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1620 JIE SHEN, LI-LIAN WANG, AND HUIYUAN LI

tensor product basis functions, these basis functions involve a wrapped (since the
two subscripts in G, are dependent) tensor product and use the Jacobi polynomials
with a variable parameter in J2*%° which make it di cult to analyze (cf. [12]) and
somewhat di cult to implement. Moreover, no nodal basis corresponding to (1.1) is
available, further complicating the implementation procedure.

In this paper, we take an approach in the second category. Namely, we consider
rational functions generated by polynomials in the reference square through the Duy
transform (3.2)...(3.3) below (cf. [9]), that is,

2X o .
(1.2) Rim (x,y) = J7° 15y 512 JR02yS1),  (xy) T.

These basis functions involve usual tensor product of Jacobi polynomials with indices
(0,0) and (1,0) so they are easier to deal with in practice. Furthermore, one can
construct a nodal basis corresponding to (1.2), making it suitable for implementations
in a spectral-element framework.

An important question is whether this rational approximation in the triangle is
as accurate as or better than the polynomial approximation? We shall answer this
question by performing error analysis in the original coordinates in the triangle, and
by presenting illustrative numerical results.

The di culty in obtaining error bounds in the original coordinates is that the
Duy transform introduces a coordinate singularity, similar to the polar and spheri-
cal coordinate transforms. However, in polar and spherical geometries, one actually
prefers to write the equations in polar and pherical coordinates rather than the orig-
inal Cartesian coordinates, so it is natural to work in the stransformedZ polar or
spherical coordinates. But for triangular domains, one obviously prefers to work with
the original coordinates.

We note that it is considerably easier to derive error estimates in the trans-
formed coordinates. However, these errorgimates would involve complicated norms
in the reference square that cannot be edly quanti“ed in terms of usual norms in
the triangle, and consequently, cannot be used to compare directly with polynomial
approximations in the triangle. However, sensible comparison can be performed if
error estimates in the original coordinates are available.

While using a rational approximation in triangles enjoys the aforementioned ad-
vantages, it also has some drawbacks. Namely, the collocation points in the triangle
are severely clustered near the singular vertex (cf. Figure 4.2, right), resulting in an
unfavorable spectral radius for the derivative matrix, which in turns limits the size of
allowable time steps for any explicit or semi-implicit time stepping schemes. However,
the e ect of this drawback will be limited in practice, since the method is to be used
in the context of spectral-element methodsin which the degree of polynomials used
in each triangle will not be too large. This situation is reminiscent to the comparison
between spherical harmonics and double Faier series on the sphere (see a discussion
in [4]).

The rest of the paper is organized as follows. In the next section, we present some
preliminary results which will be used in the sequel. The main results on rational
approximations are provided in section 3. In section 4, we provide error estimates
and implementation details for the mono-domain rational approximation to a Poisson
type equation, and describe brie"y the result for the multidomain spectral element
approximations. We present in section 5 some numerical results which are consistent
with our error analysis and conclude with some remarks.
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2. Preliminaries.

2.1. Notations. Throughout this paper, we will use the following notations.

€ Let be abounded domain, and be a generic positive weight function which
is not necessary inL(). Denote by ( u,v), := uvd theinner product
of L?() whose norm is denoted by - . We useH™()and H{ ()to
denote the usual weighted Sobolev spaces, whose norms and seminorms are
denoted by u ., and|u|m & , respectively. In cases where no confusion
would arise, (if 1) and may be dropped from the notations.

€ Let N be the set of all nonnegative integers. ForanN N, we setl = (S1,1)
and denote by Py (1) the set of all polynomials of degree N, and set
PI()={ Pn(): (£1)=0}.

€ We denote by c a generic positive constant independent of any function and
of any discretization parameters. We use the expressioA < B to mean that
A cB.

2.2. One-dimensional approximation results. We derive and re“ne in this
section some one-dimensional results on Jacobi polynomial approximations and
Jacobi...Gauss-type interpolation approximations, which play important roles in the
error analysis of rational approximation in the triangle.

2.2.1. Jacobi polynomial approximations. The classical Jacobi polynomi-
als, denoted byJ,; (), | with , > S1, are mutually orthogonal with respect
to the Jacobi weight function = ()=@1 S ) (1+ )

! 2
(2.1) o ()n () 0 () = 5 s mn,

where mn is the Kronecker symbol, and

2 2+ (n+ +1)(n+ +1)

(2:2) I “‘["':(2n+ + +1)(n+1)(n+ + +1)°

Notice that the classical Jacobi polynomials are de“ned only for, > S1, while in
a recent work [11], the de“nition of Jacobi polynomials are extended to cases where
and/or  are negative integers.
We de“ne the orthogonal projection @ L2, ,(1) P n(1) L2,,(1)by

(2.3) N wSw - d =0, Pn(l) L2.,50).

Note that for , > S1, we havePy (1) L?,.,(1) = Pn(l), but when and/or
are negative integers, suitable boundary conditions are involved. For example,
Py(l) L2, ,(1)=P3(1)=Pn(l) HEI).
To describe the approximation errors, we introduce the nonuniformly weighted
Sobolev space

4B ()= w L2..0):wh() L%s(l), 0 K , N,
equipped with the norm and seminorm
1

2
(2.5) Weg, )= w( ) |W|Bgﬁ(l) = wl)

a+k,B+k | a+o,f+0 | ’
k=0 ' '
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1622 JIE SHEN, LI-LIAN WANG, AND HUIYUAN LI

Let I be the identity operator. It is obvious that forany N,M N,andN M,
the projection operator  satis“es
(2.6) v ST w v ST w Woasy, W L2, 5().

a8 a.B |

Another property is as follows. 5
LemMa 2.1. Ifw L2, (1) and W7 L2, .5 .0(1) with , > S1, then we
have

(2.7) v ST w < W arzpez)

a,[3'| ~

Proof. Forany w L2, ,(I), we write
oo 1
(2.8) w(x) = w, Je o (x), w, = 5 w(x)Jde (x) - (x)dx.

k=0 Je , -
B

De“ne
g()=w()S ¢ w ()=w()Swg

We next show that there exists ¢ (S1,1) such that g( o) = 0. Indeed, one veri‘es
readily that w is pointwise continuous in (51,1). Thus, by the orthogonality (2.1)
and the intermediate-value theorem of integration,

1 ©° 1

0= we 3 () Jg () 0 ()= g() ()

-1 =1 -1
1
=d( o) o ()d = 9(0)=0.
To proceed the proof, we recall the embedding result (see, e.g., [2, 13llfv L2, ,(l)
and V& L2 5 5.02(1) withv( o) =0 for certain o (S1,1), then we have

(2.9) Vo s < v a+2,6+2 | , for , > S1.

