AN EFFICIENT AND ACCURATE SPECTRAL METHOD FOR
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ABSTRACT. An efficient and accurate method for solving the two-dimensional Helmholtz
equation in domains exterior to elongated obstacles is developed in this paper. The
method is based on the so called transformed field expansion (TFE) coupled with

a spectral-Galerkin solver for elliptical domain using Mathieu functions. Numerical
results are presented to show the accuracy and stability of the proposed method.

1. INTRODUCTION

Many scientific and engineering applications require fast and accurate numerical ap-
proximation of acoustic and electromagnetic scattering that returns from irregular ob-
stacles. Although the governing equation is linear, its numerical approximation presents
a number of notorious difficulties: (i) the problem is set in an unbounded exterior do-
main, making it difficult to obtain accurate approximations when an artificial boundary
is introduced; (ii) the problem is indefinite, making it difficult to design efficient iter-
ative methods; and (iii) the solution is highly oscillatory when the incoming wave has
high frequencies, making it inefficient to use low-order finite difference or finite element
methods. A wide variety of numerical methods have been proposed to deal with these
difficulties (cf. the review papers [19, 14] and the references therein). A particularly
compelling class of methods are based on the boundary perturbation technique origi-
nated from the work of Rayleigh [13] and Rice [15], and we refer to [2, 3, 4] for some
recent developments in this direction. More recently, a robust and accurate numerical
method based on the transformed field expansion and a fast spectral-Galerkin solver is
proposed for two- and three-dimensional acoustic scattering [11, 12, 9, 5]. The method
has proven to be very efficient for obstacles that can be considered as a perturbation
of a disk in 2-D or a sphere in 3-D. While in principle the algorithms in [9, 5] can be
applied to elongated scatters (e.g., submarines and airfoils), which are found in many
important applications, it may not be computationally efficient to do so due to the fact
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that large artificial boundaries are needed to enclosed the elongated obstacles. In such
cases, it is more appropriate to use elliptic and ellipsoidal artificial surfaces to truncate
the unbounded computational domains.

The purpose of this paper is to develop an efficient and accurate numerical method
for the acoustic scattering from an elongated obstacle. The basic idea is to consider
an elongated obstacle as a perturbation of ellipse in 2-D and of ellipsoid in 3-D, use a
larger ellipse or ellipsoid to enclose the obstacle and reduce the problem to a bounded
domain through the Dirichlet-to-Neumann mapping, and then develop an efficient and
accurate spectral method for the reduced equation in the separated elliptic domain.

While spectral methods for partial differential equations in circular and spherical do-
mains have been well developed, their applications to elliptical domains have received
very little attention. The main reason is that the separation of variables in ellipti-
cal domains leads to Mathieu functions in 2-D and spheroidal wave functions in 3-D.
However, the use of elliptic coordinates and Mathieu functions introduces significant
difficulties in both analysis and implementation. Although the Mathieu functions have
been the subjects of many studies (cf. [8, 7, 1]), most of which are concerned with their
classical properties such as identities, recurrence and asymptotic relations. As far as
we know, there were essentially no results on their approximation properties in Sobolev
spaces which are required for numerical analysis of spectral methods using these special
functions. In a very recent paper [18], two of the authors made a systematical study
for the approximation properties of Mathieu functions and applied them to study the
elliptic equations in a bounded separable elliptic domain. The analytical and numerical
results presented in [18] indicate that Mathieu functions have nice approximation prop-
erties similar to those enjoyed by classical trigonometric polynomials and are suitable
for numerical approximation of PDEs in elliptic domains. Hence, we shall use Mathieu
functions as basis functions for the spectral-Galerkin solver in our scheme.

The rest of the paper is organized as follow. In Section 2, we describe the governing
equation for acoustic scattering in exterior domains with elliptical coordinates and use
the Dirichlet-to-Neumann mapping to reduce the problem to a bounded domain. We
derive in Section 3 the transformed field expansion in the elliptical coordinates. Then,
we construct a spectral-Galerkin method for solving the reduced Helmtoltz problem in
a regular elliptical domain. We present some illustrative numerical results in Section 5

and conclude with some remarks in the last section.

