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Abstract

An efficient and high-order algorithm for three-dimensional bounded obstacle scattering is developed. The method is a
non-trivial extension of recent work of the authors for two-dimensional bounded obstacle scattering, and is based on a
boundary perturbation technique coupled to a well-conditioned high-order spectral-Galerkin solver. This boundary per-
turbation approach is justified by rigorous theoretical results on analyticity of the scattered field with respect to boundary
variations which show that, in fact, the domain of analyticity can be extended to a neighborhood of the entire real axis. The
numerical method is augmented by Padé approximation techniques to access this region of extended analyticity so that
configurations which are large deformations of the base (spherical) geometry can be simulated. Several numerical results
are presented to exemplify the accuracy, stability, and versatility of the proposed method.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The fast and accurate numerical approximation of scattering returns from irregular obstacles is of vital
importance in many problems of physical interest, e.g. non-destructive testing, spectroscopy, remote sensing,
and radar imaging. There are many algorithms available for such simulations including finite differences, finite
elements, and boundary integral/boundary element methods; see, e.g., the book of Colton and Kress [1], and
the survey papers of Warnick and Chew [2] and Reitich and Tamma [3]. A class of methods which are both
efficient and robust for a wide variety of configurations are those based upon boundary perturbations. In a
recent paper [4], two of the authors presented a spectral-Galerkin/boundary perturbation method for comput-
ing scattering returns from two-dimensional irregular bounded obstacles. This method was shown to be
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efficient (with “optimal” storage and operation counts for a method which recovers the entire near-field),
numerically stable (with respect to a/l numerical parameters including both spatial and perturbation refine-
ment), and highly effective for problems of low to moderate frequency (while being applicable to high fre-
quency configurations, though not specially designed for such purposes, cf. [5]). In this paper, we discuss
the implementation and performance issues surrounding the generalization of this method to the case of
three-dimensional acoustic scattering where the scalar Helmholtz equation still governs the field; electromag-
netic waves in three dimensions are governed by the full Maxwell equations and merit a separate investigation.

This generalization to three dimensions is non-trivial for several reasons. First, the physics of this problem
are not the same as that of the two-dimensional problem as reflected, for example, in the different nature of the
fundamental solution [1]. Additionally, the natural angular basis functions are now the spherical harmonics,
rather than the familiar complex exponentials which appear in two dimensions, adding considerable complex-
ity to the implementation of these algorithms. Finally, a new solver has to be developed for the resulting two-
point boundary value problem which arises in the radial direction (see Section 4). However, despite these
differences we have found that an implementation in three-dimensional cases can be realized and that it shares
many of the advantages of the two-dimensional scheme devised in [4], including numerical stability, accuracy,
and efficiency.

The outline of the paper is as follows: In Section 2 we briefly recall the governing equations for the
scattering of time-harmonic acoustic radiation from a three-dimensional obstacle. In Section 3 we discuss
two boundary perturbation methods for acoustic scattering: “field expansions’ (FE) and “‘transformed field
expansions” (TFE). In Section 3.1 we recall the classical FE recursions [6] and present a numerical simulation
which exhibits the algorithm’s rather unstable nature. In Sections 3.2 and 3.3 we introduce the TFE method
for addressing the scalar Helmholtz equation in three-dimensions, and in Section 4 we discuss the numerical
implementation of the resulting TFE recursions. We conclude with numerical results presented in Section 5
which include comparisons with not only a family of exact solutions, but also highly resolved simulations
of plane-wave configurations.

2. Governing equations

If time-harmonic plane-wave acoustic radiation of the form
v = ek |y = 1, (1)
is incident upon an obstacle X
Z:={(r0,9)0<r<a+g(0,¢),0<0<2n,0<¢ <},
then the (reduced) scattered field v = v(r, 0, ¢) is known to satisfy the scalar Helmholtz equation [1]
Av+Kv=0 (r0¢)cQ, (2)
where
Q:={(r0,9)r>a+g(0,¢),0<0<2r0<¢<m}.

Of course, to realize a unique solution one must specify, in addition to the periodicity in 6 and ¢, boundary
conditions at the scatterer and at infinity. For the former, we choose a pressure release (sound-soft) condition
which gives the following Dirichlet condition

U(a +g(97¢)>07¢) = _Ui(a +g(0a ¢)7 0, ¢) = 5(07 ¢)7 (3>

and defines the generic Dirichlet data £. We emphasize that a Neumann (sound-hard) boundary condition can
be treated in a similar fashion. Regarding the behavior of solutions at infinity we have the Sommerfeld radi-
ation condition:

lim (3,0 — ikv) = 0. (4)

Gathering (2)-(4) we have the well-known equations governing the scattering of time-harmonic, acoustic
plane-waves from an irregular obstacle



Q. Fang et al. | Journal of Computational Physics 224 (2007) 1145-1169 1147

Av+Kv=0 (r0,¢)cQ, (5a)
v(a+g(0,9),0,9) = (0, ), (5b)
lim r(3,0 — ikv) = 0. (5¢)

2.1. A transparent boundary condition

One of the severe difficulties associated with the numerical simulation of the system (5) is the
unbounded nature of the computational domain, Q. In volumetric discretizations, such as the one we advo-
cate here, this problem is usually addressed with the introduction of an ‘‘artificial boundary,” and the
imposition there of some boundary conditions motivated by the Sommerfeld radiation condition (4). We
now describe a “transparent” or “exact” boundary condition which can be enforced on such an artificial
boundary. For this, consider any b > a + |g|,~, giving rise to an artificial boundary at » = b, and the aug-
mented scattering problem

Av+Ev=0 (r,0,0) € Quies, (6a)
v(a+g(0,4),0,¢) =<(0,4), (6b)
0,0(b,0,¢p) =0,w(b,0,0), (6¢)
v(b,0,d) =w(b,0,d), (6d)
Aw+KEw=0, r>b, (6¢)
lim r(0,w — ikw) = 0, (6f)

where
Qo ={(r0,0)lr <r<r,0<0<2n,0< ¢ <n}.