Therefore, by (2.6) and (2.9),

v ST w ¢ ST w = g wny S0 aae,

a,B | B | ~

= d wSw = WD a+2,8+2 | ,
a+2,6+2’|
which ends the proof.

The following approximation result plays an fundamental role in the analysis in
the forthcoming section. It is a generalization of the clasical approximation results
for Jacobi polynomials established in [10].

LEMMA 2.2. Let , > S1 or be negative integers. Then for any W B (1)
with integers po0,

v wSw SNHT ne T ST wO)
(2.10) @

a+o,B+0,1

a+o,3+0 |
,

The proof of Lemma 2.2 will be postponed to Appendix A.
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2.2.2. Jacobi—Gauss-type interpolation approximation. In this paper, the
interpolation in the triangle T is based on a map of the tensorial product of Legendre...
Gauss...Lobatto (LGL) and Jacobi...Gauss...Radau (JGR) interpolations in the rectan-
gle Q.

We “rst consider the one-dimensional Legendre-Gauss-Lobatto interpolation. Let
{ -}}L, be the LGL interpolation points (i.e., the zeros of (1S 2?)L{( )). For any
w  C(l), the LGL interpolant | yw P y(I) and satis“es

(2.11) lgw - =w L, 0 j N

We have the following approximation results.
Lemma 2.3. Ifw  L2(1) and w® Bogt(1) with integers g 0and 1,
then we have

ILwdw @ < NH- LIS wO
(2'12) N p=lp—1 ~ N o—1,0-1|
<SNHT w()

o—lo—1|
Proof. Let

1+ 1S -
wp( ) = 5 w(l) + i w(S1).

Clearly, (WS wp)(x1)=0and wSw, B, (I). Further, de‘ne

Wn = WS W)+ we P ().
Observe thatwy Sw=( "7 'ST)(wSw). Thus, by Lemma 2.2 with = = $1,
- 1.1 x . w)
(wy Sw® = NUTEST (WS wy)
! p=1,u—1 )
(2.13) SNHT RIS wO s w)
~ o—1,0-1]|
<SNHT LTS wO
~ N — o-1,0-1 '
In the last step, we used the fact = for any P N (1) with N 1 and
, > S1, which implies
RS wOsw ) = T e wO), 1.

We now recall the inverse inequality (see, e.g., Lemma 3.3 of [13]):

(2.14) O < NH 11y, P S,

n=1,p—=1| ~

We also use the stability result of the LGL interpolation operator (see Theorem 4.9
of [13]):

(2.15) IV < v o +NTEVE v BL ().

—1,-1] ~
)
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1624 JIE SHEN, LI-LIAN WANG, AND HUIYUAN LI

Therefore, by the triangular inequality, (2.13)...(2.15) and (2.6),

L&y, () L & (D) & A ()
+
Iy WSW R In (Wn S w) o (Wn S w) R
(2.14) . .
SONFIGwy Sw) L+ (wy Sw)®
T, Y|
(2.15) . . .
S NHwySw 1oy + NFE (wy Sw)Y + (wy Sw)® .
n—=1,u—1 |
(2.13) (2.6)
SONPT (T TEST wO) < NET O wO) :
o-1l0-1]

o—1,0—1 |
)

This ends the proof.

We now turn to the Jacobi...Gauss...Radau (JGR) interpolation associated with
the weight function 1°()=1S . Let { f}I, be the JGR interpolation points
(i.e., the zeros of (1+ )IJ*( ). Forany w C([$1,1)), the JGR interpolant is
de‘ned by I Rw P (1) and

(2.16) IRw R*=w R, 0 j N

In order to establish the error estimate, we use the stability result of the JGR interpo-
lation operator (cf. Theorem 4.6 of [14]). Lettingwn ( )= _; ﬁ'l_le yd + w(S1)
and using Lemma 2.2 of [14] and a similar argument to Lemma 2.3, we can derive the
following result for 1 .
LEMMA 2.4. Ifw By o(l) with integers M 0and 1, then
(2.17)
IRwSw @ SNH- ST wO) SNHT WO

p+lp ) o+1,0 | o+1,0 |
, ) )

3. Rational approximations in the triangle. In this section, we introduce a
rational orthogonal system in the triangle T and study the approximation property
of the associatedL 2- and H -projection operators.

3.1. Coordinate transform. We consider two coordinate systems: the Carte-
sian coordinate x, y)-system for the reference triangle:

(3.1) T:={(xy) : 0<x,y< 1, 0<x +y< 1},

and the (, )-system for the square: Q = (S1,1)2. The one-to-one transformation
betweenT and Q is given by

1 = 1+
(3.2) x= @1+ )2S ), y= ) Q.
4 2
with the inversion
X« -
(3.3) = 1Sy51’ =2yS1, xy) T.
This mapping collapses one edge: =1, S1 1, of the rectangleQ into a vertex

(0,1) of the triangle T, so it is referred to as acollapsed coordinate system in [17]
(also called the Du yes system (cf. [9])). We point out that this type of coordinate
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TRIANGULAR SPECTRAL ELEMENT METHOD 1625

singularity also occurs in polar and spherical coordinate transformations. Notice that
there holds

X 1+

18y 2

The following formulas associated with the transformation (3.2)...(3.3) will be used
frequently throughout this paper:

(3.4) 0< 1, (x,y) T and(, ) Q.

2 4 2X 21+ )

. = - = - = o = o =0 =2
(3.5) X 1Sy 1S 'y (1Sy)? 1S ' X Ty '
and

x 1Sy 1S X X L1+ y _ y 1

From the above, one easily “nds that the determinant of the Jacobian for (3.2)...(3.3)
is given by

(xy) _ 1S _ 1Sy
(3.7) det ()Y T 8 T 4

Throughout the paper, we shall associate a functionu in T with a function v in
Q through

(3.8) v, )= ulxy), xy) T, (,) Q.
One veri“es readily that

(3.9) u=( xu, yu)' = 1;' v, 2(11S+ ) ve2 v ,
and conversely,

(3.10) vi=( v, v)T = 182y xU, 2(1); V) xu+ ; yu '
In particular, we have

(3.11) v(,1)=0 ae.if xu is a measurable function

We note that the above corresponds to the pole conditions in the polar and spherical
coordinates.

