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Abstract. We study a finite element approximation for the consistent split-
ting scheme proposed in [I1] for the time dependent Navier-Stokes equations.
At each time step, we only need to solve a Poisson type equation for each com-
ponent of the velocity and the pressure. We cast the finite element approx-
imation in an abstract form using appropriately defined discrete di[erential
operators, and derive optimal error estimates for both velocity and pressure
under the inf-sup assumption.

1. Introduction. A main di Ccullty for the numerical simulation of incompressible
flows is caused by the incompressibility constraint which couples the velocity and
the pressure. Since Chorin [4] and Temam [28] introduced in the later sixties the
original projection method which provided a strategy to decouple the computation
of the pressure from that of the velocity, an enormous body of work has been devoted
to the analysis and the implementation of various versions of the projection type
method. For the up-to-date review on this subject, we refer to [9], where, the authors
classified various projection type schemes into three classes, namely the pressure-
correction (cf., for instance, [5, B, [L3], 22, [25, 26, [Z7, [20]), the velocity correction (cf.
[12, 19, 211, 24]) and the consistent splitting [IT, 8] (which is equivalent, only in
semi-discretized form, to the gauge method [6, 23]).

The consistent splitting schemes we consider in this paper were proposed by
Guermond and Shen in [II]. The consistent splitting scheme is based on replac-
ing the divergence free condition in the time-dependent Stokes equations (@) by a
formally equivalent pressure Poisson equation

(LRI F (f - CxX1CxW, [g)] [QICHY(Q). D

It updates the velocity through the momentum equation with an explicit treatment
for the pressure and then updates the pressure through ([@). Hence, it does not
involve a projection step, and consequently, the velocity approximation is never
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divergence free but the divergence is slow to converge to zero as the discretization
parameters tend to zero.

It is shown in [I1], by ample numerical results, that the consistent splitting
schemes are free of splitting errors and lead to optimal (in time) results for the
velocity as well as for the pressure. In this regard, the consistent splitting schemes
are more attractive than the corresponding pressure-correction [20, [L3] or velocity-
correction schemes [19, [I2] which involve a projection step and the accuracy of the
pressure approximation is aledted by a splitting error (see, for instance, [9] for a
recent review on this subject).

However, there are only very limited analytical results on the stability and error
analysis for the consistent splitting schemes. In [II], the authors provided an a
priori estimate, which could be regarded as a proof of stability, for the semi-discrete
first-order consistent splitting scheme. In [18], a normal mode analysis for a second-
order consistent splitting scheme was carried out for the case of a periodic channel.
In particular, how to prove the stability of the second-order consistent splitting
scheme (which is found to be unconditionally stable in practice) in the general
setting remains to be open. Hence, we shall concentrate in this paper on the first-
order consistent splitting scheme.

For the fully discrete case, the issues are further complicated by the fact that
there are two entirely dilerent ways to discretize the consistent splitting scheme
(cf. [II]). Given a suitable set of approximation spaces Xy x My, for the velocity
and the pressure, the first version of the first-order consistent splitting scheme for
the time dependent Stokes equations () is: find uf{ X, pk My, such that

(4557 v ) + (LT, T — (B, Coh) = (FE),wi), 0 CXn, ()
(CE — pK + My Cit), ) = (U [Ge), () O, (3)

(where MMy, is a projection operator defined in (22)) while the second version is: find
uk X, pk M, such that

(S5 v ) o+ (LT, O3 — (B, C3h) = (FE), ). 5 C, (8
(OpT!, Cgp) = (F(E<HY), Gp) — [, CXUET! - CXbh, [Gd CMp. (5)

It is argued in [I1] (see also [Q]) by some heuristic arguments that the inf-sup con-
dition for Xy, < My, is needed for the first version to achieve optimal error estimates
for both velocity and pressure while the inf-sup condition is not needed for the
second version. The main purpose of this paper is to carry out a rigorous stabil-
ity and error analysis for the finite-element approximation of the time-dependent
Stokes equation using the first version of the consistent splitting method. We shall
show that it indeed leads to optimal error estimates for both velocity and pressure
provided that the inf-sup condition is satisfied. The stability and error analysis for
the second version, with or without the inf-sup condition, remains to be a major
open problem.

