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Abstra ct. Appro ximations using the generalized Laguerre polynomials are investi-
gated in this paper. Error estimates for various orthogonal projections are established.
These estimates generalize and improve previously published results on the Laguerre
approximations. As an example of applications, a mixed Laguerre-Fourier spectral
method for the Helmholtz equation in an exterior domain is analyzed and implemented.
The proposedmethod enjoys optimal error estimates, and with suitable basisfunctions,
leads to a sparseand symmetric linear system.

1. Intr oduction

Many practical problems in scienceand engineeringrequire solving partial di�eren tial

equations in exterior domains. Considerableprogresshas been made recently in using

spectral methods for solving partial di�eren tial equations in unbounded domains. The

�rst approach is basedon the classicalorthogonal systemsin the unbounded domains,

namely, the Hermite (cf. [7, 12, 10]) and Laguerre (cf. [16, 6, 17, 14, 18, 19, 20]) poly-

nomials/functions. The secondapproach is to map the original problem in a unbounded

domain to a singular problem in a boundeddomain (cf. [8, 11, 13]). The third approach

is basedon rational approximations (cf. [3, 2, 5, 15, 9]). However, none of the methods

mentioned above has yet beenanalyzed for multidimensional exterior problems.

In this paper, we investigate the spectral approximation using generalizedLaguerre

polynomials which form a mutually orthogonal system in the weighted Sobolev space

L 2
! �

(0; 1 ) with ! � (� ) = � � exp(� � ). The orthogonal projection in L 2
! �

(0; 1 ) has been

analyzed in [6]. Other projection and interpolation operators for the special case� =

0 have been studied in [16, 17, 14, 20]. However, the usual weighted Sobolev spaces

used in these papers are not the most appropriate. Here, we study the generalized

Laguerre approximations in non-uniformly weighted spaces,i.e., with di�eren t weights
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for derivatives of di�eren t orders, and we obtain optimal results for several projection

operators for all � > � 1. Thesenew results enableus to study numerical approximations

of a large classof problems in unbounded domains.

As an example of applications, we consider the Helmholtz equation in the two di-

mensional exterior domain 
 = f (�; � ) : � > 1; � 2 [0; 2� )g. We propose a mixed

Laguerre-Fourier spectral method using Laguerre polynomials for the radial direction

and Fourier seriesfor the azimuthal direction. Thanks to the new results on generalized

Laguerre approximations, we are able to prove optimal error estimates for the mixed

Laguerre-Fourier method applied to the transformed equation. Furthermore, by choos-

ing a set of suitable basis functions, we are also able to construct an e�cien t numerical

algorithm in which the linear systemis symmetric and sparse,and hencecanbee�cien tly

solved.

The paper is organized as follows. In the next section, we present several basic ap-

proximation results using generalizedLaguerre polynomials. Then, we study the mixed

Laguerre-Fourier approximation outside of a disk in Section 3. We construct the mixed

Laguerre-Fourier spectral schemefor a model problem, and prove its convergencein Sec-

tion 4. In Section 5, we present implementation details and an illustrativ e numerical

result. Someconcluding remarks are presented in the �nal section.

2. Generalized La guerre Appr oximation

2.1. Notations and preliminaries. Let us �rst introduce somenotations. Let � =

f � j 0 < � < 1g and � (� ) be a certain weight function in the usual sense.We de�ne

L 2
� (�) = f v j v is measurableon � and kvkL 2

�; �
< 1 g

with the following inner product and norm,

(u; v) �; � =
Z

�
u(� )v(� )� (� )d�; kvk�; � = (v; v)

1
2
�; � :

For simplicit y, we denote by @k
� v the k-th derivative of v(� ) with respect to � . For any

non-negative integer m, we de�ne the weighted Sobolev space

H m
� (�) =

n
v j @k

� v 2 L 2
� (�) ; 0 � k � m

o

equipped with the following inner product, semi-norm and norm

(u; v)m;�; � =
X

0� k� m

(@k
� u; @k

� v)�; � ; jvjm;�; � = k@m
� vk�; � ; kvkm;�; � = (v; v)

1
2
m;�; � :

For any real r > 0, the spaceH r
� (�) and its norm kvkr ;�; � are de�ned by spaceinterpo-

lation as in Adams [1]. In particular, we denote

0H 1
� (�) = f v j v 2 H 1

� (�) and v(0) = 0g:
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Let ! � (� ) = � � e� � . We denote in particular ! (� ) = ! 0(� ) = e� � . The generalized

Laguerre polynomials of degreel are de�ned by

L (� )
l (� ) =

1
l!

� � � e� @l
� (� l+ � e� � ); l = 0; 1; 2; � � � ; � > � 1:

They are eigenfunctionsof the Sturm-Liouville problem

@� (! � +1 (� )@� v(� )) + �! � (� )v(� ) = 0; 0 < � < 1 ; (2:1)

with corresponding eigenvalues � l = l, and satisfy the recurrencerelations

L (� )
l (� ) = L (� +1)

l (� ) � L (� +1)
l � 1 (� ) = @� L (� )

l (� ) � @� L (� )
l+1 (� ); (2:2)

@� L (� )
l (� ) = �L (� +1)

l � 1 (� ) =
1
�

(lL (� )
l (� ) � (l + � )L (� )

l � 1(� )) : (2:3)

The set of generalized Laguerre polynomials forms an orthogonal system in L 2
! �

(�),

namely,

(L (� )
l ; L (� )

m )! � ;� =
�


 (� )
l ; for l = m

0; for l 6= m
; (2:4)

where


 (� )
l =

�( l + � + 1)
l !