2. GOVERNING EQUATION AND DIRICHLET-TO-NEUMANN MAPPING

2.1. Governing Equation. Consider a two-dimensional time-harmonic acoustic plane

wave

(21) ,az (7’, 07 t) — e'i(.uz‘/ui(r7 0) — eiwteir(a cos(0)—LBsin(0))
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incident upon a bounded obstacle ¥. It generates a scattered field
(2.2) s (r,0,t) = e“tuy(r,0)

satisfying the Helmholtz Equation

(2.3) Aus +Kk*us =0 in Q=RAY,

along with the Sommerfeld radiation boundary condition at infinity. In the above,
k = \/a? + (2 is the wave number.

In [9], an efficient spectral method was proposed to solve this problem, which was
based on a transformed field expansion (TFE) approach and a fast spectral-Galerkin
solver in the circular domain. The method is suitable when the obstacle is a “small”
perturbation of the circle. When the obstacle has an elongated shape (e.g., a subma-
rine), the method in [9] will not be efficient as a rather large artificial computational
domain will have to be used. In this case, it is more desirable to truncate the unbounded

domain into an ellipse, and develop the spectral solver in elliptic coordinates:
(2.4) x =ccoshpcosf, y=csinhpusinb,

where 2c is the focal distance. Note that curves of constant u are all ellipses and the
curves of constant 6 are hyperbolas with foci z = +c¢ along the x—axis. To simplify the
notation, we take ¢ = 1 hereafter.

Under the elliptic coordinates, the domain €2 can be expressed as
Q={(,0): p>a+g(h), 6 €[0,2m)}.

Denoting v(u, 0) := us(z,y), the Helmholtz equation (2.3) under the elliptic coordinates

becomes
1

3 cosh(2) — 3 cos(26) (

along with a boundary condition at 02, the periodic boundary condition in 6, and the

(2.5) 8211 + agv) +Kv=0, (u0) e€Q,

Sommerfeld radiation condition at infinity, namely,

(2.6) v(a+g(0),0) =&(0), v(p,0) =v(p,0+2m),
and
(2.7) Jim. 1280 — ikv) = 0.

Note that, to fix the idea, we prescribed in (2.6) a Dirichlet (sound-soft) boundary
condition on the obstacle, although a Neumann (sound-hard) boundary condition can
also be used.

A main difficulty for solving the problem (2.5)-(2.7) is that the domain 2 is un-
bounded. However, it is well-known that the solution of the Helmholtz equation (2.5)

in the far field can be exactly expressed by expansions in Mathieu functions, leading
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to an exact expression of the so called Dirichlet-to-Neumann (DtN) operator (cf. [6]),

which allows us to reduce the system to a bounded domain.

2.2. Mathieu functions. The Mathieu functions arise when one applies the separa-
tion of variables approach to (2.5). More precisely, setting v(u, ) = R(u)®(0), we find
that ®(0) satisfies the angular Mathieu equation:

2
P
(2.8) le? + (@ —2qcos20)® = 0,
and R(u) satisfies the radial Mathieu equation:
d’R
(2.9) o (a —2gcosh2p)R =0,

where a is the separation constant, and the parameter ¢ = ¢?k?/4.
The angular Mathieu equation (2.8) supplemented with a periodic boundary con-
dition admits two families of linearly independent periodic solutions (eigenfunctions),

namely the even and the odd Mathieu functions of order m:

0; =0,1,---,
(210) @, (B:q) = O
sem(0;q), m=1,2---.
Similarly, the radial Mathieu equation (2.9) admits two families of linearly independent

solutions, namely the even and the odd Mathieu-Hankel functions of order m:

Mcm(lu’aq)a m:O7]-a"'7

(2.11) Rin(p39) = {MS (1q), m=1,2,--- .