The rest of paper is organized as follows. In section 2, we introduce notations
and present some preliminary results for the finite element approximations. In
Section 3, we prove a stability result as well as optimal error estimates for the first-
order consistent splitting scheme. In Section 4, we present some numerical results
confirming our analysis and conclude with a few remarks.
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2. Preliminaries. Since it is now well-known that a consistent treatment of non-
linear terms in the Navier-Stokes equations will not al[edt the formal accuracy of
a splitting scheme (cf. [9, I5]), we shall restrict ourselves to the time-dependent
Stokes problem:

ou .
H—mmf inQx[0,T], ©)
divu=0 in Qx[0,T].
with initial and boundary conditions
Ult=o = Vo inQ, ulgq =0. )

where f is the body force, Q is an open bounded domain in R? (d = 2 or 3) with a
su [ciehtly smooth boundary.

We now introduce some notations. Let WSP(Q) and WP (Q) denote the usual
Sobolev spaces equipped with the norm [} for 0 = s < 00,0 < p < oo. In
particular, we denote the Hilbert spaces WS2(Q) by H3(Q) (s = 0,1, ---) with
norm [=Ilgdand semi norm | - |s. The norm and inner product of L2(Q) = H%(Q)
are denoted by [:Ilgland (., -) respectively.

We use d;¢ and 0 to denote the derivative and partial derivative with respect to
time, respectively. Let 8t > 0 be the time step and set tKk = kdtfor 0= k < K =
[T/5t]. For any function which is continuous in time, @(t), we denote ¢k = @(t¥)
and define the di [erence operator & by 3¢X = ¢k —@k~!. Let W be a Banach space,
we set LP(W) = LP(0, T;W). We denote by [P{W) the discrete LP space for the
vector {w = (W0, w!, .- wK),wk [W,0 < k < K} with norm:

K »
[l dw) = <5tz @([@> : [QI 3 (w) = Maxo<k<k ([QF ). (8)
k=0
We denote by ¢ a generic constant that is independent of h and &t but possibly
depends on the data and the solution. We shall use the expression A [CBIto say
that there is a generic constant such that A < cB.
We define the following Hilbert spaces

X = HH(Q!={v CB(Q) v]sq =0}, 9)
L2Q) = {q [TF(Q), /Q q =0, (10)
Q = HYQ), M =L%Q) nHY(Q). (11)

Let ~, = {J} be a quasi-uniform triangulation of the domain Q. We denote
by (Xnh, Qn) a suitable internal approximation to (X, Q) satisfying the following
approximation properties: there exists an integer | > 0 such that

infy, ex, { B0 v oW h - vy G} CRTT VT4,
MICA™Y(Q) n HL(Q)Y, r [10,1]. (12)
infg, e, { [0+ gn e hg}gn G} CRIGL) [ICHT(Q), r LI, 1].
Setting M, = Qp n L2(Q), we also assume the pair Xp < My, satisfies the Babliska-
Brezzi inf-sup condition (cf. [, 3]):
(Cvh, n)
VT 1

[c> 0, infg em,supy,ex,

= cl ) (13)
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An example of such a pair is the Taylor-Hood element with | = 2:
Xp ={vn CAQ)* n X, wvnly CRAIQ)?, (I CZh}, (14)
Mp = {gh CA(Q) N M, gnls [P, (J), LTI =} (15)
In order to reformulate the finite element approximation of the consistent split-

ting scheme into a suitable operator form, we introduce several discrete di [erential
operators as in [14].

» Discrete Laplacian operator: Ap : Xn — X, such that

(Anun,vh) = ([p] [v), U, vh) XA % X, (16)

where X|, is the dual space of Xpn; X|, is identical to Xp in term of vector
space but is equipped with the dual norm.

