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1. Introduction

The Navier-Stokes equations governing incompressible viscous flows with variable density are given as

pr+u-Vp=0, (a)
pur+@-Vyu)+Vp—-V.(u(p)Vu) =f,  (b) (11a)
V-u=0, (c)

where the unknowns are the density p, the velocity field u and the pressure p. The coefficient @ () models the dynamic
viscosity, and f represents the external force, e.g., gravity. For simplicity, we consider the following initial and boundary
conditions on a two-dimensional bounded domain :

{p(x, 0) = po(X), p(X,0)|r=a(x,t),

ux,0) =up(x), ux,t)|r =0, (11b)

where I' = 92 is boundary of 2. We note that no initial and boundary conditions are needed for the pressure p which can
be viewed as a Lagrange multiplier to enforce the incompressibility condition (1.1a)(c). We refer to [22] for the mathematical
theory on the well-posedness of (1.1).
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For Navier-Stokes equations with constant density, the numerical schemes have been well studied, e.g., see [8] and [10]
and the references therein. However, the Navier-Stokes equations with variable density (1.1) involve a density equation
which is a purely convection equation thus oscillations may occur near the sharp interface. It is crucial to maintain the
physical bound of density to ensure numerical stability. The main objective of this paper is to construct a high order bound-
preserving scheme for this variable-density incompressible fluid system.

For solving variable-density incompressible Navier-Stokes equations (1.1), established numerical methods for incompress-
ible flows can be used. One popular approach is the fractional time-stepping method or implicit projection method [5,10],
which can effectively handle the difficulties associated with the incompressibility constraint. This approach has been devel-
oped and used in [2,3,11,12,21,25], among others, for incompressible fluid flows with variable density. In [11] Guermond
and Quartapelle gave the stability analysis for any projection type scheme with variable density. Nonetheless, the variable
density introduces considerable difficulties for the construction and analysis of accurate and stable projection type schemes.
On the other hand, the system (1.1) can also be solved directly by a Runge-Kutta method with finite element method or
a non-variational method such as spectral-collocation method for an equivalent pressure Poisson equation formulation. In
[17] Johnston and Liu presented such a second order finite difference scheme based on local pressure boundary conditions
for time-dependent viscous incompressible flows with variable density for moderate to large Reynolds number simulations.

For a scalar convection problem, a high order finite volume or a high order DG scheme can be easily rendered bound-
preserving using a simple bound-preserving limiter [32-35]. Thus density can be ensured bound-preserving if using a
high order bound-preserving DG method for (1.1a)(a). For (1.1a)(b), we can also use a DG method, which however in-
duces unnecessarily more degree of freedoms than a continuous finite element method. So we will explore a combination
of a bound-preserving discontinuous Galerkin method solving the density equation and a finite element method solving
momentum equation for variable-density incompressible Navier-Stokes equations. For instance, for using Q¥ elements on
rectangular meshes, DG can be implemented as a nodal DG scheme [13,19] and continuous finite element method can be
implemented as a variational finite difference scheme [20], both of which have degree of freedoms defined on Gauss-Lobatto
points of the rectangular cells thus can be easily combined. For the sake of bound-preserving, a high order strong stability
preserving (SSP) time discretization [9] must be used for the time discretization. If considering moderate to large Reynolds
number flows, i.e., convection-dominated flows, a fully explicit SSP Runge-Kutta method is suitable. For large viscosity flows,
fully explicit time discretization will impose small time steps for the sake of linear stability. In this case, implicit-explicit
(IMEX) SSP Runge-Kutta schemes in [24] can be used to both ensure bound-preserving of density and to avoid small time
steps for low Reynolds number flows.

The rest of the paper is organized as follows. In Section 2, we introduce variable density incompressible Navier-Stokes
equations and equivalent pressure Poisson equation formulations. The numerical scheme is presented in Section 3. In Sec-
tion 4, we perform representative numerical tests to explore the performance of the proposed scheme. Concluding remarks
are given in Section 5.

2. Mathematical formulation

One of the challenges for numerically solving the incompressible Navier-Stokes equations is how to ensure a divergence-
free flow field and recover the pressure from the velocity. Following [17], we first take the divergence of the momentum
equation (1.1a)(b), then along with the incompressibility constraint (1.1a)(c) we get

v.(lv >—V-<—(u-V)u+lV-( ( )Vu)+£) (2.1)
F p|= ’ u(p ) .

This equation gives the evolution of p provided that we know the evolution of p and u. A proper boundary condition for
p is needed for solving (2.1). A natural candidate is given by the normal component of the momentum equation (1.1a)(b)
along I':

=[V- (u(p)V(u-m) +f-n]|.. (2.2)

idd
on |

On the other hand, with suitable boundary conditions, the exact solution of (1.1a)(a) satisfies the maximum principle
px,y,t) e [m,M], for all (x,y,t), where m =minyy po(x, y) and M = maxy,y po(X, y). For discontinuous solutions or solu-
tions containing sharp gradient regions, it is preferable to solve the following equivalent conservative form

Pe+ V- (pu)=0, (23)

rather than the non-conservative form (1.1a)(a). However, the solution to (2.3) is not necessarily bound-preserving unless
the velocity field is incompressible, i.e., V-u=0. It is usually much easier to construct a bound-preserving scheme solving
the non-conservative form (1.1a)(a) but the conservation would be difficult to preserve. For solving the conservative form
(2.3) coupled with V -u =0, a high order accurate DG scheme with a bound-preserving limiter was developed in [32,34].
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Therefore, we will consider solving an equivalent pressure Poisson equation formulation of (1.1):
pe+V - (pw) =0 (@)
U+ U-Vyu+ L Vp— V- (u(p)Vu) = 1 (b)
V- (49p) =V (@ Vu+ v @evw+ 1), ©
V-u=0, (d)

(2.4a)

with the following initial and boundary conditions for o, u and p:

p(x,0) = po(X), p(X,t)|r =a(x,1),

u(x, 0) =uo(x), u(x,0)lr=0, .ab)
Bl =V (u(pVu-m)+f-n]|.

3. Numerical methods

In this section, we describe the numerical methods for the system (2.4). For simplicity, we only consider a rectangu-
lar domain €2, discretized by 2, consisting of uniform rectangular cells. Extension to nonuniform rectangular meshes is
straightforward. Consider polynomial approximation spaces on rectangular cells

vi={vivice Qo vk e@i]. wi=vEnco@m. W, =(ulue W ulr=0),
VE={u= @ vuveVf, Wi, ={u=@v)uveW,.

where Q¥ refers to the space of tensor products of 1D polynomials of degree k. A bound-preserving discontinuous Galerkin
scheme [32,35,34] will be used for the density evolution (2.4a)(a) and a finite element method [20] will be used for the
velocity evolution (2.4a)(b) and pressure (2.4a)(c).