Hence, the general solution of (2.5) can be expressed as

[e.@] oo
(2.12) (i, 0) = aiMei(p; q)cei(05.q) + Y BiMsi(; q)sei(6; ).
i=0 i=1
In this context, the Mathieu-Hankel functions {M¢;, M s;} are of the third kind.
We observe that the above expansion is reminiscent to the Fourier-Hankel expansion
for the solution of the Helmholtz equation in polar coordinates. Here, the angular
Mathieu functions play the role of Fourier series. Indeed, the set of Mathieu functions

{cem, sem+1}°_, forms a complete orthogonal system in L?(0,27),

271' 27T .f =
1) [ cenltoee o= [ senasentigan =3
0 0 0, if m#n,
and
27
(2.14) / cem(0;q)sen(0;¢)dd =0, ¥Ym >0, n>1.
0

The interested readers may refer to [8] for more properties of the Mathieu functions.
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2.2.1. DtN mapping. With the help of (2.12) and (2.13), we can determine the DtN
mapping explicitly. We truncate the domain at © = b > a+ |g|; . Then, given v(b, ),

we can write the expansion
(2.15) v(b, 0) Zalcel 9;q) —i—Zb sei(6;q).

Taking p = b in (2.12) and comparing with (2.15), we can determine the coefficients
{aj, B;} in (2.12) uniquely. Consequently, we have

v(p, ) = Zazm (05 q) + Zb ]wsl((l;))sez(e q).
=0

Therefore, we define the DtN operator T' by

o0}

_ Mc (b q Msl(b;q) .
(2.16) T v =3d,v(b0) = Zz:a Vebia) (0 q +Zb si(b:g) sei(0;q),

which maps Dirichlet data, ¢, to Neumann data, d,v|,_, (cf. [6]). Thus, the system
(2.5)-(2.7) can be equivalently restated as

(2.17a) GZU + Ogv + %k2(cosh(2,u) —cos(20))v =0, (i,0) € Qaggps
(2.17b) v(a+g(0),0) =&£(0), v(w,0)=rv(p,0+2m),

(2.17¢) 0uv(b,0) =T v(b,0) =0

where

Qatgp={(1,0):a+g(0) <p<b, 0<6 <2}

The rest of the paper is devoted to developing and testing an efficient and accurate

spectral approximation to this problem.

3. TRANSFORMED FIELD EXPANSIONS

3.1. Transformation to a separable domain. While the equation (2.17) is set on a
bounded domain, it is still not suitable for spectral methods as the domain €244 is in
general not separable. In order to develop an effective spectral method, it is necessary
to transform the domain to a separable one. This can be done with the change of

variables
) (b—a)u—0bg(0) du—bg
(b—a)—g(0) d—g’
where d = b — a, which maps 0,14 to the elliptic annulus €,;. Next, we need to

0 =0,

rewrite (2.17) in these transformed coordinates (y/,0").

By using the relations
oy’ oy’
—— 0y +0pr, Oy = —H—
+ 05 H 8/,L

% = g

O,
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it is easy to see that

(3.1a) (d—g)d = (d—g(6)dy — BUL 0Dy,
(3.10) (@ g)d = dou.

(3.1¢) dupu = du + AN, 0),

where

(3.2) A, 0) = g(0)(b—1"), B(r',0) = 0y A.

We first deal with (2.17a). Multiplying (d — g)? to (2.17a), we find
(3.3) 0=(d— g)zﬁgv + (d — g)?93v + %kg(d — g)?(cosh(2) — cos(26))v.
Denoting
u(r', 0"y =v(r' + A/d, 0,
and using (3.1), we find
(d—g)*0w = (d—g)du((d— g)dv)
= (d—9)0u(doyu) = d28i/u,

and
(d—9)*0Fv = (d— g)dl(d— g)Ipv] + pg(d — g)Dpv

= [(d — g)agl — B&M/][(d — g)f)g/ — Bc‘)u/]u + 89/g[(d — g)(‘?@/ — Bé)“/]u

= (d—9)*9u—(d—9)(g)dpu— (d — 9)9p [BOyu] — B(d — 9)d,Opru

+B8#/ [B&l/u] + (d — g)(@grg)@gzu — (8@/9)B8Mu.

