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A Rational Approximation and Its Applications to
Differential Equations on the Half Line
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An orthogonal system of rational functions is introduced. Some results on
rational approximations based on various orthogonal projections and interpola-
tions are established. These results form the mathematical foundation of the
related spectral method and pseudospectral method for solving differential equa-
tions on the half line. The error estimates of the rational spectral method and
rational pseudospectral method for two model problems are established. The
numerical results agree well with the theoretical estimates and demonstrate the
effectiveness of this approach.

KEY WORDS: Legendre rational polynomials; rational approximation;
spectral method; pseudospectral method.

1. INTRODUCTION

Many science and engineering problems of current interest are set in
unbounded domains. In the context of spectral methods, a number of
approaches for treating unbounded domains have been proposed and
investigated. A direct approach is to use spectral method associated with
some orthogonal systems in unbounded domains, such as the Hermite
spectral method and the Laguerre method, see, e.g., Maday et al. [12],
Guo [8], and Guo and Shen [I1]. It is also possible to reformulate
original problems in unbounded domains to certain singular/degenerate
problems in bounded domains by variable transformations, and then use
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the Jacobi polynomials to approximate the resulting singular problems, see,
e.g., Guo [6, 10]. Another effective method for solving such problems is
based on rational approximations. For instance, Christov [5] and Boyd
[3,4] developed some spectral methods on infinite intervals by using
mutually orthogonal systems of rational functions. But the convergences
and error estimates for those rational spectral methods are still not
available.

In this paper, we investigate the spectral method and pseudospectral
method on the half line by using a new mutually orthogonal system of
rational functions, with the weight function (x+1)~2 We also give a
framework for theoretical analysis of rational approximation in weighted
Sobolev space. Although we may make variable transformations to change
differential equations on the half line into certain singular/degenerate
problems on a finite interval, it is preferable to approximate the differential
equations on the half line directly using rational approximations in certain
cases, such as in exterior problems where the obstacles may become too
complicated after variable transformations. Indeed, for this type of exterior
problems, we can choose a circle/sphere which encloses the obstacle, and
then use a combined finite-element, Fourier-rational approximation in
which the geometric complexity is handled by a finite-element method and
the domain outside the circle/sphere is handled by a rational approximation
in the radial direction and Fourier approximation in other direction(s).
The details of this approach is beyond the scope of this paper and will be
considered in a future work.

This paper is organized as follows. In the next section, we introduce
the system of rational functions induced by the Legendre polynomials and
its basic properties. In Sec. 3, we study various orthogonal projections and
establish some results on the rational approximation. In Sec. 4, we consider
two kinds of rational interpolations. The results in these two sections form
the mathematical foundation for the related spectral method and
pseudospectral method. In Sec. 5, we analyze rational spectral method
and rational pseudospectral method for two model problems. In Sec. 6, we
discuss numerical implementations and present some numerical results
which agree well with the theoretical analysis and which demonstrate the
effectiveness of this new approach.

2. LEGENDRE RATIONAL FUNCTIONS

We first introduce some notations. Let 4 ={x|0<x<oo} and y(x)
be a positive weight function. For 1 <p < o0, let

Lo(A)= {v|v is measurable and HUHLg < oo}
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where

1/p
(] birzar)” 1<p<os
lollzp=4 " (21)
ess sup |v(x)| p=0

xed

We denote by (u, v), and |[|v]|, respectively the inner product and the
norm of the space L(A), ie.,

(u.0), = | u(x) o) g(x) dv. ol = (0. 0)}
For any non-negative integer m, we set
m po_dv
HY(A)=1v axv=WeLl(A),O<k<m

equipped with the inner product, the semi-norm and the norm as follows,
(s V)= Y, (O, 050) s (0], = 1070l 0]l = (0,0),2,
k=0

For any real number r >0, we define the space H’(A) with the norm v, ,
by space interpolation as in Adams [1]. As usual y will be omitted from
the notations if y(x)=1.

Let L,;(x) be the Legendre polynomial of degree /. We recall that L,(x)
is the eigenfunction of the singular Sturm-Liouville problem

0. ((1=x2)0,L,(x))+1(I+1)L(x)=0, 1=0,1,2,. (2.2)

We define the Legendre rational function of degree / by

Ri(x)=+/2L, <x_1>

x+1

Thus, R,(x) is the /th eigenfunction of the singular Sturm-Liouville
problem

(x+1)20.(x0,v)+iv=0, xeA (2.3)

with the corresponding eigenvalue A =/(/+1).
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Clearly, we have

2.2 1
xlinZORl(x)=ﬂ, lim x0,R,(x)= lim (HI;L} <§+1>=0

We also recall that the recurrence formulas and the orthogonality of the
Legendre polynomials lead to

214+1 x—1 /

= S R(x)———R
I+1 x+1 () [+1° 1

2204 1) Ry(x) = (x + 1) (O, Ry 1(x) =0 R, _4(x)),  [>1

Ry(x) (x), 1=l

and
| Ri(x) Rx) o(x) dx = (14 1)1y, (24)
A

where o(x)=(x+1)"? and J,,, is the Kronecker function. Thus, the
Legendre rational expansion of a function ve L2(A) is

v(x)= i O,R,(x), with ﬁ,=(l+%)j v(x) R;(x) w(x) dx

=0

Next, let w,(x)=x. By virtue of (2.3), (2.4) and the asymptotic
behaviors of R,(x) and x 9, R,(x) at infinity, we find that {0,R,(x)} are
mutually orthogonal in Lil(/l), namely,

f 0 R/(X) 0 R(x) wy(x)dx=II+1)I+3)""5,,, (2.5)

We shall now derive some inverse inequalities and embedding
inequalities. Let N be any positive integer, and

Ry =span{ R, R;...., Ry}

Hereafter, we denote by ¢ a generic positive constant independent of
any function and N.

