OPTIMAL ERROR ESTIMATES IN JACOBI-WEIGHTED SOBOLEV
SPACES FOR POLYNOMIAL APPROXIMATIONS ON THE TRIANGLE

HUIYUAN LI} AND JIE SHEN?Z

ABSTRACT. Spectral approximations on the triangle by orthogonal polynomials are stud-
ied in this paper. Optimal error estimates in weighted semi-norms for both the L?— and
Héforthogonal polynomial projections are established by using the generalized Koornwinder
polynomials and the properties of the Sturm-Liouville operator on the triangle. These re-
sults are then applied to derive error estimates for the spectral-Galerkin method for second-
and fourth-order equations on the triangle. The generalized Koornwinder polynomials and
approximation results developed in this paper will be useful for many other applications
involving spectral and spectral-element approximations in triangular domains.

1. INTRODUCTION

Polynomial approximations on the triangle play an important role for the spectral element
methods and the hp finite element methods in complex geometries [19, 7, 24, 23, 16, 15, 14].
Optimal error estimates for polynomial approximations were first established for Jacobi poly-
nomials in one-dimension [4, 9, 18, 11], and extended to multi-dimensional rectangular domains
by a standard tensor product argument. However, only limited efforts have been devoted to
establishing analogous results on triangular domains. Braess and Schwab [5] derived sharp error
estimates for the orthogonal approximations on a simplex in the norm defined by a second-order
self-adjoint differential operator under barycentric coordinates, but their results do not imply
the standard H*—error estimates (k = 1,2), which is pivotal to the numerical analysis of spec-
tral methods for PDEs. Schwab [21] (see also Canuto et al. [6]) derived error estimates in the
usual Sobolev space by padding the triangle into a rectangle and using the standard approxima-
tion results. On the other hand, Guo and Wang [13] obtained some polynomial approximation
results on the triangle in non-uniformly Jacobi-weighted Sobolev spaces by using the warped
product based on the one-dimensional Jacobi approximations. However, their results are de-
rived under a rather restrictive condition on the numbers of modes used in each direction. We
should add that a fully tensorial spectral method using rational functions has been developed
in [22].
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The purpose of this paper is to establish optimal error estimates in weighted semi-norms for

both the L?— and H!'—norms for polynomial approximations on the triangle
(1.1) T={(z,y):0<z,y,2+y<1}.

These estimates share the same essential characteristics with the one-dimensional Jacobi ap-
proximation results, and are directly applicable to spectral methods for partial differential
equations on the triangle.

As in the one-dimensional case, properties of orthogonal polynomials on the triangle play
important roles in their analysis and applications. There exist several families of classical or-
thogonal polynomials on the triangle T, among which the monomial basis [25, 10], Appell
polynomials [3, 2] and Koornwinder polynomials [17] are particularly interesting. The mono-
mial basis and Appell polynomials are bi-orthogonal to each other [8], while the Koornwinder
polynomials are fully orthogonal, and its simplest family, the so called Dubiner polynomials [7],
has been used frequently in spectral-element methods (cf. [16]).

We point out that, similar to the classical Jacobi polynomials which are defined for indices
a, 8 > —1, the classical orthogonal polynomials on the triangle are defined for a set of triple
real numbers a1, a9, a3 > —1. Recently, Guo, Shen and Wang [11, 12] introduced generalized
Jacobi polynomials for indices & < —1 and/or 3 < —1. The use of generalized Jacobi polyno-
mials not only simplifies the numerical analysis for the spectral approximations of differential
equations, but also leads to very efficient numerical algorithms with well conditioned linear
systems. Therefore, we shall introduce similar generalization to the orthogonal polynomials on
the triangle.

It is also worthy to note that any families of orthogonal polynomials on the triangle are
eigenfunctions of a second-order Sturm-Liouville operator. And it is well known that for a self-
adjoint and positive definite differential operator, the eigenfunctions associated with different
eigenvalues are mutually orthogonal. Inspired by this fact, Owens [20] constructed a Sturm-
Liouville operator on 7" which possesses distinct eigenvalues, and then derived a family of
orthogonal polynomials in [20]. More importantly, the use of the Sturm-Liouville operator
usually leads to a direct and simple way to establish optimal approximation results in the norm
induced by the Sturm-Liouville operator.

Therefore, we shall combine in this paper the two approaches — the Sturm-Liouville operator
and generalized orthogonal polynomials. We shall first extend the Koornwinder polynomials
(extension of the Jacobi polynomials to the triangle T') to negative integer indices, and then
construct an arbitrarily high-order Sturm-Liouville differential operator for orthogonal poly-
nomials defined on T. Using this operator, we define non-uniformly Jacobi-weighted Sobolev
spaces and derive optimal error estimates for L?— and H{—orthogonal approximations. These
results can be directly used in numerical analysis and algorithm design of spectral methods for

partial differential equations on the triangle.
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The reminder of the paper is organized as follows. In §2, we recall the definition and ba-
sic approximation results for the generalized Jacobi polynomials, and then we introduce the
Koornwinder polynomials and define the generalized Koornwinder polynomials on the triangle.
The main approximation results are proved in §3. As examples of applications, we provide in §4
the error estimates and implementation details for the spectral-Galerkin approximation to the
second-order and the fourth-order partial differential equations. We present some illustrative

numerical results in §5.

2. KOORNWINDER AND GENERALIZED KOORNWINDER POLYNOMIALS ON THE TRIANGLE

In this section, we recall the definition of Koornwinder polynomials which are the extension
of the Jacobi polynomials on the triangle and form an orthogonal basis in weighted Sobolev
space. We then extend the definition of Koornwinder polynomials to indices with negative

integers.

2.1. Notations and conventions. We describe below some notations and conventions which
will be used throughout the paper.

Let w be a generic positive weight function on a bounded domain 2, which is not necessary
to be L*(€2). Denote by (u,v)w0 = [,uwwwd the inner product of L2 (€2) whose norm is
denoted by || - [|o,0. We use HZ(2) and Hy"_(2) to denote the usual weighted Sobolev spaces,
whose norm and semi-norms are denoted by ||¢||m, .0 and |t|m, = o, respectively. In cases where
no confusion would arise, w (if w = 1) and Q (if Q = T) may be dropped from the notations.

Let T be the reference triangle defined by (1.1). For any o = (a1, an, a3) € R?, we introduce

the following multi-index notations

(2.1) o] = a1+ as+ a3, o = (a1 +as,az + az, a1 + as),
and denote
(2.2) X" = x" (2, y) =2y (1 -z —y)*.

We define the weighted inner product and the corresponding Lia-norm

(2.3) (U, V)yo = //T woxdzdy, |ullye =1/ (u, u)yo.

Let ZT, Ny and Z~ be the collections of the positive integers, the non-negative integers and

the negative integers, respectively. We introduce the index sets
(2.4) Ny =(—1,00), N_=7Z7, R=N_UN,.

For any a = (ay, ag, a3) € 83, we define

-0y, o4 € N,, ~ ~ ~ ~
2.5 Q; = &= (Gq, b9, 43).
(2:5) {0, a; € Ry, (61,82, 65)
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. . o . 0
For convenience, we abbreviate the partial differential operators — and — to 0, and 9y,

ox y

respectively. For n = (n1,na,n3) € N3, we define the differential operator
(2.6) D™ =091 0,7(0y — 02)".

Different from the standard two-dimensional differential operators, we have introduced the
third directional derivative d, — 0, in the definition of D™ since this direction is parallel to the
hypotenuse and plays an important role as the other two directions (a- and y-directions).

We denote by c a generic positive constant independent of any function and of any discretiza-
tion parameters. We use the expression A < B to mean that A < ¢B.