3.2. Error estimates of the L?-orthogonal projection. We now consider
the approximation of functions in L2(T) by using series of the rational basis{R i }
de“ned in (1.2). We “rst notice that {R} |, are mutually orthogonal in L3(T). De“ne

(3.12) Rim(, )= Rm(Xxy)=3>°()°(), (. ) Q.

Since the determinant of the Jacobian for the mapping (3.2) islg , we derive from
the orthogonality of the Jacobi polynomials (2.1) and (3.7) that

(3.13)
1 1
Rim (X, Y)Ri/m/(X, y)dxdy = ; 320320 )d IEO(H)ILY(Ha S )d
T -1

1

= im0 mms,  With Im = 2(m+1)(2|+1)-
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1626 JIE SHEN, LI-LIAN WANG, AND HUIYUAN LI

For any function u  L?(T), we write

(3.14) u(x,y) = Um Rim (X, Y)
1=0 m=0

with

1
(3.15) Um = u(x, y)Rim (X, y)dxdy.

m T
Letting v(, )= u(x,y), we havev L?(Q)with = 1g , and
(316) U(X,y) = V( ) ) = Ulm le ( l )1

1=0 m=0

where{R } are de“ned in (3.12).
De“ne the space of rational functions inT

(3.17) wm =span{fR, :0 | L, 0 m M},
which corresponds to the space of polynomial®_(I )x Pyw (I ) in Q. The projection
operator y :L2(T) v is de“ned by
(3.18) ( imuSu) dxdy=0, LM »
T
and is given by
L M
v Uu(x,y) = Uim Rim (X, ).
=0 m=0
_De"ne the Jacobi weight function in the triangle T: - = (xy) =
(1SxSy) x y , and introduce the Jacobi-weighted space ifT : for integersr,s 0,
(3.19) H(T)= u L%(T): U prey < ,
where
(3.20)
s 2
. - . 2
! HTYS(T): u EZ(T)+ ;u Eir,r,O(T)-'- il( yS X)S ]u szs*js(T)

j=0

Observe that the weight functions "> © and s 7S are uniformly bounded on T,
and hence,H"(T) H " (T), where H'(T) is the usual Sobolev space.

Remark 3.1. It is worthwhile to point out that Lu Eim,o(T) and {,( y S
«)$u ? are induced by self-adjoint differential operators (S1)" L( "" 0 I)

L2 . (T)
- LA S . )
and (S1)° J(yS ) ( 7S L(yS x)%7), respectively. In fact, for any suffi-
ciently smooth function u on T,

k k—i
' k! roor

k rr,0 r i s
SISy i j

Feous (8D roir <i0 reisy,
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and for any integersi,j<r , T B0, y)= Tir =01 Sy y)=0, thus, for any
0 k rSi1,

x "0 0y)=0, x MO @Syy=0.
As a consequence, we derive, by successive integration by parts, that
1 1—y )
| LUl " 0dxdy= dy ()’ " O
T 0 0
. 1 1—y
=S dy rtu MOy dx
0 0

1 1—y

= dy . T2y . 2 0Ty dx

5 1 1-y
=...=(S1)" dy ult 0Ty dx,
0 0

which implies that

xu fim,o(T) aECUCEVE R T
Similarly, we have
. - . 2 - . - . P . - .
y(yS )T ey T WSDT 0y S )T T (S )T
The estimates of theL? errors are stated in the following theorem.
THEOREM 3.1. For anyu H "S(T), with integersr,s 0, we have

(3.21)

NP

S —r r —s j - s—j 2
M USU 27y SL Uz @t M y(yS x)*u L2, ..
i=0 T

which implies that

(3.22) M u Su L2(T) < L"+M™° u Hrs(T):

In particular, if r = s, L = M, and m = wmm, then for any u  H'(T) with
integer r 0,

(3.23) MUSU L2(T)§M_r U Hr()-

Proof. By the de“nition of the operator |y ,
M uUSu L2(T) Su L2(T)> M -

Let v(, ) = u(x,y)and ( , )= ( xY) (the coordinates (X,y) and (, ) are
connected by the transformation (3.2)...(3.3)). By taking = % 4° v (the subscript

indicates that the operator E'O acts on the variable and likewise for ), a direct

calculation, together with (3.7), leads to

. <~ 21§
muSu2 20 Wovsy g dd

. 2
< o 20 Wovsv (1S )dd
~ 2 ~
+ 20vSv (18 )dd.
Q
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By Lemma 2.2 with

. 2
20 Wovsv (1S )dd <
Q
Using Lemma 2.2 again yields
(3.24)
&2 0,0, &, 201 &
wmuSu 7 S LvSv (1S )dd +
Q
S
Q

JIE SHEN, LI-LIAN WANG, AND HUIYUAN LI

=0,u=0,andr =0, we have

-~ 2
wvSv (1S )dd.

. 2
vovSv (1S )dd

L7 "v2 1S 2"+ M™% sy2 18 2° (18 )dd.

Now, we bound the norms ofv in the right-hand side of (3.24) by the norms ofu on

T. By (3.5)...(3.6) and a recursive calculation, we have that for integek 1,

V=S o,

)= S e =S s 1S A,
(3.25)

O RV O R SR S

< k- =k
R ST R S o)
and
(3.26) )
V()= S8 uen= TE et (8 0w,

O T G ERE AR - SR ITeR)

= 13 y 1; (yS x) uxy)

_ (1?6)2 24 1s )é1+ ) S8 e (116)2”3 D2 uxy),
()= )

k-1 | = —j—
_ ~ kjSl 1i ] 1; k—j—1 §,(yg Tk, y)
k=1 | = = k—j—
- L5 TGS 0T )
k ] -
S E TN T s
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Moreover, by (3.3),

(3.27)
& 2r
13 18 2" =x"18xSy),
S 2J 23_2j . . - - . .
13 1; 18 2°%=27518 )@+ )T -1SxSy)xsTIys
1SxSy)xsTys, fors j O
Thanks to (3.7) and (3.25)...(3.27),
1é 2r
\" S S = u S xdy
| "'v2 18 27@S$ )dd =8 | luf 18 2" dxd
Q T 4
< | LufPx" (@S x S y) dxdy,
.
and
sy? 18 2°18 )dd
Q
S s 18 o1+ ST . ’ .
=8 . 4 4 JyS 0%Tuxy) (1S ?)dxdy
T j=o J
s = 2j 25—2j
S . 1+ g
S y(yS ¥ u(x,y) > 4 1S 2 ®dxdy
j=0 T
S ] LyS ) Tuxy) “(2S xS y) x> y*dxdy.
j=0

Inserting the above two estimates into (3.24) leads to

(3.28)
wmuSu g, SLT | uP (S xSy) x dxdy
T
S
+ M2 ; LWyS )T 218 x S y) x5 ySdxdy,
j=0

which implies (3.21). By the de“nition (3.20), the estimate (3.22) follows from (3.21)
immediately. Finally, (3.23) is a direct consequence of (3.22) due to the facH' (T)
H"(T).

