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Abstract

A new class of splitting schemes for incompressible flows is introduced. The new schemes are based on a weak form
of the pressure Poisson equation and, at each time step, only require to solve a set of Helmholtz-type equations for the
velocity and a Poisson equation (in the weak form) for the pressure, just as pressure-correction and velocity-correction
schemes. However, unlike pressure-correction and velocity-correction schemes, the new splitting schemes are free of
splitting errors and deliver full accuracy on the vorticity and the pressure.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

We consider in this paper the time discretization of the unsteady incompressible Navier—Stokes equa-
tions in primitive variables. For a given body force f, we look for # and p such that

u—vwWu+u-Vu+Vp=f inQx(0,T] (1.1)
Vou=0 inQx][0,7], '
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subject to appropriate initial and boundary conditions for u. @ is an open and bounded domain in R?
(d =2 or 3 in practical situations) and [0, 7] is the time interval.

Since the introduction of the concept of projection methods by Chorin [5] and Temam [24] in the late
1960s, there have been an enormous body of work devoted to the analysis and implementation of various
versions of these techniques. The various improvements on the original scheme by Chorin and Temam can
be roughly classified into two broad categories, namely the pressure-correction techniques and the velocity-
correction techniques.

e The idea of pressure-correction methods can be traced back to [8] in the form of a first-order scheme.
Pressure-correction schemes are time marching algorithms with two substeps. The pressure is made explicit
in the first sub-step, and is corrected in the second sub-step by projecting the intermediate velocity onto the
space of divergence-free vector field. This strategy became a popular choice after Van Kan (cf. [27]) pro-
posed a (formally) second-order version which dramatically improved the accuracy. This second-order
pressure-correction scheme is further improved by adding a divergence correction to the pressure [26]. This
improved version is classified in [15] as the rotational form of the pressure-correction schemes. This class of
schemes are now widely used in practice and have been rigorously analyzed in [4,6,11,22,23]. In passing we
want to point out that the scheme proposed by Kim and Moin (cf. [18]) can also be reformulated as the
pressure-correction scheme in the rotational form. This fact does not seem to be well-known.

e The notion of velocity-correction schemes was first introduced by the authors in [13]. In a velocity-
correction scheme, the viscous term is made explicit in the first sub-step and the velocity is corrected in the
second sub-step. It is shown in [13] that the class of fractional step schemes introduced by Orszag et al. [19]
and Karniadakis et al. [16] can be reformulated as a velocity-correction scheme in rotational form. The
notion of third-order BDF and higher-order splitting scheme has been introduced in [16]. We note in
passing that while third or higher-order pressure-correction schemes become unstable (cf. [20]), ample
numerical evidences (cf. [16,17]) indicate that third or higher-order velocity-correction schemes in rota-
tional form are stable. This behavior has yet to be fully explain.

The main advantage of projection-type algorithms is that the computations of the velocity and the
pressure are decoupled. More precisely, assuming that the nonlinear terms are made explicit, then at each
time step, one only has to solve a set of Helmholtz-type equations for the velocity and a scalar Poisson
equation (with a homogeneous Neumann boundary condition) for the pressure. This strategy is compu-
tationally very efficient when compared with the coupled approach, especially when a fast Poisson solver is
available. However, the price for the decoupling is some loss of accuracy on the pressure and the vorticity.
More precisely, the so-called second-order projection schemes provide second-order accuracy on the ve-
locity in the L2-norm, while the convergence rates of the pressure and the vorticity in the L?>-norm are either
first-order or 3/2-order depending on whether it is the standard form or the rotational form which is used
(cf. [13,15]). Since the vorticity (and oftentimes the pressure) plays a very important role in applications, it is
highly desirable to have a decoupled scheme which is unconditionally stable (for the time-dependent Stokes
equations) and provides full second-order accuracy for both the vorticity and the pressure. The aim of this
paper is to introduce such a scheme. We note that the gauge method introduced by E and Liu [7] with a
finite difference discretization is reported to numerically achieve full second-order accuracy on the velocity
and the gauge variable, but the proof of this conjecture is still missing. Moreover, when needed, the
pressure is computed by using p = 9,¢ — uA¢, where ¢ is the gauge variable. Hence, it is not easy to obtain
an accurate pressure approximation, especially in the context of finite-elements.