Let Pn (€2) be the collection of all the algebraic polynomials on 2 with total degree no greater
than N, i.e.,

(2.7) Py =Pn(T) = {a"y' 1 k,1 €No, k+1< N}.

Definition 2.1. We shall say that ¢ € Py is an orthogonal polynomial of degree N with respect
to ('7 ')XD‘ Zf
(q,p)xa = 07 vp € IFDN—la

and denote it by ¢ € Ry .

2.2. Jacobi and generalized Jacobi polynomials. The classical Jacobi polynomials J;****((),
k > 0 with a1,as > —1 are mutually orthogonal with respect to the Jacobi weight function
w2 = 102 () = (1 —)** (1 +¢)* on I = (—1,1),
1
(2.8) / JE02 () JE03 ()02 (C)d( = he25, 0, mym > 0,
-1

where 6, ,, is the Kronecker delta, and

(2.9) poLaz . ||Ja1,a2 H2 _ 200t P (n 4 oy + 1)I'(n + ag + 1)
' noo " w2, L On 4oy +as+ D)I(n+1D)n+a; +az +1)°

The classical Jacobi polynomials were originally defined for a1,as > —1. Recently Guo,

Shen and Wang [11] extended the definition of Jacobi polynomials to allow o and/or as to be
negative integers. The generalized Jacobi polynomials with negative indices not only simplify
the numerical analysis for the spectral approximations of differential equations, but also lead
to very efficient numerical algorithms [11, 12]. We recall that, given (ai,as) € N?\R?, the

generalized Jacobi polynomials (still denoted by J21:*2) for n > ng := &1 + dg can be defined

as follows:
(31 T (55) TR, o ER_, ay €X_,
, _ T'(n+a1+1)T'(ntas+1) =1\~ 7—a1,a
(2.10) Tt (¢) = F(n+1)11"(n+a1+az+l) (T) ooy, 2(Q); a1 €N, az €Ry,
: I'(ntai1+1)I(ntasz+1) ((4+1\—22 ja1,—a
F(:+(11)F(TL+0:+32+1) (T) T (), a1 €Ny, ag €N,

Cghazwfihécz (C)Jgizgél,aﬁ?dz (C)
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It can be readily checked that (2.8) still holds for any m,n > ng. We also point out that the
generalized Jacobi polynomials defined by (2.10) satisfy most essential recurrence relations of
the classic Jacobi polynomials (cf. [22] and Appendix A).

We now define the orthogonal projection 73" *? 1 L2, ey (I) = Pn(I) N L2, .0y (I) by

(2.11) (T3 U — U, v)geroa ; = 0, Yo € Py(I) N LEa; as (I).

Note that for ai,as > —1, we have Py (I) N L2a,.ap (I) = Pn(I), while for a; and/or as
being negative integers, certain boundary conditions are involved for any function v € Py ()N
L2105 (I). For instance, Py (I) N L2_, _,(I) =Py (1) N H{(I).

We introduce the Jacobi-weighted Sobolev space B2 . (I),

ag,02

BE, (1) = {u : u is measurable on [ and ||ulge (1) < oo},

e 1
HUHBgl,QQ(I) = (Z Ha?UHiaﬁk,awk) -
k=0

Then the following theorem is a direct extension of the same result for oy, s € N,

Theorem 2.1 (cf. [11]). Let o, a2 € X. Then for anyu € B2, (I) and 0 <1< p < N,

aq,02

(2.12) ||7rj'\“,1’0‘2u7u||331‘a2(1) 5N179|8§u|w

ajte,azte”

We shall introduce below the generalized orthogonal polynomials on the triangle, and derive

corresponding approximation results on the triangle similar to the above theorem.

2.3. Koornwinder and generalized Koornwinder polynomials. Consider the following

one-to-one transformation from the reference square Q = (—1,1)? onto the triangle T,

1-¢1—n 1+&1—n
2.13 =—-_>- 1 s> 1
(2.13) T 55 Y 5
with the inverse transform

y—x
2.14 = , =1-2x— 2y.
(2.14) ¢ i " Y

This collapsed transformation maps polynomials in T' to polynomials in Q.
We would like to point out that the transform (2.13) can be related to the one used in [7, 16]

by a rotation

(9,1 -2 —y) = (y,1 -z —y,2).
The transform (2.13) collapses the edge: n =1,—1 < £ < 1, of the rectangle @ into the vertex
(0,0) instead of (0,1). Thus, the formulas under the transform (2.13) are more symmetric with
respect to the variables z and y.

For a € Ni, Koornwinder polynomials are two-variable analogues of Jacobi polynomials

defined through the collapsed transformation (2.13),

«a 1,02 1_77 h artaz+1,a3
T (wyy) = I (@) (=) Rt )

= (y + o) oo (z . i) Jihrertestles() 9y 9y ] e N2,

(2.15)
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By (2.13) and (2.9), we get that

/»71 (2,9) T (2, y)x“dedy = ~ // 1—-¢ ‘“ 1+§> ( >l1+kz+a1+a2+1

216 1+ 1,0 1,000 1tai+as (e %:3 1TQ1TQ2 a3
( x( 77) ~7z @2 (g) 70 (f)jlzwr +as+l, ()jszr +as+l, (n)dédn

1 2

2

:’YIaél,]m l7]€,€ NO7

where
o Ti+ar+ DI +ao+ DI (e + a3+ (I + 1 + a1 + az +2)
K T(l + D)I(s + VDL + ay + oz + DO + &1 + |a] + 2)
1
X .
2l + o1 +azs+ 121 + |a| +2)

These orthogonal polynomials have been used in developing spectral-element methods for com-
plex geometry, e.g., the basis functions used in [7, 16] is simply the basic family Jlo 0,0 through
another affine transform from 7" to 7T'.

Since the generalized Jacobi polynomials are well-defined for a1 and a to be negative

Jla17a2
integers, we can still use (2.15) to define the generalized Koornwinder polynomials J,*. More
precisely, for any a € R3\N3 | by using the definition of the generalized Jacobi polynomials, we

define

la

Titen) =+ e (LD ey - ap - 2y)

y+x
l +24 4260 (Y- X 201 +ag +as+1,a3+24:
(2.17) = (y4az)h—n- achlu oo S (y n x) Jp, LRa TR hasTI (1 — 20 — 2y)

a1 ,,G2

xexty®2(l—gz —gy)®
_ & +2&
=c X2, YT 5 a s —as (T Y)-
Hence, J,* is well defined for [ € N% with l; > &3 + do and ls > &g, and it can be checked that

{T° Y61 +62, 124, are mutually orthogonal in L. (T') and form a complete basis for L2 (T).

3. POLYNOMIAL APPROXIMATIONS ON THE TRIANGLE

In this section, we study the orthogonal polynomial approximations on the triangle T'. For
this purpose, we consider the eigen-problem of a self-adjoint partial differential equation for
both the classic and the generalized orthogonal polynomials. Then we shall give an optimal

error estimate in Jacobi-weighted Sobolev spaces.
3.1. Sturm-Liouville operator for classical orthogonal polynomials.