« Discrete divergence operator: By : X —» My and discrete gradient operator
Bf : My - X{, such that

(BhVh, Pn) = —( ¥k, prn) = (Vh, BRPR), [h, pn) [Xp % M. 17
We also define m : H=1(Q) — X/, such that
(T[hf, Vh) = (f, Vh), vh [Ap. (18)

In the functional framework defined above, the mixed finite element approxima-
tion to the time-dependent Stokes problem (@) can be formulated as follows. For
fn(t) X}, and von X, find (Un(t), pn(t)) X, x My such that

d
%+Ahuh+8,ﬁph=fh, 0<t=<T,
Bpup =0, (19)

Unlt=0 = Vo,h-

Where fr, = T and vg 1y is a suitable approximation of vg in Xp. It is well-known
that the problem has the unique solution (un(t), pn(t)), and the solution is stable
with respect to the data. Furthermore, because Xy and My, are convergent and
stable approximations of H}(Q)? and H'(Q)/R, the solution of ([J) converges in
an appropriate sense to that of the continuous problem (). For more details on
finite element approximations to the Stokes/Navier-Stokes equations, we refer to,
for instance, [[7, [16, 17].

In order to describe the consistent splitting scheme, we introduce the vector space
Yh = Xp+ MY and equip it with the norm of LQ(Q)d. It is clear that X, [CYJd. We
denote in : Xn — Y the natural injection of X, into Yy, and if, the L? projection
of Yy in Xp. Obviously,

O] CYh, [Ofvh = O3 L) (20)
We define another discrete divergence operator C, : Y, - My and its transpose
Crﬁ Mnp > Yh by
(CnhVh,Gh) = (Vh, [Ga) = (Vh, CRan), [, 0n) LY < Mp. (21)
The following relationships between By, and Cy, are proved in [14]:

Lemma 2.1. Cp is an extension of By, i.e., Chin = Bp, ifCL = Bf. C} is the
restriction of [fol My, i.e. Cignh = [Gs) [Gd [ M.

Finally, we define MMy, as the orthogonal projector from L?(Q) onto Qp, by
(Mhe — @, Yn) =0, Ofh CQy. (22)
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3. Stability and error estimates.

3.1. Stability analysis. The first step is to rewrite the FEM approximation to the
first-order consistent splitting scheme @{3), which is in di[erential form, into the
following operator form using the discrete operators introduced in the last section:
find uf X, pk M4 such that

U< — K . .

e Anug T+ B = (23)
Ct k+1 _ Ak _ B k+1 Ct — ihuﬁ-’_l — ihuﬁ Ct ™M 24
(Ch(p Ph hUp" ), Cra) = (7& +Cha), [C M. (24)

where £ = m, F(t<H1).
With the above operator formulation, we are now in position to establish the
following a priori estimate :

Lemma 3.1. The solution of the scheme @3)- (Z4) is bounded in the following
sense:

n
[y G StBhupn T 8t > StICkyst! [ C (B, [

k=1

n
+ 8¢ [Bhup P 8t > TS 13
k=0

Proof. The proof in [L1]] for the semi-discretized consistent splitting scheme makes
essential use of the identity —Au = X1 X1— [T dulwhich is not well defined for
u [Xp. Therefore, we consider Anu—BJ,Bpu as a discrete counterpart of [X1Tx1.
Then, the proof of this result can proceed essentially the same as in [I1].

Applying the operator § to (Z3) and adding a zero term to it, —B;‘,Bhéuﬁ“ +
BLBnhouk™, we find that

6Uk+1 _ 6Uk
h h + A

5t ndustt — BEBRoUS T + BiBrugt! + BEgR = oFfT!, (29)
where we have set U = dpK — Bhuf. Thanks to Lemma [ZT, we have
K+1 _ 5,k
(chout cha = (2 Big) (26)

2'I'aking] the inner2product of @3) with 26t<3uﬁ4rl and using the identity 2(a—b,a) =
|a]® — |b]* + |]a— b]*, we derive

uE 21 Bl EH BTkt Eh 25t (ol (21 25t [Bhouk ™ 2]
+ 5t([Bhul ™ G [Bhuk [2) + 3t[Bhouk™ 21
+ 25t(BLWK, Susth)
= 25t(5F<TT, Suk ™).
Then, take q = 25t2¢K in @8), we find
St* (LK™ [ [CRf ) — 8t [CRawy ™ L= 28t(Buf™ — duf, BRYK).  (28)
Next, we take q = 25t2ljJE+l in &) and replace k + 1 by k to obtain
25t° [Ty 1= 23t(3urs, Biur).- (29)