The solutions of (5) and (6) are identical in that the v match on €, 45, and v = w on r > b. To specify the exact
boundary condition on v at r = b consider (6d)—(6f):

Aw+kw=0, r>b, (7a)
W(b’ 0, ¢) = lp(ev ¢)7 (7b)
’lirglc r(0w — 1kw) = 0, (7c)

where 1 is meant to denote generic Dirichlet data at r = b. The exact solution of this system can be expressed
as:

2 K- 7_1/2H§1+)1 (kr)
_ /2
w(r 0,) =3 Zl‘/’lvm <b1/2H<1)

Y7n1(07 d))v
1+1/2(kb)> l

where H 521 P is the (/ + 1/2)th Hankel function of the first kind, ¥;,,, is the spherical harmonic with index (/,m),
and
00 !
W0.6) =" Ui 10, 9).
=0 m=——1

We note here that H Sl+)1 /2 is also known as hg”, the /th spherical Hankel function of the first kind. To satisfy
(6¢), given = w|,—,, we need to produce 0,w|,—p, i.e. the Dirichlet-Neumann operator (DNO). More pre-
cisely, we define this DNO, T, by:

L d.HY (kb)) 1
lpm k¢_7 YAmHvd)v 8
A N R ©
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(kb) = dH ) ()

d.H\)
dz

14+1/2
z=kb

Therefore, based upon the augmented system (6), we can equivalently restate (5) on the bounded domain Q4

Av+K0=0 (r,0,0) € Quigs, (9a)
v(a+g(0,9),0,9) =<(0,6), (9b)
0,v(b, 0) — T[v(b,0)] = 0, (9¢)

with the transparent boundary condition at r = b specified via the non-local DNO, T.
3. Boundary perturbation methods

Among the wide array of algorithms available for the numerical solution of bounded-obstacle scattering
problems (see, e.g. [1-3]), a compelling choice for many configurations is based upon geometric perturbations
of the boundary. First explored in their low-order incarnations by Rayleigh [7] and Rice [8], the high-order
generalization (termed the “method of variation of boundaries’) was fully explored in a series of papers by
Bruno and Reitich [9-12,6,13]. In Section 3.1 we recall this algorithm (which has subsequently been renamed
the method of “field expansions” (FE) [14-16]) and point out the inherent instability present in this method
due to subtle cancellations in its recursions. It has been shown, however, that a slight modification of this pro-
cedure delivers an accurate and stable numerical approach which can be applied to quite general geometries
[14,17,18,15,16,4]. This method of “‘transformed field expansions™ (TFE) is now fully described for acoustic
scattering in three-dimensional geometries in Section 3.3, and followed by numerical experiments which sub-
stantiate our claims of stability and high-order accuracy.

3.1. Field expansions and cancellations

If the shape of the scattering obstacle X can be viewed as a small perturbation of a separable geometry (e.g.
a circle or ellipse) then a numerical perturbation method is not only natural but should also be highly accurate.
This is the point of view taken in the derivation of the method of ““field expansions” (FE) for the solution of
the scattering problem (9) [7-12,6,13]. In particular, if we suppose that g(0, ¢) = ¢f(0, ¢) then it seems reason-
able (and can be rigorously justified [19]) that

o(r,0,¢;¢) = Z v, (r, 0, )",

n=0

where, from (9), the v, must satisfy

Av, + v, =0 (r,0,0) € Qup, (10a)
n=l pnj _

Up (aa 6’ ¢) = 5n,0£(67 ¢) - Z (nf_ ]), afijvj(av 67 ¢)7 (10b)
J=0 :

0,0,(b,0) — Tv,(b,0)] =0, (10c)

cf. [6,19], and J,,,, is the Kronecker delta. As we saw in Section 2.1, the exact solution of (10a) and (10c) can be
written as

i

Un(r; 9; ¢) - Z Z dn.,l,mﬁ/<r)yl‘m<97 ¢)7

=0 m=—1
where
- 12
() = 1+1/2( )

)=
a—l/zHEJr)l/z(ka)
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To find the d,,,,, we appeal to (10b) which mandates that

S / / 1 S /
Z Z nlelm 0 (b _51/10 Z %lelm 9 d) Z (Z ZFn—j,LmYl,m(Qa d)))

g

n—
1=0 m=-1 m=—1 j=0 1=0 m=-—1

00 1
X (Z Z K" d"H (ka)Y (0, ¢) ,,m> (11)
=0 m=—
where
10, ¢ o0
Fi0.0) =00 = S Y10, 6).
=0 m=-1

This recursion, (11), can be written more simply as

n—1

dn‘l,m - 5n,0%l,m - Z(anj *A",]’)ltma (12)
Jj=0
where
00 1
A (0,9) =D > KT H (k)Y 1,,(0, )1
=0 m=—1

and * denotes convolution. We point out that if all perturbation orders n and spherical harmonic coefficients
(I,m) are retained then (12) gives an exact formula for the scattered field so, at this point, there is no approx-
imation. Of course this is not possible in a numerical simulation, so both the perturbation order and spherical
harmonic expansion are truncated after a finite number of terms, say N and (Ny, Ny), respectively. Note that,
from the form of the spherical harmonic expansion, N, is not a free parameter as it depends linearly upon Ny.
Now, the only consideration left for an implementation is the resolution of the convolution; this can be
achieved by the “‘spherical harmonic transform” (SHT) which, like the discrete Fourier transform (DFT),
can be accelerated, e.g. [20].

Within their domain of applicability these FE recursions, (12), can provide highly (spectrally) accurate
simulations of the scattered field in a very rapid fashion [6]. In fact, the total computational effort can
be given by

O(NF(Ny)),

where F is the complexity of the SHT that Suda and Takami [20] show can be (N3 log(Ny)). However, it was
discovered by Nicholls and Reitich [14,17,18] that these recursions feature subtle but significant cancellations
characterized by differences of very large numbers which are required to produce small numbers. This, of
course, is a recipe for disaster in a finite precision numerical simulation.

To make this point clear we recall a calculation performed in our previous paper [4] which was conducted
for a scatterer shaped by

2o ={(r,0,2)|r <a+¢ecos(6)},

(where ¢ =1 and ¢ =0.7), i.e. a large but smooth deformation of a cylinder of infinite extent. In this test a
numerical simulation of the normal derivative of the field at the surface of the scatterer (the current) using
the FE method was compared with an exact solution. Also, a simulation of the current using our new method
(“transformed field expansions’” — TFE, see Section 3.3) was compared to the exact solution. The results of
this experiment are summarized in Fig. 1 with measurements of L™ error versus perturbation order N. The
numerical parameters are Ny = 48, N, = 48, and N = 23, and the frequency is k = 1. We point out the striking
divergence of the FE approximation from the exact solution beyond N = 7 in comparison with the TFE sim-
ulation which gives more accurate answers throughout all orders N. In particular, we note that the best answer
that the FE method can ever deliver has L> accuracy of 10~! (when N = 7), while the TFE method gives an-
swers reliable to 10~* (at N = 23). As demonstrated in [17,15], while the qualitative features of Fig. 1 are quite
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Fig. 1. L*-norm of difference between exact current and numerical approximations, versus perturbation order N. Both the FE (stars) and
TFE (circles), see Section 3.3, approximations are plotted for the smooth perturbation f{0) =cos(0), a =1, ¢ =0.7, with parameters

Ny=48, N, =48, N =23, k = 1. Notice the striking divergence of the FE approximation beyond N = 7 and the predictable, progressive
convergence of the TFE approach throughout all orders.

generic, the quantitative details of the plot (e.g. divergence order of FE) can be manipulated by an astute
choice of ¢ and f. We direct the interested reader to [14,17,18,15,16,21,4] (particularly [15]) for a complete dis-
cussion of these issues.