Besides,
%kQ(d —9)*cosh(2p)v = %kz(d — )2 (e + e 2
= L gp(en i e
= ikz(d — )2 e’T e W e T .
Denoting
A1=%+ (25‘!)2 + (262!)3 4+,
A2:—%+ (255!)2 — (211;)3 T
we have

e =1+ 4 T =1+ A,
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and
Lo 2 Lo 20 2/ | —2u
ik (d — g)* cosh(2u)v = Zk (d—g)*(e** +e " )u
1 / /
+ ZkQ(d — )% (e* Ay + e Ag)u.

Collecting the above relations into (3.3), the original equation (2.17a) can be written

as
(3.4) 35,u + O u + %kZ(cosh(Q,u’)u —cos(20"))u = F,
where F' contains all the extra terms due to the transformation and is given by

—d’F = —2dgdu + g*03u — (d — g)0p [BO,u]

— B(d — 9)0,/0gru + B0,y [BO,u]
(3.5) — (09 9) BOu + k*dg cos(20")u — %k2g2 cos(260")u — k*dg cosh(24/ )u
+ %kQQQ cosh(2p/)u + %/{:Z(d — 9)2(e* Ay + e Ay)u.
Now multiplying (2.17c) by (d — ¢) and using (3.1), we find
0 = (d—=9)0uw(b,0) — (d—g)Tv(b,0)
= doyu(b,0)—dTu,8)+ g(0)Tub,b).

Therefore, (2.17c) is transformed into

(3.6) du(b,0') — Tu(b,8') = J(¢'),
where
(3.7) 7)) = —ég(G')Tu(b, 7).

Collecting these transformations, we find that the transformed field u, upon dropping

primes, satisfies

(3.8a) aﬁu + DFu + %kQ(cosh(Zu)u —cos(20))u=F, (u,0) € Qqp,
(3.8b) u(a, ) =¢€(0), u(p,d)=u(u,0+2n),
(3.8¢) Ouu(b,0) — T u(b,0) = J(0),

where F' and J() are given by (3.5) and (3.7), respectively.

3.2. Boundary perturbation. While the equation (3.8) is set on a separable domain,
it is still challenging to solve it numerically due to (i) the non-constant coefficients in
F which prevents a feasible direct solution, and (ii) its indefiniteness makes it difficult

to design an efficient iterative scheme.
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Therefore, similar to [9, 5], we resort to a perturbation approach. More precisely, we
write g(0) = ef(0) and expand the solution u of (3.8) as

(3.9) u(p, 0;¢) Zun i, 0

Inserting the above in (3.8), it is straightforward, albeit tedious, to derive the following

recursions for {u,}:

(3.10a) Eﬁun + Ogun + %k2(COSh(2,u) —cos(20))uy, = Fp, (11,0) € Qqap,
(3.10b) Un(a,0) = 6n0 £0),  un(p,0) = un(p, 0+ 27),
(3.10¢) Opun(b,0) =T uy(b,0) = J,(0),
where
f

J’n = _E T’Lbn_l(b, 9)7

and
—d’F,, = —2dg83un,1 + 92892un,2 — d0p[BOuun—1] + 90| BOuun—2] — dB0,0ptn—1
+ 9B0,0pun—2 + BO,[BO,un—2) — (0pg)BOutn—2 + k2dg cos(20)u,_1

1 1
- 514:292 c08(260)up_o — k2dg cosh(2p)up, 1 + 5](5292 cosh(2p)up—2

+ ik2d262“ (%un_l + (2‘3)2%_2 + (2)3%_3 +.+ (él)nu@

+ ikdee*Z"( — %un_l + (263!)2%1_2 — (2?;4!)3un_3 + ...+ (=" (2;1[;)”110)