@7
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We take q = 6t261p,‘§“ in (Z8) again and use the Cauchy-Schwarz inequality to find
St [Clwl™ B BIuft 2] (30)
Summing up ) C@W), and noticing that B, 1< vl v CX;, we
obtain
(B! 2 B (3 Ot (Bhuls ™ (31 (Bhuf 2)
+ 8t ([Chyy ™ [ [CRYRLE) (31)
= 25t(3FKTL, Suk ) < strawy ! (21 StiafFk ! 2]

Finally, taking the sum of above relation from k = 0 to n < [T/3t] — 1, we derive

n
By G StBhup T 5ty StIChys" ]
k=1

(32)
n n
CTAW, [+ St Bhup [+ 6t > Bl oty [FK ]
k=0 k=0
We conclude (Z3) by applying the discrete Gronwall Lemma to the above. O

3.2. Error estimates. In order to simplify the error analysis, instead of comparing
directly our numerical solution (uf, pk) with the exact solution (u(t¥), p(t<)), we
shall compare (U, pK) with (wh(t<), gn(t%)) X, x My where (W (t), gn(t)) is the
mixed approximation of (u(t), p(t)) defined as follows:
(OWKD), V) + (Bran(t), vin) = ([, [Vs) — (p(Y), o), DAl X
(Brwh(t), r) =0, [rd [ M.
It is well-known from the regularity properties of the Stokes problem that we have
the following error estimates (see, for instance, [[7, [10]):
Lemma 3.2. If u® CTCRH'"T1(Q) n HH(QY), pd) [TPH'(Q)) for 1<B <
and j =0,1, -, then
) —wil 6 gy + h () — Wi [ s ey + B~ 0 Gz ) (
I:Iil“ ('E‘l) @(Hl+1(g)d) —+ m'l) @(Hl(gl))) .

Lemma 3.3. If u®) COPFH2(Q) n H{(Q)Y) and pd) CRH(Q)) for all j =
0,1,---,and 1 =< < oo. Then,

M\(qj) Lebwoee (@)anw 1.3 ()d) + EC\ﬁq,(f) PR

" (33)

34)

CT B 2y + I b ). )
For convenience, we denote
W = wa(t), g = an(tF), Uk =u(t)
e = Wi —uf, ef=as —py, (36)
of =& — & ' — Bnef.

Let us assume
(H1) e [1Cmin (W', 562h'"Y), (€] 1Cath'?,
(H2)  u® PH"QY, 0<j<3, u® IRL*Q)Y);
p?) CIP(HY(Q). j =1.2; p CIR(H'(Q).
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Remark 1. If we set u} =w} and p§, = qg, then the hypothesis (H1) is naturally
satisfied.

To simplify the analysis, we assume that the solution is su [Cciehtly smooth as
specified in (H2). The assumption can be somewhat weakened at the expense of a
more complicated analysis.

The main result is the following:
Theorem 3.4. Assuming (H1-H2), we have
[ul— un IZ‘(HI(Q)d) + [p+pn E(Lz(g)) Cofl+ hl,
[ul— up B<L2(Q)d) [Cofl+ h|+1.

The proof of this result will be carried out with the help of a sequence of lemmas
which we establish below.

Lemma 3.5. We define

(37

k+1 k
Wit —w
Rk+1 = Th h _ k+1
h 5t Oell
Then, we have the following bounds:
Rh Gl 2yey bt [ 2) + W' OO g, (38)
BRn G2ty 2(gyey Bt [ 3 2y + 8th'™ [ [ (e, (39)
BiRn LTzh_z(Q)d) Cot? d® Ledey + 5th'*+! mi®) @(Hlﬂ). (40)
Proof. We rewrite the residue as
1 v uktt —yk
RET = = / Oe(Wn(t) — u(t))dt + ———— — gpuktt, (41)
6t tk 6t