3.1. A high order accurate DG scheme for the density evolution

We first consider a high order accurate DG scheme for the equation (2.4a)(a), following the approach of constructing
bound-preserving high order schemes for passive convection with an incompressible velocity field in [32,35,34]. For given
velocity field u;, € V¥, on a rectangular cell K, the DG solution p, € V,’; satisfies

/ 3 prpndxdy — / pnty - Vopdxdy + > / Pl - Dgpds =0, Ve € VF, (3.1)

4 ecdk

where n denotes the unit outward normal vector to 9K and gpuy, - n is the numerical flux.
To construct a bound-preserving scheme as in [32,35,34], it would be convenient to require the velocity field u; to satisfy
two constraints:

1. The incompressibility V - u, = 0 holds everywhere inside the cell K.
2. The normal velocity u; - n is continuous across cell boundaries dK.

These two constraints can be easily satisfied if the stream function v, is available. Namely, if we compute the velocity

field by u, = (up, vp) = (—%, %) from some stream function ¥y, € Wg,h. Notice that we have the normal velocity u, -n=

(—%, %) ‘n= M where T denote the unit vector tangent to 9K, thus uy - n is continuous across any element boundary
9K since vy is continuous. For now we assume y, € WX O.h is given and we will discuss how to obtain it in Section 3.5.

Assume the rectangular cell K can be denoted as [xl_%, hL1] X [y] yH_1] then we can also refer to the cell K as
(i, j) cell. Let Ax_x+7 —X,-,% and Ay = yﬁf yj . At time level n, in (i, j) cell, let ,0 (y) /ol+ ](y) p 1(x),

and p 1(x) denote the traces of the DG polynomial p; j(x, y) on the left, right, bottom and top edges, respectlvely On

the left rlght bottom and top edges, uy - n is ul" J(y) ul+7 J(y) v Fl(x) and v; gl (x), respectively. Since the normal
velocity is continuous, we can define the Lax- Frledrlchs flux as:
— _ 1 _ _
prun-=h (o, py - m) = [un-n(py +0,) —aley —oy)], (32)

where a can be taken as the maximum of |u - n| either locally or globally, corresponding to a local Lax-Friedrichs flux or a
global Lax-Friedrichs flux. If we simply take a = |u - n|, then it is exactly the same as the upwind flux used in [23,32].
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By setting the test function ¢, = 1, we obtain the scheme satisfied by the cell average pyx =p; j = ﬁ [T p(x, y)dxdy,
i.e,, the scheme (3.1) with ¢, =1 becomes,

d
Uy - nds =
d AxA y Z / Prl -
ecdk p
With the forward Euler time discretization, the cell average scheme in the DG method is

iy

—n+1 _ —=n At h
Pij =Pij— AxAy (y) p (y) Uip1 ;) ) = (y) p (y) U1 ()

_ A h(om .07 0.v, . 10) —h(p~ R
AxAy Piiry O Pi 0 Vi Pij @0y -3

1

s
N|—

[NE

(3.3)

The integrals in (3.3) can be computed exactly. Since all the integrands are single variable polynomials of degree at most 2k,

the integrals in (3.3) are equal to the L-point Gauss quadrature if L > k+ 1. In a DG scheme with polynomial basis of degree

k, L > k+1 must be used, see [7]. Let S} = {x’.g :B=1,---,L} denote the Gauss quadrature points on [x;_ I,Xl+]] and

= {yf :B=1,---,L} denote the Gauss quadrature points on [yjﬁ y1+1] Let wg denote the corresponding quadrature

weights on the interval [—1, 1] so that Sk wg =1. We will use the subscript 8 to denote the values at the Gauss

quadrature points, for instance, '01‘11 5= P (X1, yf). Substituting the integrals by the L-point Gauss quadrature in (3.3),
3 2

we obtain the mathematically equivalent expression

L
TH—]_ _ _ — +
Pij =Pi; M/;""ﬁ[h( 1 Pl g i+%,ﬁ> h<'0i—%vﬂ’pi—%vﬁ’u"_%ﬁ)]
L
—_— - + . —_— - + .
*2 ; e [h ('Oﬁ.,j+%’pﬂ,j+%’ "ﬁ,1+%> g (pﬁ,j—%’pﬂ,j—%’ Vﬁd—%)] ’ (B4)

where A1 = 4L and 2, = ﬁ—;.

3.2. The bound-preserving property in the high order DG method

In this subsection we focus on the first order forward Euler time discretization. Bound-preserving high order time dis-
cretizations will be discussed in Section 3.6. We show that the cell average p"“ in (3.4) is a monotonically increasing
function with respect to some quadrature point values of the DG polynomial ,ol,](x y) in K, thus it is possible to obtain a
bound-preserving scheme.

For completeness, we include a detailed discussion, which is slightly different from those in [32,34] but essentially the
same. Let N be the smallest integer such that 2N — 3 > k then the N-point Gauss-Lobatto quadrature rule is exact for poly-
nomials of degree k. Let /S\f = {')Zf‘ :a=1,---,N} and Sy {y :a=1,---, N} denote the Gauss-Lobatto quadrature points

on [xi 1,%.,1 ] and [y -1 Vil ] respectively. Let W, denote the quadrature weights on the interval [—%, %] respectively.

We will use subscript « to denote the evaluation at the Gauss-Lobatto quadrature points, for instance, py g = ,0()?}1, yf ).
After replacing the integrals by quadrature rules, the cell average o} j can be written as

Yied Xird : LN
Pij= Amy / /pu(x ydady = —— AyZZwﬁwapu(x %) axay
Y. 1% _1 B=1a=1
=2 72
L N L N-1 L L
=D WiWappa =D WeWappa+ ) WeWipl (> WeWno, .
B=1a=1 B=10a=2 p=1 p=1

and similarly we have
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N L N-1 L L
ﬁ?’j:Zzwawﬂpa*ﬂ:ZZW“Wﬂpaﬂ+ZW1Wﬂp +ZWNWﬂp,+ o
a=1p=1 a=2 p=1 B=1 B=1

Let a; and a; be the global maximum of |u| and |v| respectively, and let w1 = ﬁ and uy = % then w1+ 2 =

1. We can decompose the cell average as

N L L N
Pli=11) Y WaWppPup+i2 ) > WpWaPpa

a=1p=1 f=1a=1
N-1 L L
=Mlzzwawﬁpa,s+mzwwﬁp +M12WNW;3PH_ 5
a=2 p=1 p=1 p=1
L N-1 L
+M222Wﬂwa,0ﬂa+,uzzw,sw1,0 ' 1+M22WﬂWNP (3.5)
p=1a=2 p=1 p=1