Lemma 3.1. Let a € N‘j_ and n € N§. Then, the differential operator
(—l)lnleo‘ann*Jro‘D" (" and D"aredefinedin(2.1)and(2.6))

is self-adjoint and positive definite with respect to the inner product (-,-)ye. It maps P, into
P,., and RS, into RS, .
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Proof. When applying (71)|”‘X*°‘D”Xn*+°‘D” to a polynomial p, the augment of the degree of
p by multiplying by x" T and then y~¢ is compensated by two differentiations since |n*| = 2|n|.
Thus we deduce that (—1)I"y=*D"x” +* D" maps P,, into P,,.
By Leibniz’s rule, we derive that for a sufficiently smooth function g,
DM (e ) A A my ma\ (M3 k. n +a m—k
9 g)zzz<k’1)<k2><k3>(DX )(D" ).
k3=0 ko=0 k1 =0

Furthermore, it is easy to see that for any ay, as, g > —1,

DFx™+a(0,y) =0, if k1 + k3 < nq + ng,

DFy™+e(z,0) =0, if ko + k3 < ng + ngs,

Dkxn*+o‘(x, 1—x)=0, ifky+ ke <ni+mno,

which states that for any o € Ni and 0 < m; <n; withi=1,2,3,

D™ (x"*g)(0,y) = 0 and D™ (x" Tg)(1 —y,y) =0, ifmy <ny,
D™ (" *+%g)(z,0) = 0 and D™ (" +%g)(z,1 —2) =0, if ma < no,
D™(x"*+%g)(0,y) = 0 and D™ (x" T%g)(x,0) =0, if m3 < ng.

Therefore no boundary terms occur when performing integration by parts in the following

expression:
(3.1) ! [[ e ey g dedy = [[ e (D) dody.

This implies that the operator (—1)‘”|X_O‘D")<”*+O‘D" is positive definite with respect to the

inner product (-,-)y~. From the symmetry of (3.1) we obtain
(32) ((—]_)‘n\X*aDn(Xn*Jraan)’ g)Xu _ (f, (71)\n|X7aDn(Xn*+aDng))

which clearly states that (—1)I"lxy=*D"x"™ **D" is self-adjoint with respect to (-, Ve
Finally let p € R® and g € Pp,,—1. Since XDy teDrg e P,,_4 and p € PL .,
from (3.2) that

// q- (X—aDan*—i-aan) A Xa dwdy — // D - (X—aDan*+aan) .Xa dxdy =0.
T T

Xu?

we deduce

Hence, we conclude that (—1)I"lxy=¢D"y™ **D" maps R% into R%,. m

As an analogue of the multi-nomial theorem [1], we have the following lemma.
Lemma 3.2. Let e; = (1,0,1), eo = (0,1,1) and e3 = (1,1,0). Then for any o € R3,

Z (Q + 1)' Dan*+och _ am< Z Q! D"Xn*+“+elD")8z
Inj=o41 nl!ng!ngl In] n1!n2!n3!
n|=p n|=e

Q' n. n' +ates n)
(3.3) + 0y ( Z n1!nglng! Dx D)oy
n|=o

+ (ay — az)< Z QianXn*JraJreaDn) (ay _ af)

n1!n2!n3!
In|=e
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Now we define the differential operator

_ 0! -
EQ: _]_Q @ 7Dn n+o¢Dn
« ( ) X |Z n1!n2!n3! X
n|=p

which can be regarded as a 2p-th order Sturm-Liouville operator on the triangle.

Theorem 3.1. Let a € X% and o € Z*. The operator LS is self-adjoint and

(3.4) Lep= “fm\al p forallp e RS,

where
o _ T(m+1) T(m+o+la[+2)
Pl = T(m — o+ 1) T(m+ |a] +2)

Proof. Owing to the linearity of £2 and Lemma 3.1, it suffices to prove that
(3.5) Loy = uf |a‘$kyl (mod Pyyy—1), k,1>0.

Now we prove (3.5) by induction. Although the proof for |n| = 1 under the barycenter
coordinates is given in [5], for the sake of completeness, we provide a brief proof below. In fact,

we get by a mechanical calculation that

Li(aby') == X0 (z(1 — 2z — y)x"0u(a*y")) — X"y (y(1 — z — y)x" 8, («*y"))
— X0y — 02) (wyx™(9y — 00) ("))
=—ka" ' (a1 + k) — (a1 +az +k+ D)z — (o1 + k)y)
- la:kyl_l(ag +1) = (a2 +az+ 1+ 1)y — (a2 + )x)
— "y (Han + D)2 + k(an + k)y? — (k(ag +1+1) + U(k + oq + 1))zy)
=k+0)(k+1+24+ a2y (mod Pryy_q).
Now assume (3.5) holds for [n| = ¢. Then by a straight forward calculation (mod Pg1;_1),

we have

- (=12 pn 4o nn k1
X |Z nllnglnle 8z(x(1 T —yY)X D"0,(z y))
n|=g

- (=D .
=kx™ " Z mD"(x" T a(l—z—y)ls+(nit+ns+or +1)(1—x—y)
Inl=e

—(n1+n2a+as+ 1)x)D”(xk_1yl))

= k(k— 1y Y 7(_1)99!!17" (20 =2 = yx" oD @k 2y

Tll!TlQ!Tl3
Inl=e
— (_1)QQ' n n+o n/ k—1_1
+k(n1 +n3+ a1 +1)x Z ml) (X (I1-z—y)D"(x ZU))
n|=o
(=1)%0!

—k(m +na oz + x>

In|=0

k((k — DUyt o jajpe + (1t 13+ o1+ 1)u§+l_17‘a|+1)xk*1yl(1 —x—y)

Dn( n'+o D" k—1 l)
nilng!ng! X zD" (=" )
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—k(n1 +ng +as + 1)M§+171,\a|+1xkyl'

Similarly,
—a (_1)QQ' n n'+a nyn k.l
X Z WD (8yy(1—x—y)x Tepno,(x y))
Inl=¢
= =Dy jappe T (2 +ns a2 + gy g40)2"y T 1 -2 —y)
—I(ny +ng+asz+ 1)ﬂi+z_1,\a|+1xkyl,
and

XY 7(_1)%!119”((% — Op)zyx" D" (9, — 5w)(w’“yl))

77,1!77,2!77,3
In|=¢

=1~ Diksi—2 a2 T (2 + 15 + a2 + 1)“£+l—1,|a\+1)xk+lyl_l

F (k= D1 g jage T (01 F 03+ o+ Dpg )@y
_ (2kl'u’i+l—2,|a\+2 —+ (k(ng +n3 + a2 + 1) —+ l(n1 +n3 + a1 + 1))‘LLZ+Z—1,\O¢|+1)Ikyl'

Finally we deduce from the above arguments and Lemma 3.2 that

1! «
(_1>g+1X—a Z (Q+ ) ann +aDan

11201724
Inj—g+1 ni1inging:
= (k+D[(k+1=Dg ;g apre + o+ lal +3)ug ]2
+1 k,l
= “£+z,|a\x Y

which completes the proof. m

3.2. Sturm-Liouville operator for generalized orthogonal polynomials. We first define

the space of generalized orthogonal polynomials on the triangle 7" for any o € N3,
(3.6) P =P NL2a(T) = {T(@,y) : 1t > 61+ Ga, Iy > G, Iy + 1o <m}.

It is obvious that P2 =P,, if a € 83, and (—1)I" D™ (x™ **D") maps P2, into P

m m*

Noting
that any function f € P¢, will vanish on the corresponding boundary/boundaries if « € N?’\Ni
Thus following the same way as in Lemma 3.1, one can prove that (—1)I*I D" (x® tD") is self-
adjoint and positive definite with respect to x in P%,. This, in return, shows (—1)|”‘D”(X"*+"‘D")
maps RS, into RY,.

Since {J*(#,Y) },> a1 +aq, 1> form a basis of L2.(T'), we have the following lemma.
Lemma 3.3. Let o € N? and n € N3. The differential operator

(_1)\n|XfaDan*+aDn

is self-adjoint and positive definite with respect to the inner product (-,-)ye. It maps P2, into
Po . and RS, into RS,.

m?’

