GENERALIZED LA GUERRE APPR OXIMA TION AND ITS
APPLICA TIONS TO EXTERIOR PR OBLEMS

BEN-YU GUO?, JIE SHEN?, CHENG-LONG XU?

Abstra ct. Approximations using the generalized Laguerre polynomials are investi-
gated in this paper. Error estimates for various orthogonal projections are established.
These estimates generalize and improve previously published results on the Laguerre
approximations. As an example of applications, a mixed Laguerre-Fourier spectral
method for the Helmholtz equation in an exterior domain is analyzed and implemented.
The proposedmethod enjoys optimal error estimates, and with suitable basisfunctions,
leadsto a sparseand symmetric linear system.

1. Intr oduction

Many practical problemsin scienceand engineeringrequire solving partial di eren tial
equationsin exterior domains. Considerable progresshas been made recertly in using
spectral methods for solving partial di erential equationsin unbounded domains. The
rst approad is basedon the classicalorthogonal systemsin the unbounded domains,
namely, the Hermite (cf. [7, 12, 10]) and Laguerre (cf. [16, 6, 17, 14, 18, 19, 2Q]) poly-
nomials/functions. The secondapproac is to map the original problem in a unbounded
domain to a singular problem in a boundeddomain (cf. [8, 11, 13]). The third approac
is basedon rational approximations (cf. [3, 2, 5, 15, 9]). Howewer, none of the methods
mentioned above has yet beenanalyzedfor multidimensional exterior problems.

In this paper, we investigate the spectral approximation using generalizedLaguerre
polynomials which form a mutually orthogonal system in the weighted Sobolev space
L? (0;1 ) with ! ()= exp( ). The orthogonal projection in L? (0;1 ) has been
analyzedin [6]. Other projection and interpolation operators for the special case =
0 have beenstudied in [16, 17, 14, 20]. Howewer, the usual weighted Sobolev spaces
used in these papers are not the most appropriate. Here, we study the generalized
Laguerre approximations in non-uniformly weighted spaces,i.e., with di erent weights
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for derivatives of di erent orders, and we obtain optimal results for seweral projection
operatorsforall > 1. Thesenewresults enableusto study numerical approximations
of a large classof problemsin unbounded domains.

As an example of applications, we consider the Helmholtz equation in the two di-
mensional exterior domain = f(; ): > 1, 2 [0;2 )g. We proposea mixed
Laguerre-Fourier spectral method using Laguerre polynomials for the radial direction
and Fourier seriesfor the azimuthal direction. Thanks to the new results on generalized
Laguerre approximations, we are able to prove optimal error estimates for the mixed
Laguerre-Fourier method applied to the transformed equation. Furthermore, by choos-
ing a set of suitable basisfunctions, we are also able to construct an e cien t numerical
algorithm in which the linear systemis symmetric and sparse,and hencecanbee cien tly
solved.

The paper is organized as follows. In the next section, we presen se\eral basic ap-
proximation results using generalizedLaguerre polynomials. Then, we study the mixed
Laguerre-Fourier approximation outside of a disk in Section 3. We construct the mixed
Laguerre-Fourier spectral schemefor a model problem, and prove its corvergencein Sec-
tion 4. In Section 5, we presen implementation details and an illustrativ e numerical
result. Someconcluding remarks are presened in the nal section.

2. Generalized Laguerre Appr oximation

2.1. Notations and preliminaries. Let us rst introduce somenotations. Let =
f jO< < 1g and ( ) bea certain weight function in the usual sense.We de ne

L2() =f vjvismeasurableon andkvk . <1 g
L2

with the following inner product and norm,
Z

(uv);, = uC)v() ()d; kvk; = (v;v)

For simplicity, we denote by @V the k-th derivative of v( ) with respectto . For any
non-negative integer m, we de ne the weighted Sobolev space
n 0
H™() = vj@v2L?() ;0 k m
equipped with the following inner product, semi-normand norm