Thanks to Lemma B2 and Cauchy-Schwarz inequality, we can derive @8) from
the following two inequalities:
tk+1

K K
Z 1 Z
k=0 t k=0"t

k

tk+1

IEl(wh - U) @ﬂt E@H—Q Im@(HH»l)-

tk+1

K k1 _ ok K
Y B L aukizEaty (t = ti)ure(t)dt [3]
vt ot = OUJt

k

X (42)
satzz/tk (T (28t T3 [0 (2],
k=0

We can derive (9) and @) by using a similar procedure. O

Lemma 3.6. We have the following estimates:
[88n [ 2(qpey CBtY2 +5th't, (43)
[Bhen T2 [bt+5t2h', (44)

and

Bien Cd (2(q)) B2 + 52!, (45)

Blden B(L2(Q)d) [ bt2 + 5t>/2h'*1, (46)
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Proof. Rewriting @3) using the discrete operators and comparing with (&), we find
that (wh(t), gn(t)) satisfies at time t = tk+1,

ittt — ws + ApWKT! + BEQRTT = FRH 4 K+
5t h h4h h h (47)
BhWﬁJrl =0.
where
k+1 K
~ Wi —w
R =~ — mnaw(t™), (48)
Subtracting the equation @) from 3), we find the error equation
eﬁ“ —ef k+1 tok — Sktl tok _ kil
76t + Aheh + Bhsh - Rh + Bh(qh qh ) (49)

On the other hand, by adding some zero terms to (Z4) and using Lemma 271, we
can rewrite (Z4) as

tk+1l ~t ts ktl ~t e —ek
(CnoR™, Cha) = (Crdan™, Cha) + (—— Bha). (50)
Applying the operator § to the above two relations, we obtain
6GE+1 - 6eﬁ + A Bek+1 _ BtB 6ek+1 + BtB ek+1 + BtB k (51)
7& hOCH hBhOty hPhth hBh®Ph

= 3R{ ! — BES2gN T,
6ek+1

— 6ek
(CLooKtt, Cla) = (CLo%qrt!, Cla) + (——~—1, Blq). (52)

ot
Taking the inner product of &) with 26t6eﬁ+1, we get

[Bef ™ 21 (B8 2+ [Bief™! (21 26t (IGel ™ (21 25t [Bhdef ™ [2]
+ 5t([Bhek ™ 1+ [Bhek [2) + 5t[Bhdel ™ (2] (53)
+ 20t(BLof, dek ™) = 25t(BR{H, delt ) — 25t(5%qK T, Brdef ).
Taking q = 25t2¢K in &2), we find
5t? ([Tl of ™ (23— [T ofs (2 — 3t [Cfdgf ! [
= 25t(3ely ', BRoR) — 20t(Bef, BLor) + 28t*(CRa°ar T, Chok).
Taking q = 26t2(pﬁ+1 in &), and replacing k + 1 by k, we derive
23t° [Tl oy [T 28t(Bers, BLoR) + 25t(CRady, CRor). (55)

Applying 3 to Z4) and adding the term ihéwﬁJrl

we get

(54

— indWK to the right hand side,

K+l _ sqk
O¢h 0 grgy. (56)

ot
We now take g = (3p; ' —3pk —Bnrdul™) in the above and use the Caughy-Schwarz
inequality to get
St [T (Spit! — 3pfk — Brduk™) (2= Bey ! — def (2] (57)
We then derive from the above that

5t? [Copk™ = @ey ! — dek 2 H 5t2 [CI3%g< ™ (2] (58)

(CL(BPE™ — 3pf — Brdur ™), Cla) = (
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Summing up &3) C(EH) and (B8) and dropping some unnecessary positive terms,
we obtain
08Kt (21 (a8 21 St([Bhek™ (21— Bhek [2) + 5t[Bhoel ™ (2]
+8t°([Ch it 31— [Thok [3) + 25t° [T of [
< 25t(3RKT, deft!) — 25t(3%q !, Bnoek ™) (59)
+25t*(CRd%ah ", Chor) + 20t2(CRagr, Cok)
+ 517 (3%l 13
We now estimate the terms on the right hand side by using Lemma 27l and
Cauchy-Schwarz inequality,