Notice that, for any A > 0, under the constraint Aa < 1, the numerical flux (3.2) satisfies

d _ jlu-n|—a 0 |u~n|+a
— [pt+arh(p~, pT jJu-n)]=1+r—— >0, Ah tu-n)|=r——— >0,
ap+[10+(p/o||)]+ S ap[er(ppll)] S — 2
B _ lu-nl+a 9 . _ _ a—|u-n|
— —M(p~,pT, lu-n)]=1—-21— >0, — —Ah(p~, u-n)|=r——>0.
= [p (p~.p". lu-n)] = aer[;o (p~.p*. ju-n)] S 2
Plugging (3.2) and (3.5) into (3.4), we get
L
=n+1 _—=n _ - + )
R S LGP AP Sl Cavranten)]
L
_ - + _ - +
AZZW‘} [h <pﬁ,j+%’pﬁ,j+%’vﬁsf+%> h(pﬁ,j—%’pﬁ,j—%’vﬁ’f—%>:|
L N-1
_Mlzzwawﬁpaﬁ-i-l/QZZWﬂWapﬂa
a=2 p=1 B=1a=2
L .
s~ o+ - +
. ;Wﬁm [pi_%’ﬂ - M1W1h (p"‘%’ﬂ’p"‘%’ﬂ’uif%’ﬂ>]
~ _ M h
+M1;WﬂWN Piss ™ man Py ‘S,pl+ o Uisdp
L i
= + h — + )
+“2;W‘3W1 ['Oﬁ,j*% e ('Oﬁ,jf%’pﬂ,j*%’vﬁd—%ﬂ
L P
+“2;W’3W’V ['Oﬁ i+l wwzh(pﬂ,j+%’pﬁ,j+%’vﬂd+%)] (3.6)

which is a monotonically increasing function with respect to all the point values py g, 0> ,oﬁijil and pil p under the
sJT 3 2

irs )»1(11 < )Lzﬂz <
CFL conditions 7 1 and oy 1, ie,

At At 1
max [u|— + max|[v|— <wWi=wWy= ——— (3.7)
Ax Ay N(N—-1)

The bound-preserving property in a high order DG method (3.1) can be stated as the following theorem.

Theorem 1. Under the CFL condition (3.7), the cell average ﬁ?jl computed in the (3.3) is a monotonically increasing function with
respect to the point values p(f‘, y]) and p(xl Y5 ¥y foralloo =1,--- ,Nand B =1,---,Land all i, j. Furthermore, ifp()?f‘, y]’?) €
[m, M] and p(xl Y5 Y% e[m, Ml forala=1,--- ,Nand B=1,---,Landalli, j, then 0 _”+1 € [m, M] provided that V - u = 0 holds
inside the (i, j) cell.
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Proof. We only discuss the lower bound and the upper bound can be similarly discussed. First, by setting p =m in (3.5),
we have

N L L N-1
m= Z Z WoWpgm + [y Z Z WgWqm.
a=1p=1 p=10a=2

Since ﬁfjl computed in the (3.3) is a monotonically increasing function with all the point values, ﬁﬁ] should be greater
than or equal to the right hand side of (3.6) with all point values replaced by m. Thus we have

N—-1 L L N-1
Pl = Y Y Wawpmpn Y Y wWem
a=2 p=1 B=1a=2

L L
+ U1 ;WﬁW1 |:m+ lelmui—%»ﬂ] + 1 ZW/SWN |:m - —Amui+%’ﬁi|

L
- A2 A2
+MZZWﬁW1 |:TT1-|-A mvﬁ’jf%}+uzZWﬂwN[m—A—mvﬁ’j+%]

p=1 Wikt p=1 WNH2
L L L L
=m+m| A Zwﬂui—%,ﬁ - M Zwﬁui-i-%,ﬂ +)‘22Wﬂvﬂ,j—% —)\ZZwﬂvﬂ’j+%
p=1 p=1 p=1 B=1
it} Vsl Xipd Xipd
—m+ At J iyt ; .
=m mAxAy u(Xi_%,y) y u(XH_%,y) y V(X,.Vj_%) X V(X,yﬁ_%) x
Y1 Y. 1 X1 X 1
72 ) =3 i—5
At
=m-—-m //V- (u, v)dxdy
AXAy
K

=m,

where we have used Gauss quadrature for the line integrals of polynomial integrands and the Divergence Theorem. 0O

Remark 1. The divergence free constraint V - (u, v) = 0 is trivially satisfied on the cell K since we assume the velocity is

computed by (up, vy) = (—% %) for some stream function v, € W’(j he

Remark 2. If one is interested in preserving a special lower bound m =0, i.e., positivity-preserving, then the result above
also holds without the incompressibility constraint V - (u, v) =0.

3.3. Asimple high order accurate bound-preserving limiter
Let ® denote the tensor product, for instance, S} ® Sj’ = {(x, y):xeS,ye Si’} Now we define the set S; ; as
Sij=CEresHu(sI®s). (3.8)
At time level n, given the DG polynomial pi’fj(x, y) on the (i, j) cell with a bounded cell average ﬁ?,j € [m, M], by Theorem 1

we need pi’fj(x, y) € [m, M] for any (x,y) € S; j to ensure ﬁ’fj] € [m, M]. The simple bound-preserving limiter in [32] is to
modify p{f j(x, y) into a new polynomial ,51” j(x, y):

m—p'. M-—7p".
P ix ) =06 (pf(x.y) = P};) + 7. 0=min L |1 (39)
i,j ij ij i.j mij—pr;| | Mij—pr;
m;i= min p'(x,y), Mii= max p!.(x, y). 3.10
L] (x,y)eS,-_j pld( _V) ] (x,y)eS,-_j '011]( .V) ( )

Then f)}'fj(x, y) € [m,M] for all (x,y) € S;; and the cell average of 521-(?" y) is still ﬁ?j. Moreover, this limiter does not
destroy high order accuracy if ,0{3 j(x, y) is high order approximation to any smooth function bounded by m and M, see the
appendix in [31]. The limiter (3.9) should be used for all (i, j) cells.
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3.4. A finite element method for the velocity and pressure evolution

For solving the momentum equation (2.4a)(b) on a rectangular domain, we can use a continuous finite element method
following the method with pressure p treated explicitly in time in the momentum equation.

We focus on the first order forward Euler time discretization. High order time discretizations will be discussed in Sec-
tion 3.6. Let p", u" and p" denote numerical solutions of the flow variables at time t,. We rewrite the diffusion term in
momentum equation (2.4a)(b) into a divergence form then compute u™t! ¢ W’(‘)_h by discretizing the equation with a finite

element method as follows
utl — " 1 Vp? —f1 1
<7,V> +<(U”-V)u”+v—,,-(M(p”)Vu")+p—,,,V> +<—nu(p”)Vu”,VV> =0,
At o 0 P o \P o (3.11)

k
Yve Wy,

where (u, v), denotes the L? inner product of u and v on €.

Notice that o™ or p"*! computed by the DG method is not single valued across the cell boundaries. To map point values
of p from a DG mesh to a continuous finite element mesh, we can simply define p as average of values from two neighbor
cells at edge centers, and as average of values from four neighbor cells at interior knots.

After p"™1, w1 are computed, we can update the pressure p™t! e W,’f by solving the variable-coefficient pressure
Poisson equation (2.4a)(c) with the Neumann boundary condition by a finite element method, which is given by

1
<pn+1 Vanrl’ VV>

1
L= (fp”“, V>Qh + <Wg”“, V>F, Vv e Wk, (3.12)
h

where g™ =[V . (u(p™) V(" - m)) + f1+1 . n] | is the boundary condition and

1 L
fpl‘l+1 =V- ((uﬂ"rl . V)uﬂ"rl _ pn+] AV (M(pn+1)vun+1) _ pn+1 ) .

Here for solving the pressure Poisson equation, we regard fp”+1 as a given source term and the derivatives involved in fp”“
can be computed by finite difference. Since u"*!, p"*1 are continuous piecewise Q¥ polynomials, they can be equivalently
represented as point values at a global grid consisting of all Gauss-Lobatto quadrature points for all cells. Then derivatives
of p"™1 w1 1 at this global grid can be approximated by any conventional high order accurate finite difference method.

