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SUMMARY

A weighted orthogonal system on the half-line based on the Chebyshev rational functions is introduced.
Basic results on Chebyshev rational approximations of several orthogonal projections and interpolations
are established. To illustrate the potential of the Chebyshev rational spectral method, a model problem
is considered both theoretically and numerically: error estimates for the Chebyshev rational spectral and
pseudospectral methods are established; preliminary numerical results agree well with the theoretical
estimates and demonstrate the effectiveness of this approach. Copyright © 2001 John Wiley & Sons, Ltd.
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1. INTRODUCTION

While the spectral-element approximations for PDEs in bounded domains have achieved great
success and popularity in recent years (see e.g. References [1-5]), spectral approximations
for PDEs in unbounded domains have only received less attention until recently. A number of
spectral methods for treating unbounded domains have been proposed: direct approaches using
Laguerre polynomials were investigated by Maday et al. [6], Furano [7] and Guo and Shen
[8]; indirect approaches, e.g. reformulating original problems in unbounded domains to certain
singular problems in bounded domains by variable transformations, using Jacobi polynomials
have been considered recently by Guo [9, 10]. Note that it is often preferable to use direct
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approaches such as in exterior problems where the obstacles may become too complicated
after variable transformations.

Another effective direct approach for problems in unbounded domains is based on rational
approximations: Christov [11] and Boyd [12, 13] developed some spectral methods on infinite
intervals by using mutually orthogonal systems of rational functions; most recently, Guo
et al. [14] developed a Legendre rational spectral method which is based on a weighted
orthogonal system consisting of rational functions built from Legendre polynomials under
a rational transformation. It is shown in Reference [14] that the Legendre rational method
is an attractive alternative for problems in semi-infinite intervals. However, there is no fast
transform available for Legendre rational functions, nor for Laguerre polynomials/functions.
The purpose of this paper is to introduce the Chebyshev rational functions, for which fast
Fourier transform (FFT) is applicable, and to investigate related issues associated with the
Chebyshev rational approximations.

This paper is organized as follows. In the next section, we establish basic properties
of Chebyshev rational functions and recall some Jacobi approximation results presented in
Reference [10]. In Section 3, we study several orthogonal projections. In Section 4, we con-
sider a Chebyshev rational interpolation. The results in these two sections form the mathemat-
ical foundation for the Chebyshev rational spectral and pseudospectral methods. In Section 5,
we consider a model problem and provide error analysis for the Chebyshev rational spectral
and pseudospectral methods. In Section 6, we discuss numerical implementations and present
some preliminary numerical results.

2. SOME BASIC RESULTS ON CHEBYSHEV RATIONAL FUNCTIONS
AND JACOBI POLYNOMIALS

2.1. Basic properties of Chebyshev rational functions

Let A={x|0<x<oo} and y(x) be a weight function in the usual sense. We define

12
LX(A)= {v|v is measurable and ||v]|,. = (/ [u(x) 2;{(x)dx> <oo} (1)
, 2 A

We denote by (u,v), the inner product of the space Lf((A), ie.

(u,0), = /A (o) () d.

For any non-negative integer m, we set

dxk x

equipped with the inner product, the semi-norm and the norm as follows:

k

m
(u,v)m,zzg(afu,ﬁﬁv)x, 0y = 11070l [0l = (0,005
=0

For any real number >0, we define the space H/(A) with the norm ||v|, by space inter-

polation as in Adams [15]. As usual y will be omitted from the notations if y(x) = 1.
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Let T;(y) be the Chebyshev polynomial of degree /. We recall that 7;(y) is the eigenfunction
of the singular Sturm—Liouville problem

V1= 20,(/1-y20,T(») + PT(y)=0, [1=0,1,2,.... (3)
We define the Chebyshev rational function of degree / by
x—1
R =1 (21) @

Thus, R;(x) is the /th eigenfunction of the singular Sturm-Liouville problem
(x + DVx((x + DVEOR(x)) + PRi(x) =0, x€A (%)

