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6.3 Hermite Interpolation
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So p(z) = 2 — 9z + 3z% 4 Tz2(z — 1) + 522(z — 1)2.

3. By Theorem 1, there exists a unique polynomial p of degree < m (m = 2n + 1) such that p(z;) = y;
and p'(z;) = 0 for 0 < i < n. By Equation (9), we have p(z) = 31 g wi[l — 2(z — i) €i(z:)]3(x)
where £i(z) = [[}_o, jzi(z — zj)/(zi — ;) for 0 <i <.

4. Let us write p(z) = a4+ b(z — z0) + c(z — 20)? + d(z — 20)®. Then p”(x) = 2¢+ 6d(x — xp). The four
conditions can be written as: cop = p(z0) = a, co2 = p’(z0) = 2¢, c10 = p(z1) = a +bh + ch? + dh3,
and ci2 = p”’(z1) = 2¢ + 6dh when h = z1 — 2. So a and c are obtained without restrictions:

3
a = cgo, ¢ = cg2/2. d and b can be obtained from last two equations: [g gh] [Z] = known vector.
h B3

Det [0 6h

] = 6h2 # 0 iff h # 0 = condition: zq # z;.

6.4 Spline Interpolation

5. f(17) = 1= f(17), so f is continuous at = = 1. Also f(27) = 3/2 = f(2%), so f is continuous at

1 z € (—o0,1]
z=2 fllz)=<2-z z€][l,2]
0 T € [2,00)

Thus, f/(17)=1= f/(1%) and f/(27) = 0= f/(2*). Therefore, f'(z) is continuous at = = 1, = = 2.
Hence, f is a quadratic spline function.

7. Enforce the continuity of f at knots: 1,3. At z =1, a(-1)2+0=c¢(-1)?2 = a=rc. Atz =3,
¢(1)2 = d(1)2+ 0 = ¢ = d. Continuity of f’ at knots: At =z = 1, 2a(—1) +0 = 2¢(—1) = a = c.
At £ = 3, 2¢c = 2d + 0 = ¢ = d. Continuity of f” at knots: At z = 1, 2a +0 = 2c = a = c.
At £ = 3, 2¢ = 2d+ 0 = ¢ = d. Thus, in order that f be a cubic spline: a = ¢ = d and
b,e any arbitrary values. Next, determine a,b,c,d,e so that f interpolates the table. At z = 0,
a(—2)2+b(—-1)®=26=4a—-b=26. Atz =1,a(-1)2+b-0=T=a=7 Sob=2andc=d="T.
Atz=4,d2)2+e(1)*=25=>28+e=25=>¢e¢=—-3. Then: a=c=d=7,b=2,e=-3.

9. Put gi(z) = 4(zip1/h)(z — t:)? — 3(2i/hi) (tis1 — )2 + yi + ziha.

Then Qi(ti) = _%(zi/hi)(ti-}-l - ti)Q + vy + %(zlh,) — %[—(Zlhg)/hz] + %(Z;h,) + y; = y; where h; =
tiv1 — ti. gi(z) = (zir1/hi)(z — ti) + (zi/hi)(tiv1 — ), Gi(t:) = (2i/hi)(tiv1 — i) = 2, gi(tiy1) =
(zig1/hi)tis1—ti) = ziz1. Gi—1(z) = 3(zi/hi-1)(z—ti—1)? — 3 (2i—1/hi—1) (ti — ) +yi—1 + 5 (zi—1hi—1)
gi-1(ti) = 3(zi/hi1)(ti — tic1)? + yio1 + 3(zi—1hic1) = $(2i + zi1)hic1 + ¥io1.

Continuity Condition §(zi + zi—1)hi—1 + ¥i-1 = % = zi + zi-1 = (2/hic1)(%i — vic1)- ai(z) =
3 (zis1/hi) (@ — )2 — §(zi/hi) (tiz1 — 1)2 + yi + 3(2ihi) = F(ziv1/ha)(x — i) — §(zi/hi) (z — t: — hi)* +
Yi + 3(zihi) = 3[(zit1 — z0)/Rhl(z — t:)? + zi(z — ti) — 3(zihi) + i + 3(2zihi) = [(zit1 — 2)/hi)(z —
t:)? + zi(z — t:) + vi-

[
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Here i =1,2,...,n — 1. Q: piecewise quadratic Q, Q' continuous Q’(¢;) = z; well-defined

q1(t2) = qa(t2) ete. gn—2(tn—1) = qn-1(tn—1), i€, qi_l(ti) =gqgit:i)fori=2...n—12_1+2 =
(2/hi—1)(¥i —yi-1) 2<i<n-1).