: (2:5)

Hence,for any v 2 L 2
! �

(�) ; we can write

v(� ) =
1X

l=0

v̂(� )
l L (� )

l (� ) with v̂(� )
l =

1


 (� )
l

(v; L (� )
l )! � ;� : (2:6)

In order to describe our approximation results, for any integer r � 0, we de�ne the

non-uniformly weighted spacesA r
� (�) as follows:

A r
� (�) =

�
v j v is measurableon � and kvkA r

� ;� < 1
	

equipped with the following semi-norm and norm

jvjA r
� ;� = k@r

� vk! � + r ;� ; kvkA r
� ;� =

 
rX

k=0

jvj2A k
� ;�

! 1
2

:

For any r > 0, we de�ne the spaceA r
� (�) and its semi-normand norm by spaceinterpo-

lation.

Let N be any positive integer and PN (�) be the set of all algebraic polynomials of

degreeat most N . We de�ne the orthogonal projection PN ;� : L 2
! �

(�) ! PN (�) by

(PN ;� v � v; � )! � ;� = 0; 8� 2 PN (�) :

In the sequel,we denote by c a generic positive constant independent of any function

and N:

The following simple, but important, result generalizesand improvespreviously pub-

lished results on the Laguerre approximations.

Theorem 2.1. Let r be an integer and 0 � s � r . Then,

kPN ;� v � vkA s
� ;� � cN

s� r
2 jvjA r

� ;� ; 8v 2 A r
� (�) :
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Proof. We �rst consider the integer case.Since

PN ;� v(� ) � v(� ) = �
1X

l= N +1

v̂(� )
l L (� )

l (� );

we derive from (2.3) that for N � r � 1,

@s
� (PN ;� v(� ) � v(� )) = �

1X

l= N +1

(� 1)sv̂(� )
l L (� + s)

l � s (� ):

Thus by (2.4),

k@s
� (PN ;� v � v)k2

! � + s ;� =
1X

l= N +1

(v̂(� )
l )2
 � + s

l � s : (2:7)

By the sameargument,

k@r
� vk2

! � + r ;� =
1X

l= r

(v̂(� )
l )2
 (� + r )

l � r : (2:8)

A direct calculation gives


 (� + s)
l � s


 (� + r )
l � r

=
(l � r )!
(l � s)!

� cN s� r : (2:9)

The combination of (2.7)-(2.9) leadsto

k@s
� (PN ;� v � v)k! � + s ;� � cN

s� r
2 k@r

� vk! � + r ;� :

Finally, the result for the non-integer s is proved by spaceinterpolation. �

Remark 2.1. Funaro [6] obtained the sameresult as Theorem 2.1 for integer r � 0

and s = 0. Maday, Pernaud-Thomas and Vandeven [16] derived another upper bound

for kPN ;� v � vk! � ;� with � = 0. In fact, they de�ned the space

H r
! 0 ;� (�) =

n
v 2 H r

! 0
(�) j �

�
2 v 2 H r

! 0
(�)

o

equipped with the norm kvkr ;! 0 ;� ;� = kv(1 + � )
�
2 kr ;! 0 ;� , and proved that for any real

r � 0,

kPN ;0v � vk! 0 ;� � cN � r
2 kvkr ;! 0 ;� ;� ;

where � is the largest integer for which � < r + 1. Sincekvkr ;! 0 ;� ;� is not a semi-norm

and the weights for all derivatives of v are the same, i.e., (1 + � )
�
2 e� � ; its application

is cumbersomeand may not lead to optimal error estimates for certain functions, e.g.,

thosebehaving like O(
1
� 
 ) as � ! 1 . However, the result in Theorem 2.1 is sharper and

allow us to obtain optimal estimates for a large classof problems, in particular, for the

exterior problems consideredin Sections3 and 4 of this paper.

Remark 2.2. Mastroianni and Monegato [17] also studied the generalizedLaguerre

approximation. They de�ned the space

B r
�; � =

n
v 2 L 2

! �
(�) j kvkB r

�; �
< 1

o
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with the norm

kvkB r
�; �

= (
1X

l=0

(l + 1)r (v̂(� )
l )2)

1
2 ;

and proved that for any 0 � s � r ,

kPN ;� v � vkB s
�; �

� cN
s� r

2 kvkB r
�; �

: (2:10)

By Lemma 2.3 of [17], for any integer r � 0, the norm kvkB r
�; �

is equivalent to the norm

kvkA r
�; �

. So Theorem 2.1 improvesthe result (2.10) in the sensethat the approximation

error only dependson the semi-norm k@r
� vk! � + r .

2.2. Other pro jection operators. To carry out numerical analysesof the Laguerre

spectral method for PDEs in unbounded domains, we needto considerother projection

operators related to the PDEs under consideration. Let us denote

H 1
! � ;! �

(�) =
�

v j v is measurableon � and kvk1;! � ;! � ;� < 1
	

;

equipped with the norm

kvk1;! � ;! � ;� =
�

k@� vk2
! � ;� + kvk2

! � ;�

� 1
2 :

In particular, we set

0H 1
! � ;! �

(�) =
n

v 2 H 1
! � ;! �

(�) j v(0) = 0
o

:

We de�ne the orthogonal projection P 1
N ;�;� : H 1

! � ;! �
(�) ! PN (�) by

�
@� (P1

N ;�;� v � v); @� �
�

! � ;�
+

�
P1

N ;�;� v � v; �
�

! � ;�
= 0; 8� 2 PN (�) : (2:11)

We set 0PN (�) = f v 2 PN (�) j v(0) = 0g and de�ne the orthogonal projection 0P1
N ;� (�):

0H 1
! �

(�) ! 0PN (�) by
�
@� (0P1

N ;� v � v); @� �
�

! � ;�
= 0; 8� 2 0PN (�) : (2:12)

In order to derive approximation results for theseprojections, we needseveral embed-

ding inequalities.