The rest of the paper is organized as follows. In Section 2 we define some notations, and we introduce the
new class of splitting techniques. Two variants are considered; these variants are hereafter called the
standard formulation and the rotational formulation. We analyze the stability and the convergence
properties of the standard and rotational variants in Section 3. In Section 4, we briefly explain the role of
the inf-sup condition when these schemes are discretized in space. Convergence tests and various numerical
experiments are reported in Section 5.
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2. A new class of splitting schemes
2.1. Some notations

Let Ar > 0 be a time step and set #, = kAt for 0 <k <K = [T/Af]. Let ¢°,¢',..., ¢* be a sequence of

functions in some Banach space E with norm || - ||;. We denote by ¢,, this sequence, and we shall use the
following discrete norms:
© 1/2
2 2
lballiece) = (Atz ||¢k||5> o bl = max (11913)- (2.1)
=0 SES

Let L2(Q) (resp. L2(2)") be the set of square integrable scalar-valued (resp. vector-valued) functions. We
denote the scalar product in L2(Q) and L2(Q) by (-,-) without making a distinction between scalar- and
vector-valued functions. We will denote | - || by || - || when E = L*(Q).

We denote by C a generic constant which is independent A¢ but possibly depends on the data and the
solution. We shall also use the expression 4 < B to say that there exists a generic constant ¢ such that
A <cB.

To avoid unnecessary technical difficulties associated with non-homogeneous Dirichlet conditions, we
assume that u is zero at the boundary of the domain, henceforth denoted by I'.

2.2. The key idea

The key idea behind the new class of splitting schemes is to evaluate the pressure by testing the mo-
mentum equation against gradients. By taking the L?-inner product of the momentum equation in (1.1) with
Vg and noticing that (u,,Vq) = —(V - u,,q) = 0, we obtain

/Vp~Vq:/(f—|—V2u—u~Vu)‘Vq, Vg € H'(Q). (2.2)
Q Q

Note that if # is known, (2.2) is simply the weak form of a Poisson equation for the pressure. So, the
principle we shall follow is to compute the velocity and the pressure in two consecutive steps: First, we
compute the velocity by making explicit the pressure, then we update the pressure by making use of (2.2).

Following [16], we use the gth-order backward difference formula (BDFgq) to approximate d,v(#*!) and
the gth order extrapolation to approximate p(#). These approximations are denoted by

<ﬁ P Zﬁ v ,)

and
g—1

p*,k+l — Z ,yjpkfj’

J=0

respectively. Of course, the present theory is not restricted to these choices. Any implicit consistent ap-
proximation of d,v(#*!) and any explicit consistent approximation of p(f,) is acceptable; see scheme
(2.13)—(2.15) for instance. To simplify the notation, for any sequence ¢,, := (qSO, P, .. .), we set

g—1
D¢k+l _ ﬁq¢k+l _ Z ﬁquk—/
Jj=0
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For instance, we have

g=1: Dyttl = pktl _ yk prl .

KEl 3kt vk o 1k *k+l:p7 k—1 (23)
g=2: D" =Sy =2t Lo pt T = 2pf —

2.3. Standard splitting scheme

A gth order decoupled approximation to (1.1) is defined as follows: Let #” = u|,_, and p° = p|,_, (which can
be obtained by solving (2.2) at ¢t = 0). If ¢ > 2, then for 1 <k < g — 1, let (&*, p*) be the kth order approxi-
mation to (u(kAt), p(kAt)) (which can be obtained recursively by using the scheme described below using
BDFk and the kth order extrapolation of the pressure). Let us denote by g“*! the difference between f (#+1)
and an appropriate g-th order approximation of the nonlinear term, say g**! = f (#+!) — (u - Vau)***'. Then,
fork > g — 1, find **! and p**! such that

Duk+1
At

(VP Vq) = (¢ + W Vg), VqeH'(Q). (2.5)

o vauk-H + vp*,k-H — gk-%—l’ uk+1|1“ — 0’ (24)