3.2. Change of variables

The TFE method, as applied to bounded-obstacle acoustic scattering in three dimensions, begins with the
change of variables:

/ (b — a)r — bg(@, ¢> dr — bg / /
r = = y 0 = 6; ¢ = d)v 13
b-a)0.9) dz 1)
where d := (b — a). This change of variables maps the complicated, perturbed geometry €, 5 to the simpler
(separable) spherical shell @, ,. We now seek to restate (9) in these transformed coordinates for the trans-

formed field
u(#,0,¢") =v((r + A, 0,9"))/d,0,¢"),

where A is defined in (14f). We start by listing some useful formulas for future reference:

(d—g(0,9))0 = (d — g(0,$))0y — B(r',0/,$")0y, (14a)
(d—g(0,0))0 = (d —g(0,4))0y — C(r'.0',¢')3,, (14b)
(d—g(0,¢))0, =doy, (14c)
(d—g(0,0))Dy = (d — g)Dy — F(r',0/,4")0,, (14d)
dr=dr +A(¥,0,¢"). (14e)

where Dy := sin(6)0y,
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A(F,0,9") =g(0,¢)(b—7),

B(r,0',¢") = 0yd = (9yg(0/, ¢")(b — 1),
C(r',0,¢") =0yd = (0yg(0,¢"))(b—71),
F(r,0,¢") = Bsin(0') = sin(0)(dyg(0', ¢")) (b — ).

To begin the transformation of (9) we start with the Helmholtz equation (9a) in spherical coordinates:

0 =0,(r28,0) +

: .2

1 1
. dp(sin(0)0gv) + —— 20 + k0.
sin(0) o(sin(6)00v) sin*(6) ¢ '

Multiplying both sides by (d — g)* we obtain:

1 1
24 2 2 . 2 2 2252
= (d — g)°0,(r o, — - 0 0)0 —g) ——0 —
0= (@ = 970°0) + (d = 9 GrOu(sin(0)0u) + (d = ) 5o+ (d = 9Pk
= V1+V2+V3+V4.
We now address each of these terms separately:
Vi=(d—g)0,(r*d.0) = (d — g)0,(*dd,u) = ﬂa,[(d/ + 4)*0,u) = 0. [(dr + A)*0u]

d
== dza,-/ (r'zarru) + 2darr (r'A@rru) + a,J [Aza,./u],

and

A\? 274 A
Vo= (d—g)rkv=(d—g) ( + d) Ku=(d ~2dg + &) ((r’)z + 55+ dz) Ku

4
=d* (/) u+ > Hig)ku,
j=1

where
H(g) := —2dg(*')* + 2dAr,
Hy(g) = g*()* — 4gdr’ + A,
H;(g) = (2/d)Ag* — (2/d)gA’,
Hy(g) = (1/d*)g’ 4>,
Next,
1 2 . 1 2
Vy= n(0) (d — g)"0y(sin(0)0yv) = Sn(0) (d — g) 0p(Dyv)
= s 4~ (@ = )0+ Qo) d ~ D]
= SlIll(O) [((d - g)a()' - Bar’)((d - g)D()’ - Far’)u + (a(]g)((d - g)D()’ - Far’)u]
= ﬁ [(d — g)*0yDyu — (d — g)(@yg)Dyu — (d — g)3y (FOu) — (d — g)BODyu + B0, (FO.u)

+(d — g)(0yg)Dyu — (Oyg)FO,ul,

and
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Vi= (d —g)"0hv = [((d — 2))((d — g)3y)v + (048)(d — £)0y]

sin’(0) sin’(0)
1
~ sin’(0) [((d — )3y — CB,/)((d — g)0y — COy)u+ (048)((d — g)0y — COy )]

= S (0) [(d— g)zaj),u —(d —g)(0yg)0yu — (d — )0y (COpu) — (d — g)CO.Oyu
Despite their imposing forms, each of these terms can be significantly simplified using appropriate notation
and several crucial identities. In this regard we define the operator:

1 . 1
A= Sy @ O0m) + S50

which is in fact the Laplace-Beltrami operator on the sphere and whose eigenfunctions are the spherical
harmonics:

Géw,

1

f[Yl,m] 69(sin(0)69Y1,,1) + sinz(e)

. Sml(g) Y1 = —I(1+ 1)V, (15)
Furthermore, for any & = h(r, 0, ¢):

3s(hdyh) = (34h)* + hdh,

0y(sin(0)hdgh) = sin(0)(dph)* 4 hdy(sin(0)dh),
so that

(94h)* = 3 (hdgh) — hdh,

5 1
(0oh)” = Sin(0)

From this we obtain

.; ha() (sm(@)@Uh) .

ag(Sin(e)ha()h) — sm(@)

1 ) ,
T, := sinz(e) (0ph)” + (Oph)
1 2 1 . 1 .
- m%(h&p@ - mha oh+ még(sm(e)h@@h) - mhag(m(e)agh)

1 . 1 1 . 1 5
= {—sin(G) Oy (sin(0)hdgh) + —sinz(e) 0y (had)h)} — {—Sin(H) hy(sin(0)0gh) + —Sinz(e) h6¢h}

_ {1(9)6 sz (1) + o o (;hz)]} _h{ﬁ;@w o) I@ah}
= thz} —h 7[h).
Additionally, for any w and #4, the following is true:
(05 (w — h))" = (Qgw — Dgh) (Qgw — Dyh) = (3pw)” + (3sh)" — 2(dyw)(dyh),

so that

(Qsw)(0gh) = %(((’%W)2 + ()" = (@5 (w = h))?)-
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Similarly,

(@uw) 00h) = 5 (0] + (QuR)* = (@ulow = 1))

Consequently, using the linearity of ¢,

1
T2:= Gy Qo) @eh) + (@w) (@uh)

1 1 , 1 .1 i i i 2
:E{Sinz(ﬁ) (05w) +m(6¢h) _sinz(H) (0p(w—h))"+ (Qgw)” + (0ph)” — (Bg(w— h)) }