Lemma 2.1. Let � 1 < � � � � � + 2. We assumethat there exists � 0 such that

v(� 0) = 0, � 0 > 0 for � � 1 and � 0 > 2
p

� (� � 1) for � > 1: Then, if @� v 2 L 2
! �

(�), we

have

kvk! � ;� � ck@� vk! � ;� :

Proof. Let � 1 = (� 0; 1 ); � 2 = (0; � 0) and

kvk! � ;� j =
� Z

� j

! � (� )v2(� )d�
� 1

2 ; j = 1; 2:

For any � 2 � 1;

! � (� )v2(� ) =
Z �

� 0

@� (! � (� )v2(� ))d�

= 2
Z �

� 0

! � (� )v(� )@� v(� )d� + �
Z �

� 0

! � � 1(� )v2(� )d� �
Z �

� 0

! � (� )v2(� )d� :
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Letting � ! 1 and using the Cauchy-Schwarz inequality, we obtain

kvk2
! � ;� 1

�
1
2

kvk2
! � ;� 1

+ 2k@� vk2
! � ;� 1

+ � kvk2
! � � 1 ;� 1

:

Thus, for any � ;

kvk2
! � ;� 1

� 4k@� vk2
! � ;� 1

+ 2� kvk2
! � � 1 ;� 1

: (2:13)

If � � 0, (2.13) implies that for � � �;

kvk2
! � ;� 1

� 4k@� vk2
! � ;� 1

� 4� � � �
0 jj@� vjj2

! � ;� 1
: (2:14)

Otherwise, an integration by parts yields

2� kvk2
! � � 1 ;� 1

= 4�
Z

� 1

� � � 1e� � v(� )@� v(� )d� + 2� (� � 1)kvk2
! � � 2 ;� 1

: (2:15)

Moreover, by the Cauchy-Schwarz inequality,

4�
Z

� 1

� � � 1e� � v(� )@� v(� )d� � 4� k@� vk2
! � � 1 ;� 1

+ � kvk2
! � � 1 ;� 1

:

Therefore, for 0 < � � 1;

2� kvk2
! � � 1 ;� 1

� 8� k@� vk2
! � � 1 ;� 1

:

The above inequality together with (2.13) implies that for 0 < � � 1 and � � �; we have

kvk2
! � ;� 1

� 4k@� vk2
! � ;� 1

+ 8� jj@� vjj2
! � � 1 ;� 1

� 4(1 + 2� � � 1
0 )k@� vk2

! � ;� 1

� 4(1 + 2� � � 1
0 )� � � �

0 k@� vk2
! � ;� 1

:
(2:16)

For � > 1, we have

4�
Z

� 1

� � � 1e� � v(� )@� v(� )d� �
2�

� � 1
k@� vk2

! � ;� 1
+ 2� (� � 1)kvk2

! � � 2 ;� 1
:

This inequality together with (2.15) leadsto

2� kvk2
! � � 1 ;� 1

�
2�

� � 1
k@� vk2

! � ;� 1
+ 4� (� � 1)kvk2

! � � 2 ;� 1
:

We infer from the above and (2.13) that for � > 1,

kvk2
! � ;� 1

�
2(3� � 2)

� � 1
k@� vk2

! � ;� 1
+ 4� (� � 1)kvk2

! � � 2 ;� 1

�
2(3� � 2)

� � 1
k@� vk2

! � ;� 1
+ 4� (� � 1)� � 2

0 kvk2
! � ;� 1

:

If � 0 > 2
p

� (� � 1); then for 1 < � � � ,

kvk2
! � ;� 1

�
2� 2

0(3� � 2)
(� 2

0 � 4� (� � 1))( � � 1)
k@� vk2

! � ;� 1

�
2� 2+ � � �

0 (3� � 2)
(� 2

0 � 4� (� � 1))( � � 1)
k@� vk2

! � ;� 1
:

(2:17)

Next, for any � 2 � 2,

� � +1 v2(� ) = �
Z � 0

�
@� (� � +1 v2(� ))d�

= � 2
Z � 0

�
� � +1 v(� )@� v(� )d� � (� + 1)

Z � 0

�
� � v2(� )d� :
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Letting � ! 0 and using the Cauchy-Schwarz inequality, we �nd that for � > � 1,

(� + 1)
Z � 0

0
� � v2(� )d� �

2
� + 1

Z � 0

0
� � +2 (@� v(� ))2d� +

� + 1
2

Z � 0

0
� � v2(� )d�:

Therefore

jjvjj2
! � ;� 2

�
Z � 0

0
� � v2(� )d� �

4
(� + 1)2

Z � 0

0
� � +2 (@� v(� ))2d� �

4e� 0

(� + 1)2 jj@� vjj2
! � +2 ;� 2

:

Accordingly, for � � � + 2 and � > � 1,

kvk2
! � ;� 2

�
4e� 0 � 2+ � � �

0

(� + 1)2 k@� vk2
! � ;� 2

: (2:18)

The combination of (2.14), (2.16), (2.17) and (2.18) leadsto the desiredresult. �

Lemma 2.2.