In practice it is computationally demanding to solve (2.4a)(c) for three reasons. First, since variable coefficient pnlﬂ is

different in each time step, it is preferred to have an efficient assembly of stiffness matrix such as a few compact matrix
multiplications in a traditional finite difference scheme. Second, the purely Neumann boundary condition results in an
inconsistent linear system AX =b for any scheme discretizing (2.4a)(c). To find the least square solution, one needs to
project b onto the column space of A, for which the left null vector of A is needed. Third, condition number of A will
deteriorate when discontinuity appears in the coefficient p, e.g., for computing large density ratio flows. Let 1 denote the
constant one vector, then A1 =0 since A approximates a differential operator V - (%V). Thus the left null vector of A is also
1 if A is symmetric. The variational formulation of (3.12) naturally gives a symmetric stiffness matrix, which is one of main
practical advantages in finite element method over conventional finite difference schemes for purely Neumann boundary
condition since the stiffness matrix in traditional finite difference methods is difficult to symmetrize and the left null vector
is expensive to compute. A simple assembly of stiffness matrix for finite element method on rectangular meshes, as efficient
as in a conventional finite difference scheme, along with a simple and efficient Laplacian based preconditioner for variable
coefficient problem, were discussed in Section 7 of [20]. For the linear system Ax =b from the scheme (3.12), since 1 is
the left null vector A, the projection of b onto column space of A is b=b— (b-1)/(1-1)1. Thus to obtain the least square
solution Ax =b, we can use preconditioned conjugate gradient method for the consistent linear system Ax =b.

3.5. The stream function

Given u", we need to enforce the incompressibility condition V - u" =0 inside each element for the sake of bound-
preserving. To this end, we consider the stream function v satisfying u= Vty = (—1/fy, Iffx) for an incompressible velocity

field u. We consider enforcing the boundary conditions u =0 on the boundary I"' for which we need both ¢| =0 and
r
%’ = 0. Enforcing both Dirichlet and Neumann boundary conditions for Poisson equation will result in an overdetermined

r
linear system. Thus we first find a stream function satisfying a Poisson equation with the Dirichlet boundary condition

AP =", J"| =0, (3.13)
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I' I

O

(a) ¥ can be represented as  (b) (?()th at the top bound- (c) For a corner cell, four interior grid
Lagrangian basis at 9 Gauss- ary point is determined by two  points are coupled for solving (3.15).
Lobatto points. green points, and % at the

middle (or bottom) boundary

point is determined by two red

(or black) points.

Fig. 3.1. An illustration of the local least square problem for a Q2 element v, € wk o, On a boundary cell. All boundary grid points have fixed value zero
due to the boundary condition.

where " =V x u" = v} — u’;, is the vorticity. Then we modify 1}" to enforce the Neumann boundary condition, for which
we need the solution to a constrained least square problem,

~ oym
Jmin 353 Wy =P, in

"eWon i (*x.y)e5;®SY

=0. (3.14)

Due to the fact that 1// Y e WOh, the least square problem can be decoupled into local least square problems for each
boundary cell. For each boundary rectangular cell K, which is also denoted as (i, j) cell, a local least square problem is to
find " € Q¥(K) by minimizing the distance

_w

akmr_ on

Yo Wy - P syt

*.,y) e?f ®§J¥

=0. (3.15)
KT

The QX basis in each cell can be represented as Lagrangian basis at (k+ 1) x (k + 1) Gauss-Lobatto points, e.g., Fig. 3.1 (a).
There are two types of boundary cells: corner cells and non-corner boundary cells. For simplicity, consider Q2 basis as an
example, since boundary point values are already fixed as zero, only four interior points are degree of freedoms in solving
(3.15), see Fig. 3.1 (c). For y, € W’S.h on a non-corner boundary cell K adjacent to the left boundary, % at a boundary grid
point is determined by point values at grid points on the same horizontal line, thus the local least square problem (3.15)
can be further decoupled and solved in a line by line fashion, see Fig. 3.1 (b). Therefore, the global least square problem can
be easily solved without losing global continuity of v:

1. First, solve the local least square problems (3.15) for four corner cells.
2. Second, solve the local least square problem (3.15) for non-corner boundary cells in a line by line fashion, excluding the
lines included in four corner cells.

3.6. High order time discretizations

3.6.1. Explicit SSP Runge-Kutta methods

For preserving bounds of density, any strong stability preserving (SSP) high order time discretizations [9] can be used
instead of the forward Euler time discretization. SSP high order time discretizations are convex combinations of forward
Euler steps. Thus if forward Euler can preserve bounds, then so is a SSP time discretization due to the convex combination.
For example, we can use the following explicit third order SSP Runge-Kutta method (with the CFL coefficient ¢ = 1) for
solving

=Fu), (3.16)
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where F(u) is a spatial discretization operator,

u® =u" + AtF ™),

3 001

u® = Zu” + (u(” + AtF(u(]))) , (317)
1, 2

W = S (u® + atF@®)).

Here, the CFL coefficient c¢ for a SSP time discretization refers to the fact that, if we assume the forward Euler time dis-
cretization for solving the equation u; = F(u) is stable in a norm or preserves bounds/positivity under a time step restriction
At < Atp, then the high order SSP time discretization is also stable in the same norm or preserves bounds/positivity under
the time step restriction At < cAtp. The bound-preserving limiter (3.9) should be applied to the DG polynomials for p in
each time stage of the third order SSP Runge-Kutta method.

Notice that the CFL condition (3.7) is only sufficient for preserving bounds of the density in the DG scheme solving
(2.4a)(a). Even though (3.7) happens to be sufficient for the linear stability of a DG method solving a convection equation
[32], it is not enough for the linear stability of the full scheme. For the stability of the numerical method solving (2.4a)(b),
we also need to enforce suitable CFL constraints for an explicit time discretization solving a convection diffusion equation
[18]. For example, for forward Euler, in addition to CFL for preserving bounds for density (3.7), we also need At = O(%sz)
to ensure linear stability for momentum evolution. Thus such a fully explicit time discretization is more suitable for high
Reynolds number flows, i.e., when p is small.