X 1
(UVIm;; = (@u;@Vv); ; Vim; = k@'Vk; ; kvky; = (V;V) 2.
0k m

For any realr > 0, the spaceH"() and its norm kvk,.. are de ned by spaceinterpo-
lation asin Adams [1]. In particular, we denote

oHY() =fvjv2HY) andv(0) = Og:
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Let! ()= e . Wedenotein particular ! ( ) = 'o( ) = e . The generalized
Laguerre polynomials of degreel are de ned by
LI()()=l e@( " e ); =012 ; > L

I
They are eigenfunctionsof the Sturm-Liouville problem

@ a()av()+ ! (v()=0  0< <1; (2:1)

with corresponding eigervalues | = |, and satisfy the recurrencerelations
L0 =L 0O PO=et’0) el (2:2)
et ’O)= L {PO=20t0) o+ L0 (2:3)

The set of generalized Laguerre polynomials forms an orthogonal systemin L? (),

namely,
().

() )y, = [y forl=m . :
L= e (2:4)
where (1 1
+ +
|( ) = — (2:5)
Hence,for any v2 L? () ; we can write
x 1
v()= L) with ¢l )= ﬁ(v;L,( o (2:6)

1=0
In order to describe our approximation results, for any integerr 0, we de ne the
non-uniformly weighted spacesA' () asfollows:

A"() = vjvismeasurableon andkvkar. <1

equipped with the following semi-norm and norm

N[

jViar: = k@vk ., ; kvkar . = X Vi
k=0
For any r > 0, we de ne the spaceA’ () and its semi-normand norm by spaceinterpo-
lation.
Let N be any positive integer and Py () be the set of all algebraic polynomials of
degreeat most N. We de ne the orthogonal projection Py. : L? () ! Pn() by

(Pn:vove )y =0 8 2Pn():

In the sequel,we denote by ¢ a generic positive constart independernt of any function
and N:

The following simple, but important, result generalizesand improves previously pub-
lished results on the Laguerre approximations.

Theorem 2.1. Letr beanintegerand0 s r. Then,

KPn: Vo VKas:  CN°Z jvjar: ; 8V2 AT() :
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Proof. We rst considerthe integer case. Since

A
Pv: V() V()= o Ly,
I=N+1

we derive from (2.3) that for N r 1,

)4 +
@CPn: V() V() = ( 1oLl 290

I=N+1
Thus by (2.4),
R
k@Pn: v VK . = (RO (2:7)
I=N+1
By the sameargumert,
A ()y2 ( +1)
k@vk? .. = (% )2 (2:8)
I=r
A direct calculation gives
( +9)
| s _ U ”! S r. .
D =09 cNS ' (2:9)
r
The combination of (2.7)-(2.9) leadsto
K@(Pn: v VK ... CcNZk@vk .. :

Finally, the result for the non-integer s is proved by spaceinterpolation.

Remark 2.1. Funaro [6] obtained the sameresult as Theorem 2.1 for integerr 0
and s = 0. Maday, Pernaud-Thomas and Vandewen [16] derived another upper bound

for kPn; v vk . with = 0. In fact, they de ned the space
n 0

Hig; O = Vv2H{ () | 2v2H{,()

equipped with the norm kvkr,,. . = kv(1+ )2k, , and proved that for any real
r o,

kKPnov VK, cN rikvkr;!o; -
where is the largest integer for which < r + 1. Sincekvk;., ,. . is not a semi-norm
and the weights for all derivatives of v are the same,i.e.,, (L+ )ze ; its application
is cumbersomeand may not lead to optimal error estimates for certain functions, e.g.,
those behaving like O(i) as ! 1. Howewr, the resultin Theorem 2.1 is sharper and
allow us to obtain optimal estimatesfor a large classof problems, in particular, for the
exterior problems consideredin Sections3 and 4 of this paper.