Note that in the second step we need to compute V2#**! which may not be well defined in a finite element
discretization. Hence, we shall derive an alternative formulation which does not require computing VZu+!
and is more suitable for finite element discretizations. To this end, we take the inner product of the first step
with Vg and we subtract the result from the second step. Then, we obtain the following equivalent for-
mulation of (2.4) and (2.5):

Dut! 2+l > et 1 k1 k1

A7 — Wt Vptt =g W =0, (2.6)
V(! — ikt _ Du't! v Vo € HY(Q 27
(V™ =p™).Va) = { == Va ), VYqeH(Q) (2.7)

At this stage, several remarks are in order.

e The two schemes (2.4) and (2.5) and (2.6) and (2.7) are strictly equivalent in the space continuous case
but they yield two different series of implementations when the space variables are discretized (see Sec-
tion 4 for further details).

e Neither scheme (2.4) and (2.5) nor (2.6) and (2.7) is a projection scheme, for the velocity approximation
! is not divergence-free.

e Asin a projection scheme, one only needs to solve a set of Helmholtz-type equations for #**! and a Pois-
son equation (2.5) or (2.7) (in the weak form) for p**!.

e Just as in a pressure-correction scheme in standard form [15], the Eq. (2.7) implies that
L (P! — p**1)|o = 0 which is an artificial Neumann boundary condition not satisfied by the exact
pressure. This boundary condition will induce a numerical boundary layer which, in turn, will result
in a loss of accuracy.

2.4. Consistent splitting scheme

Similarly to pressure-correction and velocity-correction schemes (cf. [13-16,19,26]), the accuracy of the
above splitting schemes can be improved by replacing VZ#**! in (2.5) by —V x V x #/*!, leading to the
following algorithm:
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Du! 2kt * k1 k1 ket
A7 — W Vp it = g =0, (2.8)
(VP Vg) = (" —vwW x V x ™! Vq), Vg € H'(Q). (2.9)

Owing to the identity V2u*™! = VV - #**! — V x V x #**!, this procedure amounts to removing the term
VV - a1 in (2.5). It is shown in [13,15] that when this strategy is applied to pressure-correction and ve-
locity-correction schemes, it yields an a priori control on the divergence of #**!, which in turn leads to
improved accuracy on the vorticity and the pressure. Once again, to avoid computing V x V x ! ex-
plicitly in the second step, we take the inner product of (2.8) with Vg and we subtract the result from (2.9).
This leads to an equivalent alternative form of (2.8) and (2.9) (the equivalence holds only in the space
continuous case):

Duk+l
At _ VvZuk-H + vp*,k-H _ gk+l7 uk+l|1“ _ 0’ (210)
k+ Du**! 1
P =y vl (2.12)

Note that the numerical complexity of the schemes (2.8) and (2.9) and (2.10)—(2.12) is the same as that of
(2.4) and (2.5) or (2.6) and (2.7). However, as ample numerical results indicate, the pressure approximation
P! is no longer plagued by an artificial Neumann boundary condition and, consequently, these schemes
provide truly gth order accuracy (at least for ¢ = 1 and 2) for the velocity, vorticity and pressure. Thus, we
shall henceforth refer to the schemes (2.8) and (2.9) and (2.10)—(2.12) as the consistent splitting schemes.

As already mentioned in Section 2.2, the use of a BDF approximation for 0,# and of an extrapolation for
p is not really a key issue. In fact, one can build another truly second-order consistent splitting scheme by
using the Crank—Nicolson and leap-frog strategy as follows: first compute #**! such that

el k-1

u Y Evz(ukﬂ FuY F VR = gh W), =0,

then compute the pressure by testing the momentum equation against gradients
1
(V§ @ +p"l)7Vq) = (gk *%V XV x (W + u"’l),Vq), Vg € H'(Q).
We can avoid having to test gradients against second-order derivatives by testing the equation controlling

w1 against gradients and subtracting the result from the above equation. The resulting algorithm is as
follows:

u u Voo, ktl k-1 I3 k fe+1
__ = = 2.1
AT 2V(u +u ) +Vpt =gt =0, (2.13)
P
(VY vq) = (T,vq), Vg € H'(Q), (2.14)

P =20 2pf - P WY (W ). (2.15)
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3. Stability and convergence results

Since the nonlinear term does not contribute in any essential way to the error analysis of projection
methods, we shall carry out our analysis for the linearized equations only so as to avoid technicalities which
may obscure the essential ideas in the proof. Our proofs can be adapted to account for the nonlinearity
using standard techniques (cf. [11,22,25]).