3.3. Error estimates for the H&-orthogonal projection. We now consider
the H3-orthogonal projection which is essential for the analysis of Galerkin approxi-
mation of elliptic equations.

We de“ne the “nite-dimensional approximation space

(3.29) X0 = w Hg(T).

It is clear that the transform (3.2) maps X2, in T to P2(1 )xP 3 (1 )in Q.
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To simplify the presentation, we only consider the casel = M and setX ) :=
X -
De‘ne the H{-orthogonal projection 3% : H3(T) X9 by

(3.30) Wusu =0, XS,

We “rst point out that under the mapping (3.2)...(3.3), the spaceH(T) corre-
sponds to the weighted space

(3.31) H'(@Q:= v L?@Q): v L2 4Q) and v L%2(Q) ,
with the weight = (1 S )/8 being the Jacobian in (3.7), and the norm

1
— 2 2 2 2
(3.32) Vi@ = Viz @t Vizot Vizo

One veri“es the equivalence by using (3.4) and (3.9)...(3.10):
(3.33) Vi@ S Upyry SV H1(Q)"

We have the following results on error estimates of theH -orthogonal projection.
THEOREM 3.2. For anyu HH}T) H'(T) withr 1,

(3.34)
MUSU ey SMET Yy T L
(ij )=l x ' '
* o L2 1iaoM T yu Lfc;,o,T_l(T)+ (yS Wu L20mr (™) h=0.1,
where the weight function + =1 SxSy) x y ,r=max{0,rS2} and the index

set +={(@,j) Z?: 0 ij;i+j r}M (0,0),(0,r),(r,0)}. In particular, the
above estimate implies

3.35 Loys SMHT r(ry, M=0,1
(3.35) MUSU R Unry M
Proof. We “rst prove (3.34) with p = 1. By the projection theorem,
1,0, & &S 0
(3.36) v usSu Lo ( SUu) L2y, X -
Taking =0, we get that
(3.37)

1,0, & .
puS 2 2 + 2 + S > ,
m U= L2(T) U Lzer) xU L2(T) yUzayt (yS x)U LzT)
which leads to (3.34) withpu=r = 1.
Now letr 2. Foru HT) and X9, we setv(, ) = u(x,y) and
( , )= ( xy), where the coordinates (, ) and (x,y) are associated with the
mapping (3.2)...(3.3). Then, we have Hg (Q) H'(Q)and P (1 )xPgd ()

(wherel =1 =(S1,1)). By (3.7), (3.9), and (3.36),
(3.38)
1,0, & x x
M uSu L2(Ty SO0 SV) e azaent (O SV) Lz ja,2a0)
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Let ,\]1'_1 be the L?_, _,-orthogonal projection operator as de“ned in section 2.

Using Lemma 2.2 with = = Slandr = p=1leads to
(3.39)

-1,-1 —-1-1& 1-1¢&

' "SI v S ST v ,
M. M. L2, o020 ) M. L2 4001,k 20 )
and

3.40 V- A < wo TSI v
(840 M M L20,L20) ™ M

L2(1,;L2(1¢)
Hence, taking
(3.41) ()= it v MR ORTY PR xPR()

in (3.38), we derive from the triangular inequality, (3.39), and Lemma 2.2 that

( S V) Li—l,o(l wL206) = M'L ' M’L 1V SV Li—l,o(l L2 ¢))
-1,-1 —1-1& —1,—1 &
M wo STV L2 4 o015l 20 ) * o SV L2 1 001,20 )
(329) PR IRV + LISy
~ M. L2, o0 4iL%(0 ) M L2, o(1,iL236)
< LTSI + woTPST v
' L2, (,L206) ' L2, o0yl 2(0 )
(220) 1—r r—2r—2 & r—1
S M M—r+1, S v

L ir—z,r—z(l niL2(1¢))

1—r r
+ M \ .
L i—l,O(I nil zr—l,r—l(l £))

w

To further simplify the “rst term in the right-hand side of the above estimate, we
de“ne

G911l

(3.42) viE(@ §s )t vz PR v=@1S$
Therefore,
(343) Thov= TTHES wH=@ S ) TS (s AV

Hence, using the above identity, (2.6) and (2.7), gives

r—2,r—2 & r—1
ST \
M —r+1, L2 o 2(niL2(¢))

< r—2r—2 & & r—1,H
N m—r+s, 1 (1S) Y L2 22 (niL2(1e))
+ r—2r—2 gy r—2,1
M —r+1, Linz,rfz(' L2 ¢))
< X r—1,,1 + e
S @S ) Ty L2, o(L2(16) RS NGREIS)

< r—1V|:l .
~ Lir,r—z(ln;l-z(l&))
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Therefore, we have the upper bound for the “rst term in the right-hand side of (3.38):

( Sv) L2 o(gil2(e))
(3.44)

r

5 M 1—r r—1VEI v

+
L i7‘,7‘72(| L 2(1e)) L i—l,o(l ik iT—l,r—l(l 5))

We now turn to the second term in the right-hand side of (3.38) with given by
(3.41). Similarly, by the triangular inequality, (3.40) and Lemma 2.2, we derive that

( Sv) L2, 00,200 S ( SV) L2¢,L20)

@.41) —1,—1 & -1,-1 —-1-1¢&
S v ST v + Vi M. ST v
' L2015l 201 e)) ' ' L2(45L20e))
(3.40) —1,-1 & —1,-1 &
< Mmoo ST v + v ST
' L2015l 201 ) ' L2(,5L20e)
(2.10)