— ~k%d 2“(%’%_2 + (Q;A!)Qun_g + (2?:)3 Up—q + ... + ((QA)nl_)luo)

B %kzdge”“( B %un_Q n (2)2%_3 B (263)3%_4 - (_Unlm%)
+ik2g2e2“<2jun 5+ (2;) Un—a + (2‘;)3 Un 5+ .+ ((24_)2)uo)

n k2 2 —2u( _ %un 5+ (203)2%4 — (2‘5‘3)3%5 + .+ (—1)”‘2((;‘?_)2)!1;0).

In the above we adopt the convention that terms with subscripts are set to zero. We
observe that F), involves solutions at all previous iterations as opposed to only four
previous iterates in the circular or spherical case [9, 5].

It is clear that for smooth f(f) there exists 9 > 0 such that the Taylor expansion
(3.9) converges for all € < gp. Furthermore, it is shown in [10] that the Dirichlet-to-
Neumann operator T depends analytically on variations of arbitrary smooth domains so
that an alternative summation method such as Padé approximation can be effectively

used to extend the convergence radius beyond &g.
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4. SPECTRAL-GALERKIN METHOD

We note that for each iteration n, the equation (3.10) is simply the following Helmholtz

equation in a separable elliptic domain:

(4.1a) 85U + 37U + %kﬂ cosh(2u)U — %kQ cos(20)U = F, (p,0) € Qqp,
(4.1Db) Ul(a,0) = £(0),
(A1) BuU(b,0)—T U®,0) = (o),

with given F'(u,6), £(0) and n(f). Hence, they can be efficiently solved by using a
suitable spectral-Galerkin method which we describe below.

Thanks to the orthogonality of the angular Mathieu functions (2.13)-(2.14), we can
expand U(u,0), F(u,0), £(0) and n(0) as

(U (1, 0), F(11,0)) = > (tiam (1), frm (1)) cem(050) + D (iam (), fom(1))sem (63 0),
m=0 m=1
(5(9)777(9)) = Z(élmuﬁlm)cem(e;Q) + Z(é?ma'f/Qm)Sem(a;Q)'
m=0 m=1

We recall that ce,, and se,, satisfy the angular Mathieu equation (2.8):
cer 4+ (Aem — 2q cos(20))ce, = 0,
ser + (Asm — 2q cos(26))se,, = 0.

m

Inserting the Mathieu expansions in (4.1a)-(4.1c) and using (2.16), we find that (4.1a)-
(4.1c) can be decomposed into the following sequence of one-dimensional problems
(m=0,1,2,...):

1 A
(4.2a) W — AemBm + 514:2 cosh(2u)tim = fim, p€ (a,b),
2 My, (b q)
4.2 U m — ms i - — Mg m == ) ms
( b) Uy (a) 51 ulm(b) Mcm(b; q)ul (b) m
and
1 "
(4.3a) Uy — Asmlom + 5]{2 cosh(2u)tom = fom, W€ (a,b),
2 Msi,(b; q)
4.3b lom (@) = Eam, U (b) — —" 2 G0 (D) = Tam,
(4.3b) () = o, ()~ 12 (0) =

where Me¢,, and M s,, are the radial Mathieu-Hankel functions of the third kind.
We describe below a spectral-Galerkin method for (4.2) only, since (4.3) can be
treated in exactly the same fashion. To this end, let us first make a change of variable

x = 2%‘ %) _ 1 which maps p € (a,b) to z € I := (—1,1). Denoting

im(2) = tim(B),  fim(@) = fim(W),  im = fims E1m = Em,
2, Mc,(bag) _ 4
b—a "™ Mep(biq) Cy_(b—a)Q’

tg =
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the equation (4.2) becomes
(4.4a)  aidl, — Aemitim + q(eb7VTHOFA) | embda=(bray g, — 7 zel,
(4.4D) G (=1) = €1y taillyn (1) 4 tomtiim (1) = Fim.