Remark 2.2. Mastroianni and Monegato [17] also studied the generalizedLaguerre

approximation. They de ned the space
n 0

B" = v2LZ () jkvker <1
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with the norm
s

kvke: = ( (1+ 27 (% A%
1=0
and proved that forany 0 s r,
KPn: Vo vKgs cN%kka( : (2:10)

By Lemma 2.3 of [17], for any integerr 0, the norm kvkgr is equivalent to the norm
kvkar . SoTheorem 2.1 improvesthe result (2.10) in the sensethat the approximation
error only dependson the semi-norm k@vk;

+r*t

2.2. Other pro jection operators. To carry out numerical analysesof the Laguerre
spectral method for PDEs in unbounded domains, we needto considerother projection
operators related to the PDEs under consideration. Let us denote

H!. () = vjvismeasurableon andkvky 4 . <1 ;

equipped with the norm

1
kvkzy o . = k@vk? . +kvk? . 7
In particular, we set
n 0
oH! 4 () = Vv2H{, () jv0)=0
We de ne the orthogonal projection P§.. : H! ., () ! Pn() by
@Py.. v Vv);@ L Pi.. v v . =0 8 2Pn(): (2:11)

WesetoPn() = fv2 Py() jv(0) = Ogandde ne the orthogonal projection oPNl; O:
oH! () ! oPn() by
@PR, v V)@ , . =0, 8 2 oPn(): (2:12)

In order to derive approximation results for theseprojections, we needseweral embed-
ding inequalities.

Lemma 2.1. Let 1< + 2. We assumethat there exists g such that
v( o) =0, o> Ofor l1and o> 2 ( 1) for > 1:Then,if @v2 L2 (), we
have

kvk; : ck@vk,

Proof. Let 1=(0;1); 2= (0; o) and

Z 1

kvk, ;= (W) % j=12
i

Forany 2 4;
Lo(vA()

z
@' ()vi()d
i

z
2 ! ()vOav()d + L a(VA()d (VA )d

0 0 0
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Letting ! 1 and usingthe Cauchy-Schwarz inequality, we obtain
1
kvk? . | ékvk!z Lt 2K@vKE .+ kvk?
Thus, for any ;
kvk? . Ak@vk? .+ 2 kvkZ . (2:13)
oy 1 oy 1 . 1, 1
If 0, (2.13) implies that for ;
kvk? . | 4k@vk? . | 44 ji@vji? . (2:14)
Otherwise, an integration %y parts yields
2 kvkf . =4 e v()@v()d +2 ( Dkvk? . (2:15)
1
Moreover, by theZ Caucdhy-Scwarz inequality,
4 e v()@v()d 4 k@vkf .+ kvk? ¥
1
Therefore, for 0 < 1;
2 kvkf ., 8 k@vkf .
The above inequality together with (2.13) implies that for 0 < 1and ;. we have
kvk? - Ak@vk? ., *+8 jj@vijj? L, A1+ 2 0 DK@vk? - (2:16)
41+ 2 oY, k@vk? . '
For > 1,V£e have
2
4 e v()@v( )d —1k@ka Lt 2 (0 Dkvk?
1
This inequality together with (2.15) leadsto
2
2 kvk? .| —1k@ka S 4 (0 Dkvk?
We infer from the above and (2.13) that for > 1,
2(3 2
kvk? - (71)k@vk!2 RN 1)kvk? .
23 2
(71)k@vk!2 LA (D) Pkvk?
Iif o> 2p ( 1); then for 1< ,
2
ka'2 Vo1 2 j 0(3 1 2) 1 k@Vk'2 Pl

28" 3 2
(3 4C ) 1

k@vk? .

Next, forany 2 », ~

“@( v )d
Z Z

0

2 yOev()d ((+1)  ()d:

+1 V2( )
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Letting ! Ozand using the Caudﬁy—gchwarz inequality, we nd th%t for > 1,
2 0 +1

0
( +1) vA( )d 2(@v( )*d + vA( )d:
0 +1 g
Therefore 7 7

e ., o 7( F172 7( 5 1)2” | FEP

Accordingly, for +2and > 1,
2 4e® S+ 2 . .

kvki . Wk@vk! e (2:18)

The combination of (2.14), (2.16), (2.17) and (2.18) leadsto the desiredresult.