< M 1—r rV
~ Linlnyl(ln:Lz(lg))

1—r r—2r—2 & r—1
+ M P | o :
L ('m'—wrfszz('&))

To deal with the second term in the right-hand side of the above estimate, we use
(3.9), (3.10), and (3.25) to derive that

(3.45)

_ (3.10) ,_ .
rlvzrléyuslz—xu

1 _ . 1+ _ .rS1 . _
= 5 r-1 yUS 4 r—1 XUS ri r—2 x U
@9 1S ,_; 1+ ., = - rS1 .
= + -
4 Uty (yS U S«
@25 (1S )as )yt _ 1+ )as y—t ._ -
) P yu i My S
~rS1 .,
SlS V.
For simplicity, we de“ne
v = "1 v+ r?l r—ly
(3.46) s o
@asH)as y—t @+)As )y 7 4, «
= 4qr X YU+ q X (yS x)u-

Hence, by (2.6) and (2.7), we have

r—2,r—2 S]I r—1 v r—2,r—2 S]I v

o ) M=r+d L2(1yil2, 5, 2(1e)
& & =1 r—2r—2 & -1
Hrsh s mre, STV L2(1,;L2 (1)
me r—2,r—2
(2<6) 1 é =1 r
\' + Vv
(2~.7) L2(|77;Li7‘_2’T_2(|£)) ( ) LZ('n?'—ing))

< r
SOV, L00) T Y L (12,00)
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Therefore, we obtain the upper bound of tre second term in the right-hand side of
(3.38):

(3.47)
( SV) iz a,2a0) SMTT TV L2 o aarzaen T Vo0, . 500)
Ve (i200)
A combination of (3.38), (3.44), and (3.47) yields
(3.48)
wuSu L SMITT O TVELL o

Ve e a0t Y e i2.00)
+ v

+ v )
L2(1yiL2, 5, 50e) L2, 4 (pl23¢)

We now bound the terms in the right-hand side by the norms ofu on T. Using (3.4),
(3.7), and (3.25)...(3.26), we “nd

r—1,, R

- r—1 |j - r r—2
Ve Laaizaeny T v—(1S )+ ) “dd

N x y(yS ) T T T2 (k) T )dxdy
ji=0o T
< X il( yé x)r_J_lu b _J_l'r_dedy,
j=o0 T
r 2

_ ry 20 & yv=1p1& 2yr—1
VLi_l,o('n:Lir_l,T_l('s))_ v (1S )"(1s 9)''dd

S xul? "0, yydxdy,
v fi_z,o(ln:%rmg)): 'v’@as )2 18 2"dd
S THus (8 Ju) (@18 )¥2 18 2"dd
s yu® TT20x vy L2( )dxdy
A Ju® TR0 Yy 23 )dxdy
S Thyut 2oy + Ty S Qu” TR M odxdy,
T T
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and
v f2('77:L§T_2,r_2(|5))
g o S Thyurs ) Ty S s )y 18 2y
S KThyut TR0yt dxdy
M G e CR OB LY
< hyu? 2%y + IR, S u TR0 Rodxdy,
T T
v iiu,y,l(ln;m(lg»: o 'vi1s 2 dd
r—1
< Yy ) Tu T ) TR dxdy
j=0 T
. bu? TR0 y) (L S ) Tr2O( )dxdy

+ |( yg X)rul2 o,r—2r—1 O,r+2( )dXdy
T
S y(yS ) u
ji=1 T

2 j—1r—j—1r _1dxdy

2 — — = —or—
+ ;,U r—2,0,r 1dxdy + |( y S X)r U|2 o,r—=2r 1dXdy.
T T

We conclude (3.34) from (3.38) and the above inequalities. This ends the proof of
(3.34) with p=1.
The case with p = 0 can be proved by using a duality argument. Letey =
ﬁ,iou S u and consider the auxiliary problem:

(3.49) Findw H(T) suchthat ( , w7t =(,ewm)T, H3(T),
which admits a unique solutionw  H3(T) with the regularity

(3.50) W H2T) S v T-

Taking = ey in (3.49), we have from (3.30) and (3.35) withp = 1 that

em -2|—:( ev , W): em , Wé %/iOW ev T WS ],\'/iOW

< ew tM7TPw ey SMTE ey 7 oew T,

which implies ey 1+ <M~ ey 1. By using (3.34) with u =1, we “nally get the
estimate (3.34) with p =0.

3.4. Error estimates for the interpolation. Let { [}, and{ R}M, be the
LGL and JGR points de“ned in section 2, regectively. The interpolation grid in T
is given by

1 < 1
(3.51) Xim =, 1+ F1S Ry ym = , 1+ R 0 ILm M.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



TRIANGULAR SPECTRAL ELEMENT METHOD 1635

We now de“ne the rational interpolation operator. For any u C(T), the interpolant
Imu mm  such that

(3.52) ('m W) (Xim  Yim ) = U(Xim , Yim ), 0 ILm M.

Let v(, )= u(x,y). One veri‘es readily that

(“MU)(X,y): |||\7|, Il\'}, v (1 ): lM, lM, v (1 )1

where | ; and | § are the Legendre...Gauss...Lobatto interpolation operator in

and the Jacobi...Gauss...Radau interpolation operator inrespectively (cf. section 2).
THEOREM 3.3. For anyu H"(T) with integersr 2, we have

(3.53)

HmuSu zqy M y(yS )Tu Lyt L2, 510

+ 71 +
Wiz Lot x

L2 2a (M)
In particular, the above estimate implies

(3.54) HmuSu L2y SM™ U weery.

4. Application to a Poisson-type equation. Let be an open bounded
domain, and consider the Poisson-type equation;

(4.1) S u+u=f inT; u =0, 0.

The variational formulation of (4.1) is to “nd u  H&() such that

4.2) a(u,v)=( u, v) + (u,v) =(f,v) , \ H&() ,

which, thanks to the Lax...Milgram lemma, admits a unique solution satisfying
(4.3) u + u < f

4.1. Mono-domain case. Let = T. The rational spectral-Galerkin approxi-
mation to (4.2) is: “nd uy X such that

(4.4) a(um, )=(mf, )T, X3,

which has a unique solution satisfying (4.2) withuy, and Il y f in place ofu and f,
respectively.