! 1 2 2 1 P 5 1 5 ,
:5{ (Sinz(()) (Opw)” + (Qgw) > + <—Sm2(0) (04h)* + (0ph) ) _ <M(@¢(W_ 1)+ (@o(w—h)) >}

%{;Bﬂ —wj[w]+th2] ymn —fB(W—h)Z] +(w—h>ﬂw—h]}

1
=51/ whl =h 7w —w7h]}.
We can also show that

a¢r<ca,./u) = C@,.«G(b/u + (ar/u)(a¢/C) = Car/6¢/u + (a/u)(ai/g)(b — 7"/>, (16)
and, similarly,
Oy (FO.u) = 3y ((Dyg)(b — ¥)u) = (8yDyg)(b — ¥ )0.u + (Dyg)((b — ¥ )0y0,.u). (17)

We are now in a position to simplify the following radial contribution to the Laplacian:

1= Gn o)

(d — )*0y(sin(0)dgv) + (d—g)*d}v.

sin’(0)
Applying the change variables (13), we find:

1
'=Gn(0)

+ (d — g)(0yg)Dyu — (Oyg)Fo,u} + ﬁ{(d - g)zaé/“ —(d — g)(0yg)0yu — (d — g)0y (COvu)

— (d — g)C0,0u+ C0,(COpu) + (d — g)(0,8)05u — (0yg)COyu}.

{(d — g)*0yDyu — (d — g)(0yg)Dyu — (d — &)y (Fduu) — (d — g)BO,Dyu + Bd, (Fo,u)

Using (16) and (17):

1 1 2 1
T=(d—o)Y|— &% +———0,Dy +—= Clg—d)d0u+——(g—d)(b—71)0, 2
e <sin2(9> T sin(0) ) (o) 8 T DRt Gy 8 T DO 0(ye)

2 1 1
—————COyglru+—-—(g— —#)0,u(0y Dy ——(g—d)(Dy —)0y0,
sin’(0) C0yg0 LH_sm(H) (g—d)(b—71")0.u(dy 9g)+sm(0) (g—d)(Dyg)(b—1)0y0.u

1 1 1 1
—2— (Dyg)@u)B+——— (g — d)BO Dyt +—s—C(b—1')(0,y8)%u+———B(Dyg)(b— )33
sin(@)( v8) () +sin(0) (g —d)BO, 6u+sin2(9)c(b )0y 8) ru+sin(9) (Dyg)(b—7)0u,
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and, after rearranging terms, we obtain

1 1
I= {“ 8 (mﬁ(a) % Sin(0) a"”"’”) }

2 1 ) 1
+ {szw) C(g - d)8r16¢/u —+ m (g — d)(DH’g)(b —r )69rarru + m (g — d)B@,/Dg/u}

1 , | ,
+{Sm2(9)<g O L —r>a,fu<awofg>}

1 1
— 2{51r12(0) C(ada’g)@yu —+ m (Dg/g)(ar/u)B}
1 / 2 1 N A2
+ {mC(b —r )(%’g)@r,u + mB(Do/g)(b — 7 )ar/u}.

Simplifying further

2 1 2 1
= {(d %) <sm2(9) % ¥ (o) 6‘*”3"’”) }

+ 2{ (g—d)(b—7r) < : (078)0y (Bp11) + (g g)a(,/(a,,u)> }

n*(0)

1
smz(e) (ai g)+ (sin(0)(0yg) }
1

+(g—d)(b—r)o, u{

SlIl

—-2(b— r’)aﬂu{s.%(%’g) (%¢g) } + (b — )" 0%u {sz(e) (058)" + (aﬁ’g)z}v

in“(60)
and using (15) we find:
I=(d~g)Jlu] + (g — d)(b — ){S[g0u] — g7 [0ru] — (S[g])0rui}

e =)o~ Pousls] - 206~ oo 7|57 - er1e1}

+ (b —r)*0%u {f[;gﬂ —gf[g]}
&> Ju) — 2dg ¢ [u] + g # [u] — d(F[g)) (b — r)0.u+ (b —r)g([g])ou
1 1 2
-2 s3] - ertaf o - oa { s3] - estafo -
—d(b—7')7[g0-u] +g(b—1").7[g0nu] +d(b—1)g 0]
— & (b =) g[0uu] +d(b—r)(F[g)dmu — g(b—r)(Fe])dyu.
Finally, the original Helmholtz equation (9a) becomes
0 (Fou) + Flu] + (r’)zkzu =F@,0,¢";u)
where
—d*F =2d0, (¥ A0..u) + 0, (4*0.u) — 2dg # [u] + &> #[u] — d_#[g](b— ¥ )opu+ (b—+)g #[g]0wu
~2f s3] ertafo-riaa {752 - et fo - G- do-r) gt g0 pleo

+d(b—r)g J0u)~g (b —r) S 0pul +d(b—r) J1g]osu—g(b—r') flglopu+ Y Hi(g)k'u
=1
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The Dirichlet condition, (9b), simply transforms to
u(a,0',¢") = &(0', ¢")
while (9¢), upon multiplication by (d — g), can be written as
0= (d—g)0,u(b,0,¢) — (d — g)T[v(b,0,$)] = ddyu(b, 0, ¢") — dT'[u(b, 0, ¢")] + g T'u(b, 0, ¢")].
Since 7" = T, (9¢) transforms to
Ouu(b,0',¢") — T[u(b, 0/, ¢")] = J (0, '),
where
dr(0',¢") = —gT[u®,0', ).

Collecting all of these transformed equations, we find that u, upon dropping primes, satisfies

0.(FPou) + Flul + r*kPu=F(r,0,¢;u,g) (r,0,¢) € Qup, (18a)
u(aa 07 ¢) = 6(0, 4))7 (18b)
Ou(b,0,¢) — Tlu(b,0, )] =J(0,$;u,g). (18¢)

3.3. Transformed field expansions

Consider the transformed field u; setting g = ¢f'it is possible, following the method of Nicholls and Reitich
[14,18] and Nicholls and Nigam [19], to prove the following analyticity theorem.

Theorem 1. Given an integer s = 0, if f€ C**? and & € H*™?, there exists a unique solution
u(r,0, ¢;e) Zunr0¢ (19)

of (18) satisfying, for some positive constants C and K,
[tnll s < K[Elly 328"
Sfor any B > C|f | qss2.