(i) For any v 2 0H 1
! �

(�) and � < 1,

kvk2
! � ;� � c� jvj21;! � ;�

where c� = 4 for � � 0; and c� =
2(2 � � )

1 � �
for 0 < � < 1;

(ii) For any v 2 0H 1
! 1

(�) \ L 2
! � 1

(�),

kvk2
! 1 ;� � 2(

p
2 + 1)(jvj21;! 1 ;� + kvk2

! � 1 ;� );

(iii) For any v 2 H 1
! �

(�) \ L 2
! � � 2

(�) and � > 1,

kvk2
! � ;� �

2(3� � 2)
� � 1

jvj21;! � ;� + 4� (� � 1)kvk2
! � � 2 ;� :

(iv) For any v 2 A1
! �

(�),

k!
1
2
� +1 vk2

L 1 (�) � max(� + 1; 2)kvk2
A 1

! �
; kvk2

! � +1 ;� � 2max(� + 1; 2)kvk2
A 1

! �
:

Proof. Following the same argument as in the derivation of (2.13), we deduce that if

v(0) = 0 or � > 0; then

kvk2
! � ;� � 4k@� vk2

! � ;� + 2� kvk2
! � � 1 ;� ; (2:19)

The result (i) for � � 0 follows (2.19) immediately. On the other hand, similar to

(2.15), we have

2� kvk2
! � � 1 ;� = 4�

Z

�
� � � 1e� � v(� )@� v(� )d� + 2� (� � 1)kvk2

! � � 2 ;� : (2:20)

For 0 < � < 1, we derive by using the Cauchy-Schwarz inequality that

4�
Z

�
� � � 1e� � v(� )@� v(� )d� �

2�
1 � �

jvj21;! � ;� + 2� (1 � � )kvk2
! � � 2 ;� :

Substituting the above and (2.20) into (2.19), we obtain the result (i) for 0 < � < 1.

For � > 1, we have

4�
Z

�
� � � 1e� � v(� )@� v(� )d� �

2�
� � 1

jvj21;! � ;� + 2� (� � 1)kvk2
! � � 2 ;� :

Substituting the above and (2.20) into (2.19), we obtain the result (iii).
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Now, if v(0) = 0 and � = 1; an integration by parts leadsto

2kvk2
! 0 ;� = 4

Z

�
e� � v(� )@� v(� )d� � 2(

p
2 � 1)k@� vk2

! 1 ;� + 2(
p

2 + 1)kvk2
! � 1 ;� :

The above with (2.19) implies the result (ii).

Finally, we derive from

� � +1 e� � v2(� ) =
Z �

0
@�

�
� � +1 e� � v2(� )

�
d�

that

! � +1 (� )v2(� ) +
Z �

0
! � +1 (� )v2(� )d�

= 2
Z �

0
! � +1 (� )v(� )@� v(� )d� + (� + 1)

Z �

0
! � (� )v2(� )d�

�
1
2

Z �

0
! � +1 (� )v2(� )d� + 2k@� vk2

! � +1 ;� + (� + 1)kvk2
! � ;�

from which the result (iv) follows. �

The following embedding inequality is also useful.

Lemma 2.3. If @� v 2 L 2
! � +2

(�) and v2(� )� � +1 ! 0 as � ! 0, then for � 6= � 1;

kvk2
! � ;� �

4
(� + 1)2 k@� vk2

! � +2 ;� :

Proof. By integration by parts and the Cauchy-Schwartz inequality,

kvk2
! � ;� = �

2
� + 1

Z

�
� � +1 e� � v(� )@� v(� )d� +

1
� + 1

Z 1

0
� � +1 e� � v2(� )d�

�
2

j� + 1j
kvk! � ;� k@� vk! � +2 ;� ;

which implies the desiredresult. �

We now turn to the error estimatesfor various orthogonal approximations.

Theorem 2.2. Let � 1 < � � � � � + 2 and integer r � 1. If v 2 H 1
! � ;! �

(�) and

@� v 2 A r � 1
� (�), then

kP1
N ;�;� v � vk1;! � ;! � ;� � cN

1� r
2 j@� vjA r � 1

� ;� :

Proof. By the de�nition (2.11) and the projection theorem, we have

kP1
N ;�;� v � vk1;! � ;! � ;� � k� � vk1;! � ;! � ;� ; 8� 2 PN (�) :

We now take

� (� ) =
Z �

0
PN � 1;� @� v(� )d� + �

where � is chosenin such a way that � (� 0) = v(� 0); and � 0 is the sameas in Lemma 2.1.

Then, by Lemma 2.1 and Theorem 2.1 with s = 0, we assert that for any integer r � 1,

k� � vk1;! � ;! � ;� � cj� � vj1;! � ;� = ckPN � 1;� @� v � @� vk! � ;�

� cN
1� r

2 k@r
� vk! � + r � 1; � = cN

1� r
2 j@� vjA r � 1

� ;� :

�
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Theorem 2.3. If v 2 L 2
! �

(�) ; @� v 2 A r � 1
� (�) and v(0) = 0, then for integer r � 1,

k@� (0P1
N ;� v � v)k! � ;� � cN

1� r
2 j@� vjA r � 1

� ;� :

If, in addition, j� j < 1, then

k0P1
N ;� v � vk1;! � ;� � cN

1� r
2 j@� vjA r � 1

� ;� :

Proof. By the de�nition (2.12), for any � 2 0PN (�),

k@� (0P1
N ;� v � v)k2

! � ;� = (@� (0P1
N � v � v); @� (� � v)) ! � ;�

� k@� (0P1
N ;� v � v)k! � ;� k@� (� � v)k! � ;� :

Taking � (� ) =
Z �

0
PN � 1;� @� v(� )d� 2 0PN (�) in the above and using an argument similar

to the proof of the last theorem lead to the �rst desiredresult.

If in addition j� j < 1, then the secondresult follows from Lemma 2.2. �

3. Mixed La guerre-F ourier Appr oximation f or Exterior Domains

In this section, we investigate the Laguerre-Fourier approximation for exterior prob-

lems. To this end, we need several results related to the Laplace operator in the polar

coordinates. Let us consider �rst an auxiliary projection related to the generalizedLa-

guerre approximation with � = 2 and � = 0.