4.1.1. Error estimates. Thanks to the approximation result in Theorems 3.2
and 3.3, we immediately derive the following convergence result using a standard
procedure.
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THEOREM 4.1. Let U and Uy be the solutions of (4.2) and (4.4), respectively. If
u HT) H(T) andf HS(T) withr Llands 2, then we have

(4.5)

U SU puy SMHTT X i/( yS x) " Tu L2
@(j)

+ Tu + ru
X Li*‘lvT—l’o(T) Y LiT‘,O,T—l(T)

ivj—1,r—j—1,r—i—1(T)

+ (yS W L2470 2 (T)

S

—s i S s—j s
+M ‘ y( y S X) f Lij,r—j,T(T)+ Xf Lis—l,s—l,O(T)

s—1 s—1 S
* yf Lis,572,1(T) * X ( y S X)f Lisfls,l(T) !

which implies that
(46) Um Su H;L(T)SM“_r Upyrry™t M~ f He=(T)> p=0,1

Proof. One derives immediately from (4.2) and (4.4) that

(47) Um Su H1(T)§ inf Vm Su HiT) T IImf Sf L2(T)-
VM I

Then, applying Theorems 3.2 and 3.3 to the above, we obtain immediately (4.5) with
p = 1. The result for p = 0 can then be derived by using a standard duality argument
as in the proof of Theorem 3.2.

Remark 4.1. Alternative to (4.4), we can also consider the following rational
spectral-Galerkin approximation with numerical integration: Find upy X9 such
that

(4.8) av(um, )= (uUm, Imt+( um, Imt=(f ImT, XS,
where
M M 1 3
(4.9) (uLVIm, T = u(xij i JV(Xij , Yi )8 FR.oouv CT
i=0j=0

with {xj ,y; }} —o being the collocation points de‘ned in (3.51),{ [}, being the
weights for the LGL nodes{ {-}\.,, and { {}}., being the weights for JGR nodes
{ jR}J!\":O (cf. section 2). Then, it can be easilyshown that the results of Theorem 4.1
hold for (4.8) as well.

Remark 4.2. The simple forms of the error estimates (3.22), (3.35), (3.54), and
(4.6) are obtained at the expense of more precise error bounds. Consider, for instance,
that (4.1) has the solution

(4.10) ux,y)=xy (1SxSy), (xy) T, , > 0,
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with  and/or  being nonintegers. By using the error bound in (4.6) and ignoring
the interpolation error for f, one can only derive that for any > 0,

(4.11) Uy Su 1 SMETTT
with
min + 3, +3 , if N,
(4.12) r= + 3, if N, N,
+ 3, if N, N

However, by directly calculating all the terms in (4.5) and ignoring the interpolation
error for f, we can show that

(4.13) uw Su pr SMHTZH

This estimate is in agreement with our nhumerical experiments presented below.

4.1.2. Modal basis functions. In order to treat honhomogeneous boundary
conditions and/or to enforce continuity across the interfaces in a triangular spectral-
element method, we need to construct basis functions for

(4.14) X = w HYT)

which, through the transformation (3.2), corresponds to
(4.15)

Xww =(P(l)xPu(l) HYQ={ P.()xPu(): (,1)=0}.

Note that the condition ( ,1) =0 is needed to ensure that ( ,1) c for
[S1,1]. To simplify the presentation, we shall takeL = M and denote Xy = Xum
and Xy = Xuwm -

We start with a commonly used C°-model basis forP, (I ) x Py (I ):

(4.16) m(, )= () m(), O ILm M,
where
1S5z
> k=0,
(4.17) (@= STaN@, 1k msy
1+z
5 k=M.

We observe that

m(,1)=0, for 0 I M, 0 m MS1,
while
m(,1)=0, for 0 I M, but ( om(,21)+ wmm(,1)=0.
Thus, by rede“ning om (, )= 1“; , we have that
(4.18) Xu =span{ m(, ) : (Lm) wm},
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where the index set

(4.19) m={(0m):0 I M0 m MS1 { (O,M)}.
Let m(XYy)= m(, ) (under the mapping (3.2)...(3.3)), and
(4.20) Xm =span{ m(x,y) : (I,m) M}

and dm(Xy )= M(M +1)+1.

As in the p-version of “nite elements, we can split this model basis intointerior
and boundary modes (including vertex and edge modes). All interior modes are zero
on the triangle boundary. The vertex modes have a unit magnitude at one vertex and
are zero at all other vertices, and the edge modes only have magnitude along one edge
and are zero at all other vertices and edges.

€ Interiormodes (1 I,m M S 1):

an m (%, y) = xyvlé 13}' Ikt 12SXyS1 L @2y 8 1),
T A P EH !
€ Edge modes:
(4.22)
y=0: o6Y)= x 18 1gy b2 51,
=31: o(, )= 1S 28(1é )J|1_'11( ), 1 1 MS1;
x=0 om(y) =1 SxSy)ylrt 2yS1),
= S1: om(, )= as )81S i JY(), 1 m MS1;
x+y=1: mm (% Y) = xydmli(2y S 1),
=1: mm (, )= (- )81S ’ J¥(), 1. m MS1
€ Vertex modes:
(x,y)=(0,0): oo(x,y)=1S xSy,
()=(5181: o, )= 350,
@23) (x,y)=(1,0): mo(X,y) = >(<1+ s
(, )=@1,S1): mo(, )= 4 ;
(xy)=(0,1): om (X, ¥) =Y,
(=511 w( )=1-1

Note that the total number of modal basis functions in the above is M S1)2+3(M S
1)+3= MM +1)+1=dim Xy.
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4.1.3. Linear system. We now examine the linear system associated to the
spectral-Galerkin approximation (4.4).

Let{ m = m} be the basis ofX{ as de“ned in (4.21). By (3.7), (3.9)...(3.10),
and (4.16), we have that

(4.24)
1 4+(1+ )2

. Im 1'mdxdy = 2 o 18 Im rme (L) Im I'm’
+(1+ ) Im I'm/+(1 é ) Im I’'m’ dd
1 1 1 1
=2 4+@1+ ) ) A )d » m( ) m( )1S d
1 1 1
* s @+ ) ) v()d m( ) m()d
-1 -1
1 1 1
* s 1+ ) () A)d m() m()d
-1 -1
1t ! -
T, () v()d ~ m() m()AS )d
and
1 .
m m-dxdy = 8 m rm(1S )dd
@25 ' L 1 ) ]
=g () v()d ~ m() m()2S )d
Setting
(4.26)
1 1
aj = 4+(1+ 2> {2) {(2)dz, by = (1S2) {2) {{2)dz,
— -1
o) = l(1+ 2)“ Hz) i(2)dz, k=0,1,
-1
d = 1(13z)k (@) i(2)dz, k=0,%1,
-1
M—-1M-—1
um (X,y) = Um  1m (X Y), fim = mf(Xy) m(Xy)dxdy,
I=1 m=1 T
and
A=(g)i=ij<m-1, Ck= C.Ek) U= (Ui )1<ij <m—1

1=ij =M -1’

(and likewise for B, Dy, and F), the linear system associated to (4.4) becomes

(4.27) AUD_; + C,UC, + CLUCo + DoUB+ DoUD; = 2F.