3.1. Standard splitting schemes

Let us first show that the solution of the second-order version of (2.6) and (2.7) is unconditionally
bounded. Since the use of second-order BDF in (2.6) does not affect the stability in an essential manner and
the additional technicalities involved with the second-order BDF have already been addressed in [13,15], for
the sake of simplicity, we will replace the second-order BDF in (2.6) by the backward Euler approximation,
i.e., we consider

W gk

Y _ vauk+1 + v(zpk _pkfl) _ (g/H»]7 uk+| |1‘ _ 07 (31)

k1 _ gy

- —_ u k
(V' =2+ P71, Vg) = (T7V61), Vg € H'(Q). (3.2)

Let us denote the backward difference operator by 4, i.e., duf™! = **! —uF and opf*! = pF! — pF. The
operators 6%, ° are defined accordingly.

Lemma 3.1. There exists a positive constant C such that the solution of (3.1) and (3.2) is bounded in the
following sense:

6w |12 + AL Vop™ P + Ay (vl Vot P + AtV )P < C.

k=1

Proof. Applying the operator ¢ to (3.1) and (3.2), we find

2
By uk+1

X —yWASu 4V (5pF + 8°pF) = o, out!|, =0, (3.3)

and
V&P Vg) = St v Vg € H'(Q 34
( p 9 q) - At ) q 9 qe ( ) ( . )

Taking the inner product of (3.3) with 2As0uf*' in L*(Q), using the identity (a —b,2a) = |a|'—
|b|> + |a — b|?, and integrating by parts, we obtain

(|6 P — (0wt ||* + || 07w )+ 2vAL||Vout P 4 2A6(V (5pF 4 87pF), outY) = 2A1(5g !, out ).

Next, we take ¢ = 2A#26p" in (3.2) to get

AP (|Vap P = |IVapfIP — VP |17) = 20(6u!, W op"). (3.6)
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Similarly, by taking ¢ = 2A26°p* in (3.2), we obtain

AP(|VEP P+ [ VEP P = IVEPH ) = 28e(5utH, V3. (3.7)
On the other hand, we derive from (3.4) that

AP||VE PP < 5% (3-8)

Summing up the last four relations (3.5)—(3.8), we obtain

[ — (|50 + 2vA| | VP + AC([V S|P + (IVp 1P = [V ept|)
2
<2A1(8g", su' ) < vAt||Vou P + %At”ég”“ 1% (3.9)

The last inequality in the above relation is the result of the Poincaré inequality ||du**!|| < ci||Vou**!|| and
the Cauchy—Schwarz inequality.
Finally, we take the sum of (3.9) for k = 1 to n to arrive at

6w 1* + APV op" P + Ay (vII Vot |P + Ad|VEP)

k=1

2 n
c nt1012 2 < 112
<71AIZII55' P flout |7 + IVop'|I° < C.

k=1

This completes the proof. O

The above lemma shows that the solution of the algorithms (2.6) and (2.7) with ¢ = 2 is unconditionally
bounded. In fact, we can prove the following error estimates for (2.6) and (2.7) with ¢ = 2 (cf. [12]).

Theorem 3.1. Provided that the solution to (1.1) is smooth enough in time and space, the solution (ua, pa;) to
(2.6) and (2.7) satisfies the estimates:

||”At - uAtHéZ(LZ(Q)d) S Atza

llar — uAlH/OC(H‘(Q)d) + |lpar —PAtHzoc<L2<Q)) < A

We note that the above error estimates are of the same order as those from the second-order pressure-
correction scheme in standard form (cf. [11,22]), but they are less accurate than those from the second-order
pressure-correction scheme in rotational form (cf. [13]).