Let ! (� ) = ! 0(� ) = e� � and � (� ) = (� + 1)2e� � : We de�ne the orthogonal projection

0� 1
N : 0H 1

� (�) ! 0PN (�) by
�

0� 1
N v � v; �

�
1;� ;� = 0; 8� 2 0PN (�) :

For simplicit y, we denote A r
0(�) by A r (�) in the sequel.

Lemma 3.1. For any v 2 H 1
! 2 ;! (�) \ A r (�) with v(0) = 0 and integer r � 2,

k0� 1
N v � vk1;� ;� � cN 1� r

2 jvjA r ;� :

Proof. By the projection theorem,

k0� 1
N v � vk1;� ;� � k� � vk1;� ;� ; 8� 20 PN (�) :

Let

� (� ) =
Z �

0
P1

N � 1;2;0(@� v(� ))d� :

Clearly � 2 0PN (�). Thus, it su�ces to estimate k� � vk1;� ;� . In other words, we only

needto estimate k@� (� � v)k! k ;� and k� � vk! k ;� for k = 0; 2: In fact, a direct calculation

reveals that

k@� (� � v)k! k ;� = kP1
N � 1;2;0@� v � @� vk! k ;� ; k = 0; 2: (3:1)

Thanks to Lemma 2.2 with � = 2 and Theorem 2.2 with � = 2 and � = 0, we have

k@� (� � v)k2
! 2 ;� + k@� (� � v)k2

! ;� � c(k@2
� (� � v)k2

! 2 ;� + k@� (� � v)k2
! ;� )

= ck@� (� � v)k2
1;! 2 ;! ;� = ckP1

N � 1;2;0@� v � @� vk1;! 2 ;! ;�

� cN 2� r k@r
� vk2

! r ;� = cN 2� r jvj2A r ;� :

(3:2)
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Next, thanks to Lemma 2.2 with � = 0, we get

k� � vk2
! ;� � 4k@� (� � v)k2

! ;� � cN 2� r jvj2A r ;� : (3:3)

Finally, using (3.2), (3.3) and Lemma 2.2 with � = 2 yields

k� � vk2
! 2 ;� � 8k@� (� � v)k2

! 2 ;� + 8k� � vk2
! ;� � cN 2� r jvj2A r ;� :

The proof is thus complete. �

Next, we derive an approximation result in the L 1 (�)-norm. To this end, we need

the following embedding inequality.

Lemma 3.2. For any v 2 H 1
� (�),

k(1 + � )e� �
2 vkL 1 (�) � 2kvk1;� ;� :

Proof. For any � 2 �, we have from integration by parts that

(� 2 + 2� )e� � v2(� ) =
Z �

0
@� (( � 2 + 2� )e� � v2(� ))d�

= 2
Z �

0
(� 2 + 2� )e� � v(� )@� v(� )d� +

Z �

0
(2 � � 2)e� � v2(� )d�

�
Z �

0
(� 2 + 2� )e� � (@� v(� ))2d� +

Z �

0
(2� + 2)e� � v2(� )d�

�
Z

�
(� 2 + 2� )e� � (@� v(� ))2d� +

Z

�
(2� + 2)e� � v2(� )d�:

(3:4)

By (2.3) of Xu and Guo [20],

e� � v2(� ) � 2
Z

�
e� � (v2(� ) + (@� v(� ))2)d�:

Adding the above to (3.4) yields that

(� + 1)2e� � v2(� ) =
Z

�
(� 2 + 2� + 2)e� � (@� v(� ))2d� +

Z

�
(2� + 4)e� � v2(� )d�

� 4 kvk2
1;� ;� :

�

Combining Lemmas3.1 and 3.2, we obtain the following result:

Lemma 3.3. For any v 2 A r (�) and integer r � 2,

k(� + 1)e� �
2 (0� 1

N v � v)kL 1 (�) � cN 1� r
2 jvjA r ;� :

Sincewe will expand functions in the azimuthal direction by a Fourier series,we recall

a basic result on the Fourier approximation in one-dimension.Let I = (0; 2� ) and H r (I )

be the Sobolev spacewith norm k�kr ;I and semi-normj � jr ;I . For any non-negative integer

m, H m
p (I ) denotesthe subspaceof H m (I ), consisting of all functions whosederivatives

of order up to m � 1 are periodic with the period 2� . For any real r > 0, the spaceH r
p(I )

is de�ned as in Adams [1]. In particular, L 2
p(I ) = H 0

p (I ): Let M be any positive integer,

and ~VM (I ) = span
�

eil � j jl j � M
	

: We denoteby VM (I ) the subsetof ~VM (I ) consisting

of all real-valued functions.
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As usual, the L 2
p(I )-orthogonal projection PM : L 2

p(I ) ! VM (I ) is de�ned by
Z

I
(PM v(� ) � v(� )) � (� )d� = 0; 8� 2 VM (I ):

The next lemma can be found in Canuto, Hussaini, Quarteroni and Zang [4].