Theorem 2.1. For any ¢ e #y and 1 <p<g< o0,
Il g < (2(p + 1) N2)VP=Y2 | 1

Proof. Let yeA=(—1,1), x=(1+y)/(1 —y). For any ¢ € Ry, we
set Y(y)=¢((1+ y)/(1— y)). By the definition of Z,, we have y(y)e Py,
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which is the set of polynomials of degree at most N. By an inverse
inequality in %y (see, e.g., Theorem 2.7 of Guo [7]),

1/q 1/p
([ wonrar) "<+ [ o a)

Therefore,
1/q
oy =27 ([ Wi ay)
A

1/p
<24 ) N2 ([l )
A
= Q2p+1) N g,

Theorem 2.2. Let m be any non-negative integer and 2 <p < co.
Then, for any ¢ € Zy,

167l 2 <N ||z
Also for any r=0,

11,0 <N lI$ ]l

Proof. Let ye A, ?, and y(y) be the same as in the proof of the last
theorem. Then (see, ¢.g., Theorem 2.8 of Guo [7]),

Ha;nWHU(Z) <N HWHLP(Z)

Thus
1 1/p 1/p
0wl = (g1 | -7 ay) <2 (] o0l )

l/p
<ov?([ Wl d) = en? 10l

By repeating the above procedure, we deduce that for any non-negative
integer m,

1071l o < N> [l 2

The second result follows from the above inequality with p =2 and space
interpolation. U
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Remark 2.1. In particular, for any y € %y,

Hay‘M|L2(2) < %N2 H‘//”LZ(/T)
which leads to that

104l <3N?I¢],,

Theorem 2.3. If ve L2y(A), d,ve L2(A) and v(0) =0, then
HUHw2<% |U|l,w

If ve L2(A), 0,ve L*(A) and v(0) =0, then

0]l <2/2 [0l

Proof. Let u(y)=v((1+ y)/(1 —y)). Then, in order to prove the first
result, it suffices to prove that

| )=y dy <[ @) (1 - ) dy
Since u(—1)=0, we have that for any ye A,
j 0.(u2(2)(1 —2)%) d=
Hence,

u*(y) +3f u*(z)(1—z2)*dz

=2 Jy u(z) 0,u(z)(1 —z)%dz
1

1/2 172
<2 <j w3 (2)(1 = 2)2 dz> <f (0.u(z))> (1—2)* dz>

Letting y — 1, we obtain that

| =y dy <] @2 (=) dy

This proves the first result. The second result follows from the first result
applied to (x+ 1) v(x). O
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3. LEGENDRE RATIONAL POLYNOMIAL APPROXIMATIONS

In this section, we investigate various orthogonal projections.
We define the L2(A)-orthogonal projection Py : L2(A) — Zy by

(P,v—uv,¢),=0, Ve Ry
In order to estimate ||Pyv—1v|,, we need to introduce the space
H, ,(A)={v]|vis a measurable and |||, ,, 4 <00}
where for non-negative integer r,
r 1/2
0]y, w, 4= < > lx+ 1)('/2)+k5’§v|§,>
k=0

For any real r >0, the space H, ,(A) is defined by space interpolation.
Let A be the Sturm—Liouville operator in (2.3), namely,

Av(x) = —01(x) ,(x 0,0(x))
By induction,

2m

Amv(x) =Y (x+1)"** pi(x) 0%v(x) (3.1)

k=1

where p,(x) are some rational functions which are bounded uniformly on the
whole interval 4. So A™ is a continuous mapping from H2" ,(A) to L2(A).

Theorem 3.1. For any ve H;, ,(4) and r>0,
1Py =0l SeN T [Vl 0, 4

Proof. We first assume that r=2m. By virtue of (2.3), (2.4) and
integration by parts,

5 :% 21+1) L o(x) R,(x) (x) dx = 212(11111) L o(x) AR, (x) () dx
- 212(11111) L b(x) .(x 8. R,(x)) dx = 212(11111) L X 0.0(x) 0. R,(x) dx
- 212(11111) L 0.(x 0.0(x)) R,(x) dx = 212(11111) L Av(x) Ry(x) o(x) dx
S =21,f(11:11)m L A™0(x) R,(x) o(x) dx (3.2)
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Therefore, we derive from (3.1), (3.2) and the definition of H7, ,(4) that

IPyo—vl2=" Y #IR3
I=N+1
< cN—4m i fA A™v(x) R)(x) w(x) dx 2 IR,|2
h I=N+1 HRIH2 e

SN A2, < eNT* |vl7 o, 4

Next, let r=2m+ 1. By (2.3) and integration by parts,

) 21+1 "
0, 21ml+1 J A™v(x) R,(x) w(x) dx

2+ 1 i
ST jA A™0(X) 0,4(x D, Ry(x)) dx

2l +1
— S ] DA R (x) () d

Thanks to (2.5) and (3.1),

(o 0]
IPyo—vlz= X & IR

I=N+1

z 2+ 1 N 2
= X i <fA 0(A™0) 3, Ry(x) w,(x) dx>

e 204+ 1) [0,R]2,
= Z 2m+ 2
2([(1+1))