3.2. Consistent splitting schemes
The analysis of the stability and the convergence of the consistent splitting scheme is more involved than
that of the standard form. For the time being, we are only able to prove optimal convergence results with

g =1 (cf. [12)).

Theorem 3.2. Provided that the solution to (1.1) is smooth enough in time and space, the solution (ua,, pa;) of
(2.10)—~(2.12) with g = 1 is unconditionally bounded and satisfies the following error estimates

llar — uAfHk‘OC(Hl(Q)d) + [|pa —PAt”ex(LZ(Q)) < A
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Since a complete proof of this theorem is beyond the scope of this paper, we only give a proof for the
stability. Heuristically speaking, a combination of the stability result proved below and the consistency
error of the scheme (easily available from a Taylor expansion) implies the above error estimates.

Proof (Proof of stability). For ¢ = 1, the scheme (2.10)—(2.12) reads

u ! — o B k+1 kK k1 k) Q.
A7 VAU +Vpt =g | =0 (3.10)
W
v = (v, v e @), 1)
+1_ lﬁkH NEP ey (3.12)

Applying the operator ¢ to (3.10) and using the identity —Au =V x V x u — VV - u, we obtain

52 k41
At

+VV X V x 0™t —yWV - a4 Wyt = g-tt (3.13)
Taking the inner product of (3.13) with 2A¢éu**! and integrating by parts, we have

a7 = 0w |1* + (|87 |12+ vAe(| V- P = |V w4 |V o)
+ 20A1||V x 8uF | + 240V, oul )
= 2At(5g"t!, Sut . (3.14)

We then apply the operator 6 to (3.11) and take the scalar product with gradients to obtain

5uk+1 _ 5uk

(Voy*' vg) = <At,vq), Vg € H'(Q). (3.15)
Taking ¢ = 2A2)* in the above relation, we find

ALY P = VWA = Vot 1) = 2An(0u ! — out, V). (3.16)
We now take ¢ = 2A/2y* ! in (3.11), and we replace k + 1 by k to obtain

2A2||VYH|)F = 2A1(0uF, V). (3.17)
Next, we take ¢ = A~2oy*™" in (3.15), and we use the Cauchy—Schwarz inequality to find

APV < || 8%k (3.18)

Summing up (3.14) and (3.16)—(3.18), and using the identity ||Va||> = ||V x #||* + ||V - u||*, which holds for
1 d :
all w € Hy(Q)", we obtain

lou 1P — 3w+ vA(IV - P = IV - wF|1?) v AV ou P [V x out )
AR VY I\VWHZ)

= 2Ar(og! ou ) < 2 wou | 4 BN g2 (3.19)
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Finally, taking the sum of the above relation from £ = 1 to n, we obtain

L R SO N CIL R B
k=1

< YIS og P+ w4 A -ul P <

v —

=1
Hence, the solution of (3.10)—(3.12) is unconditionally bounded. O

Numerical results reported in Section 5 clearly indicate that the scheme with ¢ = 2 is unconditionally
stable and fully second-order for the velocity in the H'-norm and the pressure in the L*-norm. However, a
rigorous proof of this fact is still elusive.

4. Role of inf-sup conditions

Let (X;, M) be respectively the approximation spaces for the velocity and the pressure. In this frame-
work, the mixed approximation of the Stokes equations

—Au+Vp=f, V-u=0, u =0, 4.1
is as follows: Find (u;, p;) € X;, x M), such that
(Vuh, Vvh) — (ph, V- Vh) = (f, vh), VV;, S Xh,
(V'”h,qh) :07 th EM},.
It is now a well-known fact that a necessary condition for the above discrete problem to be well-posed is
that the following inf-sup condition holds (cf. [2,3]):

) 2
e, > 0, inf sup M
My v, ex, ||VV},|| ||qhH

(4.2)

> ¢, > 0. (4.3)

Furthermore, if ¢, is not uniformly bounded from below w.r.t 4, a loss of accuracy of order ¢, may occur on
the velocity and a loss of order ¢; may occur on the pressure. On the other hand, if (4.3) is not satisfied, then
the space of spurious pressure modes

Oy ={qn € M) : (g1, V -v) =0, Vv, € X;} (4.4)

is not empty.