Following [4], we insert the strongly convergent series (19) into (18) and derive recursions for the {u,}:

0,(rP0u,) + Il + r’kPu, = Fo(r,0, ) (r,0,¢) € Qus, (20a)
Uy (d, 0, ¢) = 5:1,06(07 ¢)> (ZOb)
arun(b707¢) - T[un(bvevd))] :J,,(Q, d))a (200)

where §,, , is the Kronecker delta,

—d*F, = 2d0.(rdd.u,_;) + 0,(A*0,u,_») — 2df Fun_1] + 1> Fttn_s] — d F[f](b — r)0u,_,
+ (b =rf If10u, 2 — 2{f sz] - f/[f}}(b — 1)ty

{732 | =AU} s o - ) R 10 = 0 Ao
+d(b—r)f FOu1] = 1(b = 1).F 2] + d(b =) Jf10stty1 — f(b = 1) I f10,un-2

+ > H(Fu,, (20d)

=1
and

aJ, = _fT[un—l(bv 0, ¢)] (206)
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We emphasize that F,, only involves u,_; (= 1,2,3,4) and J, only depends on u,_,. Hence, for each n, u, can
be determined from (20) which is simply an inhomogeneous Helmholtz equation on a spherical shell with
inhomogeneous data. In the next section we present an efficient spectral-Galerkin method for the numerical
simulation of (20).

Remark 2. At this point we remark that our new TFE method can still be used, with minor modification, to
treat the inhomogeneous problem of scattering in the presence of a (compactly supported) source near the
obstacle. This can be accurately modeled with the addition of a “source” function S(r, 0, ¢) to the right-hand
side of (2). It is not difficult to see that this S will propagate to the right-hand side of (18a) intact after the
change of variables. However, in a completely “honest” implementation of the method one must consider that
in the transformed coordinates this function S will depend upon g (and consequently ¢) so that for each S
considered, a Taylor expansion must be found and the nth order term, S,,, will appear on the right-hand side of
(20a).

However, we can avoid this complication by careful consideration of the benefit of our method, i.e. that
it produces /inear (though recursive) problems for the unknowns, u,. Fortunately, S is known for us so that
upon transformation to the new coordinates we can “ignore” the implicit dependence upon g and simply
view it as a new function S depending solely on the transformed variables (r,0’,¢’). Now, when we expand
in powers of ¢, S will only appear at order zero in (20a) and no Taylor series expansion is necessary. (Notice
that if we attempt to ignore the implicit dependence of u upon ¢ then we must solve a nonlinear problem for
u which is what we aim to avoid.) In this way we can easily incorporate general source functions S in our
solution technique.

4. Spectral-Galerkin algorithm

Clearly, for the TFE method outlined above, (20), to be a competitive and reliable algorithm for the sim-
ulation of scattering configurations, we must devise a highly accurate and robust scheme for solving the Helm-
holtz equation (20a) coupled to the nonstandard boundary conditions (20b) and (20c). For this we advocate a
spectral-Galerkin method based upon Legendre polynomials very much in the spirit of the method detailed in
[4]. While the design philosophy of the two-dimensional method [4]is very similar to the one we outline below,
we now provide, for the reader’s convenience, a complete account of the algorithm.

As stated above, for each n, we need to find u,, by solving the following Helmholtz equation in a spherical
shell:

0.(r0,U) + F[U) + KU =F (r,0,¢) € Quy, (21a)
Ula,0,¢) =<0, ), (21b)
a"U(ba 0, d)) - T[U(b7 0, ¢)] = ”(Qa d))’ (21C>

where F(r,0,¢), £(0,¢) and 5(0, ) are given functions. It is well known that the main difficulty in using the
exact DNO, T, in the boundary condition at the artificial boundary is that it is a global operator. This leads
to a dense sub-block in the linear system generated by a Galerkin method to solve (21) associated with (arti-
ficial) boundary unknowns. An important observation is that while this operator 7 is global in physical space,
it is “local” in frequency space, see (8). To take advantage of this fact, we expand the solutions, U(r,0, ¢),
F(r,0,¢), &0, ), and 5(0, ¢), in spherical harmonic series

o0 !
(U(r,0,¢),F(r,0,0)) Z Z 11 (F) f 1 (7)) Y 100, $),
1=0 m=-1

o0

(é( ZZ élmanlm Ylm0¢)

=0 m=-1

Recalling the definition of the DNO, (8), it is easy to see that we can decompose (21) into the following se-
quence of one-dimensional, two-point boundary value problems:
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ar‘(rzarl}l.m) + (r2k2 - l(l + ))ulm flma re (aab)7 (223)

i’l,m(a) = %Lmv (22b)
X d-H z+1/z(kb) 1), .

Oty (b)) — k— — |ty (b) = 1 22

It is known from [22,23] that

m{de+1/2(kb)} 0, e{dH1+1/z(kb)} 0, dH1+1/2(kb) N I+1/2+1
(kb) (kb) (kb) b

as [ — oo, (23)

/+1/2 1+1/2 l+1/2

which implies the well-posedness of the problem (22).

To describe the spectral-Galerkin method for (22), let us first make a change of variables
2(r—a)
== % 24
T4 ’ (24)

which maps r € (a,b) to x € [ :=(—1,1). If we denote
ﬁl,m(x) = itl.,m(r)a j'l‘m(x) = /A{I.,m(r)a ﬁl,m = f]l,ma é/ m = %I,ma

z+1/2
then, (22) becomes:
0c((x + €)*0stirm) + (x + )’ * — 1(L+ 1))ty = f1y x €1, (25a)
ity (—1) = Epm, (25b)
taOtty (1) + tyit1 (1) = 71 m- (25¢)

It is straightforward to show that the functions

hl,m(x) — (ﬁl,m - tbélm))c + ;]l,m + tbzl,m —+ ta%l,m

t, + 21 t, + 21

satisfy the two boundary conditions in (25). Hence, setting

1 m —t g m 7 ~
i T (e 07— I 1) 2000, Byn(x) = ) + (0,
a b
we can rewrite (25) as the following problem with homogeneous boundary conditions:
3u((x + )0ty ) + ((x + )’ = 11+ 1)) ur = fimy, x €I, (26a)
um(—1) =0, (26b)
l‘aaxu17m(1) + tbugym(l) =0. (26C)

To continue our specification, let us denote by Py the space of complex-valued polynomials of degree less than
or equal to &, and