I=N+1

) <sA 0.(A™0) 0, R,(x) w,(x) dx> 10.R, 12,

10 R,117,

—2(2m s (A™0) 0, R,(x) w,(x) dx\?
<eN-2m+D Y <5A TR HaxR,Hfol
xAN Wy

I=N+1
<6N72(2m+1) Hax(A”'v)Hﬁ,l <cN72(2m+1) Hax(A”’v)(x—i— 1)3/2H2)
SeN72emD )2

The general result follows from the previous results and space interpola-
tion. O
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The H!(A)-orthogonal projection P):H!(A)— #y is a mapping
such that for any ve H)(4),

(PJIVU—U, ¢)1,w207 VQSE»%N

In order to estimate |Pyv—uv|, ,, we recall some approximation
results on Jacobi polynomials established in [9]. Let us define

_ 12
L2 ) ={u |z, = ([ w001 = 0 3/ dy) <o) (33)

and
o ol W) = L~ yud,w(l—y)* (1+ y) dy

+fz u(y) w(y)(1 = )" (1+ y)° dy (34)

We also denote HY , ., s(A)=L? (1) and
H\ s, o(A)={u|uis measurable on A and [ul, , 5, s<+0} (3.5)

1/2 i :
where HuHl,a,ﬁ,%&:aa’/ﬁ,y’a(u, u). For O<u <1, HY 5 5(A) and its norm

lull,, « g, 5 are defined by space interpolation. We also define
H’, ;. (A)={u|uis measurable on A and |ul, , 5. < + 0} (3.6)

where for non-negative integer r,

H“Hia,ﬂ,* :Ai,ll,ﬂ(“)"‘A(r,zl,ﬁ(”) (3.7)
with
AD = Y [ @) (=) R A=) (L4 )Y dy
k=r—[r2]+1°4
(3.8)
[(r+1)/2]
AL 0= T [ (@)’ 1=y (140 dy
k=1

The space H ; (A) and its norm lull, « p, . for real positive r are defined
by space interpolation.
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Let Py, 4, 5:Hy 4, 5(A)—> Py be orthogonal projection operator
defined by

aa,ﬂ,y,é(f)llv',oc,ﬂ,y,éu_u’ lﬁ)zof VwegN (39)

By using the notations on pp. 380-381 and Theorem 2.5 in [9], we know
that for a <y +2, f <0+ 2, and for any ueH;,ﬂ’%a(/T) with r > 1, we have

HP}“pwu UIT s SEN? T2 ul 2, 5 (3.10)
If in addition, a <y+1, f<J0+1 and 0 <u <1, then
HPNocﬁyéu u”/ztzxﬂyé\CNzﬂ eruHraﬂ* (311)

In order to estimate |Pyv—v|, , we need to introduce another space.
For any non-negative integer r,

H, ;(4)={v|vis measurable on A and |v|, , < +0} (3.12)

where

r 1/2
|U|r,w,B:< > |(x+1)'/2+k_1/25§l7|i> (3.13)
k

=1

As usual, for any r>0, the space H, 4(4) and its norm are defined by
space interpolation.

Theorem 3.2. For any ve H), y(A) with r>1,
1PN =010 <N [0l 05
Proof. By definition, |Pyv—1v|, »<|¢—v|,, for any ¢e§2N Let

y=x—-1/x+1), u(y)=v((1+y)/(1-y)). By taking ¢= PNzooo
U(Y)y—(x—1yyx+1)» @ direct computation together with (3.10) (x=2,

f=y=0=0) leads to
19010 =4 ] (0Pl s 000u00) = 0,u(3) (y—1)*dy

3] (Phaoo.0) —uly)dy

<c¢ szvzooou_“‘h2000<5N2 2r H“Hrzo*
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Note that 1 — y=2/(x+1), 1 — y*=4x/(x+ 1) and one can show easily
by induction that

Ovu(y) =

J

q,(x)(x + 1)5+7 07 v(x) (3.14)

1

I

where ¢;(x) are some rational polynomials which are uniformly bounded
on /. Thus, for any non-negative integer r,

r k
AL o) <c > Y (x+ D2 H=U2 000|2 <c |oll} ., 5
k=r—[r2]1+1 j=1
Similarly, we have
[(r+1)/2] k& ) )
A2 wy<e Y Y Ix+ DTN 0)L < c ol

r,w, B
k=1 Jj=1

This fact together with space interpolation complete the proof. O

When we apply the Legendre rational spectral method to partial dif-
ferential equations with Dirichlet boundary conditions at x =0, we need
another orthogonal projection. Let us denote

H§ (A)={v|ve H(A),v(0)=0and v(x)(x+1)"**—0, as x > o0}
Ry =1{peRy|$(0)=0} (3.15)

ag(u, v)=(0,u, 0. (vw)) + v(u, v),,
We define the Hg ,(A)-orthogonal projection Py°: Hy (A4) > 2% by

afo(le\’,Ov—v, $) =0, Vo e #Y,

Lemma 3.1. For any u, ve Hg ,(4) and v> 3,
az(v,v)=c|vl7
lag,(u, V)| < ¢ ully o (0], 0

Proof. Let v=3+¢ and &>0. By integrating by parts and using
Theorem 2.3, we find that
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a, (v, v) = (0,0, 0. (vw)) + v(v, v),,

=[v]3 o+ [v|2+ (0,0, 00, )

= [0ff v o135 [ 2000 ) d

— (o], +v \|v\|§,—3j 02(x)(x + 1) 4 dx
A

=[0l%, o+ vl%—3 [vllZ

9 3 3 ¢
— bl o= (35 I+ (3 +2) ol = (545 ) 1012

2 8 5
258 lvl3 . +3 Il (3.16)