By using a similar induction argument as in the proof of Theorem 3.1, but acting on

X! T4(z,y) instead of z15'2, we can prove the following result.
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Theorem 3.2. Let o € 83 and o € Z+. The operator L2 is self-adjoint and
(3.7) Lep= ,uf;"al p forallp eRY,

where m > |&| and pf, , is the same as in Theorem 3.1.

3.3. Polynomial approximations in Jacobi-weighted Sobolev space. For any M € Ny,

define the orthogonal projection Pgy : L2 (T') — P§; such that for any u € L2.(T),
(Pyju—u,v)ye =0, Vv e Py,

The main purpose of this subsection is to obtain an optimal error estimate of the orthogonal

projection. We resort to the space decomposition for our purpose. Note that
M
Y= @ R
m=|&|

We now define the orthogonal projection R, : Lia (T) — R% by
(Rf‘nu — ’LL,'U)Xa = 0, Vv € R?ﬁl

For notational simplicity, we denote u,, = R u. Then we have the following identities,

u = Z U, Pyu = Z Uy, -
m>|&| m<M
For integer g € Ny, we define the Jacobi-weight Sobolev space B¢(T') and its corresponding

norm and semi-norm,

BE(T) = {u: w is measurable and ||ul|ge < oo},
e !
2 2 2 p! )
||u||Bg = Z |U|Bg ) |U\Bg = Z 1 ngns! ||D"U||Xn*+a .
p=0 =p

We start with the following useful lemma.

Lemma 3.4. Letn € N3, a € X% and a+n* € R3. Then D™ maps R%, onto RO+ Moreover,

m—|n|
the differential operator D™ and the projection operator commute in the sense that
(3.8) D"pyy = Py, D

Proof. It is easy to see from (A.7) that 0,J% can be expressed as a linear combination of

‘7,31,?21’0‘2’&3“ with |k| = |I] — 1, which states the differential operator 9, maps R%, into

RO L2t On the other hand, we get from (A.7) that

m—1

20+ a1 +as+3 9, Joozs (z,y)
4o+ D)+ +ar+ag+3) Ththh ’
(ht+ar+oe+2)([[[+h+ ol +4) ai+1,00,05+1

a (h+a+ DI+l 4+ a1+ a2+ 3) jll“’lz_l (@,9)-

T ) =
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. a1+1,a2,a3+1 —
Noting that jﬂl—(@)-&(@)—l =0and (41 +as+ 1)(JI| +11 + a1 + a2 +3) > 0 for any

I > (a1 + 1) + éo and Iy > (as + 1), we further get that
!
%Tfljl‘m’aﬁl(ac,y) = Zz ciazqﬁg?jﬁ; (z,y) for certain ¢;’s.
i=(aat1)
This shows that 9, : RS, — R 29t is surjective, ie., 9,R2, = R+ - Gimilar
arguments lead to 9,R%, = R*%TH* ! and (9, — 9,)R, = RO 2T Therefore, we
deduce that D"RS, = RO‘““nl, ROH»?"I

Now, for any sufficiently smooth function w,

i.e., D™ maps R, onto

M
D"Pju= Y D"Rju.
m=|&|
On the other hand, for any v € Rf;”ll, B there exists v* € R, such that D"v* = v. Correspond-
ingly
(D"Ryu — D", v) ot = (D" Ry u — D™ u, D"0*), ot
= (Rpu—u, (—U'"‘x“”D"(x‘””* D™0"))xe =

This indicates D" R u = R‘”’l’ /D" u, which in return leads to (3.8). m

The following lemma is an analogue of the results for Fourier series, and it plays a key role

in our error estimates.

Lemma 3.5. Let 0 € Ng and o € N3, If u € BS(T), then

2
(3.9) D"l = Dl e 1D w2, 0< 0 <o —In|,n €N
m=>|é|
In particular,
2
(3.10) |U|B§ = Z Nﬁl,|a|||um||iav 0<o<o.

m2|é|
Proof. Since (3.10) is just a special case of (3.9) with n = (0,0,0), we only need to prove (3.9).
By Theorem 3.2 and Lemma 3.4, we have

D™u = Z Dntk Z Upp, D" HF Z U ) yn* +5* 4o
’ ’BQ k11k21k3 mo J)X

.
o m>|4| i>lal

= Z Z Z k1'k2'k3 D”*’“Um’D"““uj)anwm

m2|al j>|a| [kl=e

= Z Z £a+n* D”um,D"uj)Xa+n*

m2>lalj>|a|

— e n n, .

- z : 2 : 'u'm—|n‘7|a+7l*| (D um’D u])Xa+n*
m2>lalj>|a|

_ n n

= 2 Mo puljatne) (D" tms D™ tm) e
m>|é&|

This ends the proof. m
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We are now in position to prove one of the main results in this paper.

Theorem 3.3. Let 0 >0 and o € N3, Ifu € BI(T), then

o—|n|
u .
| D™ (P — )| ot < | LI (P — )| oo
(3 ].1) Ba+n o= \n| Ba+"
. 'U’M |n]+1,|a+n|

<MD" yo-ini, 0<|n|<o<o,neNG
a+n*
In particular,

o
Har41,)al

(312)  |Pfu—ulp, < |Piru = u|, S M fulpg, 0<o<o

ag
:uM-&-l,a

Proof. It suffices to prove (3.11). We deduce from (3.10) in Lemma 3.5 that

n a _ o—|n| n 2
|D (Pyru— |B@ Inl = E: Hon— ) jatn | 1|1 P “m||xa+n*
m>M

o—|n|
Hoar— [n |41, a+n*| Z o—|n| D" H2
S =m Fom—n] |atn*| ™[] yatn*
Hopg— In|4+1,|a+n*| m>M
e In|
_ PM—|n|+1,|a+n*| n/ po 2
~ o—|n| |D (PMU7U)|BZ;LZM

g~ |n|+1,|atnt|
which gives the first inequality in (3.12). The second inequality is an immediate consequence
of the following two estimates,

o—|n|

M —n|+1, ot F(M -0+ 2)F(M +o+ |Oé| + 3) < pf2e—20

o—|n| _ ~
FAL—|n |41, |t | - T(M =0+ 2)0(M +0+a] +3)

and

S e 1D e <3 o

m>M m>|&|

2 ’ 2
= D"u! —In|
* o—|n| -
xer Ba+n"

This ends the proof. m

Remark 3.1. Braess and Schwab [5] proved an elegant result for the d-dimensional simplex
for a e Ni by using the properties of the Sturm-Liouville operator. Consequently, their results
are expressed in the morms associated with the Sturm-Liouville operator. Our results here,
while restricted to a two-dimensional triangle, are valid for all o € RX® and are expressed in

semi-norms expressed directly by the derivatives.

3.4. Error estimates for the H}-orthogonal projection. We now consider the Hg-orthogonal
projection which is essential for the analysis of Galerkin approximation of elliptic equations.
Denote X, = H}(T) NPy, and define the Hi-orthogonal projection I}, : H(T) — X9, by

(3.13) (VAL u —u), Vo) =0, Ve e XY,

Another main result of this paper is the following:
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Theorem 3.4. For any u € H}(T)N H™(T) with r > 1,

(3.14) 037w = |, £ M*"lul gy o s=0.1,
where |u|231 = ||Vul|?, and for r > 2,
0,0,0
(3.15)
2 — 2 2 2 _ 2 _ 2
|ul B 00 |8Iu|33,5,10 + |8yu‘355,10 + |aw8yu‘335?1 + [0y (9y aw)ulggfo +102(0y 6w)u|3;;)?0-

Proof. We first prove (3.14) with s = 1. By the projection theorem,

(3.16) HV(H}\fu —u)|| < |[V(e—w)|, VeeXj.