From the recurrence relation of the Chebyshev polynomials, we find that R;(x) satisfy the
following recurrence formulae:

x—1
Ro(x)=1, Ri(x)= o
te 1 (6)
Ri(x)=2 Ri(x) = Ri—1(x), =1
x+1
and
1 1
(x+17Ri(x) = maleH(x) - ﬁale—l(x)a [=2 (7)
Let us denote
1 1 x—1
= —_— — — 8
o0 = A PV YT 8)
Then, we have
dy 2 dx 2 dx
& G @—m, W(X)E—P(J’) %)
Hence, the orthogonality relation of Chebyshev polynomials leads to
2, =0
/AR,(x)R,,,(x)w(x)dx:%al,m with ¢; = { st (10)

where J;,, is the Kronecker function. Thus, the Chebyshev rational functions #,(x) form a set
of orthogonal basis for L2(A), and the Chebyshev rational expansion of a function v € L2(A)
is

v(x) zgﬁlR;(x) with ﬁl:c;in/A v(x)R;(x)w(x) dx.

By virtue of (5) and (10), we find that {d,R,(x)} are mutually orthogonal in L2 ,(A),
namely,

C|TT

[ ar@aR, o @y dr = P, an
A
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Next, we derive some useful inequalities. Let N be any positive integer, and
Ry =span{Ry,Ry,...,Ry}
Hereafter, we denote by c¢ a generic positive constant independent of any function and N.

Theorem 2.1
For any >0,

1] <N bl

Proof

Let yeI=(-1,1), x=(1+y)/(1-y). For any ¢ € Zy, we set y(y) = ¢((1+y)/(1-y)). By
the definition of Zy, we have Y(y) € 2y, which is the set of polynomials of degree at most
N. From the the following inverse inequality for Chebyshev polynomials (cf. Reference [2]):

105 Wlz21) <CN2m||‘//HL3,(1)

we derive that
1
09l = 3 W1 =9 p)dy<a [ W) dy
<N [V dy =N

By repeating the above procedure, we deduce that for any non-negative integer m,
107 dll2 <eN*"(|]lz
The general result for »>0 follows from the above inequality and space interpolation. |

Now, we prove a generalized Poincaré inequality which will play an essential role in the
analysis of Chebyshev rational approximations.

Theorem 2.2
If ve H (A) and (v*(x)/x)w(x)—0 as x — 0, then

2 /1
/A = (2 T ) o) dr < /A(a"“("))zw(")dx
Proof

By the assumption (v?(x)/x)m(x)— 0 as x — 0, we can write

o[ ()
_/0 { ()
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Since 0.m(z)=—[(3z + 1)/2(z + 1)z]w(z), we find by using Cauchy—Schwarz inequality that

. [0

z iz<2 [ 1@ d
1)@(2) z < /0 . v(z)w(z)dz

</Ox 2(Z)w(z)dz+/ (0.0(z))Pw(z) dz
(13)

Letting x — 0o, we obtain the desired result. |

2.2. Some basic Jacobi approximation results

As we shall see below, the Jacobi approximation results established in Reference [10] play an

important role in the analysis of Chebyshev rational methods. Hence, in this subsection, we

recall some basic approximation results on Jacobi polynomials presented in Reference [10].
Let us define

Ly p()= {“ ullz2, = (/qu()’)(l -+ ) dy>1/2 <+ 00} (14)
and
upstiun) = [ =P+ P dy+ [uGm)1 =Y+ 37y (15)
We also denote /) ;. (I)=L 5(I) and
Hlﬁ s(I)={u|u is measurable on 7 and |ju|| g, s < + oo} (16)

where Hu||1,a,,;,,75:a;’/z, s(u,u). For 0<pu<1, Hﬂﬁvé(l) and its norm ||u||,, 0 are defined
by space interpolation. We also define

H, g (1) ={ulu is measurable on I and |[ul|,, 5« < + oo} (17)
where for non-negative integer r,
0l o e = AL 0 + A2 () (18)

with

A= 3 @)= -+ )
k=r— [r/2]+1

(19)
[(r+1)/2]
A2y ="% /1 @ a1 — yy (1 + ) dy

The space H, ; (1) and its norm |[ul|,,, s« for real positive r are defined by space interpolation.
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Let 13]\1% Bod :H;’ g..5(1)— Py be the orthogonal projection operator defined by

~1
a‘?f,/fa)",(S(PN,az,ﬁ,y,&u —u, lp) =0 Vlﬂ S '@N (20)

The following theorem is proved in Reference [10] (cf. pp. 380—-381, Theorem 2.5 in
Reference [10]).