This leads to the first result. Next, by the Cauchy—Schwartz inequality and
Theorem 2.3,

(0,10, 0 0,)| = | [ 0,u(x) v(x) 8,0(x) dlx
A
S2 |0 ullg [Vllw2 <€ 1l o [0]1, 0
which implies the second result. O

In order to estimate |Py°v—v|, ., we need another result in [9]. Let
us define

HYE, (D)y={ueH. (D) [u(~1)=0},  Ph={ucy|u(~1)=0}
and the orthogonal projection PN wfy s H; £ 5(A~) - 2% by
azx,ﬂ,y,é(F}\;’,Loc,[)’,y,éu_u9 V) =0, VqSeg’]L\,

Thanks to Theorem 2.6 in [9], we know that if a <y +2, <0 and 6 >0,
then for any ue H!, ,  J(A)nHy % (A1), we have

a, fB,7,0
HPNmﬂy6u u”izxﬂyé\CNz 2rHuHrzxﬂ* (317)
and if in addition, a<y+1, f<d+1 and 0 <p <1, then

1PN gyt =l n w g s SCN*#* 72 ul? 4, (3.18)
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Theorem 3.3. For any ve H, 4(A) r\H(l,’w(/l), v>2and r>1,
1P5%0—0lly, o <eN'"" 0], 0 5
Proof. By Lemma 3.1, for any ¢ € #9%,,
HP}\;OU—vHiwgcafa(P};,ov—v, PL% —v)
=ca’(Py°v—v,¢—0)
<c|PR°v—0lly,o 160l 0

Therefore

I\P}v’ov—v\ll,w<6¢in9£0 lp—vlly, o (3.19)
€AN

_ Next, let x=(14+y)/(1—y), u(y)=0v((1+ y)/(1 —y)) and take ¢ =
P55 000U,y = (x— 1)+ 1) I (3.19). Then, the desired result follows from
(3.17) and a similar argument as in the proof of Theorem 3.2. O

We now consider yet another orthogonal projection which will be
used in the Legendre rational interpolation approximations and in the
Legendre rational pseudospectral method. Let

a,(u, v)= %f 0,u(x) 0 v(x)(x+1)dx+ f u(x) v(x) o(x) dx (3.20)

The orthogonal projection Pl : H}D’ (A) = Zx 1s a mapping such that for
any ve H, ,(A),

A (Phv—uv, ¢)=0, Voe Ry (3.21)
Theorem 3.4. For any ve H), ,(A) and r>1,
1BYo— 0]y <N ol 04
and
I(x +1)*2 0(Ppo—0)ll o <N (0], 00,4

Proof. Let us denote

1+y R
) =0(T2) ) =P ma
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By definition, we have
|| o)t —uty)) 2,01 = y) dy

@) —umwndy=0.  Wez  (22)

Thus, u}(y) =Py 1 o 0 o%(y). Under the transform x=(1+ y)/(1—y), we
have

| Phv—vPot)de=}[ h—u?dy

A
| 1) @Yo —0)? o(x) dx = | (9, (uk—w)* (1= y) dy
A a

Therefore, we derive from (3.11) with a =1, f=y=0 =0 that

szlvv V)l < uf— “H01000<CN ¥ H“Hrlo* (3.23)

and
I(x+ 1) 0 Py —v)l o< luf—1l 10,00 <N ul2 0. (3.24)

A direction computation leads to

r k

AN ou) <c > Y I+ D2+ 0002 <c ol ., 4
k=r—[r2]1+1 j=1
Similarly,
[r+1)/2] & ' )
A2 gy <e Y Y Mx+ Dm0 al0)2 <c |ol?, 4 O

k=0 j=1

We now give an estimate for the L*-norm of the projection operator
P}, which will be useful for analyzing nonlinear problems. Similar estimates
for other projection operators can also be established. To do this, we intro-
duce the following Hilbert space. For any non-negative integer r,

H’, o(4)={v|v is measurable and |v], ,, <0}

with the norm

r 1/2
U|rwc_<z x+1 r+kakv|2>
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For any real >0, the space H, .(4) and its norm are defined by space
interpolation.

Theorem 3.5. For any ve H, ~(A) with r> 1, we have
Hp}vUHLw(A)SC vl . ¢

Proof. Let u(y), uf and Py | o o ou(y) be the same as defined above.
Then

HPJIVUHLOO(A) = HM?:THL”(Z) HPN 1,0,0, ou(J’)HLOO(Z)

Thanks to Theorem 2.11 in [9], we have for r>1,
123 1.0.0,04()| oy < el 1,0, + N1l ey
Moreover, by (3.14),

42y = Zf (x+ 1)+ %(37 1(x))? w(x) dx

k=0 j=1"4

< $ [ (e 10 ot P o) de<e ol e

Then the desired result follows. O

4. LEGENDRE RATIONAL INTERPOLATION APPROXIMATION

In actual computations, it is convenient to use interpolations. We first
consider the Legendre-Gauss rational interpolation. We denote by (y ; the
N + 1 distinct real zeros of Ry, (x), 0<j< N. Indeed,

Iy, j=(1+oy )1 =0y ;)7 (4.1)

where o ; are the zeros of Ly, (x). Let wy ; be the corresponding
Christoffel numbers, 0 < j <N, such that

| p o) de=Y gy o, Vbedwi  (42)

j=0
As we know, the weights of the Legendre-Gauss quadrature are
2

L= Py O< '<N
PRI (1262, )0 Ly si(on, )’ /
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Thus
2
Oy, ;= 5 5 (4.3)
Cn i (Ch ;+ D)7 (0 Ry 1Ly, ;)
Moreover, by virtue of (15.3.10) in Szegd [15],
271{”2
(44)

‘”N’f”<N+1><cN,,-+1>

We next introduce the discrete inner product and the discrete norm
associated with the Legendre—Gauss rational interpolation points,

N

(u, U)co,N: Z u(CN,j) U(CN,]') Wy, j» Hva ~=(0, U)l/z
j=0

Thanks to (4.2), we have

(P V), v =P ¥)ps VU E Ry i1 (45)

For any ve C(A), the Legendre-Gauss rational interpolant /v e %, such
that

Iyo(ly, ) =0y ), O0<j<N
or equivalently,
(Inyv =0, 9)0 n=0, Vo e Ry

The following theorem is related to the stability of the Legendre—
Gauss rational interpolation.