Lemma 3.4. Let integer r � 0 and � � r . Then for any v 2 H r
p(I ),

kPM v � vk�;I � cM � � r jvjr ;I :

We are now in position to study the mixed Laguerre-Fourier approximation.

let 
 = � � I and L 2
� (
) be the weighted Sobolev spacewith the following inner

product and norm,

(u; v) � =
Z



u(�; � )v(�; � )� (� )d�d� ; kvk = (v; v)

1
2
� :

The weighted Sobolev spacesH r
� (
) and its norm kvkr ;� and semi-normjvjr ;� are de�ned

in the usual manner. In particular, we set

0H 1
p;! (
) =

�
v 2 H 1

! (
) j v(�; � + 2� ) = v(�; � ) and v(0; � ) = 0; for � 2 I ; � 2 �
	

:

Next, we de�ne the non-isotropic space

0H 1
p;� ;! (
) = f v j v is measurableon 
 and kvk1;� ;! < 1g

where

jvj1;� ;! = (k@� vk2
� + k@� vk2

! )
1
2 ; kvk1;� ;! = (jvj21;� ;! + kvk2

! )
1
2 :

Let usedenote

VN ;M (
) = 0PN (�) 
 VM (I ):

We de�ne an orthogonal projector 0P1
N ;M : 0H 1

p;� ;! (
) ! VN ;M by
�
@� (0P1

N ;M v � v); @� �
�

�
+

�
@� (0P1

N ;M v � v); @� �
�

!
= 0; 8� 2 VN ;M : (3:5)

In order to describe the approximation results related to this projection operator, we

introduce the non-isotropic space

Br ;s = A r (� ; H 1
p (I )) \ A2(� ; H s

p(I )) \ H 1
� (� ; H s� 1

p (I )) ;

equipped with the norm

kvkBr ;s =
�

kvk2
A r (� ;H 1 (I )) + kvk2

A 2 (� ;H s (I )) + kvk2
H 1

� (� ;H s� 1 (I ))

� 1
2

where the spaceA r (�) and its norm are the sameas in (3.1).

Theorem 3.1. For any v 2 Br ;s \ 0H 1
p;� ;! (
) and integersr � 2; s � 1, we have

kv � 0P1
N ;M vk1;� ;! � c(N 1� r

2 + M 1� s)kvkBr ;s :

Proof. By the projection theorem,

jv � 0P1
N ;M vj1;� ;! � jv � � j1;� ;! ; 8� 2 VN ;M (
) : (3:6)
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Let � = 0� 1
N (PM v). We useLemmas3.1 and 3.4 to deducethat

k@� (v � 0� 1
N (PM v))k� � k@� v � PM (@� v)k� + k@� (PM v � 0� 1

N (PM v))k�

� cM 1� sk@� vkL 2
� (� ;H s� 1 (I )) + cN 1� r

2 kPM vkA r (� ;L 2 (I ))

� cM 1� sk@� vkL 2
� (� ;H s� 1 (I )) + cN 1� r

2 kvkA r (� ;L 2 (I ))

� c(M 1� s + N 1� r
2 )kvkBr ;s :

(3:7)

Using Lemmas3.1 and 3.4 again, we obtain that

k@� (v � 0� 1
N (PM v))k! � k0� 1

N @� v � @� vk! + k0� 1
N (@� (PM v � @� v))k!

� k0� 1
N @� v � @� vk� + k0� 1

N (@� (PM v � v))k�

� cN 1� r
2 k@� vkA r (� ;L 2 (I )) + ck@� (PM v � v)kA 2 (� ;L 2(I ))

� cN 1� r
2 k@� vkA r (� ;L 2 (I )) + cM 1� skvkA 2 (� ;H s (I ))

� c(N 1� r
2 + M 1� s)kvkBr ;s :

(3:8)

The combination of (3.6)-(3.8) leadsto

jv � 0P1
N ;M vj1;� ;! � c(N 1� r

2 + M 1� s)kvkBr ;s :

Finally, by Lemma 2.2 with � = 0,

kv � 0P1
N ;M vk! � ck@� (v � 0P1

N ;M v)k! � ck@� (v � 0P1
N ;M v)k�

� cjv � 0P1
N ;M vj1;� ;! � c(N 1� r

2 + M 1� s)kvkBr ;s :

�

4. Mixed La guerre-F ourier Spectral Method f or Exterior Pr oblems

In this section,we take a model problem as an exampleto show how to construct and

analyze the mixed Laguerre-Fourier schemesfor exterior problems.

Let x = (x1; x2); jxj =
p

x2
1 + x2

2 and ~
 = f x j jxj > 1g. We consider the following

model problem (
� � U + � U = F; in ~
 ;
U(x)j@~
 = g; lim

jx j!1
U(x) = 0; (4:1)

where � is a positive constant, and F and g are given functions. For simplicit y, we

assumethat g � 0.

Under the following polar transformation:

x1 = (� + 1) cos� ; x2 = (� + 1) sin � ; �U(�; � ) = U(x1; x2); �F (�; � ) = F (x1; x2);

the problem (4.1) becomes
8
>><

>>:

�
1

� + 1
@� (( � + 1)@� �U) �

1
(� + 1)2 @2

�
�U + � �U = �F ; in 
 ;

�U(0; � ) = 0; �U(�; � + 2� ) = �U(�; � ); lim
� !1

�U(�; � ) = 0; � 2 I ;
(4:2)
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SinceProblem (4.1) is well-posedin the standard functional space,it is not appropriate

to consider(4.2) in a weighted Sobolev spacewith the Laguerre weight ! (� ). Hence,we

usethe following changeof variables

u(�; � ) = (� + 1)� 1
2 e

1
2 � �U(�; � ); f (�; � ) = (� + 1)

3
2 e

1
2 � �F (�; � );

to transform (4.2) to
8
><

>:

� (� + 1)2@2
� u + (� 2 � 1)@� u � @2

� u + (� (� + 1)2 + 1
2 + 1

2 � � 1
4 � 2)u = f ; in 
 ;

u(0; � ) = 0; u(�; � + 2� ) = u(�; � ); lim
� !1

(� + 1)
1
2 e� 1

2 � u(�; � ) = 0; � 2 I :

(4:3)

We now consider the existenceand regularity of solutions for the problem (4.3). For

this purpose,let us denote

A(u; v) =
Z



(� + 1)2e� � @� u@� vd�d� +

Z



e� � @� u@� vd�d�

+
Z



e� �

�
� (� + 1)2 �

1
4

� 2 +
1
2

� +
1
2

�
uvd�d� :