Since the computations of the velocity and the pressure approximations are decoupled in projection-type
schemes, it is tempting to speculate, and it has been claimed by many, that the inf-sup condition between
the velocity and the pressure approximation spaces is not mandatory for projection-type algorithms to
work properly. In general, this intuitive argument is wrong. For instance, it is shown in [1,9] that the inf-sup
condition is required to obtain optimal (in space) pressure error estimates in pressure-correction schemes.
As for velocity-correction schemes, the situation is slightly more subtle and depends on how the scheme is
implemented in practice.

The goal of this section is to elucidate the role of the inf-sup condition for the consistent splitting schemes.

4.1. Full discretization of (2.10)-(2.12)

Let us first consider the scheme (2.10)-(2.12). Let X;, C H(}(Q)d, W, C H'(Q), and M, C L*(Q) be the

approximation spaces for #*!, i, and pf*!, respectively. Then, a fully discretized version of (2.10)~(2.12)

is: Find (af ™', Y5 pk*!) € X;, x W, x Mj, such that
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D”];zﬂ k1 e+ 1 e+l
( A ,v;,) +v<Vuh+ ,Vvh) — @V ewm) = (8 wm), Y e X, (4.5)
k1 Duj"!
(V0. V) = (P V4,). o€, (4.6
(Pﬁ“a%) = ( 2+1 +p:7k+l A ”IZHWIh)v VC]h € Mh' (47)

To investigate the compatibility between X;, and M, one only has to look at steady state solutions of the
above algorithm. It is clear that any steady-state solution is such that Du*! = 0, ' = 0 and p}**' = pft!;
as a result, the quantity (V - ut™! ;) is zero for all g, in M. In other words, the couple (uf ™!, pi™') is solution
to the steady-state Stokes problem (4.2). Thus, although one can always determine a unique approximate
solution (k™! Wi pkt1) from (4.5)~(4.7) with any triplet (X}, W, M;), there is no guaranty that the pressure
approximation p}*! does not contain any spurious mode in Q. In conclusion, for the schemes (2.10)—(2.12),
the pair of spaces (X;, M,) has to satisfy the inf-sup condition for the pressure approximation to be free of
spurious modes, and (except for spectral approximations, [1]) the inf-sup constant ¢, should preferably be

uniformly bounded from below for the pressure approximation to have optimal accuracy in space.

4.2. Full discretization of (2.8) and (2.9)

We now consider the schemes (2.8) and (2.9). Let X, ¢ H*(Q) N H!(Q)? and M, C H'(Q) be respectively
the approximation spaces for #}™' and pf™'. Then, a fully discretized version of (2.8) and (2.9) is: Find
(ui™', pf*!) € X, x M, such that

Duft!
( Ahl ,V},) + V(VMI}:-vavh) - (p:‘kjL]?Bhvh) = (gk+17vh)7 vVh €Xh; (48)
(Vo' V) = (=W x Vxu™ V), Vg, € W (4.9)

k41 k+1

Thus, the steady-state solution (u;"", pi*") — (u;, p) satisfies the following coupled system:

v(Vu,, Vv) — (i, V - v) = (g,v), Vv € X,
(vplﬁvqh) = (g — W x VX "h»VCIh)a VQh S Mh~

Numerical experiments with Legendre—Galerkin approximations [21] suggest that this system is well-posed
for two set of spaces Xj, x M, such that one satisfies the inf-sup condition while the other does not (see
Section 5). In other words, (4.10) does not seem to require a non trivial inf-sup condition to be satisfied for
a unique solution to exist. In conclusion, we conjecture that the scheme (2.8) and (2.9) does not require the
inf-sup condition to be satisfied.

(4.10)

5. Numerical experiments

To demonstrate the accuracy of the new splitting schemes, we perform convergence tests with respect to
At with finite elements [10] and Legendre—Galerkin approximations [21].

5.1. Convergence tests with finite elements

We first test the finite element approximation on the time-dependent problem 1.1 in Q =0, 1[°. We set
the source term so that the exact solution is
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p(x,y,t) = cos(mx) sin(my) sint,

(5.1)

u(x,y,t) = (nsin(2ny) sin®(nx) sin ¢, —msin(2nx) sin’(ny) sin £).