Lemma 2.2.
(i) Foranyv2 oH! () and < 1,
ka!Z ; c jVj%;!
22 )

wherec = 4 for 0;andc =
(i) Forany v2 oH () \ L? (),

wid, 202+ DGuiE, ki@ )
(i) Forany v2 H! () \ L? ,() and > 1,

for0< < 1;

kvk? 2(3’712)]\43;! w4 (O Dk

2, "

(iv) Forany v2 Al (),

1
Kl 2 vkEy () max( + L,2)kvky, ; kvkf | 2max( + 1;2)kvky; :

1,
Proof. Following the same argument as in the derivation of (2.13), we deducethat if
v(0) = 0or > 0;then

kvk? . 4k@vk? . + 2 kvk? . ; (2:19)
The result (i) for 0 follows (2.19) immediately. On the other hand, similar to
(2.15), we have 5
2 kvk? . =4 e v()@v()d +2 ( 1kvk? . : (2:20)
ForO< < 1Zwe derive by using the Caudy-Schwarz inequality that
4 e v()@v( )d VT v 2 (1 kvk?

1
Substituting the above and (2.20) into (2.19), we obtain the result (i) for 0< < 1.
For > 1,%ve have

4 le v()@v( )d 1

Substituting the above and (2.20) into (2.19), we obtain the result (iii).

V2,2 (0 Dkuk?

2; "
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Now, if v(0) = OZand = 1; an integration by parts leadsto
2kvk?,. =4 e v()@v( )d 2(p§ 1)k@vk?, . + 2(p§+ 1)kvk? . :
The above with (2.19) implies the result (ii).

Finally, we derive from ~

+1e V2( ): @ +1e V2() d
0
that 7

Do (VE( )+ b (OvA()d
20 Z
=2 1 a()vO)@v()d +( +1) 1 (W4 )d
12 ’

L4 (V3 )d + 2k@vk? + ( + 1)kvk? .

+1 5

2 o
from which the result (iv) follows.

The following enmbedding inequality is also useful.
Lemma 23.1f @v2L? () andv?®() *'! Oas ! O thenfor 6 1

4

2 2 .

kvk . = 1)2k@Vk! P

Proof. By integration by pazrts and the Caucdhy-Scwartz ineguality,

2 1“1
2 - +1 +1 2
kvkf . = 2+1 e v()av()d + 1, e vo()d
T kvk, . k@vk, ,,: ;

which implies the desiredresult.

We now turn to the error estimatesfor various orthogonal approximations.
Theorem 2.2. Let 1< + 2 and integerr 1. If v2 H{ . () and
@v2 A" (), then

KPL.. v Vkiy 4 . CNZ @i, L
Proof. By the de nition (2.11) and the projection theorem, we have
KPi.. Vo VK o . ko WKy oo 8 2Pn():
We now take 7

()= OPN 1, @v()d +

where is chosenin such away that ( o) = v( ¢); and ¢ is the sameasin Lemma 2.1.
Then, by Lemma 2.1 and Theorem 2.1 with s = 0, we assertthat for any integerr 1,
K vk oo g Vji ;. =ckPy 1y @Qv @vki
cN 2 k@vk ,, , = N7 @V 1

+r
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Theorem 2.3. Ifv2L? () ; @v2A" X() andv(0) = 0, then for integerr 1,

k@OPY. v Wk i  ONZj@Vj, 1
If, in addition, j j < 1, then
kP, v Vkiy ; ONTZ @i, 1

Proof. By the de nition (2.12), forany 2 oPn(),

k@(Py. v VK . =(@0Py v Vi@ V) ;

k@OPy. v Wk ; k@( vk ; :
5 :

Taking ()= Py 1. @v( )d 2 oPn() in the above and usingan argumert similar
0
to the proof of the last theorem lead to the rst desiredresult.
If in addition j j < 1, then the secondresult follows from Lemma 2.2.

3. Mixed Laguerre-F ourier Appr oximation for Exterior Domains

In this section, we investigate the Laguerre-Fourier approximation for exterior prob-
lems. To this end, we need seweral results related to the Laplace operator in the polar
coordinates. Let us consider rst an auxiliary projection related to the generalizedLa-
guerre approximation with = 2and = 0.