3.6.2. Implicit-explicit SSP Runge-Kutta methods

An alternative to avoid the constraint At = O(%sz) is to use an implicit-explicit (IMEX) SSP Runge-Kutta schemes in
[24]. For IMEX type time discretizations, stability can be proven under time step constraints in the form of At = O(/i)
which is independent of Ax, see [27] and also [28-30]. We emphasize that an IMEX SSP Runge-Kutta method is not a
convex combination of first order IMEX schemes, because such a convex combination is only first order accurate, see [16,15]
and references therein. Consider solving a problem in the form U; + F(U) = G(U). An IMEX Runge-Kutta scheme consists of
applying an implicit discretization to G and an explicit one to F:

i—1 i

u® —yn _ Atz&,‘jF(U(j)) + AtZaUG(U(D), (3.18a)
j=1 j=1
vV v

yntl — gt _ AtZVV,'F(U(i)) + AtZWiG(U(i)), (3.18b)

i=1 i=1

where the matrices A = (@ij), with a;;j =0 for j>i and A = (g;j) are v x v matrices such that the resulting scheme is
explicit in F and implicit in G. An IMEX Runge-Kutta scheme is characterized by these two matrices and the coefficient
vectors w = (Wq, ---, wy)T and w = (wq,---, w,)T, thus can be represented by a double Butcher tableau:

c|A c| A
| wT | w

where the vectors ¢ = (¢1,...,¢s)T, c=(c1,...,¢s)T are defined as

i—1 i
C,‘ZZGU, C,’ZZG,’].
j=1 j=1

If the explicit table coincides with a SSP Runge-Kutta method, then we say the full scheme is an IMEX SSP Runge-Kutta
method. For instance, the double Butcher tableau for a third order accurate IMEX SSP Runge-Kutta scheme SSP3(4,3,3) given
in [24] is:

olo o o0 o0 o | « 0 0 0
olo 0 0 0O 0 | —a « 0 0
110 1 0 o0 1] 0 1-«a o 0
1210 14 14 o0 12| B n_ 12-B-n-a «

[0 1/6 1/6 2/3 | o 1/6 1/6 23

with
o = 0.24169426078821, 8 = 0.06042356519705, n = 0.12915286960590.

9
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If we use the SSP3(4,3,3) scheme above for solving (2.4a)(a) and (2.4a)(b) with U = (p,w)T, G representing only the
diffusion term V - (uVu) and F rerepresenting all other spatial and forcing terms in (3.18), then the time discretization
for the variable p is equivalent to the third order SSP TVD Runge-Kutta method (3.17). By doing so, bound-preserving is
achieved in a third order time solver, and small time steps due to linear stability in a fully explicit time solver for low
Reynolds number are avoided, since there is no viscosity term for the density evolution.

Remark 3. When implementing the SSP3(4,3,3) scheme above for solving (2.4a)(a) and (2.4a)(b), the time discretization for
density evolution (2.4a)(a) must be implemented in the form of (3.17) so that the bound-preserving limiter can be applied
to each forward Euler step.

3.7. Summary of the scheme with implementation details

For the readers’ convenience, we summarize below the implementation of the bound-preserving scheme with forward
Euler time discretization. For high order Runge-Kutta time discretizations, the implementation for each time stage is similar.
Given u" € W’é W D E W,’; and p" € V,’; with p" € [m, M] at time level n, the variables can be updated as follows.

1. First solve (3.13) then solve local least square problems along boundary cells to find ™. Obtain locally divergence free
velocity field by setting u" = V5-y" = (—w;, w}}) The velocity on the DG method mesh to be used for solving (2.4a)(a)

is r.ecﬁotlered from u" = V+y" = (—1//3, w}}) Notice that u", v € V,’f with the following three desired properties trivially
satisfied:

e The boundary condition u"| =0.

e Discrete incompressibility Vr~ u" =0 holds inside each cell in the mesh for DG method.
e Across any inner cell boundary, the normal velocity u” - n is continuous because it is exactly the tangential derivative
of a continuous function ¥"(x, y) along cell boundaries.

2. Apply the bound-preserving limiter (3.9) to density variable so that p" is the desired range [m, M] at suitable points.
Compute p"t1 e V,’; by (3.1) with forward Euler time discretization with CFL constraint (3.7). By Theorem 1, bound-
preserving of cell averages p"*! e [m, M] is ensured.

3. Update u™*! by (3.11) and update p™t! by (3.12).

Remark 4. For the sake of bound-preserving in Theorem 1, to enforce local divergence free constraint, an extra Poisson
equation for stream function (3.13) needs be solved in each time stage. The extra computational cost is marginal though,
because inverting Laplacian is much cheaper compared to solving (3.12), especially for problems with large density ratios.
For continuous finite element method with Q¥ elements, Laplacian can be efficiently inverted by eigenvector method as
explained in Section 7.4 in [20].

4. Numerical examples

In this section, we provide some numerical examples to investigate the performance of the proposed scheme. In all
examples, Q2 polynomials were used on uniform rectangular meshes. For the DG method solving density, besides the
bound-preserving limiter, a total variation bounded (TVB) limiter [6] is also used for reducing oscillations.

4.1. Accuracy test

We test the accuracy of the numerical scheme by considering smooth exact solutions in the following form [17]:
px,y,t) =((3/4) + (1/4)sint)(2 + cosxcos y),

u(x, y,t) =((3/4) + (1/4)sint)(— sin? xsinycosy), 1)
v(x,y,t) = ((3/4) + (1/4) sint)(sinx cos x sin® y), '

p(x,y,t) =((3/4) + (1/4)sint)(cosxsin y).

Here we set yu = %, and to ensure that (4.1) is an exact solution of (2.4), appropriate forcing functions are applied to the
system. The errors on a unit square 2 =[0,77] m x [0, 7] m at t =0.1 are shown in Table 4.1, in which we observe around
third order accuracy for the explicit SSP Runge-Kutta method. In this test, the time step for the explicit SSP Runge-Kutta
method is set as At = 0.1Ax%. The time step for the IMEX SSP Runge-Kutta method is set as At = 0.1Ax, with which
the explicit SSP Runge-Kutta method is not stable. For IMEX SSP Runge-Kutta method, we observe some obvious order
reduction, which could be due to the well known order reduction phenomenon for IMEX Runge-Kutta methods in certain
regime [4,16,15]. To the best of our knowledge, only for IMEX BDF methods, uniform accuracy can be proven [1,14]. For this
particular accuracy test, the order reduction for the IMEX SSP Runge-Kutta method is more prominent for larger viscosity
coefficient u, and clean third order accuracy can be observed if using a third order IMEX BDF method.

10
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Table 4.1
Errors at time t = 0.1 for the scheme using Q2 polynomials with Ny x Ny cells with third order Runge-Kutta methods.
Ny x Ny Explicit SSP Runge-Kutta IMEX SSP Runge-Kutta
L> error Order L' error Order L error Order L' error Order

10 x 10 5.84e-4 - 4.32e-4 - 6.08e-4 - 4.41e-4 -
20 x 20 7.39e-5 2.98 5.38e-5 3.01 8.20e-5 2.89 5.88e-5 291