XU = {u € Pylu(—1) = 0, ,0,u(1) + t,u(1) = 0}.
The spectral-Galerkin method for (26) is to find u{"™ € X" such that
/ 0c((x + ) 0™y dx + /((x )0 — 11+ 1)l ™sy dx = /f,ﬁmz’)N dx, Voy e X", (27)
1 1

where vy is the complex conjugate of vy. We recall that if 7, and ¢, are real numbers and Py consists of real
. . . (Lm)  p(lm)
polynomials, then there exist unique real numbers (o, ™, ;") such that
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1,m) /m I.m m
Xy = span{yS™ (), 1" (%), - o (),
where
) = Li(x) + o L (v) + B Licaa (x),

and L,(x) is the kth Legendre polynomial [24,25]. It is easy to see that this is still true if we allow all of the
("™ B"™)Y . 1, 1, Py, and X to be complex valued. In fact, one easily verifies that

) (2k + 3)t, (L) _ (1) _
talk +2)7 + 21,
We note that from (23), Re{#,} > 0, so that (o, (lym) ﬁ,ﬁl‘m) are always well defined. Therefore, setting

N-2
I,m Im m I.m Im
" () =3 ul "y ), u = )T
j=0
Lm m Lm m 1.m
m)z[@w+waw>§>m A0m = (gl),
b<-l"") /((x + c) o —1(1+ 1)) Wﬁlm} dx, B! .= (bgf;,m>),

lm (1,m) Im) Im Im I,m)\T
/ﬁnl// 7 f( )_ (,f()( )7f1< )7"'7 1\(/72)) 9

the system (27) becomes the following complex-valued system of equations:

(A(lvm) + B(I,M))u(lw — fm) (28)

Due to the special form of yﬁl"")

B =0, [j—nl>4, V=0, n<j-2.

, we additionally have that

Hence, for each / and m, the linear system (28) can be solved in (/(N?) operations by using a direct Gaussian
elimination process. Renaming N as N,, the spherical harmonic-Legendre approximation for (21) is given
(with x defined by (24)) by

Ng—1

U, (r,0,0) = > Z Z P () i (6)) Y 1 (0, ) (29)

=0 m=-1 j=0

which is the solution of the following approximate variational problem:

1
— (}"zarUNhNO, arU) — (Sin(e)agUNhN(), a() |:— U:| )

Sln(O)
- @ U @ —1 v
q DAY R .
pY N..Ny 0] si 2(9>

UN,‘N” (a) 9; ¢) - éN()(()a ¢)a
arUNr,N() (ba 07 d)) - T[UNr,N() (b7 07 d))] = ’/IN()(07 (t{))’

where (-,7) is the L? inner product,

Vv, = span{y)" (x(r)) Y1 (0, $)|0 <

) + kz(l"zUNhNo, l)) = (F, U) VU S VNrsN()’

and,

No—1 1

(00 (0, )1, (0,8)) = > > Com i) Y1 (0, ).

1=0 m=-1
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Having now completely specified our numerical algorithm we can comment on its computational complexity.
As we have seen, in a simulation that retains N perturbation orders we must solve the equation (20) (N + 1)-
many times. Each of these problems is equivalent to the generic Helmholtz problem (21) which, in turn,
amounts to a one-dimensional problem (22) for each pair (/,m). To convert (21) to (22) requires a spherical
harmonic transform (SHT) at cost O(F(Ny)). We have just seen that (22) can be solved in quadratic time
in the discretization parameter N,, thus the computational cost is:

O(NF(Ny)N?).

As we stated earlier, Suda and Takami [20] have shown that the SHT can be accomplished in time propor-
tional to ((Njlog(Ny)) so that the cost of our algorithm is:

O(NN; 1og(No)N7).

Finally, we point out that the numerical analysis of this spectral-Galerkin approximation to (21) is performed
in [26] which shows that the L*-error decays exponentially fast as soon as N, and N, are sufficiently large to
resolve the wave in the spherical shell. We refer to [26] for a precise description of the error estimates. We also
note that the error analysis for a related problem (where 7 in (21) is replaced by ik) was done in [27].

We now present numerical results demonstrating the spectral accuracy of the above scheme for the Helm-
holtz problem (21). For this we note that we have a family of exact solutions to the homogeneous Helmholtz
equation, (21a), of the form:

Uim(r,0,¢) = ril/zHSQl/z(kr) Y10, ). (30)
Upon choosing (/,m) we can use this as an exact solution for the full problem, (21), provided that we set
F(r,0,) =0, &(0,¢) =a'PH}), ,(ka)Y1,0(0, ), n(0,¢) = 0. (31)

To specify a particular numerical experiment, we now choose a =2, b=4, /=2, and m =1 and report, in
Fig. 2, the results of using our spherical harmonic-Legendre algorithm. We observe that for any fixed &,
the error converges exponentially as soon as enough modes are used to resolve the wave.

Test 3D solver for different frequency

100 T T T T T T T T T
—6— 20,38,30
-2
10 - | —<— 30,58,40
—+&— 40,78,50
107 L | 9509860 |
60,118,70
107° |
o -8
5 10° ¢
o
o, 10 0
10—12 |
10—14 i
10—16 | —F
10_18 1 1 1 1 1 1 1 1 1

0 5 10 15 20 25 30 35 40 45 50
Frequency

Fig. 2. Error, measured in L?, between an exact solution, (30), of the Helmholtz equation, (22), and our spherical harmonic-Legendre
approximation for different frequencies k. In the figure, the number triples denote the number of colatitudes (Ny), longitudes
(Ngy = 2(Ny — 1)), and modes in the radial direction (N,), respectively.
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5. Numerical results

In this section we present two sets of numerical experiments which illuminate the behavior of our new
numerical scheme. The first is based upon an exact solution, cf. (30), which we have found useful in
measuring the performance of Boundary Perturbation methods. The second set approximates our
original plane-wave scattering problem; here highly resolved numerical simulations are used as reference
solutions.