We use mixed P, /P, finite elements. The mesh used in the tests is composed of 14774 triangles so that the
mesh size is 4 ~ 1/80. There are 7548 P-nodes and 29869 P,-nodes. We make the tests on the range
5.107* < Ar< 107! so that the approximation error in space is far smaller than the time splitting error.

We have tested the algorithms (2.4)—(2.7) and (2.10)—(2.12) with ¢ = 2.

The error on the velocity in the L?>-norm and in the H'-norm at the final time, 7 = 1, is reported in Fig. 1
as a function of At. The results corresponding to the standard form of the algorithm are reported in the left
panel of the figure, and those corresponding to the rotational form are in the right panel. The standard
form of the algorithm is second-order accurate in the L2-norm, but the convergence rate in the H'-norm is
roughly 3/2. One clearly observes in the right panel of the figure that the rotational form of the algorithm is
second-order accurate both in the LZ>-norm and the H'-norm. Note that the saturations observed for very
small time steps is due to the approximation error in space which becomes dominant for very small time
steps.

We show in Fig. 2 the error on the pressure measured in the L*-norm for both versions of the al-
gorithm. The results clearly show that the pressure approximation in standard form is only first-order,
whereas in the rotational formulation it is truly second-order. The poor convergence rate in the standard
form can be attributed to the presence of numerical boundary layers which are induced by the fact that
the boundary condition enforced by the approximate pressure, namely 9, (p*™ — 2p* + pF=1)|. = 0, is not
consistent.

This convergence test is a compelling evidence that the rotational form of the new scheme is truly
second-order is time, although the proof of this result is still out of reach.

10 T T T T 1072 T T T T

E *—XL2, std., 2nd order ] E *XL2, rot., 2nd order ]

B—0H1, std., 2nd order / B—0H1, rot., 2nd order !
1072 4 — 1073 4 —
102 { 1075 E
10744 E 10754 E
10754 g 10 g
1076 5 g 1077 g
1077 ey ey Ty r 1078 T T e T
0.0001 0.001 0.01 0.1 1 0.0001 0.001 0.01 0.1 1
Standard formulation Consistent splitting scheme

Fig. 1. Convergence tests with BDF2 and Finite elements. Error on the velocity in the Z?-norm and in the H'-norm at T = 1. Standard
formulation vs. consistent splitting scheme.
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10° 3 — — T Bnss:
1 | ™ ®Linfty, std., 2nd order 7
] Linfty, rot., 2nd order 4 ]
1071 5 4
1072 5 4
1073 5 4
] 5 ]
104 4 / .
; Z ]
] Z
] , ]
105 2 -
: / :
.
106 Slope 2
T ML B | R LA | L LA | T T L
0.0001 0.001 0.01 0.1 1

Fig. 2. Convergence tests with BDF2 and Finite elements. Error on the pressure in the L>-norm at 7' = 1. Standard formulation vs.
rotational formulation.

5.2. Convergence tests with a Legendre—Galerkin approximation

We now present some tests using the Legendre—Galerkin method introduced in [21]. Let us denote by Py
the space of polynomials of degree less than or equal to N and Xy = {v € Py x Py : v|, = 0}.

We have implemented both schemes (2.8) and (2.9) and (2.10)—(2.12) in Xy x Py_, and in X x Py. Note
that the set Xy x Py does not satisfy the inf-sup condition 4.3 of the Stokes problem while Xy x Py_, does.
We have observed that the scheme (2.8) and (2.9) yields almost identical results with these two sets of
spaces, whereas the scheme (2.10)—(2.12) yields spurious modes with Xy x Py but gives the same results as
the other scheme with Xy x Py_,. This set of tests confirms the observation made in Section 4, that is, the
inf-sup condition (4.3) is needed for the scheme (2.10)—(2.12) to work properly, whilst it is not necessary for
the scheme (2.8) and (2.9).

We now report convergence tests made with (2.10)—(2.12) in the polynomial setting Xy x Py_,. We take
the reference solution (5.1) in @ = (—1,1)>. We fix N = 40 so that the spatial discretization error is neg-
ligible when compared with the time discretization error.