We first reformulate (4.4) into an equivalent problem with homogeneous boundary

conditions. To this end, we set

hl (x) _ ﬁlm - tbmélmx + ﬁlm + tbmglm + taélm
" ta + 2tym ta + 2tym

which satisfies the two boundary conditions in (4.4b). Hence, setting

~m_thm r —a)x a —(b—a)xr— a
= 771t—|—2btb§17 flm:flm‘i’[)\cm_Q(e(b ) +(b+ )+€ <b ) (b+ ))]hlma

Ui (2) = Ui (x) + him (),
the equation (4.4) becomes

(45&) Olulllm - )\cmulm + Q(:‘U)ulm = f1m>

(4.5b) wim(—=1) =0, towh, (1) + tpmtam(1) =0,

where Q(x) = q(e(b*a)r+(b+a) + e*(bfa)xf(l%ka)).
Let Py be the space of complex-valued polynomials of degree less than or equal to
N, and

(4.6) X3 = fue Py | u(=1) =0, tou'(1) + tpmu(l) = 0}
The Spectral-Galerkin method for (4.5) is: find ug\l,’m) € X](\}’m) such that

(4.7) O‘/ (“5\1777”))”771\7 dx + /(Q - )‘cm)u%m)@N dr = /fl,m@N dr, Youyn € X](\}’m),
I I I

where vy is the complex conjugate of vy. We recall (cf. [16, 17]) that if ¢, and ¢y, are
real numbers and Py consists of real polynomials, then there exist unique real numbers
(a,(:’m) , ﬂ,(cl’m)) such that

XG™ = span{yg ™ ("™, AR,

where

A (2) = Li(@) + al™ Ly (2) + B0™ Ly (a),

and Ly(z) is the k-th Legendre polynomial. It is easy to see that this is still true if we
allow all of the (a,gl’m), ,gl’m) ), ta, tom, Py, and X](\}’m) to be complex valued. In fact,
one easily verifies that

O[(1,m) . (2k + 3)ta
Bt (k4 2)2 + 2ty

ﬁlgl,m) _ al(cl,m) 1
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Now setting

m m m m m T
uy™ (@) = 3w "), u‘:( &t ),...,ug\}—;) ,
7=0
a§-,1,;m) /(77(11 m)) %( ™) g, AGM) . ( §1nm)>’
(1,m) o 1,m 7(1,m) 1,m) . (Lm)
b = [ Q™A™ dw, B = (bm )

I
1,m _(I,m m 1,m m 1,m T
f]( )_/Ifl,m’)’]( )Cl.%', f(L ):<f[§ )7f1(1 )7"'7 ](\[72)> )
the system (4.7) becomes the following complex-valued linear system:

(4.8) (ozA(l’m) + BLm) _ Acml) u(tm) — plm).

Due to the non-constant coefficients in Q(x), the matrix BWm) ig full. Since one has
to solve the system (4.8) at each iteration n of (3.10), it is more efficient to compute
and store the LU factorization of a A" 4+ B:m) _ \ T and use it for each iteration.

Although the Mathieu functions have been frequently used by physicists and en-
gineers, there were essentially no error estimates available in the context of spectral
method for PDEs using Mathieu functions. Recently, Shen & Wang [18] derived a first
set of error estimates for the spectral-Galerkin method of the Helmholtz equation (with
an approximate Dirichlet-to-Neumann operator, i.e., the equation (4.1a)-(4.1c) with T

being replaced by an approximated operator) using Mathieu functions. Let

Ny
(49 un(n,0) = Y (G5 () Men(0: ) + 05" (1) Mo (0:9))
m=0

where u}V:l(u) and u?\,;n(u) are approximate solutions of (4.2) and (4.3) by the spectral-
Galerkin method described above. Then, based on the results in [18], it can be expected

that the error [|u — un, Nyl z2(q, ,) Will decay exponentially as Ny, N, — oo.