Taking ¢ = 0, we get that
(3.17) V(I u —w)|| < [V,
which leads to (3.14) with s =r = 1.
Now let r > 2. For any u € H}(T) N H"(T), one obtains by using Hardy inequality (cf. for
instance A.14 in [6]) that w € BY; | (T). So we write

22l -2 1) . 4 11
u = w7 .
h;zl (=)l + 5L —1) "

Then by (A.14), we have

—1,-1,— 220 - DI =1) o o o—1-1-1
0y (u— Py ™ h ) = Z wdJ,
[>M+1 (ll - 1)(|l| + ll - ]-)
= > w(le-1I)0, - @ =0T, = (N + 0= 2) 7%,
[1]>M+1

=+ )Tt = @ = DI, + (e + DI )

= > ((2 4 Vi, gr2 — (20 + )i, 411001 — (1] + 1+ 2)du, 42,0,
>0

(3.18)

— (1] + 1+ D)y gyp1 — L+ D)y 110, + Loty 42,0,-1) F°

+ > (2 + Dy gr2 — (2D + D)y g g041 — (14 D+ 2)du, 42.0,) T
=M —1

On the other hand, one gets from (A.5) that (ayjfl’fl’fl)(x, y) = (—1)1 (Bm‘zfl’*l’*l)(y,x).
Thus we obtain from (3.18) that
0, (u—Py M) =

Z ((l2 + 1)al1,lz+2 + (2l1 + 1)ﬂl1+1712+1 - (|l| +1 + 2)’0'l1+2,l2
[l|>M

— () + 1+ D)y, gpt1 + (2l + Dy, 410, + 12ﬁ11+2,1271)..71070’0

+ Z l2 +1 ull,l2+2 + (211 + 1)a11+1,l2+1 - (|l| +h+ 2)ﬂl1+2,12)*7l0,070'
=M1

(3.19)

Note that for M = 2, we have u — Pﬂ}l’_l

(3.18)-(3.19) vanish.

,—1

u = v and all the terms within }Z,_,,_; in
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Next, direct calculation leads to

(3.20)
IV = P )P = [ = PY2S0)|[* + (| 9u = PRS00

+ > (L2 + 1)ty g2 — (2 + Vg, g prr — (U + 1+ 2 12,) | 7200

1| =0—1
+ 30 (U2 V)i gz + 20+ V)i, w1141 — (1 + 1+ 2, 42,0,) [0
1| =M—1
2+ 1.
= H(& U — Pj?40?8 u) H2 + H(ayu - P](ej(i(l)ayu)HQ + Z |l|1+ 1 ul1+1 Iyt 1

ll|=M—1

! 2
+ Y e (e D g = (4l + 2,
(20 + 1)(JI] + 1) ({2 + Dy tp2 — (U + 11+ 2)tu, 12,0,

li|=M—1
= /(o — PY200,u)||* + ||y — PY2S0,u)|)?

L+l +hL+2),. . 2
+ Z L+ D)+ 1) (i, 1y2 — Uty 42,1,)

ll|=M—1
i Z |l|+l1+2A2 211+1A2 12+1A2
|l|—|—1 Upy 42,15 |l|—|—1 Uy 41,1041 — |l|+1 Upy 142
ll|=p—1
— o o005 2 P po00g 2 4l1+2A2
—H( U — Lpr g wU)H +H( yU — Ly y“)H + Z [+ 1 Upy 41,1041
[l|=M—1

lJrl I+ +2
n Z: (l2 || 1+2)

2
u — U .
@+ D+ 1) (tuty 1542 — Uy 42,05)

ll|=M—1

We now bound the second and the third terms in the last equation.
By using (A.10) and (2.16), we derive that

102(8y = 02) (u = Py ) |2 00 + 1859y — 0a) (= P )|
:(u . PJ\—41,—1,—1u7 (D1,0,1X1,0,0D1,0,1 + D0,1,1X0,1,0D0,1,1)<u _ PA—/[l,—l,—lu))

2020 -1 -1)
H G-D([+hL-1n"

J—1 -1, —1”2

x—1-1.-1

(3.21) = > L= Dh(l+h—1)x

[1]>M+1

= 3 AL DU +3)aE e 2 2MEM 1) Y
[|>M—1 [l|=M—1

4l1+2
|l|+1 l1+1lz+1'
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Furthermore, we derive from (A.13) and (2.16) that

1020y (u — P ) ||2

XO,O,l

2
= > - van+nadit, - (i+u-272%,)

[1]>M+1 001
2
| @+ + D e — )T
(3.22) W "
L+ DEU+3)(+h +2),. ) )
= Z (U1, 142 — U1y 42,0)
1> M—1 2 +1

L+ +hL+2),. X 2
2L+ (| + 1) (s a2 = Wy +205)

>M(E2M+1) Y
[l|=M—1

Combining (3.20)-(3.22) and using Theorem 3.3, we deduce that
IV (u— Py ta)||P < (|2 = P2 aeul” + || (2 = B30, ul|”
+ M2 (][0 (u = Py ) 2o + (1000 — 02) (= Py )20

+ ||ay(ay - 800)(“ - P]&l’iLilu)Hio,l.o)

2—2 2 2—-2 2 2—2 2
<M r|axu|38530 +M T|6yu|Bg;]}0 +M r|agcayu|355?1
2-2 2 2-2 2
+ M?7?"(0,(dy — Oy )u 2t M?72"19,,(0y — 8gg)u|B{5?0
— ]\42727'|u|2~
(7)‘,0,0.

Since Pj\?’fl’flu € XY, taking p = P&l’fl’flu in (3.16), we obtain

HV(u — H?wu)H < HV(U — PA}l’_l’_lu)H <M

-
Bgo,0’

which is (3.14) with s = 1.
The case with s = 0 can be proved by using a duality argument. Let ep; = Hzl\}lou —u and

consider the auxiliary problem:
(3.23) Find w € Hj(T) such that ~ (Vo,Vw) = (¢, en), Vo € Hy(T),
which admits a unique solution w € HE(T') with the regularity

lwll2 S llearll-

Taking ¢ = ey in (3.23), we have from (3.13) and (3.14) with s =1 that
learl]® = (Vear, Vo) = (Vear, V(w — TTiw))
< | VeulllIV (w — I37'w)]
<1 9ear| M
S M7 Ven|lllea]

which implies |leas]| < M~Y||Ven||. By using (3.14) with s = 1, we finally get the estimate
(3.14) with s = 0. m
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4. APPLICATION TO SECOND AND FOURTH ORDER EQUATIONS
4.1. Modified Helmholtz equation. Consider the modified Helmholtz equation:
(4.1) —Au+~yu=f, inT; ulpr=0, v>0.
Given f € H=Y(T), the weak formulation for (4.1) is: find u € HZ(T) such that
(4.2) a(u,v) == (Vu, Vo) +y(u,v) = (f,v), Vv e H(T).
It is clear that X9, = P&l’fl’fl. Hence,

X3, =span{g;: 11 >2,b>1, I +1b <M}

with

(43) bi(z,y) = 220 VI Z

(=Dl +h—1)
The spectral-Galerkin approximation for (4.2) is: find up € X3, such that
(44> a(qu 90) = (f7 (P), VSD € XR/[

Thanks to the Lax-Milgram lemma, (4.2) (resp. (4.4)) admits a unique solution satisfying

T ).