25t(ORKT, 3elt1) = 25t(BRET!, delt!) CamaRK ™ [21+ 5t@ekT (2] (60)

25t(3%q<T!, Bnoek ™) [aldig ! (W 5tBhdel ™ 2] (61)
25¢*(Crd%an ', Chon) Elz:ﬁ?mﬁcphl%}éﬁmﬁé?q}ﬁ“@ (62)
25t*(CRaay ™, Chok) E?tzmﬁwﬁﬁétzmﬁéqﬁ“@ (63)

Plugging the above estimates in &), we find

[Bef ! (21 38K 2 H dt((Bhel ! (21 Bhef (2) + 5t>([Clok™ (21 [Thok 2)
< StARKT! (21 Stiadg ! 2 W 6t2 [CI3%qk T B H 3t [Cf 3 T 2]
Thanks to LemmaE3 and (H2), we derive easily that

n

> (stradgn*tt G+ 82 [Cha%g) ! [T 8t [CRSgi ! [5) Bt

k=1

(64)

Summing up the above for k from 1 to n < [T/6t] — 1, we infer from Lemmas
and B3 that

[aep ! 2+ 5t[Bhen ' [2H 5t* [Clon ! 2]
[ 138}, [ZH 3t [Bhef, 1 5t [Cfof, (21 8t + 5t2h?' 2,

In order to estimate the first three terms on the right hand side, we take the
inner product of @J) at k = 0 with 23te},, and take q = 256t>Cf o}, in &) at k = 0.
Summing up the two relations, we find

(e} (21 (D@}, (2 H 25t [Tlef T H 25t [T op (5]
= [ef] [ZH 25t(R}, ef) — 26t(Bfda, ef,) — 20t(Bfep, ep) (66)
+ 25t°(CR8ap, Crop) + 23t(en, — ep, BRon).

(65)

By the hypothesis (H1), we have
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25t(RL, by cg%ua@ 52 (R 2]
25t(Bl3qp, eh) Eglrlz,x (2 5t2 B dqp, [2)
26t%(CHBah, Chok) LBt [Cho} (3 51 [T 3) 7
25t(Beh, Bhoh) < S0 (Bhoh (1 - (8 3]
(e} (1CatPh* 2,
25t(Ble, ef) O T2 5t3h?!—2,
Notice that Lemma 21l implies that [(Bf,¢n [ Cf ¢ CTor all ¢, My, we can then
conclude @3) and #4) from the above and &4).

By applying the operator 6 again and repeating the same procedure as above,
we can establish @5) and #g). O

For the next estimate, we need to use the discrete inverse Stokes operator :
Sh @ X{, = Xn which is defined in such a way that for all v, X, (Sh(vh),yn) 1
(Xh, My,) is the solution of the following discrete stokes system:

ALSh(Vh) + Biyh = Vh,
hSh(Vh) + BrYn = Vh (68)
BhSh(Vh) =0.
We recall (cf. [I0]) that there exists a constant ¢c; > 0, s.t.
[Sh(vh) G [y Lok o i [, (69)

1
and that the linear form X/, - (Vh, Sn(vh))2 induces a semi-norm on Vy, which we
denote by [ L= (Vh, Sn(vh)) 2, and we have

[Sh(vh) = c vy [ (70)

Lemma 3.7. The following estimates hold:
(84 [}y 2(qay CBH+h'TY, (71)
[88p, (2l 2(q)ey COFF + 8th'*1. (72)

Proof. Taking the inner product of @) with 26tSh(eﬁ+1) and noticing that
BhSh(ek™) =0 and

(Anek™, Sh(el™)) = (el ALSh(eE™)) = el o+ (vh, Brek™).
we obtain

[eff ™ (21 [eff 2 H [Bef ™ 2 W 25tef M (21 25t(Yn, Bhek™)
= 25t(RKH, Sn(ek™™)).
From Lemmas B3, B8 and &9,
25t(yh, Brek ™) < 25t [y [ 1Bhe[ M o]
< c;8tleff ! [ [Bhek ™ [o] (74)

