. Let V be an open subset of %) containing the origin. Then the
distributions {u,,} and {{i,}, where &) ranges over nilpotent H-orbits of b,
are linearly independent on C(V).

Proof. For simplicity we drop the index H and use {£} to denote these
orbits. Assume

(9.9.1) Zdﬁ:u'ﬁ Zcﬁ#«ﬁ

j 1

on C;(V), where ¢, and d,, are complex numbers. Take f € CX(V) and



A PROOF OF LANGLANDS CONJECTURE 327

choose t € F* with || small enough so that f,» € C(V). Then applying (9.9.1)
to f,2 we have:

Zd |t|2h Ah ﬁ(f) = Zcﬁlﬂd(mﬂﬁ (f)

Fix a non-negative integer m. Let
4, - (£(E)d(&) = m).
Assume &, is not empty. Then

Tealtl Py (1) = L gt Vg, (1)

G, ﬁéﬁ

m

Z dﬁﬁﬁ(f ) =0.
oe b,
Observe that d(&,) — (2h — d(£)) < 0. Starting with the largest possible m so
that m — d(&)) > 0 for &, & Z,,, we see the linear independence of characters
of F* now implies inductively that

Z' dﬁﬁﬁ(f )=0
pe?,
for every f € CA(V) and every m. Thus d, = 0 for every £ € &, by Theorem
4 of [13] and consequently dﬁ = 0 for all j. Finally since the origin is in the
closure of every nilpotent orbit, the observations before Lemma 4 of [13] imply
¢y, = 0 for all i, which completes the proof of the lemma.

When we choose f as in Lemma 9.8, it is clear that (9.6.4) cannot happen,
which implies the existence of a 7 € Il with ¢ () # 0 for some regular
unipotent orbit &. This 7 is then generic by [33], [34].

Cororrary 9.10. Assume I1 is a discrete series L-packet and h <n. For
every m € I1, let d(m) be its formal degree. Then

Y c(m)d(w) = 0.
rell
In particular, assuming Conjecture 9.2,

Y c(m)m(m) = 0.

rell

Proof. If d(#) = 0 in which case & is unique, then the term

2n A
co(ID|t["a(f)
is the only term with |¢|*" appearing in (9.6.3). Thus c¢,(II) = 0. But by
Theorem 6 of [13], there exists an absolute constant ¢ such that c¢(m) = cd()
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from which the corollary follows. We should remark that the proof given in [13],
even though only for supercuspidal representations, applies to any discrete
series if one uses the corresponding pseudo-coeflicient to determine its character
on the elliptic set (Part b of Proposition 5.3 of [16]).

Remark. This result can be used to determine c(7) (cf. [35)).

Cororrary 9.11. Assume II is a discrete series L-packet which consists of
only one element. Then I1 cannot be an endoscopic transfer from any endoscopic
group attached to G other than G itself.

Remark. This is expected to hold in the opposite direction as well; i.e., if a
discrete series L-packet is not an endoscopic transfer, then it must be a
singleton.
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