Let! ()=1!o()=e and ()= ( + 1)?e :Wedene the orthogonal projection
o n:oHM) ! oPn() by

o NV Vi ;. =0 8 20Pn():
For simplicity, we denote Aj() by A'() in the sequel.
Lemma 3.1. Forany v 2 Hllz;! () \ A"() with v(0) = 0 andintegerr 2,
ko 4V Vki . cN' Zjvjar: :

Proof. By the projection theorem,

ko &V vk .k vky o 8 2oPn() :
Let Z
()= . Pi 120(@v( ))d :
Clearly 2 oPn(). Thus,it suces to estimatek  vki. . . In other words, we only

needto estimatek@( Vv)ki,. andk vk . fork = 0;2:In fact, a direct calculation
revealsthat
k@(  V)ki,; = kP 120@v  @Vki,; ; k=02 (3:1)
Thanks to Lemma 2.2with = 2 and Theorem2.2with = 2and = 0, we have
k@( VKZ . +k@( V)kZ ck@( WvkZ,. +k@( VK. )
(3:2)

= Ck@( V)k%;! 2l T c:kle 1;2;0@V @Vkl;! 2:!;
cN? "k@vk? . = cN? "jvjz,. :
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Next, thanks to Lemma 2.2 with = 0, we get
k VK.  4k@( VK. cN? "jvja.. ¢ (3:3)
Finally, using (3.2), (3.3) and Lemma 2.2 with = 2 yields
k Vk?,. 8k@( V)k?,. +8 vkZ  cN? "jvjir. :
The proof is thus complete.
Next, we derive an approximation result in the L ()-norm. To this end, we need

the following embedding inequality.
Lemma 3.2. Forany v2 H(),

k(1+ )e zvkyi () 2kvky. -
Proof. Forany 2 , wezhave from integration by parts that
(2+2) v¥() = (2@(( ?+2)e v3()d
=2 (?+2) v()@v()d + (2 %e v¥()d
Z o Z 0

(3:4)
(2+2) (@v( )% +_ (2 +2e v¥()d
Z0 Zo

(2+2)e (@v()3%d + (2 +2)e V¥ )d:
By (2.3) of Xu and Guo [20],
e V() 2 e (VA )+ (@v())>d:

Adding the above to (3.4) \éields that .
(+1% Vv¥() = (?+2 +2e (@V( ) + (2 +4e v()d

4 kvkZ .

Combining Lemmas 3.1 and 3.2, we obtain the following result:
Lemma 3.3. Foranyv2 A'() andintegerr 2,

k( +1)e 2(0 kv Vkii( cN* Zjvjar: :

Sincewe will expand functions in the azimuthal direction by a Fourier series,we recall
a basicresult on the Fourier approximation in one-dimension.Let | = (0;2 ) andH "(I)
be the Sobolev spacewith norm k k;,; and semi-normj j,,, . For any non-negative integer
m, Hg'(l) denotesthe subspaceof H™ (1), consisting of all functions whosederivatives
of orderup to m 1are periodic with the period 2 . For any realr > 0, the spaceH ;(I)
is de ned asin Adams [1]. In particular, L3(1) = HJ(I): Let M be any positive integer,
andWVy (1) = span €' jjlj M :Wedenoteby Vy (1) the subsetof Wy (1) consisting
of all real-valued functions.
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As usual, the L%(IZ)—orthogonaI projection Py : L3(1) ! Vm (1) is de ned by
I(PMV() v() ()d =0 8 2Vu(l):
The next lemma can be found in Canuto, Hussaini, Quarteroni and Zang [4].
Lemma 3.4. Let integerr 0 and r. Then for any v 2 H[(l),
kPuv vk cM Ve

We are now in position to study the mixed Laguerre-Fourier approximation.
let = | and L2() be the weighted Sobolev spacewith the following inner

product and norm, .

Wv) = u(; (G ) ()dd ;o kvk= (Vv

The weighted Sobolev spacesH () and its norm kvk,. and semi-normjvj,. arede ned
in the usual manner. In particular, we set

oHE () = V2HE) jv(; +2)=v(; )andv(0; )=0; for 21; 2
Next, we de ne the non-isotropic space

oHé; 4 () =fvjvismeasurableon andkvky; ; < 1g
where
Vit 1 = (K@VK? + k@VK?)E;  kvky o = (jvid o + kvk?)E:
Let usedenote
Wwm () =oPn()  Wn(l):
We de ne an orthogonal projector Py : oHp2: 4 () ! Vam by
@(PymV V)@ + @0Pymv V)@ , =0, 8 2Vym:  (35)