4

We can also rewrite the above equation in the following form using tensor product
notation:
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(4.28)
1
(S+ M)u= 2A D_;+C; Co+ C} Ci+ Dy B+8Do D; u=f,

whereu and f are U and F written in the form of a column vector, i.e.,

_ . . . t
u=(U,..., UM —1;U21,...,U2M —1; -+« ;UM 1,1, - -, UM -1 M —1)

and denotes the tensor product of matrices, i.e.,A B = (Al )ij =o,..m —1. Since
the triangle T is not a separable domain, the linear system (4.27) cannot be solved
by the usual matrix diagonalization method (cf. [19, 24]).

By using

2k

S 52 1,1 -
(4.29) 182 3¢L@) = 50,

z
322 (2) S 32%(2) = S2k 1J,?'O(t)dt,

and the three-term recurrence formulas

(4.30) Lmﬂazsznﬂnénfluﬂ@x Lo(2)=1, Li(2)= z,
(4.31)
sth@= QP 2CN D g s N gy st =1, @) =2z,

(n+1)(n+3)

and the orthogonality of Jacobi polynomials, we can easily verify that

a =0, |iSjl>2 b =0, [iSj|>1
@ =0, [i$j]>1+k k=0,1
diﬁk):o, [iSj|>2+k, k=0,+1.

The nonzero entries of these ratrices can be evaluated exactly. The structures of
the mass matrix M and the sti ness matrix S are depicted in Figure 4.1. Therefore,
the linear system can be e ectively solved ly using an e cient sparse solver such as
SPARSEPACK.

Alternatively, one may attempt to use a suitable iterative solver. As is typical in
a spectral method, the matrix S+ M is usually very ill-conditioned so it is necessary
to construct a suitable preconditioner. We now examine the condition numbers of the
sti ness and mass matrices as well as the e ect of diagonal preconditioner. For this
purpose, let A = (diag( S)) Y2, and let , be an index such that Cond@) = M 4,
i.e., , =logy (Cond(A)) for a given matrix A. We tabulate below the condition
numbers of the matricesS, S= ASA, T =S+ M,andT = AT A for various
M and =104,

We observe from Table 4.1 that the condition numbers of the sti ness matrix
Sand T := S+ M behave like O(M 3), while their preconditioned (by diagonal
preconditioner) counterparts behave like O(M?). How to construct a simple and
optimal preconditioner in this case is still an open question. We refer to [15] for an
attempt using “nite di erence.

4.1.4. Nodal basis functions. In practice, it is often more convenient to use
a nodal basis. We now construct a nodal basis foXy . Let { i = i}o=i=m (With
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TABLE 4.1
Condition numbers.

= 10000
M cond(S) s cond(S) s cond(T~) T cond(T~) -
2 39 197 28 149 6.9 279 1.8 0.85
4 19.3 214 9.4 1.62 1179 3.44 19.3 214
8 1195 2.30 315 1.66 1727.6 3.58 1438  2.39
16 843.2 243 108.8 1.69 8369.7 3.26 298.2 2.06
32 6389.5 2.53 3941 1.72 31234.0 2.99 629.1 1.86
64 50152.4 2.60 1646.5 1.78 119320.9 2.81 1964.7 1.82

oo .o
10 20 30 40 50 0 10 20 30 40 50
nz=629 nz=551

Fi1G. 4.1. The structure of the mass matriz (left), and the stiffness matriz (right), where M = 8.

m = wm =1) be the Legendre...Gauss...Lobatto points, and gt ( ), hi( )}o=i=m
be the Lagrange basis associated with | = }o<i=m . We de“ne

mY)= m(, )= m()ha(), 0 I M, 0 m MS1,
om(Xy)= om(, )=hm(),
where (x,y) and (, ) are related by the mapping (3.2)...(3.3). Then, we have
(4.33)
Xm =span  m(, ):(m) v , Xuw=span m(xy): (m) v ,

(4.32)

where the index set \ is given in (4.19).

Note that the set of collocation points (Figure 4.2, right) used here to construct
the nodal basis for Xy is dierent from the set of interpolation points (Figure 4.2,
left) in section 3. This approach is reminiscent of the Chebyshev...Legendre method
in [7] (see, also [25]).

4.2. Multidomain case. We now brie”y describe how to set up a multidomain
spectral-element method for (4.2) following the approach in [3]. For more details in
this regard, we refer to the books [3, 17, 6].

Let be an open bounded domain with Lipschitz boundaries which is decomposed
as follows:

(4.34) = Ezl K i i :Q, i = j
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EER ]

o & q of

o 0.5 1 o 0.5 1

F1G. 4.2. Distributions of the collocation points (M = 6). Left: Legendre—Gauss—Lobatto (in )
and Jacobi-Gauss—Radau (in ); Right: Legendre—Gauss—Lobatto in both directions.