P 30 x 30 2.20e-5 2.99 1.68e-5 2.87 2.52e-5 291 1.94e-5 2.73
40 x 40 9.27e-6 3.00 7.41e-6 2.85 1.34e-5 2.21 8.96e-6 2.69
50 x 50 4.76e-6 2.99 3.86e-6 2.92 8.16e-6 2.20 4.89e-6 2.71
60 x 60 2.84e-6 2.83 2.24e-6 2.98 5.40e-6 227 2.97e-6 2.75
70 x 70 1.87e-6 271 1.40e-6 3.05 3.77e-6 233 1.94e-6 2.77
10 x 10 2.15e-4 - 2.71e-4 - 1.77e-4 - 2.08e-4 -
20 x 20 2.79e-5 2.95 341le-5 2.99 2.52e-5 2.81 3.28e-5 2.66

u 30 x 30 8.40e-6 2.96 1.01e-5 3.00 7.60e-6 2.95 9.85e-6 297
40 x 40 3.56e-6 2.98 4.28e-6 2.98 3.12e-6 3.10 4.01e-6 312
50 x 50 1.85e-6 2.93 2.19e-6 3.00 1.54e-6 3.16 1.94e-6 3.25
60 x 60 1.08e-6 2.95 1.27e-6 2.99 8.58e-7 3.22 1.05e-6 3.36
70 x 70 6.86e-7 2.94 8.01e-7 2.99 5.15e-7 331 6.22e-7 342
10x 10 4.75e-5 - 5.98e-5 — 1.77e-4 - 2.12e-4 -
20 x 20 6.89e-6 2.79 7.06e-6 3.08 2.63e-5 2.75 3.36e-5 2.66

v 30 x 30 2.22e-6 2.79 2.21e-6 2.86 8.14e-6 2.89 1.08e-5 2.80
40 x 40 9.71e-7 2.87 9.68e-7 2.87 3.61e-6 2.82 4.84e-6 2.79
50 x 50 5.04e-7 2.94 5.07e-7 2.90 1.98e-6 2.70 2.63e-6 2.73
60 x 60 2.99e-7 2.86 2.99e-7 2.90 1.22e-6 2.63 1.62e-6 2.66
70 x 70 1.94e-7 2.81 191e-7 291 8.23e-7 2.57 1.08e-6 2.59

4.2. Rayleigh-Taylor instability

We consider the development of Rayleigh-Taylor instabilities in the viscous regime as documented by Tryggvason in [26].
This problem consists of two layers of fluid initially at rest in the gravity field. The initial perturbed interface between the
two fluids is given by 1n(x) = —0.1d cos(2rx/d). The Atwood number is defined as

At = M’ (4.2)
PM + Pm
and the Reynolds number is given by
d3/2g1/2
Re — u, (4.3)
nw

where g is the gravitational acceleration. For t > 0 the system evolves under the action of a vertical downward gravity field
of intensity g, so the source term in the momentum equation is downward and equal to pg. In the numerical tests, we
set Re = 1000, g = —9.80665 m/s*> and o, = 1.0 kg/m>, and we test three different cases with At =0.5,0.75 and 0.9.
The computational domain is [—0.5,0.5] m x [—2, 1] m. The time evolution of the density with At =0.5 on three different
meshes are shown in Fig. 4.1, Fig. 4.2 and Fig. 4.3. The time evolution of the density with At =0.75 on three different
meshes are shown in Fig. 4.4, Fig. 4.5 and Fig. 4.6. The time evolution of the density with At = 0.9 on three different
meshes are shown in Fig. 4.7, Fig. 4.8 and Fig. 4.9. From the results of these cases, we can observe the similar structure and
the global characteristics of the flow in the early stage. At the same time, we found that the heavy fluid falls faster when
the low Atwood number becomes larger. In order to verify the performance of the bound-preserving limiter, we show the
numerical results obtained from the proposed scheme with and without the bound-preserving limiter Fig. 4.10. We can see
that the proposed scheme with the bound-preserving limiter maintains the numerical results of density in the domain [1, 3]
for At =0.5, in the domain [1, 7] for At =0.75, and in the domain [1, 19] for At = 0.9, respectively.

4.3. Falling bubble test

In this subsection, we investigate the capability of our method to work with larger density variations, and consider the
falling bubble problem [21]. In this problem, a heavy droplet falls through a light fluid and impacts into the plane surface of
the heavy fluid in a cavity. The computational domain is = [0, d] x [0, 2d], where d =2 m and the initial density interface
takes the form

100 kg/m3, ifOm<y<IlmorOm<r<02m,

x,y,0)= .
px.y.0) 1 kg/m?3, ifim<y<2mandr>02m,

11
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Fig. 4.1. Numerical solution of Rayleigh-Taylor instability with At=0.5att=0s,0.25s,045s,0.65s,0.8s,1.0s, 1.2 s and 1.4 s (from left to right, from top
to bottom). Mesh: 20 x 50.
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[ s H — |
1.5 2 25

Fig. 4.2. Numerical solution of Rayleigh-Taylor instability with At=0.5att=0s,0.25, 045,065,085, 1.0s, 1.2 s and 1.4 s (from left to right, from top
to bottom). Mesh: 40 x 100.

where r = /(x —0.5)2 4+ (y — 1.75)2. In the test, the gravity term is f= (0, pg)' with g =—1 m/s?, the viscosity of the
fluid is assumed be constant in the whole domain and we have Re = 1000. The computational domain is divided into
50 x 100 cells.

The results are displayed in Fig. 4.11. The snapshots show that the droplet travels up through a light fluid and merges
with a light fluid below. As the droplet falls, its shape changes a little due to the absence of the surface tension. As the
droplet hits the interface, it merges with the heavy fluid below and creates waves on the surface.

4.4. Rising bubble test

In this subsection, we test our numerical scheme by simulating an air bubble rising in water. Since the air and water
have different viscosities. The air bubble with radius 0.0025 m is initially at rest and located at (0, 0.0075). The gravity term

12
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Fig. 4.3. Numerical solution of Rayleigh-Taylor instability with At=0.5att=0s,02 5,045, 06s,0.8s,1.0s, 1.2 s and 1.4 s (from left to right, from top
to bottom). Mesh: 80 x 200.

Fig. 4.4. Numerical solution of Rayleigh-Taylor instability with At =0.75 at t=0s, 025,04 s,0.55s, 0.6 s, 0.7 s, 0.8 s and 0.9 s (from left to right, from
top to bottom). Mesh: 20 x 50.

Table 4.2

Physical parameters for an air bubble rising in water.
Physical parameters Air Water Units (MKS)
Density (p) 1161 995.65 kg/m?3
Viscosity (i) 0.0000186 0.0007977 kg/ms

is f= (0, pg)" with g =—9.80665 m/s. The initial condition for the velocity is set to be zero. We computed the problem
in a rectangle of size [—0.01,0.01] m x [0, 0.03] m. We use the true physical parameters in Table 4.2. For numerical density
taking intermediate values, the viscosity is defined as a linear interpolation.

13
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Fig. 4.5. Numerical solution of Rayleigh-Taylor instability with At =0.75 att =05, 0.2 5,045, 0.55s, 0.6 s, 0.7 5, 0.8 5, 0.9 s and 0.9 s (from left to right,
from top to bottom). Mesh: 40 x 100.

Fig. 4.6. Numerical solution of Rayleigh-Taylor instability with At =0.75 att =05, 0.2 5,045, 0.55s, 0.6 s, 0.7 5, 0.8 5, 0.9 s and 0.9 s (from left to right,
from top to bottom). Mesh: 80 x 200.

The time evolution of the density field of the air bubble at nine different times 0 s, 0.2 s, 0.4 s, 0.6 s, 0.8 s and 1.0 s is
displayed in Fig. 4.12. These results are very close to the results reported in the literature [17,25].