Theorem 2.3
For u<y+2, f<0+2, and for any ue€ H, , (/) with r>1, we have

~1 B
HPN,a,ﬁ,y,é u— u”%,m,/},y,é <0N2 2r||u||r2‘,oc,ﬂ,* (21)

If in addition, a<y+ 1, f<0+ 1 and 0<pu<1, then

~1 -~
HPN,oc,li,",f,& u— u”ft,oc,/i,v,é <N 2r||”||3,a,/5,* (22)

In order to deal with the boundary condition at x =0, we need another result in Reference
[10]. Let us define

HyposD={u € Hy g (D) |u(~1)=0} 25 ={ue2y|u(~1)=0}
and the orthogonal projection 15,\1; o H;é o) — 2% by

~1,L
s p3,6(Pag gy ot — ) =0 Ve Py (23)
The following result is from Reference [10, Theorem 2.6].

Theorem 2.4
If «<y+2, <0 and §>0, then for any ueH;’ﬁ’.,,’é(I)ﬂH;”/];,M(]), we have

~1,L _
||PN,1,ﬁ,y,5u - ””%,rx,ﬁ,y,é <CN2 2rHu||lz‘,oc,ﬁ,* (24)

and if in addition, a<y+ 1, f<o+ 1 and 0<u<1, then

~1,L

HPN,oc,/?,y,é u— u”i,a,ﬁ,y,é <C,]\']z“_zr||u||;2’,oc,ﬁ,* (25)

3. CHEBYSHEV RATIONAL POLYNOMIAL APPROXIMATIONS

For the sake of error analysis, we need to investigate several orthogonal projections.
We define the L2 (A)-orthogonal projection Py :L2(A)— %y by

(Pvv—1,0)0=0 V¢ € Ay
In order to estimate ||Pyv — v||,, We introduce the space

H;, 4(A)={v|v is measurable and |[[v]|,,,,4 <00} (26)
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where for non-negative integer 7,

12
1olhann = (zuu + 1)’/2+kakv||(,,) @7)

For any real >0, the space H,, ,(A) is defined by space interpolation.
Let A be the Sturm—Liouville operator in (5), namely,
Av(x) = - ' (x)0 (0~ (x)0,0(x)) = —x(x + 1)?0%v(x) — 103x + ) (x + 1)d,v(x) (28)

Lemma 3.1
A™ is a continuous mapping from HZ2"(A) to L (A).

Proof
One can easily prove by induction that
2m
A"o(x)= > (x + 1) pr(x)dv(x) (29)
where p;(x) are some rational functions which are bounded uniformly on the whole interval
A. The desired result follows from (29) and (27). |
Theorem 3.1

For any ve H], ,(A) and r>0,
[Pxo = vllo <eNT"[|0][1,0,4
Proof
We first consider the case » =2m. By virtue of (5), (10) and integration by parts,

ﬁ,:clin /A v(x)R,(x)w(x)dxzcle /A v(x)AR;(x)w(x) dx

_ c2lz/v(x)a (0~ (¥)0,R(x)) dx = ilz/Aw_l(x)axv(x)ale(x)dx

/6 (0~ '(x)0; v(x))R;(x)dx— BT /Av(x)R;(x)w(x)dx

eml?

=...= 2 /A’"v(x)R;(x)w(x)dx (30)
A

cmim

Therefore, we derive from (29), (30) and the definition of H], ,(A) that

2

. N / A" OR () (x) dx
1Pyo— ol = 3 BIRIZ <N S | A

R
I=N+1 I=N+1 HRIH%U || le

< N A" |G <eNT|[vll7 o, 4
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Next, we consider the case » =2m + 1. By (5) and integration by parts,

b= 12’" / A"v(x)R;(x)w(x)dx

CITt

-2 / A ()0 (0~ ()0 Ri(x)) dx
A

c;nlz’”“
—#/a(Am (AR ()~ (x)d
= ot |, O v(x))0.R;(x x)dx

Owing to (11) and (29),

o=l = 5 IR = 5 ([ aumare 1(x>dx)

2
0 (A™0)0 R (x)w ™ (x) dx
o 20R2 /
= : A [GS:A

=N cmlimtd [| Ox Rl”i,—l

w~!