(4.5) IVull +ylull S Nf1l-2 (esp. [Vuarll +Allunll S 1£1-2)-

Setting
aie = (61, Pn), bii = (Oxb1, Oxdr) + (Oyr, Oydr),

M—-1 M-Iy
Unp = Z Z {Ll(lsly fl = (fa¢l)a
11=2 lx=1
and

All,k1 = (all1l2;k1’k2)l1+1§\l|§]v1, ki +1<|k|<M> A= (Al17k1)2§l1,k1§M71?
Bk = (bll»l%khka)zl+1§|z\§M, E1+1<|k| <M’ B= (Bll»kl)2gzl,k1§M—1’
~ ~ ~ ~ N N N AM—1\1tr
ull = (ul1,15u11,27' T auth—ll)y u = (’U/Q,’LLS,"' aU'M 1) ’
. . . . - s 2 AM 1yt
fl:(fl1,17fl1,27"'afl1,M—l1)a f:(f27f35"'af 1) 5

the linear system associated with (4.4) becomes
(4.6) (B+~A)i=f.
It is easy to see from (A.14), (A.15) and (A.5) that
air =0, if 1 — ki & {0,£2} or |[k] —[I] & {0,+1,42,£3},
b =0,  if Iy — ki ¢ {0,+2} or|k|—|I| € {0,+1}.
So (B++A) is a block penta-diagonal matrix, whose entries are all hepta-diagonal sub-matrices
(cf. Fig. 4.1). Moreover, the system can be split into two block tri-diagonal linear systems with

respect to even/odd Iy, k1. The non-zero entries of the matrices A and B can be determined

exactly by using the properties of ‘7171’71’71(95, y) in the Appendix.
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FIGURE 4.1. Structure of the mass matrix A (left) and the stiff matrix B
(right) with M = 14: nz is the number of non-zero elements.

Theorem 4.1. Let u and uy; be the solutions of (4.2) and (4.4), respectively. If w € H"(T)

r > 1, then we have

(4.7 lunr —ulls S M "ulg. , 0<s< 1.

0,0,0
Proof. One derives from (4.2) and (4.4) that
lunr —ully S inf - flo—uf; .
veXy,
Then, applying Theorem 3.4 to the above, we obtain immediately (4.7) with g = 1. The result
for 4 = 0 can then be derived by using a standard duality argument as in the proof of Theorem
34. m

4.2. Biharmonic equation. Consider the following biharmonic equation:
ou

" AT lor

Given f € H=2(T), the weak formulation for (4.8): find u € H3(T) such that

(4.8) A*u=f, inT; ulor=0

(4.9) (Au, Av) = (f,v), Yve HZ(T).

The coercivity of the above bilinear form can be directly resulted from the equivalence norm/semi-

norm in HZ(T) and the formula

// (Au)?dxdy = // [(851;)2 +2 (818yu)2 + (8§u)2}dxdy.
T T
Thus for any f € H~2(T), problem (4.8) has a unique solution in HZ(T'), which satisfies

(4.10) [ull2 S [[f]]-2-
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Define the approximation space Yy, := H3(T) NPy;. Then, we have
(4.11) Vi =P P =span{y: I >4, 10> 2, Iy + 1o < M)}

with

2‘7172,72,72(% y)
(b =2)( =3) (U + 1L =3)(l + 11 —4)
The spectral-Galerkin approximation to (4.9) is: to find ups € Y3 such that

(4.12) Ui(z,y) = Ii >4,13 > 2.

(4.13) (Aunr, Ap) = (f.p), Vo € YE),

which has a unique solution satisfying (4.10) with us in place of w.

Setting
M — A~
dise = (A, M), Z Z wp,  fu=(f,v0),
and

Dy jr = (dl?k)4§11§|l\—2,4§k1§\k|—2’ D= (D\lel)egm,ng7
N N N N N N N N tr
u|l| = (u4,|l|747u5,|l\75a T ,’U,|l|,2,2), u = (u6a U7, e 7uM) )
2 2 2 2 2 26 7 A0 bT
P = (Fajimas s q=so-+  fl=2,2), F=CF - M

the linear system associated with (4.13) becomes
(4.14) Du = f.
It is easy to see from (A.16) that
dix =0, if Iy —ki &{0,£2,+4} or k| —|I] & {0,£1,£2}.

Hence, (B + vA) is a block penta-diagonal matrices, whose entries are all ennea-diagonal sub-
matrices (cf. Fig. 4.2). Moreover, the system can be split into two block penta-diagonal linear
systems with respect to even/odd I, k1. The non-zero entries of the matrices D can be exactly

—2,-2,-2
(

determined from the properties of J, x,y) in the Appendix.

We now present the error analysis for the scheme (4.13).

Theorem 4.2. Let u and up; be the solutions of (4.9) and (4.13), respectively. If O2u €
BS;QQ,O(T) and 2u € BS?O,O(T) with r > 2, then we have

2-r (|92 2
(4.15) l[unr — ulls < M ( 02 s+ |05l a )
Furthermore, if u € BS,‘E}O(T), then
- < s—r s
(4.16) luns = ulle S M=l gy, 05 <2

Proof. One derives immediately from (4.9) and (4.13) that

lupr — ulle S inf v — uls.
veEYy,



OPTIMAL ERROR ESTIMATES FOR POLYNOMIAL APPROXIMATIONS 19
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nz = 1369

FIGURE 4.2. Structure of the matrix D (with M = 18): nz is the number of
non-zero elements.

Then applying (3.11) of Theorem 3.3 with o = (=2, —2,—2), o = 2 to the above, we obtain
that

luar = ulla < [Py~ u— ul
—2,-2,-2 —2,-2,-2
S 1193 (Pyy u— )| + 1|07 (Py u—u
2— 2 2
<M ?”( |8xu}Bg;22’0 + |3yu|B:)2m0 )

Now, for u € Bgfo,lo (T), we have

[0l gy, oy T 105Ul ez )

n1+2 qQne ns
5 E Haw ay (ay_aw) uHXn1+n3,n2+n3—2,n1+n2

ni+natnzy=r—2

ni Qna—+2 ns
+ Z Hal’ ay (ay_aaj) uHX"1+"3*2="2+"3:"1+n2

nitnzt+nz=r—2
7 s
S ulBg o + 1050l yo.-20 + [|05ul] 0.0

(by Hardy inequality (cf. for instance A.14 in [6])

< lulpr, , + ||050yul| + ||8x8;u” S lull g+ -

0,0,0 0,0,0
This implies (4.16) for s = 2. The result for s = 0 can then be derived by using a standard

duality argument, and the general case 0 < s < 2 can be concluded by space interpolation. m

Remark 4.1. We note that the above results are derived using only Theorem 3.3. While the
estimate in (4.15) has optimal convergence rate, it requires that 0*u and 8§u satisfy certain

additional boundary conditions due to the weight functions with negative index in the norm;
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on the other hand, this requirement is removed in the estimate (4.16) but the convergence rate

becomes suboptimal.
To derive optimal estimates as in Theorem 4.1 for the scheme (4.13), one needs to study the
—2,-2

projection operator P]\_f’ , as we did in Theorem 3.4 for P]\}l’_l’_l. However, this process

becomes extremely tedious and technical so we decided not to perform it.

5. NUMERICAL RESULTS AND CONCLUDING REMARKS

To illustrate the convergence behaviors of the spectral-Galerkin method on the triangle, we
report below some numerical results. An important purpose of these simple tests is to check
the correctness of various properties derived in the Appendix which are used in determining
the non-zero entries of the stiffness and mass matrices.

Example 1. We consider the L?— orthogonal projection to the following two functions
u(z,y) = exp(z + ), and u(z,y) = cos(z — y).

Since the functions are analytic on T, Theorem 3.3 indicates that the errors will decays faster
than any algebraic order. In Figure 5.1, the maximum- and L2-error of the L? projection is
shown. The computation is performed in Maple with an accuracy of 50 decimal digits.

Example 2. We consider the modified Helmholtz equation (4.1) with the exact solution
u(@,y) = ay(e”™ —e).
Example 3. We consider the biharmonic equation (4.8) with the exact solution
u(z,y) = sin?(7x) sin®(ry) sin® (7 (1 — x — y)).