5.1. Computations of surface currents

To evaluate the performance of a numerical algorithm for scattering there are many tests, in both the near
and far fields, available for consideration. As in [4] we choose to measure the normal derivative of the field at
the scattering surface, cf. Section 3.1 and Fig. 1, which, for electromagnetics applications, has the physical
interpretation of a current. We define this normal derivative as

V(H) = vv|r:a+£f : Ng7

where

1 1
- ar 7_6 7-76 )
Ve ( v r ov rsin(6) W)

and

1
N, := —(0pg), ———0
g ((Cl+g), ( 9g)7 sm(H) ¢g>
is chosen unnormalized as in [4]. With this choice of normal it is easy to see that

_ _ (%g) o  (048)
V(G) - (a + g)6r0|r:a+af (d n g) 69 |r:a+cf (a + g) Sin2(9)

To use the TFE algorithm in a simulation of the current v, (32), we must perform a few manipulations:

6¢v’r:a+£f. (32)

(@ 8)(d )= 0+ (A~ 0]y~ Qo) = 0y~ s Cu)d 0t

1
=(a +g)2d6,/u|r,:a — (0pg)(d —g)0yul._,+ (ag/g)zdar/ub:a - m(aqb’g) (d— g)asb’”’r':a

+ (048)d0ul

r'=a’

sin’(0)

where we have used (14) to change coordinates. Dropping primes and further simplifying we find

(a+g)(d—g)v=(a+g) dou+ daru{ (90g)” + (@¢g)2} —(d—g) { (002)00t + —— (%g)@w}

sinz(()) sinz(é))

— @+ e aou+ doud 13| - esll| -kl - el - uslel). (3)

where u is to be evaluated at r = a. Setting g = &f, the current, v, in the new coordinates is also analytic in &
[19], provided that £ is sufficiently smooth, so that

V(9> o, 8) = Z V,I(Q, ¢)8n>
n=0
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and (33) can be used to show that

1
advn = (d - d)fV,,,,] +f2vn72 + azdarun + 2adfarun71 +f2darun72 + d/ |:§f2:| aruan - df'/[f]arun72

1 1 1 1 1 1
- zdf[fun—l] + zdff[”wl] + Edj[f]unfl + Eff[ﬂ‘nfz] - szf[“rH] - Eff[f]”n—z,

where terms with negative index are set to zero. From this we can approximate v with

N
wil, ¢ e) =Y v,(0,¢)e". (34)
n=0
Before discussing our numerical results in detail, we point out that the Taylor series (34) evaluated at a par-
ticular point (0, ¢,) may be summed directly (“Taylor summation”), or rationally approximated using the
method of Padé [28]. To summarize this method, suppose that the truncated Taylor series

N (e) == XN: £,€"

n=0
of an analytic function f#(¢) is approximated by the rational function

LM . E?:o“lgl
P (o) = e
Zm:()bmgm
where L + M = N and the {a,;b,,} are determined from the {z,} via Padé’s algorithm [28]. Then pL’M(s) has
rather remarkable properties of approximation of #(¢), in particular, the ability to deliver, with high accuracy,
the value of #(g9) when ¢ is a point of analyticity outside the disk of convergence of the Taylor series of #(¢)
[28]. As we shall later see, this enables us to compute scattering returns from obstacles which are very large
perturbations of a circle.

5.2. Exact solutions

As we saw at the end of Section 4, a useful family of exact solutions of (9a) and (9¢) is given by the U, of
(30) for each (/,m). Given a profile g(0, ¢) = ¢f(0, ¢) we will have a solution to (9) provided that we set

5(0, d)) = él,m(07 d)) = Ulim (Cl + Sf(0> ¢)7 07 ¢) (35)

So, provided with the triple (e,f; ;,,,), the TFE algorithm delivers approximations to the field and the current
which can be compared with the exact field, Uy,,, and its current. For the experiments of this section we will
choose the nondimensional radius @ = 1, together with » =2, /=2, and m = 1. Regarding the profiles, f,
which specify the perturbation of the scatterer from a sphere, we choose the shapes considered by Bruno
and Reitich [6]:

110 6) =3 cos’(0) - 3. (362)
£(0,¢) = é (35cos*(60) — 30cos?(0) + 3), (36b)
130, 9) = % cos(¢) sin() (4 — 5sin’(0)). (36¢)

For each profile we conduct the following tests:

(1) Fixing the frequency k = 1 we vary ¢ to demonstrate the robustness with respect to the perturbation size.
(2) Fixing the perturbation size ¢ = 0.1 we vary the frequency k to demonstrate the robustness with respect
to the frequency.

For the first profile f; given in (36a) and pictured in Fig. 3, we show, in Fig. 4, the results as ¢ is varied
through values of 0.125, 0.25, 0.5, and 1.0 for k£ = 1. Here the errors are dominated by the expansion error.



1162 Q. Fang et al. | Journal of Computational Physics 224 (2007) 1145-1169

-2

-3 -

0
-2 4 -2

Fig. 3. Domain shaped by f, cf. (36a), with ¢ =0.5.

L™ error

10 1

Fig. 4. Error in current, measured in L™, between an exact solution, (30), and our new TFE algorithm. The scattering obstacle is shaped
by r =1 + ¢f}. The frequency is fixed at k = 1, the perturbation amplitudes are ¢ = 0.125, 0.25, 0.5, 1.0, and the numerical parameters are
Ny=40, Ny =78, and N, = 60.

We observe that the errors decay monotonically as N, the number of terms in the perturbation expansion,
increases. It is remarkable that the algorithm even converges at the very large value of ¢ =1 thanks to the
use of Padé summation.
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10°

L™ error

107°F

10715 L 1 1
0 5 10 15 20 25
N

Fig. 5. Error in current, measured in L™, between an exact solution, (30), and our new TFE algorithm. The scattering obstacle is shaped

by r = 1 + ¢f}. The perturbation amplitude is fixed at ¢ = 0.1, the frequencies are k = 20, 40, 60, and the numerical parameters are Ny = 50,
Ny =98, and N, = 60.

In Fig. 5, we fix ¢ = 0.1 and show the convergence results for frequencies k = 20, 40, 60. We observe that the
error decays monotonically as /N increases until it reaches machine precision or the accuracy limited by the
spatial resolution. We note that even at a relatively high frequency k£ = 60, the modest number of modes used
in this test still provide very accurate results.

Remark 3. Before we move to the other two profiles, let us point out another advantage of our approach.
Since we use a spectral approximation of the exact Dirichlet Neumann Operator, 7, we can choose the outer
boundary to be quite close to the obstacle, thus, reducing the effective wave number in the radial direction from
(a+ |g|;~)k to essentially (|g|,~)k, and consequently, reducing the required number of points in the radial
direction significantly.

In order to validate the above claim, we fix ¢ = 0.1, Ny =50 and N, =98 and we compare the errors in
choosing b =2 as compared to b = 1.2 with three frequencies and two values of N,. The results are reported
in Table 1. We observe, for example, that for » = 2 and k = 40, N, = 50 is required for the error to be of order
10~"* while only N, =24 is needed if we choose b = 1.2. Clearly, one should choose b to be very close to
(a+ |gl|;~) to minimize the number of modes needed in the radial direction.