2

. / 0.(A"0)O.R ()~ (x) dx
< cN“22mtD) > A

10<R 17,
=N+ 1OR17 - e

< eN7ED)0,(4™v) [ <eNT2EmD||a(Amv)(x + 12

< N~ 2(2m+1)HUHr(oA

The general result follows from the previous results and space interpolation. |
Now, we consider the H!(A)-orthogonal projection P\ :H!(A)— %y which is defined by
(Pyv—0,0)1,0=0 VY€ERy
In order to estimate |Plv — vl|;.,, wWe introduce
H;, g(A)={v|v is measurable on A and ||v||,.5< + oo} 3D

for any non-negative integer r with

- 12
10l = ( S+ 1>f/2+k-1/2a)’:v||?u) (32)

As usual, for any »>0, the space H,, z3(A) and its norm are defined by space interpolation.

Theorem 3.2
For any ve H}, g(A) with r>1,

1Piv = vlli.o <N [0l 0.2
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Proof

By definition, ||Piv— |10 <||¢ — V|1, for any ¢ € Zy. Let y=(x—1)/(x+1), u(y)=v((1+
Y)/(1=p)). By taking ¢ =Py 5, 15 15 1 p4(P) =1ty (cf. (20)), a direct computation
together with (21) (=3, f=y=0=—1) leads to

1 -
6 =00 = 5 [ @Phsa v va18(3) = B Py = D' p(y)dy
4 /1 Blyn 1n s 1pt(y) — u(y)Po(y)dy
< / @Bl 115 atl(¥) — Bu(3))2(y — 1P p(y) dy

+ /1(151\1/,3/2,71/2,71/2,71/214()’) —u(y))’p(y)dy

51 2 2-2r)1,,112
HPN,3/2,—1/2,—1/2,—1/2“—“||1,3/2,—1/2,—1/2,—1/2<CN '||“Hr,3/2,—1/2,*

Note that 1 — y=2/(x+ 1), 1 — > =4x/(x + 1)> and one can show easily by induction that
k .
u(y)= Zl pi()(x + 1) 0/u(x) (33)
=

where p;(x) are some rational polynomials which are uniformly bounded on A. Thus, for any
non-negative integer r, using (33) and the fact that 1 + y<2 for all ye[—1,1], we find

r k ) )
Apap) < YN [ @y
=r—[r/2]+1 j=

<c z f / (x 4 1Y =120 u(x) Y oo(x) dx
A

k=r—[r/2]+1 j=1

<e) [[(x + 1y =220 A0 |2 (34)

J

Similarly, we have

o [(+1)/2] k , .
A5 w)y<c > 3 [ (x+ 1272729 u(x))? dx
k=1 j=1 JA

<eX [ (ot 1)@l u(n) P dx
=1 Ja

<o X |G+ Ly |2 (35)
j=1
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Therefore,
A£13)/2 71/2(”) C||U||r o,B
A2 1) < el
This fact together with space interpolation completes the proof. |

When we apply the Chebyshev rational spectral method to partial differential equations with
Dirichlet boundary conditions at x =0, we need another orthogonal projection. Let us denote

Hj ,(A) = {v|v€H (A), v(0)=0 and v )a)(x)—>0 as x — 0o
Ay = {9 € A | (0)=0) (30)
a(v/,(u, U) = (axua ar(vw)) + v(u, U)w
We define the 7] ,(A)-orthogonal projection Py°: H{ ,(A)— %% by
@ (Pyv—v,0)=0 VYo
Lemma 3 2
For v> 1 27,
aﬁ;(v,v) 11’1(16,\1 - 7)””“1 w Vo EHO],UJ(A)
(G, u(ve0))| < 5 [|0xullos | Ocvllr  Vau,v € Hy (D)
Proof
Since
\ o 3x+1 2 _ 15x2 4+ 10x + 3
O(x)= mw(x), Jio(x)= Ww(x) (37)
using integration by parts and that (v?(x)/x)w(x)— 0, as x — oo, we find
(@00.2,00) = [ (@) Potx) + 502 N0() dx
A
2 1o 2
:/(axv(x)) w(x)dxf/ =0"(x)0;oo(x) dx
A A2
v?(x) 15x% + 10x + 3
/(6 v(x))o(x)dx — f/A 2 CEYE w(x)dx
Let us first prove the following elementary inequality:
2
1 15x +10x+3\14 +E V>0 (38)