5. NUMERICAL RESULTS

We now present some numerical results to demonstrate the robustness and effective-
ness of the above scheme for the Helmholtz problem (2.17).

Before we present the numerical results, let us comment on the expected error es-
timates. Let u be the exact solution of (3.8) and wu, be the n-th term in its Taylor
expansion (3.9). Given a triplet of discretization parameters (M, Ny, Np), let ug\?: No
be the spectral approximation of u,, defined in (4.9). Then, the final approximation of

u is

(5.1) ul, Ny (1,0 ZUN;“NG 1, 0
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Writing

M M
U—UN, Ny = (uf E Unp€ )+ E (un—uNng)s )

and using the triangular inequality, we can expect, for smooth perturbation f(6), an

error estimate of the form
(5.2) lu —uiy w20, ) S €™ + exp(—aN,) + exp(—BNy),

where «, 8 are some positive numbers. A complete proof of this result is highly non-
trivial due to the complexity of the algorithm so we shall only provide some numerical
verifications. In the following, we shall present numerical results which are consistent

with the above expected error estimate.

5.1. Test with exact solutions. It is well known that the Helmholtz equation (2.17a)

admits a family of exact solutions:

v(p, 0) = Mem(p; q)cem(0;9) or  Msy(u;q)sem(05q), m=0,1,2,---

where, we recall, ¢ = % with &k being the wave number in (3.10).

To validate the spectral-Galerkin method in Section 4, we first preform a set of tests
on a regular elliptical obstacle, i.e., g(8) = 0. Thanks to the orthogonality of the
angular Mathieu functions, it is clear that Mc¢,, and M s,, are respectively solutions of
(4.2) and (4.3) with fi,,, = fom = 0 and 1 = fom = 0. So we just need to test the
one dimensional solver for (4.2) and (4.3). We take a = 1, b = 2 and the exact solution
of (4.2) to be Mea(p;q). In Figure 5.1, we plot the L?-error vs. wave numbers with
different number of modes N,. We observe that for fixed wave number k, the error
converges exponentially as soon as enough modes are used.

In the next set of tests, we show that the transformed field expansion algorithm
described in Section 3 is robust and efficient. We consider two elongated obstacles (cf.
Figure 5.2) described by
(5.3) £(0) = sin(0) and f(0) = gcosﬂ(a) - %

Two sets of numerical tests are conducted:

(i) Fix k = 1 and vary ¢ through the values £ = 0.125, 0.25, 0.5.

(ii) Fix € = 0.1 and vary the wave number k& among k = 1, 5, 10, 20.

In Figure 5.3, we present the results for f() = sin(f) with a = 1, b = 2 and a fixed
resolution N, = 40, Ny = 50. We observe that, for both fixed wave number k = 1
and fixed perturbation parameter ¢ = 0.1, the TFE algorithm converges monotonically
for all cases, and it achieves the accuracy limited by discretization parameters IV, and

M. Similar convergence behavior is observed for the obstacle described by f(6) =
3 cog? (0) — 1
2 2
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A distinct advantage of the TFE algorithm is that we can choose the artificial bound-

ary as close to the obstacle as possible, since we use a spectral approximation of the

exact Dirichlet-to-Neumann operator as boundary conditions on the artificial boundary.

Thus, the effective wave number in the radial direction is reduced from (a + max |g|)k

to essentially (max |g|)k, and consequently, the number of modes needed in the radial

direction can be reduced significantly. To illustrate this property, we fix e = 0.1, a =1
and take b = 2.0,1.7,1.4,1.11. The results are reported in Table 5.1. We observe, for

example, that for b = 2.0 and £ = 10, we need N, = 50 to achieve the near machine
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FIGURE 5.3. Convergence history of the TFE algorithm with f(0) =
sin(f), a = 1, b = 2 and a fixed resolution N,, = 40, Ny = 50.

accuracy of 107!, while only N, = 32, N, = 24, N, = 16 are needed for b = 1.7,
b= 1.4, b = 1.11, respectively. Thus, choosing b close to a + max|g| allows us to use

much less points in the radial direction.