I:lzjbt E:rrl I%:H_ 6t3 + 6t2h2|+2,

(73)
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25t(RET, Sh(eth)) < 25t [Sh(ef ™) GIRK T
[Zé;ﬁt[éﬁ*‘1[§}+ StIRKT 21

Taking the summation of (Z3) for k =0 to n < [T/0t] — 1, Thanks to the above two
inequalities, Lemma B3 and (H1), we obtain

(75)

n n
B Y @k 2ot S el 2]
k=1 k=1
[t + h?'*2,

which implies in particular [Z1).
We can derive ([Z2) in a similar fashion by applying the operator d to (@9 and
taking the inner product with with Sh(éeﬁ“). O

(76)

Proof of Theorem -4 Since we rewrite the error equations of @J) and @) as a
discrete non-homogeneous stokes system for (eﬁ“, sﬁ) X x My

Kl _ ok
ghtl — ¢

K+1 t-k — kK+1 t k k+1 h h
Anen +Bregn =Ry +BRr(Oh — 0y ) — ———

ot )

k+1 — k+1
Bheh = Bheh .

Now, the standard result for the discrete non-homogeneous Stokes system leads
to

leff™! G+ el o= MRE™ 4 + B (ak —ay ™)
Thanks to Lemmas BH Bd and B, we have the following bounds:

(78)

(R @H—I(Q)d) [ TR}, @L2(Q)d) [Cofl+ h|+1,

[B},30n Lati—1()ay) CLIRGH L}y 20y [0H (79)

K
5t (1/6t°[ef ™" —eff [(3) [BHF + h2' 2,
k=1
Then the proof is complete by summing up ([Z8) and using Lemma 32 O

4. Concluding remarks. In [II], ample numerical results, with su LCciehtly fine
spatial discretization such that the errors are dominated by that of the time dis-
cretization, are presented to show that the consistent splitting schemes lead to
optimal error estimates in time for both velocity and pressure. The results in the
last section show that the first-order consistent splitting scheme also leads to op-
timal error estimates in space for both velocity and pressure, provided that the
inf-sup condition is satisfied.
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Figure 1. Convergence rates using Po/P; finite elements

Now, we present some numerical experiments to verify our error estimates. We

set the exact solution of (@) to be

u(x,y) = sint (msin(2my) sin?(mx), —m sin(2nx) sin?(my))*t,

. . (80)

p(X,y) = sint cos(mx) sin(my).
and we choose 0t su Lciehtly small so that the errors are dominated by the spatial
discretization error. In Figure [0 we plot the errors of the scheme @) with P5/P;
finite elements for various mesh size h. Second-order convergence rates are observed
for the H'-errors of the velocity and for L2-errors of the pressure, while third-order
convergence rates are observed for the L2-errors of the velocity. There results are
in full agreement with Theorem B4 for | = 2.

Although we presented our analysis using the finite element framework, we can
also carry out the same procedure for a spectral or spectral element method as
long as the strong (with c independent of h in ([@3)) inf-sup condition is satisfied.
We recall that there are at least two pairs of spectral approximation spaces that
satisfy the strong inf-sup condition [@3) (cf. [2Z]). However, the most popular pair
Pn % Pn—2 (N plays the role of 1/h) only satisfies a “weaker” inf-sup condition
with

. [,
infg, em, SUPy, ex,, %-E%j)

with ¢, = BN = N-2 . 0asN - oo (d = 2 or 3 is the dimension; see, for
instance, [2]). The stability analysis in Section 3.1 will still carry through with this
“weaker” inf-sup condition, however, an error analysis by using the same procedure
as in Section 3.2 will lead to error estimates of the form

(& ol 41 ()0 + Cn (G by 2(qyay LG (Bt +h'). (82)

= cp [g4d [ (81)
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We recall that numerical results in [I1] seem to indicate that the term cgl should
not be present in the above estimate. Thus, how to remove the term cgl in @) is
still an open problem.

Acknowledgment. The authors would like to thank Professor Jean-Luc Guer-
mond for stimulating discussions and for providing the finite element numerical
results.
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