Theorem 4.1. For any ve H|, ,(A),
1ol < c(olly+N""[x"20,0])

Proof. By (4.4) and (4.5),
N
Iyvl2 = 1noll2, y= Z (n,j) on,

<cN~

VX (Cw ) EN(Cn + D!

gMz
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Let x=(14cos 8)/(1 —cos 8) and #(0) = v((1 4 cos 6)/1 —cos 0)). Then

1+cos Oy ;\'?

N /
Il <N~ 8 0w ) -costy)

1 —cos Oy, ;

According to (4.1) and Theorem 8.9.1 in Szego, ">

On =y + ), 0<j<N (4.6)

where ((1) is bounded uniformly for all 0 < ;< N. Now, let ay=0(1)/

(N+1) and a;=(Nrn+O(1))/(N +1). Then 0y ;e K;,c[ay,a,], K; being
of size ¢/(N + 1). Consequently,

N
[ Iyvl2<eN~'Y sup [6%(0)sin 0]

j=0 HeKj

By using an inequality of space interpolation (see (13.7) in Bernardi and
Maday [2]), we know that for any f'e H(a, b),

1
me < — If 2 + - 22 4.
ag;‘éb Lf(x)] C( b —a 1 z2a, 5y + /b —a |axf|L(a,b)> (4.7)

Hence
N
1Ty0llZ, z 0) sin'/? 9”?}(1{/.) + N 72 [04(6(0) sin'7? 9)“?}(1(].))
j=0
< c([18(0) sin'? 0720, )+ N =2 186(6(0) sin'’2 )11 724, ay)
< c([|6(0) sin 12 0“1,2(0, ot N2 [040(0) sin'/? H)Hfr}(o, )
cos? 0
s ———— ] |8(0) sin'? 0|2
<c([[6(0) sin' 0320,z + N 72 1056(0) sin'’? 0] 726, 1))
<e([[00x) 3200+ N2 [x28,0]%)
This completes the proof. O

Theorem 4.2. For any ve H), ,(A) and O<u<1<r,

HINU_UH/t w<CN2” " HvHr,m,A
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Proof. Since Iy(PLv) coincides with PLv, we derive from Theorems
3.4 and 4.1 that

[ Ixv— Pl < (| PRv—vll o+ N 7YX 0(Pyo—0))

<N ol 04 (458)
Using Theorem 3.4 again,
10—l < |1PY0 =0l o+ [Tyo—PRvl o SN 0ll 00 (49)
Furthermore, by (4.8) and Theorems 2.2 and 3.4,

|INU_U|1,60< |P11Vv_v|l,w+ |1NU_P]1VU|1,co
<|Pyv—vlly, o+ cN? |[Iyv— Pl
<c HP}VU_UHI,w—i_CNZ_r HvHr,w,A

<CN27rHUHr,w,A (410)

Finally, we get the desired result by (4.9), (4.10) and space interpolation.
O

We now deal with the Legendre-Gauss-Radau rational interpolation.
We denote by (y ; the N+ 1 distinct zeros of Ry(x)+ Ry, 1(x), 0<j<N.
Indeed,

Cn = (1465 )1 =Gy )7 (4.11)

where 6 ; are the zeros of Ly(x)+ Ly, ((x). In particular, fMN=O. Let
@y, ; be the corresponding Christoffel numbers, 0 < j< N, such that

| d o) de= Y ly o, Yoty (412)

j=0

As we know, the weights of the Legendre-Gauss—Radau quadrature are

1 1 =6y,
B 1= o 0<j<N-1
PRGTINFIP L6y ) /

2

A

PyNZINT1)
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Thus
2 1
Dy 1= = > , 0<j<N-1
BITINAD? Cy+ DRy, )
. (4.13)
O =N
Moreover, by virtue of (15.3.10) in Szegd [15],
4 1/2
By, j~— 0<j<N-—1 (4.14)
' (CN]+ 1)

The discrete inner product and the discrete norm associated with the
Legendre—Gauss—Radau rational interpolation points are,

(u, U)w,N, ~= z u(éN,j) U(éN,j) 66N,j9 HUHw,N, ~=(v, U)KID/,ZN, ~
j=0
Thanks to (4.12),
(D V), ~ = (V) s  VOY €Dy (4.15)

For any veC(A), the Legendre-Gauss—Radau rational interpolant
Iyv(x) € Ry, satisfying

fNU(fN,j)ZU(fN,j), 0<j<N
or equivalently,
(va_Ua ¢)a),N,~:Oa v(bee%N

The following theorem is related to the stability of the Legendre—
Gauss—Radau rational interpolation.