A weighted (with ! (� ) = e� � and � (� ) = (� + 1)2e� � )) weak formulation of (4.3) is to

�nd u 2 0H 1
p;� ;! (
) such that

A (u; v) = (f ; v) ! ; 8v 2 0H 1
p;� ;! (
) : (4:4)

Lemma 4.1. For any u; v 2 0H 1
p;� ;! (
),

A (v; v) �
Z



(� + 1)2e� � (@� v(�; � ))2d�d� +

Z



e� � (@� v(�; � ))2d�d�

+( � � 1
4)

Z



(� + 1)2e� � v2(�; � )d�d� +

3
4

Z



e� � v2(�; � )d�d� ;

and

jA (u; v)j � ckuk1;� ;! kvk1;� ;! :

Proof. Obviously

�
1
4

� 2 +
1
2

� +
1
2

� �
1
4

(� + 1)2 +
3
4

;

which leadsto the �rst result. The secondresult follows from Lemma 2.2 with � = 2. �

Theorem 4.1. If � � 1
4 and (� + 1)� 1f 2 L 2

! (
), then, (4.4) admits a unique solution

u(�; � ) with kuk1;� ;! � ck(� + 1)� 1f k! .

Proof. Due to � � 1
4 and Lemma 4.1, A (u; v) is coercive on 0H 1

p;� ;! (
) � 0H 1
p;� ;! (
).

Moreover, by the result (iii) of Lemma 2.2,

j(f ; v)! j � ckvk1;� ;! k(� + 1)� 1f k! :

Thus, the conclusionfollows from the Lax-Milgram Lemma. �
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Remark 4.1. The condition on f in Theorem 4.1 means(� + 1)
1
2 �F 2 L 2

! (
), and

equivalently F 2 L 2( ~
).

Next, we consider the mixed Laguerre-Fourier approximation for (4.4): �nd uN ;M 2

VN ;M such that

A (uN ;M ; � ) = (f ; � )! ; 8� 2 VN ;M : (4:5)

The next result is a direct consequenceof Lemmas 2.1 and 4.1, and the Lax-Milgram

Lemma.

Theorem 4.2. For � � 1
4 , the problem (4.5) admits a unique solution uN ;M . More-

over,

k@� uN ;M k2
� + k@� uN ;M k2

! + (� �
1
4

)kuN ;M k2
� +

1
2

kuN ;M k2
! � k(� + 1)� 1f k2

! : (4:6)

We now turn our attention to the error analysis.

Theorem 4.3. Let � � 1
4 and integersr � 2; s � 1. For u 2 Br ;s(
), we have

k@� (u � uN ;M )k2
� + (� �

1
4

)ku � uN ;M k2
� + k@� (u � uN ;M )k2

! � c(N 1� r
2 + M 1� s)2kuk2

Br ;s :

Proof. Let u�
N ;M = 0P1

N ;M u. We obtain from (3.5) and (4.4) that
Z



(� + 1)2e� � @� u�

N ;M @� �d�d� +
Z



e� � @� u�

N ;M @� �d�d�

+
Z



e� �

�
� (� + 1)2 �

1
4

� 2 +
1
2

� +
1
2

�
u�d�d� =

Z



e� � f �d�d� ; 8� 2 VN ;M :

(4:7)

Now setting ~uN ;M = uN ;M � u�
N ;M and subtracting (4.7) from (4.5), we obtain

A (~uN ;M ; � ) = G(u; u�
N ;M ; � ); 8� 2 VN ;M (4:8)

where

G(u; u�
N ;M ; � ) =

Z



e� �

�
� (� + 1)2 �

1
4

� 2 +
1
2

� +
1
2

�
(u � u�

N ;M )�d�d� :

By Lemma 2.2 with � = 2;

k~uN ;M k2
� � c(k@� ~uN ;M k2

� + k~uN ;M k2
! ):

Therefore, we deducethat for any � > 0;

jG(u; u�
N ;M ; ~uN ;M )j � � (jj@� ~uN ;M jj2

� + jj ~uM ;N jj2
! ) + c

� (k@� (u � u�
N ;M )k2

� + ku � u�
N ;M k2

! ):

(4:9)

Taking � = ~uN ;M in (4.8), we use(4.9), Lemma 4.1 and Theorem 3.1 to obtain that

k@� ~uN ;M k2
� + (� �

1
4

)k~uN ;M k2
� + k@� ~uN ;M k2

! � c(N 1� r
2 + M 1� s)2jjujj2

Br ;s

which completesthe proof. �

Remark 4.2. The numerical solution of the original problem (4.1) is

UN ;M = (1 + � )
1
2 e� �

2 uN ;M :
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Thanks to Theorem 4.3 and the fact that U = (1+ � )
1
2 e� 1

2 � u, we can obtain the following

estimate:

kU � UN ;M kH 1 ( ~
) � c(N 1� r
2 + M 1� s)k(1 + � ) � 1

2 e
�
2 UkBr ;s :

Remark 4.3. It can be shown, by using a suitable transformation, that the results of

Theorems4.1-4.3are also valid for any � > 0. However, how to extend the convergence

result to the more interesting case,� < 0, is still an open question. Nevertheless,the

algorithm developed here can still be used to approximate the solution of (4.1) in the

caseof � < 0.