Let z; = 0 and define inductively z; = (2/h;i_1)(yi — ¥i—1) — zi—1, ¢ = 2,3,...,n. z; is arbitrary,
zi="2fhi1) (¥ —viz1) —Zi18=2,..:5n

Sozi=ai—2-1. 0 =2 —21,23=03—22 =03 — (g —21) =az —aa+ 21,24 =g — 23 =
ag—ag+ag —z1, Bte.. z1 = a1 —ai_1 +ai_o---+ (—1)}(as — 21).

Sozi=vi—(-1) 21,2 =0, 3 =03 — 72, =z -3, etc. &=3"" ;262 =23 +23+ 23+ 42}
=(r-z)+Mm+2)>+(m-2) 4+ + (1 — (-1)"21)? d®/dz1 = —2(y2 — 21) + 2(y3 + 21) —

2va—z1) — - = 2(-1)"(m — (-1)"21) = 0 —pe+2z1+m+z1—M+z1--— (-1)"m+21 =0
1 2 3 n_1

(n—-Dz1—(e—m+1—rn++(D)"Wm)=0z1=(re—3+m—v+--+(=1)"m)/(n - 1).
Nowp-m=ar—(as—a)=2—osand yu— s =1 — (4 — 1) =21 — 4. 12 = o,
V3 =03 —Qg, Y4 =g —agtag, V5 =a5 —og+ag —a, efc. o =g, 73 = g —a3, Y4 =
ag—a3+oy, —v5s =g —0a3+oag—o5, etec. Sofp—13+yu—y+--+ (1) "nw]/(n-1)
=[n—1az— (n—2)as+ (n—3)ag —---]/(n —1).

Algorithm: Fori=2-.-n define a; = (2/hi—1)(yi — yi—1). Fori=3---n do a; — aj_1 — ;. For
i=2---ndoag+ (—1)laji1 — a9. z1 = ag/(n —1).

13. Let fi(z) = 1+z—23, £ € [0,1]; fa(z) = 1 -2z — 1) — 3(z — 1)2 4+ 4(z — 1)3, = € [1,2];
fa(z) = 4(z—2)+9(z—2)?—3(z—2)3, z € [2,3]. Since f1(0) =1, fi(1) = 1 = fo(1), f2(2) = 0 = f3(2),
and f3(3) = 10, f(z) interpolates the table and f(z) is continuous at = = 1 and z = 2. Also
() = =2 = f(1), 5(2) =4 = f3(2), fI(1) = =6 = f5(1), f3(2) = 18 = f5(2), f{(0) = 0, and

f4(3) = 0. Hence, f(z) is a natural cubic spline which interpolates the table values.

24. The integral fol S(z) dr becomes an approximation of the area under the curve f(¢) on the interval
[0,1] where R; = %(ti —ti—1)[f(t:) + f(ti—1)]. This is the composite trapezoid rule with non-uniform

segments. Thus, [} S(z)dz = Y7 Ri = 4 30 (ti — ti_1)[F (&) — f(ti1)]-

30. In the matrix system for the z;’s in the text, the first equation is replaced by hozo +u1z1 + h1ze = v1
and the last equation is replaced by hn—2zn—2 + un—12n—1 + An—12n = vp—1. Using Eq. (8) with
1 = 0, we have —2hgzo — hoz1 = 65’ (to) — bo. Using Eq. (9) with ¢ = n, we have hp_12z,-1 +
2hn_12n = 65'(tp) — bp—1. Use these latter two equations to expand the linear system and solve for
[20,21, 225+++92n—2;%n—1, zn]T'

6.5 The B-Splines: Basic Theory

3. S(tm) =3; CiBiQ(tm) . Cm—QB};z—Q(tm) g Cm—lB?n—l(tm)
. Cm—th/(hm + hm—l) + Cm—lhm—l/(hm + hm—l) = (Cm—th + Cm—lhm—l)/(hm + hm—l) = Ym-