In order to describe the approximation results related to this projection operator, we
intro duce the non-isotropic space

B = AT( SHE()\ AZ( SHS)\ H( SHS 2(1);

equipped with the norm

NI

— 2 2 2
kvkgrs = kVIar (i * KVKaz( sy KVKH 3 s 1)

where the spaceA"() and its norm are the sameasin (3.1).
Theorem 3.1. Forany v2 B"S\ OH[}; . () andintegersr 2;s 1, we have

kv OPIQI-;M Vkl; ‘| C(N 13 + M 1 s)kaBr;sZ
Proof. By the projection theorem,

Vo ooPiwmViz a0V 1 8 2VWum() : (3:6)
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Let =¢ &(PmV). WeuseLemmas3.1and 3.4to deducethat
k@(v o §(PwVv)k k@v Pum(@V)k + k@Puv o §(PwV)k

CMl sk@VkLZ( HS 1(1)) + CNl rzkpM VkAr( L2(1))
) (3:7)
CMl Sk@VkLZ( Hs 1(1) + CNl EkaAr( L2(1))
c(M Ist+N? ri)kaBr:s:
Using Lemmas 3.1 and 3.4 again, we obtain that
k@(v o §(PmVv)k ko y@v @vk +ko §(@Pmv @V)k

ko y@v @vk + ko 5(@Puv V)k
cN1? rik@VkAr( L2(1)) + Ck@(PMV V)kAZ( L2(1)) (38)
CNl rfk@VkAr( ;|_2(|)) + CMl skaAZ( HS(1)

C(N 15+ M1 S)kaBr;s:
The combination of (3.6)-(3.8) leadsto
1% OPI\ll;M Vj]_; ‘| c¢(N Ul M1 S)kaBr;sZ

Finally, by Lemma2.2with = 0,
kv oPg.w vk k@(v  oPymWk  k@(V  oPyy VK
CjV QPNl;M Vj]_; ‘| C(N 1o+ M1 S)kaBr;sZ

4. Mixed Laguerre-F ourier Spectral Method for Exterior Pr oblems

In this section, we take a model problem asan exampleto shav how to construct and
analyze the mixed Laguerre-Fourier schemesfor exterior problems.

Let x = (X1;X2);jxj = x3+x3 and ~ = f x j jxj > 1g. We considerthe following
model problem (

U+ U=F; in ~;
UX)ig-= g Ilm U(x) =0 (4:1)
jxji1

where is a positive constart, and F and g are given functions. For simplicity, we
assumethat g O.

Under the following polar transformation:

x1=( +1)cos ; xp=( +1)sin ; U(; )=UXzy;x2); F(; )= F(Xg;%2);

the problerg (4.1) becomes

1 1 o
2 7@ +1@Y) [ @Ur UsF i

_ (4:2)
2 U0 )=0 UG +2)=U( ) Im U@ )=0 21,
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Since Problem (4.1) is well-posedin the standard functional space,it is not appropriate
to consider(4.2) in a weighted Sobholev spacewith the Laguerre weight ! ( ). Hence,we
usethe following change of variables

u(; )= ( +1) zer U(; ) f(; )= ( +1)%er F(; );
to transform (4.2) to
8
2 ((+1P2@u+ (2?2 1)@u @u+(( +12+i+1 22u=f; in ;
> U0 )= 0 uG; +2)=u(; ) lim( +1ze > u(; )= 0, 21
(4:3)

We now considerthe existenceand regularity of solutions for the problem (4.3). For
this purpose,let us denote

Z Z

A(u;v) = Z(+1)2e @u@vdd + e @u@vdd
2 1, 1 1 .
+ e (+1 4+2+2uvdd.

A weighted (with ! ()= e and ()= ( + 1)%¢ )) weak formulation of (4.3) is to
nd u2 oHp . () sud that

A(u;v) = (F;v); 8v2 oHpy o () : (4:4)
Lemma 4.1. Forany u; v2 oHj. . (),
Z Z
A(v;V) ( + 1)226 (@v(; ))?dd + e (%@V(; ))2dd

+ 3 (+1)% V3(; )dd +i—31 e Vv3(; )dd ;

and
JA(u;v)j  ckuky; o kvky: o

Proof. Obviously

1, 1 1 1 , 3
ey Z o+ = = + + —
4 2 2 4( 1) 4’
which leadsto the rst result. The secondresult follows from Lemma2.2with = 2.