Computations for Examples 2 & 3 are performed in Matlab and the results are shown in
Figures 5.2 & 5.3, respectively. For all three examples, we observe super-geometric convergence

rates which are typical for spectral approximations to analytic functions.

Errors

0 5 10 15 20 25 0 Yo 4 6 8 10 12 14 16
M

FIGURE 5.1. Maximum pointwise errors (marked by ’o’) and L?—errors
(marked by ’o’) of the L? projection (with oo = (0,0, 0)) against various degree

M. Left: function y = cos(xz — y); Right: function y = exp(x + y).
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FIGURE 5.2. Maximum pointwise errors (marked by ’¢’) and L?—errors
(marked by ’0’) against various degree M for Example 2. Left: function v = 0;
Right: function v = 1.

Errors

10

_ D
1078 Y

10 12 14 16 18 20 22 24
M

FIGURE 5.3. Maximum pointwise errors (marked by ’¢’) and L?—errors
(marked by '0’) against various degree M for Example 3.

Concluding Remarks. We studied in this paper the spectral approximation by orthogonal
polynomials on the triangle. By introducing the generalized Koornwinder polynomials and
using the properties of the Sturm-Liouville operator on the triangle, we derived optimal error
estimates for both the L?— and H}—orthogonal polynomial projections on the triangle. We
then applied these results to derive error estimates for the spectral-Galerkin method for second-
and fourth-order equations on the triangle.

Furthermore, the generalized Koornwinder polynomials with suitable parameters serve as
natural basis functions for the spectral-Galerkin method, and lead to sparse linear systems that
can be efficiently solved.

While we only studied the polynomial approximations on the triangle, it is clear that the

method used here can be generalized to the approximations on the tetrahedron. Therefore,
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the techniques and results developed in this paper will be very useful for studying spectral and

spectral-element approximations of PDEs in triangular domains.

APPENDIX A. PROPERTIES OF THE GENERALIZED KOORNWINDER POLYNOMIALS

Since the generalized Koornwinder polynomials are defined in terms of the generalized Jacobi

polynomials, we will first present some properties of the generalized Jacobi polynomials.

Lemma A.1. Let a1, a3 € X. Then for any m,n > &1 + aa,

(A1) TeR(Q) = (1) (=),
(Az) (J’r?r;haQa JghaQ)wal'o‘Z,I = h/zlp@ém,n;

A i(’;%l)("tc“)(?)'“(“;l)”,
n+a\/m+k+a+a) /(- 1\F
ST

where h{*2 is defined as in ( .9).

Eal
M: i
[}

(A4) T (¢

Proof. (A.1) is obvious from the definition, while(A.2) is an immediate consequence of (2.8),
(2.9) and (2.10).

We now assume a3 € R_, ag € X_. Noting that (A.3) is valid for a; € Ny, as € N, we
derive that

-1\ ™ 1N ™ e

reo=(51) (57) mmnn

n+ai+tasz n+ o n+ oy C_]- k—aq C"‘]- n+ai—k

> raim () ()

niae Tl+0£2 Tl+0&1 C*l k <+1 n-k
2 L)) () (%)

mtas n+or (C—1\F/C+1\"TF
(G5 ) ()

Similarly, one can prove (A.3) for oy € Ny, ap € R_ and for ag € R_, ay € R

Using Chu-Vandermonde sum, one can show that

n n—=k k+1
al,ag n+ oy n —+ oo k+14+ oy C—l
=23 () () ) ()

LI B0

(n+a1> (n+j+a1 +a2> (C—l)]
= J 2

This concludes the proof. m

Mz I\

We now derive some properties of the generalized Koornwinder polynomials.
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Lemma A.2. Let a € 3. Then for any l € N% with [y > &1 + ao and ly > as,

(A.5) T (@,y) = (1) TP (y, @),
(A.6) T (x,y) = Z Z (k) ykl(_x _ y)l17k1+k2,

(ll + 042)(|” +1 4+ oy +a+ 1)Za1+1,a2,a3+1

afﬂ N y = - y
nyy T UL Db aubas t]) oty
(htarta+ D[ +h+]a+2) o t1,0005+1
- T 0 (2, y)
2l1 +a1 +ag+1 l,la—1 e
(o)l +h+ar+a2+1) o astlastl
8, Tz, y) = 1,a2+1,a3 ,
(A8) ey 2l +ar +ap + 1 Sz )
(ll +a1+a2+1)(‘l|+l1+|a‘+2) ap,az+1,a3+1
_ T , (x y)
2[1 +a;+ag+1 lla—1 e
(A.9) Oy — 02) T (x,y) = (I + a1 + op + 1) TP 0200 (@),
Xﬁaay(ay - 896) (Xa1+1’a2+2’a3+18y(8y - ax)lea(zvy))
(A.10) X Da(Dy — B2) (xR (D, — 9,) T (2, )

=L(lh+ar+as+ 1)(12(12 +2h 4+ o] +2)+ (as+ 1)1 — 1))~7la(xay),

where sz (/f) — (llll-t%f) (l1+k1 -12-1011-5-042) (12+2l1l1-i¥]1€:-a2+1) (12+k2+2l1+;:21+0t2+013+1) )

Proof. One can readily derive (A.5) from (2.17) and (A.1).
Also from (2.17) and (A.1), we have
T (w,y) = (—y — ) g (ﬂ) Jteatesthes () _9g — 9y).
Then (A.6) is an immediate consequence of (A.4). By a direct calculation,
(h+a)(l[+h +ar+as+1) ai41a0as+1
2l oy +az+1 =1l

(htortat+ Yl +h+]al+2) asioomrrg g )
2l1+a1+a2+1 Cll,lzfl 1,2 :

Thus we derive (A.7) from (A.6) by comparing the coefficients of y*1(—x — y)h—*1=k2=1 for
both the left-hand and right-hand sides. Similar arguments lead to (A.8) and (A.9).
Under the collapsed transform (2.13),

(h = k1 4 k)e 5 (ka, o) = (K1, k2)

4

Thus by the definition (2.17) of the generalized Koornwinder polynomials and the Sturm-

Liouville eigen-equation for the generalized Jacobi polynomials (cf. A.6 in [22]), we have
—aT YT (9, — 0,) (a Ty TN, — 8:) T (2, y))

-1, —« o [e D) aq,00 1_ bl 1+aq+as «
=~ T () (WL QO (€)) x () I )

2

(A.11)

o], ]. —_ ll - a o
:ll(llJrOélJrOQJrl)Jlll’ 2(€) x (Tn) Jl2211+ 1+as+1, 3(n)

=l + o1 +ax+ 1) T (2,y).
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Subtracting (A.11) from (3.7) with o = 1, we get

_ X—aay (Xa17a2+1,a3+18y$a(x,y)) _ X—aaz (Xa1+1’a2’a3+18m%a(x,y))

(A.12)
= (Ll +h +]af +2) + l(az + 1)) T (2, y).

Thus by (A.9),

X0y (9y = 0y) (X TN, (9 — 0,) T (w,))
+ X0 (0y = Op) (X THO TR0, (0 — 0.) T (2, )
— (ll +a1+as+ 1)X7a(8y _ ax) (6y(qu+1,a2+2,a3+1ay‘7l?17—41—’1l,2a2+1,as(x7y))

1, 2,a3+1 +1,a2+1,
+aw(X0¢1+ agz+2,a3+ a'rjl?l—l,l;Q a3(x,y)))

—(li+ a1 +az+1)(lo(lz 4+ 2l + o +2) + (a3 + 1)(l; — 1))

X X0y — ) (M TheaThes gt heathas (g )

= ll(ll —+ (5] + a9 + 1)(l2(lg + 2[1 —+ |Ot| + 2) —+ (053 =+ 1)([1 — 1))‘7la($,y)

This concludes the proof. m
We now derive some useful properties for the two specific families of the generalized Koorn-

winder polynomials with o = (=1, —1,—1) and o = (-2, -2, —2).