8 (x+1)7 32
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CHEBYSHEV RATIONAL SPECTRAL AND PSEUDOSPECTRAL METHODS 75

We denote

11522+ 10x+3 14 , 15

L e DT AR

Then by direct computation, we have

=g - g 1(5)=0

2at 1y 27
Sx + 1 28
f”(x)zfmfﬁ<0 VXZO

, % is the only root of f”(x) in [0,+0c). Thus,

Hence

fe<f G) <0 Vx>0

which implies (38).
Owing to (38) and Theorem 2.2, we have

a (v,v) = /(8 v)o(x)dx — —= vx(x) w(x)dx + <v — ;j) / v?(x)o(x) dx
= T6/A(5xv)2a)(x) dx + (V - ;;) / v2(x)o(x) dx (39)

Using the Cauchy—Schwartz inequality, we find

v(x) 3x+1
/‘3 ) a P I

_ % (/A(axu(x))zw(x)dx>1/2 </A 2(X)w(x)dx> 12

The second result is then a direct consequence of the above inequality and Theorem 2.2. [

)/ Oxu(x)v(x)o,w(x)dx| =

Theorem 3.3

For any ve H!, s,(A)NHy ,(A), v>12 and r>1,

0,
HP]\I/’OU - UH],(;; SCNlir”U”r,w,B

Proof
By Lemma 3.2, for any ¢ € %Y,

1Py v — v}, < ca) V(Pyv — v, Py v — v)
= caw(Plé’Ov —v,¢ —0)

< cllBy®o = vliolld — e

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2002; 53:65-84
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Therefore,

1Py %0 = v]li.o<c inf [|¢ —vll1.0 (40)
PeA,

Next, let x=(1+ y)/(1 = ), u(y)=v((1 + y)/(1 — y)) and take ¢=Py3, 1, 15 _ 15
u( ) y=—1)/e+1) in (40) (cf. (23)). Then, the desired result follows from (24) and a similar
argument as in the proof of Theorem 3.2. |

In order to study the Chebyshev rational interpolation approximations, we need to consider
another orthogonal projection. Let

do(u,v)= / Oxu(x) 0, v(x )(x + 1)\/§dx—|—/ u(x)v(x)ow(x)dx (41)
A A
The orthogonal projection Py : H) ,(A)— %y is a mapping such that for any ve H} ,(A),

do(Pyo—0,0)=0 Ve Ay (42)

Theorem 3.4
For any ve€ H}, ,(A) and r>1,

||p1\1/U — Vo < eN7"[|0]].00.4

40+ 1)20(Bio = o) < N[0l

Proof
Let us denote

w(y)=o((1+3)/(1 =), ux(y)=Bioto)l=qiry-y)

By definition, we have
/[ Oy(un(¥) —u(y))o,Y(y)v1 — y*dy + /I(uz*v(y) —u(Y)W(¥)p(y)dy=0 WWePy (43)

Thus, ”}'QI(Y):Pz\lf,1/2,1/z,_1/2,_1/2”()’) (cf. (20)). Under the transform x=(1+ y)/(1 — y), we
have

/ (P~ of o dx = 5 / (wy — u)(1 — y*)""2dy
A 2 i
/ x(x + 1)2[ax(13]1;1] - u)]Za)(x) " :/ [ay(u;'\} _ u)]Z(l _ yz)l/z dy
A A
Therefore, we derive from (22) with a=pf= %’ y=05=—1 that

1Pyo — vl|5, <[Juy — ”||(2),1/2,1/2,71/2,71/2 <CN_%HUHil/z,1/2,* (44)
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and
x4+ 1D)20(Pyv — o) P < luy — ulli 12,1/2,—1/2,—1/2 <CN2_2"||U||12~,1/2,1/2,* (45)
A direct computation using (34)—(35) leads to
A5}3/2,1/2<u><",§ |G+ 1YY 00ul;, <ol 4
Similarly,

2 r . .
AR, ) <c X e+ 1Y oulf <l .