5. Conclusions

We constructed in this paper a high order accurate numerical method for solving variable density incompressible Navier-
Stokes equations in its pressure Poisson equation formulation. The bound-preserving discontinuous Galerkin scheme is used
for the density evolution and a continuous finite element method is used for the momentum evolution. Numerical results

14
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Fig. 4.7. Numerical solution of Rayleigh-Taylor instability with At =09 att=0s,0.15,0.25s,0.35s,0.4 s, 0.5 s, 0.55 s and 0.6 s (from left to right, from top

to bottom). Mesh: 20 x 50.
o P
pa A \_/ \f
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Fig. 4.8. Numerical solution of Rayleigh-Taylor instability with At =0.9 att=0s,0.15s, 0.2, 035,04 s, 0.5s, 055 s and 0.6 s (from left to right, from
top to bottom). Mesh: 40 x 100.

indicate that the scheme is strictly bound-preserving and well suited for numerical simulation of incompressible flows with
variable density.
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Fig. 4.9. Numerical solution of Rayleigh-Taylor instability with At =0.9 att=035s,0.15s,0.2s, 035,04 s, 0.5, 0.55 s and 0.6 s (from left to right, from

top to bottom). Mesh: 80 x 200.
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Fig. 4.10. Rayleigh-Taylor instability: comparison between numerical schemes with and without bound-preserving (BP) limiter. Solid line: with BP limiter
Circle: without BP limiter. Top: At =0.5 and t = 0.5 s. Middle: At =0.75 and t = 0.5 s. Bottom: At =0.9 and t = 0.15 s. The right column and middle

column are partially enlarged lower and upper parts of the picture on the left column, respectively.
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Fig. 4.11. Numerical solution of air bubble rising in water at t =05, 0.5 s, 1.1 5, 1.3 5, 1.5 s and 20 s (from left to right, from top to bottom). Mesh: 50 x 100.
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Fig. 4.12. Numerical solution of air bubble rising in water at t =0 s, 0.02 s, 0.04 s, 0.06 s, 0.08 s and 0.1 s (from left to right, from top to bottom). Mesh:
80 x 120.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgements

The work of M. Li is partially supported by NSFC grant (Grant Nos. 11701055, 11871139). The work of Y. Cheng is par-
tially supported by the Chongqing University 2016 “Graduate Student Research Innovation Project” (Project No. CYB16042).
The work of ]. Shen is partially supported by NSF Grant DMS-2012585 and by AFOSR FA9550-20-1-0309. The work of X.
Zhang is supported by NSF grant DMS-1913120.

17



M. Li, Y. Cheng, J. Shen et al. Journal of Computational Physics 425 (2021) 109906

References

[1] G. Akrivis, C. Lubich, Fully implicit, linearly implicit and implicit-explicit backward difference formulae for quasi-linear parabolic equations, Numer.
Math. 131 (4) (2015) 713-735.
[2] A.S. Almgren, ].B. Bell, P. Colella, L.H. Howell, M.L. Welcome, A conservative adaptive projection method for the variable density incompressible Navier-
Stokes equations, J. Comput. Phys. 142 (1) (1998) 1-46.
[3] J.B. Bell, D.L. Marcus, A second-order projection method for variable-density flows, ]. Comput. Phys. 101 (2) (1992) 334-348.
[4] S. Boscarino, On an accurate third order implicit-explicit Runge-Kutta method for stiff problems, Appl. Numer. Math. 59 (7) (2009) 1515-1528.
[5] AJ. Chorin, Numerical solution of the Navier-Stokes equations, Math. Comput. 22 (104) (1968) 745-762.
[6] B. Cockburn, C.-W. Shu, TVB Runge-Kutta local projection discontinuous Galerkin finite element method for conservation laws. II. General framework,
Math. Comput. 52 (186) (1989) 411-435.
[7] B. Cockburn, C.-W. Shu, The Runge-Kutta discontinuous Galerkin method for conservation laws V: multidimensional systems, J. Comput. Phys. 141 (2)
(1998) 199-224.
[8] M.O. Deville, PE. Fischer, E.H. Mund, High-Order Methods for Incompressible Fluid Flow, vol. 9, Cambridge University Press, 2002.
[9] S. Gottlieb, D.I. Ketcheson, C.-W. Shu, High order strong stability preserving time discretizations, J. Sci. Comput. 38 (3) (2009) 251-289.
[10] J.-L. Guermond, P. Minev, ]. Shen, An overview of projection methods for incompressible flows, Comput. Methods Appl. Mech. Eng. 195 (44) (2006)
6011-6045.
[11] J.-L. Guermond, L. Quartapelle, A projection FEM for variable density incompressible flows, J. Comput. Phys. 165 (1) (2000) 167-188.
[12] J.-L. Guermond, A. Salgado, A splitting method for incompressible flows with variable density based on a pressure Poisson equation, . Comput. Phys.
228 (8) (2009) 2834-2846.
[13] ].S. Hesthaven, T. Warburton, Nodal Discontinuous Galerkin Methods: Algorithms, Analysis, and Applications, Springer Science & Business Media, 2007.
[14] J. Hu, R. Shu, On the uniform accuracy of implicit-explicit backward differentiation formulas (IMEX-BDF) for stiff hyperbolic relaxation systems and
kinetic equations, arXiv preprint, arXiv:1912.00559, 2019.
[15] J. Hu, R. Shu, X. Zhang, Asymptotic-preserving and positivity-preserving implicit-explicit schemes for the stiff bgk equation, SIAM J. Numer. Anal. 56 (2)
(2018) 942-973.
[16] J. Hu, X. Zhang, On a class of implicit-explicit Runge-Kutta schemes for stiff kinetic equations preserving the Navier-Stokes limit, ]J. Sci. Comput.
73 (2-3) (2017) 797-818.
[17] H. Johnston, J.-G. Liu, Finite difference schemes for incompressible flow based on local pressure boundary conditions, J. Comput. Phys. 180 (1) (2002)
120-154.
[18] H. Johnston, J.-G. Liu, Accurate, stable and efficient Navier-Stokes solvers based on explicit treatment of the pressure term, J. Comput. Phys. 199 (1)
(2004) 221-259.
[19] D.A. Kopriva, Implementing Spectral Methods for Partial Differential Equations: Algorithms for Scientists and Engineers, Springer Science & Business
Media, 20009.
[20] H. Li, X. Zhang, Superconvergence of high order finite difference schemes based on variational formulation for elliptic equations, J. Sci. Comput. 82 (2)
(2020) 36.
[21] Y. Li, L. Mei, J. Ge, F. Shi, A new fractional time-stepping method for variable density incompressible flows, J. Comput. Phys. 242 (2013) 124-137.
[22] P-L. Lions, T. Moulden, Mathematical Topics in Fluid Mechanics, Volume 1: Incompressible Models, vol. 50, American Society of Mechanical Engineers,
1997.
[23] J.-G. Liu, C.-W. Shu, A high-order discontinuous Galerkin method for 2D incompressible flows, ]. Comput. Phys. 160 (2) (2000) 577-596.
[24] L. Pareschi, G. Russo, Implicit-explicit Runge-Kutta schemes and applications to hyperbolic systems with relaxation, J. Sci. Comput. 25 (1-2) (2005)
129-155.
[25] J.-H. Pyo, ]. Shen, Gauge-Uzawa methods for incompressible flows with variable density, J. Comput. Phys. 221 (1) (2007) 181-197.
[26] G. Tryggvason, Numerical simulations of the Rayleigh-Taylor instability, J. Comput. Phys. 75 (2) (1988) 253-282.
[27] H. Wang, Y. Liu, Q. Zhang, C.-W. Shu, Local discontinuous Galerkin methods with implicit-explicit time-marching for time-dependent incompressible
fluid flow, Math. Comput. 88 (315) (2019) 91-121.
[28] H. Wang, C.-W. Shu, Q. Zhang, Stability and error estimates of local discontinuous Galerkin methods with implicit-explicit time-marching for advection-
diffusion problems, SIAM J. Numer. Anal. 53 (1) (2015) 206-227.
[29] H. Wang, C.-W. Shu, Q. Zhang, Stability analysis and error estimates of local discontinuous Galerkin methods with implicit-explicit time-marching for
nonlinear convection-diffusion problems, Appl. Math. Comput. 272 (2016) 237-258.
[30] H. Wang, S. Wang, Q. Zhang, C.-W. Shu, Local discontinuous Galerkin methods with implicit-explicit time-marching for multi-dimensional convection-
diffusion problems, ESAIM: M2AN 50 (4) (2016) 1083-1105.
[31] X. Zhang, On positivity-preserving high order discontinuous Galerkin schemes for compressible Navier-Stokes equations, J. Comput. Phys. 328 (2017)
301-343.
[32] X. Zhang, C.-W. Shu, On maximum-principle-satisfying high order schemes for scalar conservation laws, J. Comput. Phys. 229 (9) (2010) 3091-3120.
[33] X. Zhang, C.-W. Shu, On positivity-preserving high order discontinuous Galerkin schemes for compressible Euler equations on rectangular meshes,
J. Comput. Phys. 229 (23) (2010) 8918-8934.
[34] X. Zhang, C.-W. Shu, Maximum-principle-satisfying and positivity-preserving high-order schemes for conservation laws: survey and new developments,
in: Proceedings of the Royal Society of London A: Mathematical, Physical and Engineering Sciences, The Royal Society, 2011, page rspa20110153.
[35] X. Zhang, Y. Xia, C.-W. Shu, Maximum-principle-satisfying and positivity-preserving high order discontinuous Galerkin schemes for conservation laws
on triangular meshes, ]J. Sci. Comput. 50 (1) (2012) 29-62.