5.2. Plane-wave scattering. Here we are interested in computed the scattered field
from a plane-wave incident upon the obstacle depicted in Figure 5.2. Since we no longer
have an exact solution, for comparison purposes, we use a high resolution approximation
(Ng =200, N, = 80) as the reference solution.

In Figure 5.4, we present the convergence history of the TFE algorithm for the plane
wave scattering upon the two obstacles described by (5.3) and e = 0.1,a = 1,b = 1.2
with N, = 50 and Ny = 70. We observe that the convergence behavior for the plane
wave scattering is essentially the same as for the case with an exact solution. Namely,
it converges monotonically with respect to the iteration number and the achievable

accuracy is only limited by the discretization parameters N, and Nj.

6. CONCLUDING REMARKS

We developed in this paper an efficient and accurate method for solving the two di-
mensional Helmholtz equation in domains exterior to elongated obstacles. The method
is based on the transformed field expansion (TFE) which has been successfully used in
[9, 5] previously for solving the acoustic scattering problems in both two-dimensional
circular and three-dimensional spherical domains. However, these algorithms may be-
come inefficient for elongated obstacles. Therefore, we considered a spectral approxi-
mation based the Mathieu functions which arise naturally in separation of variables for

Helmholtz equations in 2-D elliptical domains.
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TABLE 5.1. Comparison of errors for fixed a = 1 and different b.
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Case L.

a=1.0,b=20

Ny

k=10

k=20

k=30

20
30
40
50
60

3.194037351815689E-004
8.779273471361419E-009
3.489299652356402E-014
7.442571851220374E-015
7.445792866860663E-015

N/A
2.659983158053314E-002
4.075375667250492E-006
3.855895857799710E-010
9.448522036762579E-015

N/A
N/A
N/A
1.079372633016826E-004
7.593022891639761E-008

Case 11.

a=10,0=17

Ny

k=10

k=20

k=30

10
16
24
32
40

1.752737769151860E-002
1.241555235693669E-005
1.785994170721984E-010
8.117168389387350E-015
8.173970631753017E-015

N/A
0.117928043697839

5.436923480174920E-005
9.105633247626263E-009
3.371631771488164E-013

N/A

N/A

0.125942875873638
1.146463335303423E-004
6.355896436113194E-008

Case III.

a=10,b=14

Ny

k=10

k=20

=30

10
16
24
32

1.979436709562661E-005
4.118578121707269E-010
7.896901028716109E-015
8.007113762830576E-015

1.963594085393983E-002
7.969223021776043E-006
3.688692266868178E-011
5.719640056757472E-015

N/A
2.172063896726098E-003
1.612139372432315E-007
1.593488725641524E-012

Case IV.

a=10, b= 111

Ny

k=10

k=20

k =30

10
16
24
32

6.360988398309674E-011
5.475146222852776E-015
5.487127036163949E-015
5.563270966626641E-015

7.243546940899958 E-008
3.654974350512313E-014
1.377465343945447E-014
9.250807899233729E-015

5.561324910286263E-006
2.632240330902880E-011
1.387460117126281E-013
1.388974863724226E-013

It turned out that the use of elliptic transform and Mathieu functions introduces sig-

nificant complications in the algorithm development and implementation of the TFE

method. With delicate analytical derivations and careful manipulations of the Math-

ieu functions in programming, we have successful derived the TFE algorithm under

elliptical coordinates and developed a stable implementation of the spectral-Galerkin

method using Mathieu functions.

The illustrative numerical results presented in this paper indicate that the TFE algo-

rithm with a spectral-Galerkin solver using Mathieu functions is efficient and accurate

for acoustic scattering from elongated obstacles.
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