The above estimates imply the desired results. |

4. CHEBYSHEV RATIONAL INTERPOLATION APPROXIMATION

In actual computations, it is convenient to use interpolations. We will only deal with the
Chebyshev—Gauss—Radau rational interpolation. The interpolation using rational Chebyshev—
Gauss points can be considered in a similar fashion. We denote oy, ; = cos 2jn/(2N +1) which
are the N + 1 Chebyshev—Gauss—Radau points, and

Oy =1+ an )1 —ay,)™! (46)
The Chebyshev—Gauss—Radau formula implies that
1+ N ,
A Pp(x)o(x)dx = ! ¢ =y p(y)dy = ZO d(lvj)w; Vo €Ay (47)
=

where wy=mn/(2N + 1) and w; =n/(N + 1) for 1 <j<N. The discrete inner product and the
discrete norm associated with the Chebyshev—Gauss—Radau rational interpolation points are

N—1 12
(1) = 22 o o Ce )00 [Vl on = (v, 0%
Owing to (47),
(¢9 lp)w,N = (¢)3 w)w V(b : lp € Aon (48)

The Chebyshev—Gauss—Radau rational interpolation operator Iyv(x): C(A) — %y is such that
Inv(Cnj)=0v(ln;), O0<j<N

The following theorem is related to the stability of the Chebyshev—Gauss—Radau rational
interpolation.

Theorem 4.1
For any ve H,, ,(A),

lvvllo <c(llollo + NG+ 1)2x o))

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2002; 53:65-84
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Proof

Let x=(1 + cos0)/(1 — cosf) and ©(0)=0v((1 + cos)/(1 — cosB)). Let us also denote

K;=[2jm/(2N 4 1),(2j + )n/(2N + 1)] for j=0,...,N. Then, by (48),
2 2 N 2
v olle = [ vlle, = 22 v7(Cn ),

J=0

o (On. ) < 7 E: sup 5*(0)

j=0 0€K;

~.
sz

We recall the following inequality (see (13.7) in Reference [4]):

max | /()] <e

max, Ll <e( =

and apply it for each of the interval X;, using the following relations:

x—1 dx 2sin 0 1
cosf)fx ’ @7_(1—0050)275()(—'—1)\/;’

we find that
2 SR 2 —21A. A 2
[Invlls < CZO(HU(G)”LZ(K/) +N HGGU(Q)HLZ(KJ))
j=

< e([8O)170.0 + N > 108(O)[70.r))
< C(Hv(x)”%gu(/\) + N 72|+ 1)2x 4 0000) |2 )
which implies the desired result.

Theorem 4.2
For any ve H,, ,(A) and O<u<1<r,

1Iyvv = 0] oo SEN 100,

Proof .
Since Iy(Plv)=Plv, we have from Theorems 3.4 and 4.1 that

[Inv — p}\IIU”w < c(”ﬁi\llv — | +N71H(x =+ 1)1/2)51/4@(131\1/”

< CNirHUHr,w,A
Using Theorem 3.4 again,

o = vllo < B0 —vllo + v = Byolls

< CN_rHUHr,w,A
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1 oy + VB = ||af||mb>) Vf € H'(a,b) (50)

(51)

(52)

-0

(53)

(54)
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Furthermore, by (53), and Theorems 2.1 and 3.4,

o — |10 < |PYv— 010+ [Ivv — PLv1o
< ”pi\llv - le,w + CN2||1NU - p]\IIU”w

c||Pyv = vl|1.e + N>7(|0]|1. 0.4

NN

CNZ?V”””;’,(»,A

Finally, we get the desired result by (53), (55) and space interpolation.

5. ERROR ESTIMATES FOR A MODEL PROBLEM

We consider the following model problem:

—2U(x) +vU(x)=f(x), 0<x<oo

UZ(X)

U0)=0, —w(x)—0, asx—

79

(55)

(56)

where f(x) is a given function, and for the sake of simplicity, we assume v > .For0<v<id

\277

we may use the variable transformation ¢ =ax with a<./27v/14 to rescale Equatlon (56).