18


http://refhub.elsevier.com/S0021-9991(20)30680-X/bib74F445B3002F0D6C18BF493C65AD8ED8s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib74F445B3002F0D6C18BF493C65AD8ED8s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib5B9F747D73E0B0E502849EFBAD92A8BDs1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib5B9F747D73E0B0E502849EFBAD92A8BDs1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib866A35B8B37904BA66AF66AAC83296E8s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib8475D80CC87636561DA79719A71DE557s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibA986CE667AB2B0083CEEBA986C9A7A49s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibC3CFEAEF6B6212C20BE38F8751252E8Cs1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibC3CFEAEF6B6212C20BE38F8751252E8Cs1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibEA4EC499A2CBE1DE0391E75419FC6AB6s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibEA4EC499A2CBE1DE0391E75419FC6AB6s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibCB886215147133918884BAA0621196CEs1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibA62CA98313024D6FF81221CFF8EE090As1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib6140013EB89386B0A91D1769B1791DE7s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib6140013EB89386B0A91D1769B1791DE7s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibCA3D7886C9A6E7E4194BD8A077F2135Ds1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib0C1A69326300E7F64CC511DEB0921D99s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib0C1A69326300E7F64CC511DEB0921D99s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib27826628456ED5470AA745613273279Bs1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib33C559C8585F0DCB5CECB736E4FCFD31s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib33C559C8585F0DCB5CECB736E4FCFD31s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibC9D9C13B2E611D18D2307790BF28B8DEs1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibC9D9C13B2E611D18D2307790BF28B8DEs1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib9CF4DAC49A6CFDD83547D0EA5C16B466s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib9CF4DAC49A6CFDD83547D0EA5C16B466s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib14380F7C7405FF7A06A3ECEFC1242233s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib14380F7C7405FF7A06A3ECEFC1242233s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib5FD060E19ADD507C2DC0086B6959FE53s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib5FD060E19ADD507C2DC0086B6959FE53s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib4D522D854B7FC1C3B9D82CC176ABADCDs1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib4D522D854B7FC1C3B9D82CC176ABADCDs1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib1BC4EE1BFBA8FB76D6AD4083292EF895s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib1BC4EE1BFBA8FB76D6AD4083292EF895s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib72D9BB4795F622F02F45456FF73AE9C2s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib75CB11A928FDE4CC372F8C2765B6ED94s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib75CB11A928FDE4CC372F8C2765B6ED94s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib4313730B5440ADF84E7C2788AAEDFA4As1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib7E609CF9936940869BE4D7CC71F6774Fs1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib7E609CF9936940869BE4D7CC71F6774Fs1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibC42C436B4C180C32706000F5E1A02F54s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib4C4D6B90EB5CED5708DBF7BFAA247344s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibFFA16E0E3D6A5BF5592CB159616F5015s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibFFA16E0E3D6A5BF5592CB159616F5015s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibD7FB90FDC2424355215B57B66A0214E2s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibD7FB90FDC2424355215B57B66A0214E2s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib604A1CAC1BB39CBF95ABA31120F66056s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib604A1CAC1BB39CBF95ABA31120F66056s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib5A7BAB5A73D96A35D9B420DA46BE9A80s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib5A7BAB5A73D96A35D9B420DA46BE9A80s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib2763C45FB64566E37C02BB6FCB968D27s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib2763C45FB64566E37C02BB6FCB968D27s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib5D404427780955C006D9DDD9184C323Fs1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibEEFD871B4D92DFE74F24098A1BBAD313s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bibEEFD871B4D92DFE74F24098A1BBAD313s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib6F8E185FC1B7F760E392C0D541DA72E5s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib6F8E185FC1B7F760E392C0D541DA72E5s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib5529A6F4DA0CCEFDD452FA85AD914D39s1
http://refhub.elsevier.com/S0021-9991(20)30680-X/bib5529A6F4DA0CCEFDD452FA85AD914D39s1

	A bound-preserving high order scheme for variable density incompressible Navier-Stokes equations
	1 Introduction
	2 Mathematical formulation
	3 Numerical methods
	3.1 A high order accurate DG scheme for the density evolution
	3.2 The bound-preserving property in the high order DG method
	3.3 A simple high order accurate bound-preserving limiter
	3.4 A finite element method for the velocity and pressure evolution
	3.5 The stream function
	3.6 High order time discretizations
	3.6.1 Explicit SSP Runge-Kutta methods
	3.6.2 Implicit-explicit SSP Runge-Kutta methods

	3.7 Summary of the scheme with implementation details

	4 Numerical examples
	4.1 Accuracy test
	4.2 Rayleigh-Taylor instability
	4.3 Falling bubble test
	4.4 Rising bubble test

	5 Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgements
	References