Theorem 4.1. If zand( +1) f 2LZ(), then, (4.4) admits a unique solution
u(; ) with kuk o ck( + 1) ki .

Proof. Due to 7 and Lemma 4.1, A(u; V) is coercive on oH 2. 4 () oHp; 4 ().
Moreover, by the result (iii) of Lemma 2.2,

j(Fiv)j  ckvky o k( + 1) ki :

Thus, the conclusionfollows from the Lax-Milgram Lemma.
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Remark 4.1. The condition on f in Theorem 4.1 means( + 1)%F 2 L?(), and
equivalertly F 2 L2(Y.

Next, we considerthe mixed Laguerre-Fourier approximation for (4.4): nd un.m 2
VN;M such that
A(unms )= (F5 s 8 2Wnm: (4:5)

The next result is a direct consequenceof Lemmas 2.1 and 4.1, and the Lax-Milgram
Lemma.

Theorem 4.2. For %1, the problem (4.5) admits a unique solution uy:v . More-
over,

1 1
k@un v K2 + k@up:m K + ( Z)kuN;M K2 + EkuN;M k2 k( +1) Yk (4:6)

We now turn our attention to the error analysis.
Theorem 4.3. Let %1 and integersr  2;s 1. Foru2 B"S(), we have

1 r
kK@U unm)k?+ ( Pk Unm K2+ k@u unm)k? (N1 z2+ M1 S)2%kuk3,:

Proof. Let Uy.y = oPy.y U. We obtain from (3.5) and (4.4) that

Z Z

( +1% @uyy@dd + e @uyy@dd

7 Z (4:7)
+ e ( + 1) %2+%+%udd = e fdd ;8 2Vym:

Now setting tin;v = Un:m Uy a@nd subtracting (4.7) from (4.5), we obtain
A(tnms ) = G(usugms ); 8 2 Vm (4:8)

where
Z

1
Gluiunm: )= e (+17 2+ 5 +

NI =

(U uym)dd

NN

By Lemma 2.2 with = 2;
kU’N;M k2 C(k@U'N;M k2 + kU‘N;M k|2)
Therefore, we deducethat for any > 0;

JG(U; Uy 5 NG )] (i @enm i + jitn i) + S(K@(U Uy K2+ ku Uy, KP):
(4:9)
Taking = tn:m In (4.8), we use(4.9), Lemma 4.1 and Theorem 3.1 to obtain that

k@t K2+ ( %)kuN;M K2+ k@t kP o(N' 2+ MT %)Zjujjdes
which completesthe proof.

Remark 4.2. The numerical solution of the original problem (4.1) is

Uwm = 1+ )%e 2UN:Mm -
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Thanks to Theorem4.3and the fact that U = (1+ )%e 2 u, we can obtain the following
estimate:

KU Unmk (NI 5+ ML Sk(1+ ) ZezUkgrs:

HL(Y

Remark 4.3. It canbe shawvn, by using a suitable transformation, that the results of
Theorems4.1-4.3are alsovalid for any > 0. Howewer, how to extend the convergence
result to the more interesting case, < 0, is still an open question. Nevertheless,the
algorithm deweloped here can still be usedto approximate the solution of (4.1) in the
caseof < 0.

5. Implement ation Det ails and Numerical Resul ts

Let us rst describe in somedetails an e cien t implementation for scheme (4.5). For
simplicity, we denoteLl(O)( ) by Li( ) and set

() =1L a() Li() 1 1 N;
and
tn(; )= 1()cosm ; 1 I N;0 m M:
fao) = ()sinm ; 1 1 N;1 m M:

Since (1) = 0, ;m can be used as basis functions for Vyu . Hence, we can expand

uUn:m as |
XX 11 X 2 2 |

unm (5 ) = Uim im(5 )+ Uim m(; )
I=1 m=0 m=1

On the other hand, we write

AR
f(; )= (finLi( Ycosm + fZ Li( )sinm ):
I=0 m=0
We note that in actual computation, the Fourier-Laguerre Gauss-Radau quadrature
should be usedto approximate the valuesof ff I?mg:

Let us denote
Zy = f(gn):q=1n=01 ;M;q=2n=12 ;Mg

Taking (; )= ¢,(; )in (4.5)for (q;n) 2 Zy, we derive by using the orthogonality
of the trigonometric functions that (4.5) is equivalert to the following 2M + 1 linear
systems:

W Z Z

(+1)% @ 1@ «d + e ((+12%+n? ) 1 kd oy

n

Al
NI =
NI

1=1
=gl 1k ON;
(5:1)

Fa

whereg! = f/ .. L

n
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Let us denote
xf=@dud ul)T o= (0B o)

alk:Z (+1)% @ ()@ «k()d; A= (A)ki=1:2 N;

by = 7 S () «k()d; B = (h(|)k;|=l;2; ‘N
Gk = . e () «()d; C = (c)ki=1:2; N
dix = e () w()d; D = (dk)ki=1;2; N:

Then, (5.1) becomes
(A+( 42+ B+ +)C+(  DI=df @M2Zu:  (52)

Using the orthogonality relations of Laguerre polynomials, one can easily derive that

8
3 6k? 2k + 1 | = k;
_ 4?+2k 1 (1 4k); I=k 1
WMZ 5 k2 k+1 (k1) =k 2
0 otherwise
8
< 2 | = k;
ba=., 1, I=k L
0 otherwise
g ok; | = k;
_ 22k 1); I=k 1,
%5 ko1 =k 2
0 otherwise
8
% 4(5k? + 1): | = k;
(15k? 15+ 6); I=k 1;
dk| = 6(k 1)2; | = k 2;
(k Dk 2); =k 3
X otherwise

Thus, the matrices in the linear system (5.2) are symmetric with v e or seven non-zero
diagonals. Hence, the system (5.2) can be e cien tly solved. Note that an e cien t algo-
rithm basedon the Laguerre functions was proposedin [18]. Howewer, the corresponding
linear systemthere, although sparse,wasnot symmetric. Hence,the algorithm presened
here is advantageousin this regard.

We now presen an illustrativ e numerical result. We take the exact solution of (4.3)

to be
2

u; )= — 1:0
and usethe stheme (4.5) to obtain the numerical solution uy:m . We setEn:m = ku
UN:M kLF() . It can be easily chedked that kukgrs is nite for any r;s > 0. Hence,
Theorem 4.3 indicates that En.v corvergesto zero faster than any algebraic power.

e sin
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109, 0Eq

.10 I I I I I I I I I

Figure 5.1. Convergencerate for N = M2

Note that Theorem 4.3 indicates that at least for smooth functions, a proper relation
betweenN andM is: N M2, In Figure 1, we plot the corvergencerates of the scheme
(4.5) with N = M 2. The straight line in Figure 1 indicates that the error En.v behaves
likeexp( ¢ N), i.e., it corvergessub-geometrically

6. Concluding Remarks

In the rst part of this paper, we studied the generalizedLaguerre approximations and
establishederror estimatesin the non-uniformly weighted spacesfor various orthogonal
projections. These estimates improve previously published results for the special case

= 0 and are valid for the generalizedLaguerre approximations with > 1.

In the secondpart, we proposeda mixed Laguerre-Fourier spectral method for the
Helmholtz equation in a two dimensional exterior domain. We obtained sharp error
estimates for the proposedmethod by transforming the original system, which is not
well-posedin the desiredweighted Sobolev spaces,to a systemwhich is well-posedin a
suitable functional space.We have also constructed an e cien t numerical algorithm and
preseried an illustrativ e numerical result.

Note that in terms of numerical algorithm, the e ect of the change of variable is
equivalernt to using an approximation by Laguerre functions asin [18]. Howeer, to carry
out the analysis for the approximation using Laguerre functions, one needsto dewvelop
corresponding approximation results which are beyond the scope of this paper.
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Although we only considereda simple model problem in this paper, but the results
deweloped here will be useful for the numerical analysis of more complicated equations
in uid dynamics and electromagnetics.
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