A weak formulation of (56) with v>32 is to find U € H] ,(A) such that
aX)(l]’ U) = (fa v)u) Vve H()l,w(A)

If fe (HO1 »(A)), then by Lemma 3.2 and the Lax—Milgram Lemma, (5.7) with v>
unique solution in Hg ,(A).
The Chebyshev rational spectral scheme for (56) is to find uy € #% such that

(:)(uNs 4)) (f (l))w vd)e'%]%

Theorem 5.1

If UeH} zs(A)NH (M), v>27 and r>=1, then

ey = Ul <eN'|U 1008

Proof
Let Uy =Py U. By (57),

(U(UNad)):(fad))(u que%?,
Thus,
ay(u, — Uy, ) =0 Vo ey

Therefore, uy = Uy and the desired result follows from Theorem 3.3.

(57)

has a

(58)

(59)

(60)
O
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We now consider the Chebyshev—Guass—Radau rational pseudospectral scheme for (56).
Let

aZu,N(U’ ¢) = - (a;zcva ¢)w,N + V(U, d))w,N

Note that
2 fx—1Y\ 1 - p
OcRi(x)= Gy T, (x+ 1)—2(1 VY Ti(Dly=e—1y/e1) € A1

Hence, for any ve #;, we have 020 € #,,,. Therefore, owing to (48),

au N (DY) =an (DY) VO, €Ty (61)

A Chebyshev rational pseudospectral method for (56) is to find uy € 2% _, such that

ay, @y, ) =(fsPloy YPERY_, (62)
Theorem 5.2
If UeH, ,(MNnHy (A, feH,(N), v>12 and r>1, then

lluy = Ulh,o SN (U 0,8 + 1 £ lr—1,0,4) (63)

Proof

We derive from (48) and Theorem 2.2 that for any ¢ € Zy_1,

(el = | (i + 00 27) = (e + 00 27)
w,N 0]
<G+ 0 || 25| <elli+ DAul@lo

Thanks to the Lax—Milgram Lemma and Lemma 3.2, we assert that (62) has a unique solution
such that

[lun |10 <cln((x + 1) f)]w
Let Uy :P}\;LU. Then by (61) and (62), we have for any ¢ € 2y _,,

a:;)(UNs ¢) = (f? ¢))(0

v (64)
aw(”Na d)) = (INf’ (nb)w
Therefore,
an(Uy —uy, ) =(f —Inf, P PEAY_,
Let 6=v— %. Taking ¢ = Uy — uy and using Lemma 3.2, we obtain
Ollun — Un|IZ, + f5luw — Un i o, <@, w(un — Uy,uy — Uy)
=(f —Ivf Uy —un)o <|If = Ivfllol| Uy — uy|
2 0

<5||f—1NfH3)+EHUN—UNHg) (65)
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Hence, by Theorems 3.3 and 4.2,

luv — Ulltwo < |Uv — Ul + lluv — Uy 1.0

<
< CNI_V(HU”r,w,B Nl =1.0.4) (66)

6. NUMERICAL IMPLEMENTATIONS AND DISCUSSIONS

We now present some implementation details for solving (56) by using the rational pseu-
dospectral scheme (62). As is shown in Reference [16] (see also Reference [17]), it is advan-
tageous to use compact combinations of rational Chebyshev polynomials as basis functions.
Indeed, setting y;(x) =R;(x) + R;;1(x), we have (0)=0. Hence,

Ay_, =span{y;: j=0,1,...,N — 2} (67)
Therefore, setting

bkj == (lpj; l//k )w,N == (lpja l,bk )wa ag = aru,]v(lpja l,bk) = - (5)26%, l,bk )m
N—2
uy = > xPi(x), X =(x0,X1,...,xy_2) (68)
Jj=0
F=for fraeeos fum2) with fi=(f,¥))on
the Rational Chebyshev pseudospectral approximation (62) is reduced to
(VB+A)i=f (69)

Setting x= (14 y)/(1 — y) and ¢;(¥)=y;(x), one verify easily that

1
bka/_l(Y}(y) + L W)T(y) + T (9))p(y) dy

1
iy = _% /_1(1 = 2?0, {(1 = ¥)’0,,(M)}bu(¥)p(y) dy (70)
1 J—
—3 [ =g - pras0) - B2 000 dy

By using the orthogonality of Chebyshev polynomials, one find immediately that B = (by;) is
a symmetric tridiagonal matrix, and that a;; =0 for k£ <j —3. By using the orthogonal relation
of the Chebyshev polynomials, it is possible to derive explicit formulae for a;;. However,
this process is rather tedious. Alternatively, one can easily compute a;; numerically by using
a suitable Gaussian integration formula. Note that for problems with variable coefficients, a
preconditioned iterative method should be used with a preconditioner obtained from a suitable
problem with constant coefficients, see, for instance, References [16, 17].