5. Implement ation Det ails and Numerical Resul ts

Let us �rst describe in somedetails an e�cien t implementation for scheme(4.5). For

simplicit y, we denote L (0)
l (� ) by L l (� ) and set

 l (� ) = L l � 1(� ) � L l (� ); 1 � l � N ;

and

� 1
lm (�; � ) =  l (� ) cosm� ; 1 � l � N ; 0 � m � M :

� 2
lm (�; � ) =  l (� ) sinm� ; 1 � l � N ; 1 � m � M :

Since  l (1) = 0, � lm can be used as basis functions for VN M . Hence, we can expand

uN ;M as

uN ;M (�; � ) =
NX

l=1

 
MX

m=0

u1
lm � 1

lm (�; � ) +
MX

m=1

u2
lm � 2

lm (�; � )

!

:

On the other hand, we write

f (�; � ) =
1X

l=0

1X

m=0

(f 1
l ;m L l (� ) cosm� + f 2

l ;m L l (� ) sinm� ):

We note that in actual computation, the Fourier-Laguerre Gauss-Radau quadrature

should be usedto approximate the valuesof f f q
k;ng:

Let us denote

ZM = f (q; n) : q = 1; n = 0; 1; � � � ; M ; q = 2; n = 1; 2; � � � ; M g:

Taking � (�; � ) = � q
kn (�; � ) in (4.5) for (q; n) 2 ZM , we derive by using the orthogonality

of the trigonometric functions that (4.5) is equivalent to the following 2M + 1 linear

systems:

NX

l=1

� Z

�
(� + 1)2e� � @�  l @�  kd� +

Z

�
e� � (� (� + 1)2 + n2 �

1
4

� 2 +
1
2

� +
1
2

) l  kd�
�

uq
ln

= gq
k;n ; 1 � k � N ;

(5:1)

where gq
k;n = f q

k� 1;n � f q
k;n ; 1 � k � N :



16 BEN-YU GUO, JIE SHEN, CHENG-LONG XU

Let us denote

�xq
n = (uq

1;n ; uq
2;n ; � � � ; uq

N ;n )T ; �gq
n = (gq

1;n ; gq
2;n ; � � � ; gq

N ;n )T ;

al k =
Z

�
(� + 1)2e� � @�  l (� )@�  k (� )d�; A = (akl )k;l=1 ;2;��� ;N ;

bl k =
Z

�
e� �  l (� ) k (� )d�; B = (bkl )k;l=1 ;2;��� ;N ;

cl k =
Z

�
� e� �  l (� ) k (� )d�; C = (ckl )k;l=1 ;2;��� ;N ;

dl k =
Z

�
� 2e� �  l (� ) k (� )d�; D = (dkl )k;l=1 ;2;��� ;N :

Then, (5.1) becomes

(A + (� + n2 +
1
2

)B + (2� +
1
2

)C + (� �
1
4

)D) �xq
n = �gq

n ; (q; n) 2 ZM : (5:2)

Using the orthogonality relations of Laguerre polynomials, one can easily derive that

akl =

8
>><

>>:

6k2 � 2k + 1; l = k;
� 4k2 + 2k � 1 � (1 � 4k); l = k � 1;
k2 � k + 1 � (2k � 1); l = k � 2;
0; otherwise;

bkl =

8
<

:

2; l = k;
� 1; l = k � 1;
0; otherwise;

ckl =

8
>><

>>:

6k; l = k;
� 2(2k � 1); l = k � 1;
k � 1; l = k � 2;
0; otherwise;

dkl =

8
>>>><

>>>>:

4(5k2 + 1); l = k;
� (15k2 � 15k + 6); l = k � 1;
6(k � 1)2; l = k � 2;
� (k � 1)(k � 2); l = k � 3;
0; otherwise:

Thus, the matrices in the linear system (5.2) are symmetric with �v e or seven non-zero

diagonals. Hence,the system (5.2) can be e�cien tly solved. Note that an e�cien t algo-

rithm basedon the Laguerre functions wasproposedin [18]. However, the corresponding

linear systemthere, although sparse,wasnot symmetric. Hence,the algorithm presented

here is advantageousin this regard.

We now present an illustrativ e numerical result. We take the exact solution of (4.3)

to be

u(�; � ) =
� 2

� + 1:0
e� � sin �

and use the scheme (4.5) to obtain the numerical solution uN ;M . We set EN ;M = ku �

uN ;M kL 2
! (
) . It can be easily checked that kukBr ;s is �nite for any r; s > 0. Hence,

Theorem 4.3 indicates that EN ;M convergesto zero faster than any algebraic power.
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Figure 5.1. Convergencerate for N = M 2

Note that Theorem 4.3 indicates that at least for smooth functions, a proper relation

betweenN and M is: N � M 2. In Figure 1, we plot the convergencerates of the scheme

(4.5) with N = M 2. The straight line in Figure 1 indicates that the error EN ;M behaves

like exp(� c
p

N ), i.e., it convergessub-geometrically.

6. Concluding Remarks

In the �rst part of this paper, we studied the generalizedLaguerreapproximations and

establishederror estimates in the non-uniformly weighted spacesfor various orthogonal

projections. These estimates improve previously published results for the special case

� = 0 and are valid for the generalizedLaguerre approximations with � > � 1.

In the secondpart, we proposeda mixed Laguerre-Fourier spectral method for the

Helmholtz equation in a two dimensional exterior domain. We obtained sharp error

estimates for the proposedmethod by transforming the original system, which is not

well-posedin the desiredweighted Sobolev spaces,to a system which is well-posedin a

suitable functional space.We have alsoconstructed an e�cien t numerical algorithm and

presented an illustrativ e numerical result.

Note that in terms of numerical algorithm, the e�ect of the change of variable is

equivalent to using an approximation by Laguerre functions as in [18]. However, to carry

out the analysis for the approximation using Laguerre functions, one needsto develop

corresponding approximation results which are beyond the scope of this paper.
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Although we only considereda simple model problem in this paper, but the results

developed here will be useful for the numerical analysis of more complicated equations

in 
uid dynamics and electromagnetics.
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