Now we consider the second profile /> given in (36b) and shown in Fig. 6. We present in Fig. 7 the results as
¢ 1s varied through values of 0.125, 0.25 and 0.5 for k = 1. The error behavior is similar to that for the first
profile except that slightly more terms in the Taylor series are needed as this profile is a more irregular defor-
mation of the sphere. In Fig. 8, we present the convergence results for frequencies k£ = 20, 40, 60 with ¢ =0.1.
The results are, again, similar to the first case save that a few more modes were necessary to achieve compa-
rable accuracy.

We now turn to the third profile f3 given in (36¢) and pictured in Fig. 9. In Fig. 10, the results with fixed
parameters k = 1, Ny =40, N, = 78, and N, = 60 are shown for varying . In Fig. 11, we report the conver-
gence results for frequencies k = 20, 40, 60 with ¢ = 0.1 and Ny = 50, N, = 98, N, = 60. These results are also
very similar to the first two profiles, except that in Fig. 11, the plateau reached at N = 21 for k = 60 is due to
insufficient spatial resolution.
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Table 1

Compearison of errors with b =2 and b =1.2

N, k=20 k=40 k=60
Casel.a=1,b=2

20 0.29763838 x 10~° N/A N/A

30 0.33960572 x 10713 0.67513035 x 10> N/A

40 0.15703991 x 10~ 0.46352098 x 10~1° 0.88338883 x 1073
50 0.17613860 x 10~ 0.34953493 x 10~ "3 0.36524574 x 1077
60 0.12354349 x 10~ 0.35001966 x 103 0.14695808 x 108
CaseIl.a=1,b=12

10 0.17356540 x 1077 0.26397995 x 10~* N/A

16 0.50100256 x 10~ 0.49344552 x 10~° 0.71672433 x 1073
24 0.22039046 x 1074 0.58447350 x 10713 0.24197446 x 1078
32 0.22163657 x 10~ 0.58473324 x 1013 0.25240995 x 108

Fig. 6. Domain shaped by f5, cf. (36b), with ¢ = 0.5.

5.3. Plane-wave scattering

-4 4

-2

In the experiments described in this section we return to the original plane-wave scattering problem (5) with
the Dirichlet data & set equal to the opposite of the incident radiation, (1), evaluated at the surface of the scat-
terer. We will choose the problem parameters ¢ = 1, » = 2, and the profiles f}, f>, and f3 from Section 5.2. Of
course, we no longer have an exact solution for comparison and instead use a ‘“‘high resolution” approxima-

tion (Ng =81, N, = 140, N, = 80) as a reference solution.

Beginning with the profile £, (36a) (see Fig. 3) with perturbation size ¢ = 0.1 we display in Fig. 12 results of
numerical simulations with frequencies k£ = 1, 5, 10, 20. In this example the numerical parameters are set to
Ny=41, Ny =770, N, = 60. We point out that by order N =13 we can achieve “best” accuracies (allowed
by the fixed spatial resolution) of 1074, 107!2, 107° and 107 for k = 1, 5, 10 and 20, respectively. To achieve
better results naturally requires a further refinement of the numerical parameters Ny, Ny, and N,.
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Fig. 7. Error in current, measured in L>, between an exact solution, (30), and our new TFE algorithm. The scattering obstacle is shaped

by r =1+ ¢f>. The frequency is fixed at k = 1, the perturbation amplitudes are ¢ = 0.125, 0.25, 0.5, and the numerical parameters are
N() = 40, N(b = 78, and Nr = 60.
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Fig. 8. Error in current, measured in L>, between an exact solution, (30), and our new TFE algorithm. The scattering obstacle is shaped

by r = 1 + ¢f5. The perturbation amplitude is fixed at ¢ = 0.1, the frequencies are k = 20, 40, 60, and the numerical parameters are Ny = 70,
Ny =138, and N, = 60.
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Fig. 9. Domain shaped by f3, cf. (36¢), with ¢ = 0.5.
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Fig. 10. Error in current, measured in L™, between an exact solution, (30), and our new TFE algorithm. The scattering obstacle is shaped
by r =1 + ¢f5. The frequency is fixed at k = 1, the perturbation amplitudes are ¢ = 0.125, 0.25, 0.5, 1.0, and the numerical parameters are
Ny=40, Ny =78, and N, = 60.

In Figs. 13 and 14 we display similar results for the profiles /5, (36b), and f3, (36¢). Again, the perturbation
size is fixed at ¢ = 0.1 while the frequencies are varied through k =1, 5, 10, 20. The numerical parameters are
fixed at Ny =41, N, = 70, N, = 60. We note that the “best’ accuracies, allowed by the fixed spatial resolution,
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Fig. 11. Error in current, measured in L™, between an exact solution, (30), and our new TFE algorithm. The scattering obstacle is shaped
by r = 1 + ¢f;. The perturbation amplitude is fixed at ¢ = 0.1, the frequencies are k = 20, 40, 60, and the numerical parameters are Ny = 50,
Ny =98, and N, = 60.

can be achieved for all frequencies considered by N = 16 (for f5) and N =13 (for f3). The precise values of
these accuracies is determined by the numerical parameters and can be further reduced with refinement in
the discretization parameters Ny, Ny, and N,.
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Fig. 12. Error in current, measured in L, between a highly resolved plane-wave solution, and our new TFE algorithm. The scattering
obstacle is shaped by r = 1 + ¢f}. The perturbation amplitude is fixed at ¢ = 0.1, the frequencies are k =1, 5, 10, 20, and the numerical
parameters are Ny =41, Ny, =70, and N, = 60.
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Fig. 13. Error in current, measured in L™, between a highly resolved plane-wave solution, and our new TFE algorithm. The scattering
obstacle is shaped by r =1 + ¢f;. The perturbation amplitude is fixed at ¢ = 0.1, the frequencies are k =1, 5, 10, 20, and the numerical
parameters are Ny =41, Ny =70, and N, = 60.
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Fig. 14. Error in current, measured in L, between a highly resolved plane-wave solution, and our new TFE algorithm. The scattering
obstacle is shaped by r = 1 + ¢f;. The perturbation amplitude is fixed at ¢ = 0.1, the frequencies are k =1, 5, 10, 20, and the numerical
parameters are Ny =41, Ny =70, and N, = 60.
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6. Concluding remarks

In this paper, we have presented an efficient and high-order algorithm for three-dimensional bounded
obstacle acoustic scattering. The method extends our recent work [4] for two-dimensional bounded obstacle
scattering, and is based upon a boundary perturbation method paired with a high-order spectral-Galerkin sol-
ver. This boundary perturbation approach is justified by rigorous theoretical results on analyticity of the scat-
tered field with respect to boundary variations. Several numerical results have been presented to exemplify the
accuracy, stability, and versatility of the proposed method.
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