Theorem 4.3. For any ve H., ,(A),
1ol < ellol o+ N1 [(x+1)28,0])

Proof. By (4.13), (4.14) and (4.15),

N

HIANUH2 H]NUHwN ~ Z CN! N, j

<eN™' Y oy ) ER3 (14 8y ) T H (N 1) 72 0%(0)
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By the trace theorem,

2
<clplipo<clvli,

[0(0)|>< ¢ 0] im0,y < €
H'2(0, 1)

X1’
Let x=(1+cos 0)/(1 —cos 0) and #(0) =v((1 +cos 0)/(1 —cos 0)). Then

1 +cos é’N’j

N-1 1,2 .
lyl2<eN-' Y ﬁZ(eN,,»( > (1—cos Oy )+ eN=2 [o]2,
i=0

j 1 —cos Oy ;

According to (4.11), Theorem 8.9.1 of Szegé [15], and the relation
between o, ; and G, ;, we assert that

.
On =5 Un+0(1),  0<j<N-1

Then, the conclusion follows from an similar argument as in the proof of
Theorem 4.1. U

Theorem 4.4. For any ve H], ,(4)and O<u<1<r,

1 yv =0l 0 <eN# 7" |lo]

r,w, A

Proof. Since I ~(PLv) coincides with P v, we have from Theorems
3.4 and 4.3 that

v —Pyoll < c(|Pyv—vf o+ N7 [(x+ 1) 0,(Plv—v)])
<N [0l 0,4 (4.16)
Using Theorem 3.4 again,
1 yv =0l <IPyo =0l o+ [Iyo—Pyvl o <eN T o)l 0.0 (417)
Furthermore, by (4.16), and Theorems 2.2 and 3.4,
|I,‘Nv_v|1,co< |p]lvv_v|1,w+ |va_p]1V'v|1,cu
<|IPyo—oly, o+ cN? [Iyo—Pyol,
Sc|Pyo—olly, 6+ N> [0l 04

<eN2" ||| (4.18)

r,w, A

Finally, we get the desired result by (4.16), (4.18) and space interpolation.
O



A Rational Approximation and Its Applications 137

5. APPLICATIONS

We consider first the following model problem

—22U(x) +vU(x) = f(x), O<x<w
U0)=0 (5.1)
(x+1)7* U(x)-0, as X — o0

where v>0 and f(x) is a given function. For simplicity, we assume v > 3.

Otherwise, we can use the variable transformation x=oay, a>3./3/v.
A weak formulation of (5.1) with v> 3 is to find Ue Hg () such that

2 U 0)=(fi0)ye  VoeH (A) (52)

If fe(H (1)’ »(A4)), then by Lemma 3.1 and the Lax—Milgram Lemma, (5.2)
with v> J has a unique solution.

The Legendre rational spectral scheme for (5.1) is to find uye %%,
such that

al(uy, )=(f, )0, VPR (5.3)
Theorem 5.1. If Ue H!, j(A)nHj (A), v>3and r>1, then
luy— Ul <cN'7 U, 0 8
Proof. Let Uy=PL°U. By (5.2),

a(Un, )= (P>  VPeRY (5.4)
Let Uy=uy— Uy. Then, by (5.3) and (5.4),

a’'(Uy, ¢)=0, VoeRY (5.5)
Thus, uy = Uy and the desired result follows from Theorem 3.3. O

We now consider the Legendre—Gauss—Radau rational pseudospectral
scheme for (5.1). Let

a:a, N(uﬂ U) = (axus axv _2U(1 +x)71)w, N, ~ + V(ua U)w, N, ~

Since

2
2 k)= 2 L () =20 ) N

S (x+1)? 2 y=(e—1/x+1)
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and

2
R,(x)(l-l—x)_l:\z[(l—y)Ll(y) S

y=Ex—-D/x+1)

we know from (4.15) that for any ¢, yy € Zy_,,

g, N W) = ag (¢, ¥) (5.6)

A legendre rational pseudospectral method for (5.1) is to find
uy€R%_, such that

a, Miun, ) =1, 9w, v, ~» Vﬁbee@zv 1 (5.7)

Theorem 5.2. If UeH!, 4(A)nH (A), feH, i(A4), v>3 and
r=1, then

Ity = Ully, o SN "1 UlLy o, 5+ 1/ 11,0, 4) (58)

Proof. By (4.15) and Theorem 2.3, we have for any ¢ € Zy_1,

(a1 =| (I 0 2 )

‘<1N(x+ )

S+ 1) )l 1412
< I((x+1) Nl 1411, 0 (5.9)

Hence, by the Lax—Milgram Lemma, (5.7) has a unique solution such that

lun |t o< ln((x+1) Nl

Let Uy=P%°,U. Then by (5.6) and (5.7), we have for any ¢ e #%,_,,

ag(Un, 9)=(f. 4o

' (5.10)
aru(uNn ¢) = (INfa ¢)w

Therefore,

ay(Uy—uyn, )=(f—1Inf, §)w» PeRY_,
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Let e=v—2>0. Taking ¢ = Uy —u, and using (3.16), we obtain

& 2¢
5 llun— UNH?u—i_g luy— UNliw

<aZa,N(”N_ Uy, uy—Uy)

=(f—Infi Uv—upn)o < |f—Infllo |1 Uy—unlo
I3
<8|\f*1Nf|\§,+ZHUN*MNHi (5.11)

Therefore, by Theorems 3.3 and 4.4,
lun = Ul <Uy—= Ul o+ luy—= Uyl o
<C]VI_F(H(jHr,w,B—‘f_Hf‘”r—l,w,A) I:‘
Next, we consider a time-dependent model problem

o, Ux,1)—02U(x, t)= f(x,1) 0<x<o0, 0<t<T

0,U0,1)=0 0<t<T (512)
(x+1)">2U(x,t)—0 as x— oo, 0<t<T '
U(x,0)=Uy(x) O<x<o

A weak formulation of (5.12) is to find Ue L*0, T; HL(A)) n L™(0, T;
L2(A)) such that

(0, U(1), V) + (0, U(1), 0,0) 0 + (0, U(1), 0 0,0) = (fs0)oyy V€ H ()
(5.13)
If Uye L2(A) and fe L*0, T; L2(A)), then (5.12) has a unique solution.