In Fig. 3, we plot the errors on the pressure and the velocity measured in various norms as functions of
the time step Az. In the left panel we show the results form the splitting scheme in standard from, and in the
right panel we show those from the consistent splitting scheme. These tests leave no doubts that
the consistent splitting scheme provides full second-order accuracy for the velocity and the pressure in both
the L2- and H'-norms. The results from the standard form of the splitting scheme are in full agreement with
Theorem 3.1.

In Fig. 4, we plot the error field on the pressure at t = 1 using Az = 0.01. On the left panel we show the
error produced by the standard form of our splitting scheme, and in the right panel we show the field
produced by the consistent splitting scheme. We observe that the error field produced by the standard form
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Second-order new splitting scheme: standard form Second- order new splitting scheme: rotational form

10t L ) 4 T T T
A -+

erro
erro

0° L Lzl(erru) 1 10° b * Lerru) H
H(erru) o Hl(erru)
L¥(erp) o *ermp)
10° F Hierrp) [ 10° | + Hierp) H
L terp) A L dhp)
slope = 2 slope =2
107 L L L 1070 L \ L
10" 10° 107 10" 10° 107 10°

At At

Fig. 3. Convergence rates with spectral approximation. *: velocity, L2-norm; [J: velocity, H'-norm; O: pressure, L>-norm; +: pressure,
H'-norm; A: pressure, L*-norm. Standard formulation vs. consistent splitting scheme.

Standard formulation Consistent splitting scheme

Fig. 4. Pressure error field at time # = 1 in a square. Standard formulation vs. consistent splitting scheme.

of the algorithm exhibits a numerical boundary layer. The presence of this numerical boundary layer is
responsible for the loss of accuracy on the pressure and the vorticity. This phenomenon is comparable with
what is observed for the standard form of pressure-correction schemes. Note that the error on the pressure
produced by the consistent splitting scheme is smooth.

To complete this set of comparisons, we show in Fig. 5 the convergence rates and the error field on the
pressure obtained by using the pressure-correction scheme in rotational form [13]. A comparison of these
convergence rates illustrates clearly the significant improvement provided by the consistent splitting scheme
over the rotational pressure-correction scheme. The lack of optimality of the rotational pressure-correction
scheme is illustrated on the pressure error field by large spikes at the four corners of the domain.
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_ Second-order pressure-correction scheme: standard form
10 T T T

10 F

107k

10°F

erro

107k

107 F

Lerry) |
Hl(erru)
Lz(errp)
Hl(errp) H
L telrp)

slope =2

107k

D+ 00 %

107

10
At 1

convergence rate pressure erroreld.

Fig. 5. Second-order rotational pressure-correction. x: velocity, Z2-norm; [J: velocity, H'-norm; O: pressure, L>-norm; +: pressure,
H'-norm; A: pressure, L*-norm. Convergence rate vs. pressure error field.

6. Concluding remarks

We have presented in this paper a new class of splitting schemes for incompressible flows. The new
schemes are based on a weak form of the pressure Poisson equation, and at each time step, only require to
solve a set of Helmholtz-type equations for the velocity and a Poisson equation (in the weak form) for the
pressure.

Preliminary analysis and extensive numerical experiments have shown that the first-order (resp. second-
order) consistent splitting schemes are unconditionally stable and yield full first-order (resp. second-order)
accuracy for the velocity and the pressure in both L2- and H'-norms. Furthermore, if a discretization pair
(X5, M;), e.g. a spectral or spectral-element discretization, allows for the implementation of the scheme (2.8)
and (2.9), then optimal accuracy in space can be achieved even if (X;,M,) does not satisfy the inf-sup
condition of the Stokes problem.

Thus, the second-order consistent splitting scheme enjoys many desirable properties such as decoupling,
unconditionally stability, truly second-order accuracy (for the velocity and the pressure in both L? and H'
norms), and when it is possible to implement the scheme in the form of (2.8) and (2.9), the inf-sup condition
is not required.

To conclude, the second-order consistent splitting scheme appears to be a promising tool for numerical
simulations of incompressible flows.
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