We now present some numerical experiments using the above scheme to solve (56) with
v=1. Three illustrative examples involving three typical decaying behaviours are considered.
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h
Example 2: u(x)=sin kx exp(-x) Example 2: u(x)=x/(1+x)

+: h=25

*: h=3.5

slope ~ -3.7

log10(error)
log10(error)
~

slope ~ -5.7

7 ‘ ‘ ‘ ‘ : : : -10 ‘ ‘ ‘ ‘ ‘ ‘
4 45 5 55 6 65 7 75 8 12 13 14 15 16 17 18 19 2
sqrt(N) log10(N)
Figure 1. Convergence rates of the rational pseu- Figure 2. Convergence rates of the rational pseu-
dospectral approximation: Example 1. dospectral approximation: Example 2.
Example 1

U(x)= sin kxe™™.

Here, the function decays exponentially at infinity, so Theorem 5.2 predicts that A -errors of
rational pseudospectral approximation will decrease faster than any algebraic rate. In Figure 1,
we plot the log,, of H}-errors vs v/N. The two near straight lines corresponding to k=1, 2
indicate that the errors decay like e=<V™.

Example 2
Ux)=x/(1+x)".

The second example decays algebraicly at infinity without essential singularity. One can
check directly that |Ul.wp + ||/ ]l—1,04 is finite for r<2h — 1. Hence, according to
Theorem 5.2, we can expect a convergence rate for the H!-norm to be of the order 22 —3 —¢
for any ¢>0. The observed convergence rate for the H!-norm plotted in Figure 2 is about
2h—4/3. Note that when 4 is a positive integer, the exact solution will be a rational polynomial

so its pseudospectral approximation with N >4 + 2 will be exact.

Example 3
U(x)= sin 2x/(1 + x)".

The third example decays algebraicly at infinity but with an essential singularity at infinity.
One can check directly that ||U||,w,z + ||/ |l—1,0.4 is finite for <%k + . Hence, according
to Theorem 5.2, we can expect a convergence rate of order $h — 1 — ¢ for any £>0, which
agrees well with the observed convergence rate for the H/-errors plotted in Figure 3.
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Example 2: u(x)=sin 2x/(1 +x)h

*: h=3

25 +: h=5
3+ slope ~ -1.9

log10(error)

4o 13 14 15 16 17 18 19 2
log10(N)

Figure 3. Convergence rates of the Chebyshev rational approximation: Example 3.

7. CONCLUDING REMARKS

For the above three examples, it is observed that the behaviours of H!-errors are essen-
tially the same as that of the Legendre rational approximations presented in Reference [14].
More precisely, as measured in H! norm (with different w(x)!), the convergence order of the
Chebyshev rational method is slightly smaller than that of the Legendre rational method. This
slightly smaller order of convergence in H! norm is due to the fact that the weight func-
tion 1/(x + 1)4/x in the Chebyshev rational case is slight stronger than the weight function
1/(x + 1)* in the Legendre rational case.

As for the implementation, the Chebyshev rational method presented here allows the use of
fast Fourier transforms, so it could result in substantial savings in CPU times for multidimen-
sional applications; on the other hand, the linear system arising from Legendre rational method
for PDEs with constant-coefficients is sparse while that from Chebyshev rational method is
essentially full. However, this advantage of Legendre rational method disappears for problems
with variable coefficients.

In order to apply the Legendre or Chebyshev rational spectral method to realistic engineering
problems, it is often necessary to couple it with a spectral element or finite element method.
There is already an important body of work in the finite element community on the so-
called infinite element method (see, e.g. References [18—20]). It can be expected that the new
Legendre or Chebyshev rational method coupled with a spectral element method will be an
effective tool for solving problems on unbounded domains. In addition, the nice convergence
and resolution properties of the Legendre or Chebyshev rational polynomials can also be
exploited to within the framework of the infinite element method.
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