The Legendre rational spectral scheme for (5.12) is to find uy(t) € Z, for
all 0 <t< T such that

{(atuN(Z)ﬂ ¢)w + (axuN(t)a ax¢)a) + (axuN(t)’ ¢ axw) = (f; ¢)w9 v¢ € e%N

un(0)=PyU, (5.14)

Theorem 5.3. If Ue H'(0, T; H’, 4(A4)) and Uye H!, j(A) N H’, 4(A)
with r>1, then for all 0<¢< T,

t
lun(t) — U(l)\liﬁrfo lun(s) = U(s)|11 , ds < c*e'N?=%

where ¢* is a positive constant depending only on the norms of U and U,
in the mentioned spaces.
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Proof. Let Uy=PLU. By (5.13),
(0, Un(1), §)o + (Un(1), §)1, 00 + (0, Un(2), ¢ 0,0) — (Unl(2), §).
=/ ¢)w+i Gi(t,9), Voedy (5.15)
Un(0)= P U, -
where
Gi(t, ¢)=(0,U,(t) —0,U(1), $),,
Gy(t, )= (0, Uy(1) =0, U(1), ¢ 0,)
Gy(t, ) =(U(1) — Up(2), §).
Now, let Uy=uy— Uy. Then by (5.14) and (5.15),
(0, Un(1), §)oy+ (Un(1), §)1, 0+ (0, Un(0), ¢ 0, 0) = (Un(2), §).
= _iil Gi(t, §) (5.16)

UN(O):PNUO_PIIVUO

Taking ¢ = Uy in (5.16), we find

d - A N A
7| Un(D]2,+ 21 Un(0)]7, , + 200 Un(1) 00) =2 [ Un(1)I7,

3
<2 Y 1G5, Up(1))] (5.17)
i=1

It is easy to see that
210, Un(1), Un(1) 0,0)| + 2 |UN(D)]1Z, < 1T, +6 [ TOn(0)]7,
By virtue of Theorems 3.1 and 3.2,

21Gy(t, ()] < [ Un(0)|20 + eN2=2 0, U(1)]12 ,, 5

21Gy(t, Un() < [ Un()|20 + eN2 =2 U2, 5

21Gs(t, Uy < [ Un(0)]%0+ N> =2 [UD)2, 5
1TN0)2, < N> (|Ugll?_y, 1 s+ 1 Uol? o 5)

r,w, B
N2 | Uo7

r,w, B

2
w

N



A Rational Approximation and Its Applications 141

Thus,

d - n
7 [UNDIIE+ UMD
<8 NON(0)12,+ N>~ (10, U017, 5+ 1V 0, 5) (5.18)

Let us denote

Eo.0)= o012+ [ 10913, ds

p(t)=cN2_2’<|Uolf_l,w,A+|Uo|2wB+J (10, U7, o, 5) ds >

Integrating (5.18) with respect to ¢, we obtain that

t A
E(UOy, 1)< | E(Oy, s)ds+p(t)
0
Finally, we use the above estimate and Theorem 3.2 to get the following
result. U

We now consider the Legendre—Gauss rational pseudospectral scheme
for (5.13): Find up(t) e #5_, for all 0 <¢< T such that

(O,un(1)s ), w+ (O tin(1), 06 —2p(x+ 1)), »
=(f(1), ¢)w,Na VoeRy_, (5.19)
un(0)=1Iy_, U,

Theorem 54. If UeH'(0,T; H, 4(A)), UyeH j(A)nH, 4(A)
and fe H., ;(A) with r>1, then for all 0 <7< T,

t
Ju(1) = OIS+ | lunls) = UGy ds < e*e N2>

where ¢* is a positive constant depending only on the norms of U, U, and
fin the mentioned spaces.

Proof. Let Uy=P}),_,U. We get from (5.13) that
(0, Un(2), ¢)w N+ (0, Un(1),0 ¢_2¢(X+1)_1)w,N

=(f(1), )., +ZG (t,d), VoeRy_,, te(0,T] (5.20)

i=4
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where

Gy=(0,Un(1), §)on, n— (0, U(1), §),,
GS = (ax UN(Z)a ax¢)w,N_ (ax U(l)9 axd))a)
Ge=2(0,U(1), p(x + 1)), =200, Un(1), $p(x + 1) ")

Further, let Uy=uy— Uy. then by subtracting (5.20) from (5.19), we
obtain that for any ¢ € Z5_, and 1€ (0, T,

(atUN(t)> ¢)w,N+(ax0N(t)s ax¢72¢(x+l)_l)w,N
6
=(f(1), §)o,n— (1), D)o — 2 Gilt, §) (5.21)
i=4
U (0) IN IUO N IUO

Taking ¢ = Uy(¢) in (5.21), we get from (4.5) that

d . .
7| Un(D]2,+2 U501,

<2 Z G(t, Un(1)] +4 (0, Un(2), Un(t)(x+1)71),, |

+2|(f(0), Un(0))ar, v — (f(1), Un(1))o] (5.22)

Next, we estimate the terms at the right side of (5.22). By virtue of (4.5)
and Theorem 3.2,