Lemma A.3. For any admissible | € N2, the following identities hold:

22, — 1)
(A13) (=Dl +hL —1)
= (1 + 1) T50 ) = (1 + 1 = 27005, (e.y),
2(2h —1)(2)I] - 1)
(L=l +hL—-1)
(A.14) = =1+ )Ty (@,y) — 2 = )T, (2,)
+ (2 + 1>‘7ll 2 l2+1(m y) + (l2 — 1)«2?:?2’(12(1‘,34)
=@ = DI, (wy) = (1 + 1= 2700, (),
420 -1 -1) o 1-1,1
(=Dl + 11 — 1)¢61J2 (2, 9)
_ 0+ +h+1)
(201 + 1)
U+ ) =30 —1)
@I+ 1)1 = 1)
=) +30) 000
l1(2]7] — 3) \7ll,l2—2($7y)+
(Iy — 1)(ly — 2)
+
2t =3)(|I — 1)

a a \7l1 lo _1($7y)

-1,-1,-1
NN (z,y)

(la+1)(l2+2)
I+ D
oty + LoD 008, e
(1 + = 2)(11 = 31 +3)

IEIED
(141 =31+ ~2)
= 3)(- 1)

\7l000( Ly )7

1,02

0,0,0
N/ 2b+ﬂxlﬁ

(A.15)

0,0,0
k7l172,12 (l‘, y)

0,0,0 0,0,0
N/ (@ y) — N/ 1(@,9),
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and
(I — 2)(la = 3)(JI le o ([E AR )
_‘2@hﬁyh;éz-fzﬂ;Gy?gxﬁ|_2)jfﬁ32@a%
T 52>(g|z_| 3);'(;1[1__3)2()%1 —yInnes@y)
"o - 1)((51_3?)))(ﬁl|_2)2)(2|l| —5) VARIICE)
2 _ 2
gt e

1213 — 3611 + 30 — 161] + 4]1|?
(2[1] = 5)(2[1] — 3)(201 — 5) (2l — 1)
313 =91, — 5 — |I> + 6|l o
(2h - i)(%lf 51— 2) (201 — 5)‘Z?B£lz—2($ay)
(I +1)(2 + 1)
(217 — 3)(21; — 5)()I] = 2)(21] — 3)
20l + (|l + 11 = 5) o
(2l =5)(2l] — 3) (21, — 3)(2l1 — 5) jl?—040,l2+1(xay)

(1| + 1 = 5)(|I| + 11 — 6)

2(2l, — 3)(2l1 = 5)(|1] — 2)(2]l] — 5)

0,0,0
‘7l1—2,12—1 (x7 y)

0,0,0
+ 9 ‘751—4;l2+2(x’y)

0,0,0
‘71174,12 (x’ y)

Proof. The identities (A.13)-(A.16) can be verified by using the expansion (A.6) and then
comparing for the coefficient of y*1(—z — y)*2 for both the left-hand and the right-hand sides.

We leave the details to the interested reader. m

(1]
2]

3]

REFERENCES

M. Abramowitz and I. A. Stegun, editors. Handbook of Mathematical Functions with Formulas, Graphs,
and Mathematical Tables. Dover, 1972.

P. Appell. Sur des polyngomes de deux variables analogues aux polyngomes de jacobi. Arch. Math. Phys.,
66:238—-245, 1881.

P. Appell and J. Kampeé de Fériet. Fonctions hypergéométriques et hypersphériques: Polynémes d’Hermite.
Gauthier-Villars, Paris, 1926.

I. Babuska and Manil Suri. The optimal convergence rate of the p-version of the finite element method.
SIAM J. Numer. Anal., 24(4):750-776, 1987.

Dietrich Braess and Christoph Schwab. Approximation on simplices with respect to weighted Sobolev norms.
J. Approzx. Theory, 103(2):329-337, 2000.

C. Canuto, M. Y. Hussaini, A. Quarteroni, and T. A. Zang. Spectral methods. Scientific Computation.
Springer-Verlag, Berlin, 2006. Fundamentals in single domains.

Moshe Dubiner. Spectral methods on triangles and other domains. J. Sci. Comput., 6(4):345-390, 1991.
Charles F. Dunkl and Yuan Xu. Orthogonal Polynomials of Several Variables. Cambridge University Press,
2001.

D. Funaro. Polynomial Approziamtions of Differential Equations. Springer-verlag, 1992.

A. Grundmann and H. M. Moller. Invariant integration formulas for the n—simplex by combinatorial meth-
ods. SIAM J. Numer. Anal., 15:282-290, 1978.

Ben-Yu Guo, Jie Shen, and Li-Lian Wang. Optimal spectral-Galerkin methods using generalized Jacobi
polynomials. J. Sci. Comput., 27(1-3):305-322, 2006.

Ben-Yu Guo, Jie Shen, and Li-Lian Wang. Generalized Jacobi polynomials/functions and applications to
spectral methods. Appl. Numer. Math., 2008 (to appear).

Benyu Guo and Li-Lian Wang. Error analysis of spectral method on a triangle. Adv. Comput. Math.,
26:473-496, 2007.



26

[14]
(15]

(16]

(17]

(18]

[19]
20]

21]
(22]

23]
[24]

[25]

H. LI & J. SHEN

Wilhelm Heinrichs. Spectral collocation on triangular elements. J. Comput. Phys., 145(2):743-757, 1998.
J. Hesthaven and D. Gottlieb. Stable spectral methods for conservation laws on triangles with unstructured
grids. Comput. Methods Appl. Mech. Eng., 175:361-381, 1999.

George Em Karniadakis and Spencer J. Sherwin. Spectral/hp element methods for computational fluid
dynamics. Numerical Mathematics and Scientific Computation. Oxford University Press, New York, second
edition, 2005.

Tom Koornwinder. Two-variable analogues of the classical orthogonal polynomials. In Theory and appli-
cation of special functions (Proc. Advanced Sem., Math. Res. Center, Univ. Wisconsin, Madison, Wis.,
1975), pages 435-495. Math. Res. Center, Univ. Wisconsin, Publ. No. 35. Academic Press, New York, 1975.
Heping Ma and Weiwei Sun. A Legendre-Petrov-Galerkin method and Chebyshev-collocation method for
the third-order differential equations. SIAM J. Numer. Anal., 38(5):1425-1438, 2000.

S. A. Orszag. Spectral methods for complex geometries. J. Comput. Phys., 37:70-92, 1980.

R. G. Owens. Spectral approximations on the triangle. R. Soc. Lond. Proc. Ser. A Math. Phys. Eng. Sci.,
454(1971):857-872, 1998.

C. Schwab. p- and hp- Finite Element Methods. Oxford UniversityPress, 1998.

Jie Shen, Li-Lian Wang, and Huiyuan Li. A triangular spectral element method using fully tensorial rational
basis functions. SIAM J. Numer. Anal., submitted.

S. J. Sherwin and G. E. Karniadakis. A new triangular and tetrahedral basis for high-order finite element
methods. Int. J. Numer. Methods Engrg., 38:3775-3802, 1995.

S. J. Sherwin and G. E. Karniadakis. A triangular spectral element method; applications to the incom-
pressible Navier-Stokes equations. Comput. Methods Appl. Mech. Engrg., 123(1-4):189-229, 1995.

A.H. Stroud. Integration formulas and orthogonal polynomials for two variables. STAM J. Numer. Anal.,
1969.