21Ga(t, On(O) S I UN(0) P+ N> 7210, U(1)]12.,
21Gs(t, Un(0)| < %lU (O o+ N2 U@ o, 5
21Ge(t, Un(O) < [ Un(OIZ,+ N>~ U)o,

Clearly,
410, Un(1), Un(0)(x + 1)), | <5 1UN0IF , +8 [ Un(0)]2,

Thanks to Theorem 4.2,

A

21(f(2), Un(1) o, w— (f(2), Un(0)oy| = 2 [(In (1) = f(2), Up(1)),|

<NONOZ+ N> 72 | f(O)17 1 o 4
(5.23)
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Moreover, Theorems 3.2 and 4.2 imply that

[ ON(0)12, < N> "> (| Upl7_1, 0, 4+ Uo7 o, )

r—1, o, r,w, B

Thus,

d - N A
EHUN(Z)HiJrHUN(I)H2 <12 UNDZ, 4 eN>72(]10,U1)]17

1, w r,w, B

HIUDN o s+ I DOI7 1 0a)  (524)

Let
pi(t) =eN?— <|Uof_1,w,,1+ A

[ U2 o 5+ 1T o+ 1)) ds)

Integrating (5.24) with respect to ¢, we obtain that
t A

E(Oy, 0)<c | E(Oy,s)ds+pi(1)
0

which implies the desired result. O

6. NUMERICAL IMPLEMENTATIONS

We now present an efficient algorithm for solving (5.1) by using the
rational pseudospectral scheme (5.7). As is shown in [ 14] (see also [13]),
one need to use compact combinations of rational Legendre polynomials as
basis functions. Indeed, setting x//j(x)zl/ﬁ(Rj(x)—i-RjH(x)), we have
¥(0)=0 and

RAYy_y=span{y;: j=0,1,., N—-2} (6.1)

Hence, setting

big=Wj Vo n ~ =W Ve ag=ag, NV Vi) = =7, ¥y,

U=y XU, (x),  X=(Xqs X1 Xn_2) (6.2)
j=0

J=Uos fios fn-2)"  with fr=(/1¥;)0
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the Rational Legendre Galerkin approximation (5.7) is reduced to:
(vB+A)x=f (6.3)

One verify easily by the transform x=(1+ y)/(1 — y) that

1
by =] (L) 4 Ly iDLl p) + Licaa(9) dy

1
g = — if 1 (1= {1 = »)(Ly(») + Li a0} (Lad ¥) + Ly 1(9)) dy

1
= —%J 1 {A =22 [ = 2L 3) + L i WD (Ly() + Ly g1 (3) dy
N (64)

By using the orthogonality of Legendre polynomials, one find immediately
that B = (b,;) is a symmetric tridiagonal matrix whose nonzero entries are

2 2 2
bkk=2k7+1+2k7+3, bk,k+1=bk+1,k=m

Similarly, one find that 4 = (a,;) is a non-symmetric seven diagonal matrix
whose nonzero entries can be directly computed, although a little tedious,
using the properties of Legendre polynomials. Hence, (6.3) can be efficiently
solved.

We now present some numerical experiments using the above scheme
to solve (5.1) with v=2. Three illustrative examples are considered.

Example 1. U(x)=sin kxe ™~

Here, the function decays exponentially at infinity, so Theorem 5.2
predicts that errors of rational pseudospectral approximation will decrease
faster than any algebraic rate. In Fig. 1, we plot the log,, of H. -errors vs.
\/N. The two near straight lines corresponding to k=1, 2 and 4 indicate
that the errors decay like eV~

Example 2. U(x)=x/(1+ x)".

The second example decays algebraicly at infinity without essential
singularity. One can check directly that |Ull, , 5+ || fll,_1, o, 4 s finite for
r < 2h. Hence, according to Theorem 5.2, we can expect a convergence rate
for the H) -norm to be of the order 24 — 1 —¢ for any ¢>0. The observed
convergence rate for the H} -norm plotted in Fig. 2 is about 2A. Note that
when / is a positive integer, the exact solution will be a rational polyno-
mial so its pseudospectral approximation with N >/ + 2 will be exact.
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Example 1: u(x)=sin kx exp{-x)
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-2,

]
2

log10(error)

+: k=1
" k=2

! ! 4

-

Fig. 1.

Example 3.

ol

7
sqi(N)

U(x) = (sin 2x)/(1 4+ x)".

Convergence rates of the rational pseudospectral approximation: Example 1.

The third example decays algebraicly at infinity but it also has an
essential singularity at infinity. One can check directly that |UJ|, ., 5+
If1l, 1. e 4 is finite for r <3(h+ 1). Hence, according to Theorem 5.1, we

can expect a convergence rate of order 3/ —3

2 1

Example 2: u(x)=x/(1 +x)"

—¢ with any ¢>0 for the

-3

-5

-7F

log10(error)

-9

+: h=15
*: h=25

slope ~ 3

12

13 14 15 1.7

16
1og10(N)

Fig. 2. Convergence rates of the rational pseudospectral approximation: Example 2.
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Example 3: u(x)=sin 2x/(1+x)"

Guo, Shen, and Wang

35

45 g
S slope ~ 2
= +
2 sl 4
o
g
Y
s 4
-5t slope ~ 3

n

+: h=3.5
*: h=5

+

-7
12

15

s
17

16
1og10(N)

Fig. 3. Convergence rates of the Legendre rational approximation: Example 3.

H! -error. The observed convergence rate plotted in Fig. 3 agrees well with
the theoretical result.
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