We assume that the decomposition satis“es the following properties:
€ each  is spectrally admissible in the sense that there existsFy, a bijection
of classC, which maps onto , where is either the reference triangle
T or the reference square $1, 1)?, such that its inverse Fk_1 is of classC*

on ; _ _
€ the decomposition is conforming in the sense that the intersection i
Q@ k<j K) is either empty or a node or a whole side of x and j;

€ for each common side ; of | and _,- , which is an image of a side of
through F and “of Fthrough Fj, we have the identity

FIX) =G F'(x), x y,

where G is the rotation or translation which maps “to .
We denote

(4.35) X8 = vw=vw F vy um (T) i is a triangle,

or

(4.36) X,'f,I = VM = Wy Fk_1 vy Pum()xPu() if  is a quadrilateral.
Setting

(437) Xmu= w H): wl] ., X&,1 k K , X5 =Xu HZO,

the combined rational function-Legendre spectral-element approximation to (4.2) is:
Find uy X such that

K K
(4.38) ((um,vm) +( um, Vm) )= Hfvm . v XJ,
k=1 k=1
wherell yf  X) suchthat iy f(F, F)=f(K ¥, 0 ij M,and(k f)=
F 'CF F)with { F}o<i<=wm and{ [}osi=m being, respectively, the Legendre...Gauss...
Lobatto points and Jacobi-(with index (1,0))...Gauss...Radau points considered in sec-
tion 2.
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Then, using the standard error estimates of the projection and interpolation oper-
ators for the Legendre approximation (see, for instance, [2]) and the error estimates of
the projection and interpolation operators for the rational approximation established
in section 3, and following a procedure similar to that in sections 6.1 and 6.2 of [3],
we can prove the following result.

PROPOSITION 4.1. Assuming that the solution of (4.2) u H() andu| ,
HT( k) forl Kk K withr 1 andthatf| , HS( ) forl k K withs 2.
Then, the approximate solution Uy of (4.38) satisfies the following error estimate:

K
(4.39) uSum 1, £ MY U gt MTE ey
k=1

Remark 4.3. It can also be shown that Proposition 4.1 holds if we replace the
inner product in (4.38) in each subdomain by the discrete inner product (cf. Re-
mark 4.1).

5. Numerical results and discussions. To illustrate the convergence rate of
our rational approximation, we implemented the rational approximation to the model
equation (4.1) with two exact solutions and we report our numerical results below.

For a given M, we denote the discretel 2-error by

M M 2

(5.1) Em = Ut m)SuC, m)? m
1=0 m=0

Ezample 1. We consider the equation (4.1) with =1 and the exact solution:
(5.2) ux,y)=xy €”Se, (xy) T.

Sinceu H'(T) for any r > 0, Theorem 4.1 indicates hat the error will converge
faster than any algebraic order. Indeed, as shown in Figure 5.1 (left), the errors decay
exponentially, typical for a spectral approximation to an analytic function.

Example 2. We consider the equation (4.1) with =1 and the exact solution;

(5.3) ux,y)=xy 1SxSy), (xy) T, , > 0
107
10°
100t
m Q10‘
ug”o’“’ L‘%
» 10°
107
107" 10°
- 4 6 8 10 12 14 8 16 24 32 40 48
M M

Fic. 5.1. Mazimum pointwise errors (marked by “o”) and L2-errors (marked by “7”) against
various M. Left: Example 1; Right: Example 2 with = 3.2 and = 2.8.
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TABLE 5.1
L2-errors and convergence rate.

= =25 =33and =2

M E rate E rate
8 5.935656e—03 3.956740e—04

16 1.209618e—04 5.62 4.921643e—07 9.65
24 1.535837e—05 5.09 3.218648e—08 6.73
32 3.634080e—06 5.01 4.817740e—09 6.60
48 4.814852e—07 4.99 3.349831e—10 6.58
56 2.234979e—07 4.98 1.216786e—10 6.57

As discussed in Remark 4.2, we expect the error estimate (4.13) with given by (4.12)
with and/or being noninteger, assuming that the integrals in (4.26) are computed
exactly. If , N, we expect that our numerical soldion converges exponentially to
the exact solution. In Figure 5.1 (right), we plot the maximum and L2-errors versus
various M with =3.2 and =2.8in the log-log scale. The algebraic convergence
rate is evidenced by the near gaight lines in the plot.

We also tabulated in Table 5.1 the discretel ?-errors and the approximate con-
vergence rate de“ned as

VInEMkélnEMkﬂ

InM Kk S InM k+1 '
We note from the table that the asymptotic convergence rate is about 5 in the
case of = =2.5and about 66 in the case of =3.3 and = 2. Since we used

a quadrature rule to compute the integrals in (4.26), these rates of convergence are
about one-order less than the rate given in4.13). This di eren ce can be attributed to
the interpolation error which is not taken into account in (4.13). Hence, our numerical
results are in good agreement with the error estimates in Theorem 4.1 (cf. Remark
4.2).

Concluding remarks. We introduced and analyzed in this paper a rational
approximation in the triangle. The rational basis functions in the triangle are obtained
from tensor product of 1D polynomials in the reference square through the collapsed
coordinate transform (3.2). We derived optimal error estimates for theL2- and Hg-
orthogonal projections with upper bounds expessed in the original coordinates in
the triangle. These fundamental approximation results are then used to derive error
estimates for the spectral-element method using a combination of rational functions
in triangles and polynomials in quadrilaterals.

Our error analysis indicates that the rational approximation leads to error esti-
mates which are as accurate as the polynomial approximation in the triangle. Fur-
thermore, these rational basis functions appear to be easier to deal with, both in
analysis and in practice, than the polynomial basis functions in (1.1). Hence, this ra-
tional approximation represents a viable alternative to the polynomial approximation
for triangular domains, despite the drawback induced by the clustering of collocation
points around the singular vertex.

We provided implementation detail for the rational spectral-Galerkin approxima-
tion to a Poisson-type equation, and show that the resultant linear system is sparse
and can be e ciently solved, for example, by a sparse solver. We also presented
illustrative numerical results which are in agreement with the theoretical estimates.

This work is the “rst step towards developing a spectral-element method for
complex geometries using rational functions in triangles.
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Appendix A. Proof of Lemma 2.2. We collect below some properties of Jacobi
and generalizegl Jacobi polynomials. Recall that the classical Jacobi polynomials with
indexes , > S1 satisfy the following recurrence relations (see [1] and [23]),

(A.1)

Jo ()=(S1"J; (S), , > SiLn 0,

(A.2)
Jica()=33 THISIH TR (), > 0n 0
(A.3)
WoO= 1T O+ T (O, o> o o
(A.4)
1S )3, ()
2n+ +1) = 2(n+1) , -
T on+ o+ +2Jn’ ()Szn+ + +2Jn+1( ) , > S n 0
(A.5)
J. ()= n+ ; +1Jnf11' (), , > Sin 1,
(A.6)
S 77 () )y 3 ()
=nin+ + +1)J; (), , > S, n o

By (A.5), (A.4), (A.2), and (A.3), we also derive that for any > 0, > S1,
n 0O,

(A7)
(18)3; () =a8) 83, O)+as) I ()
=as) 7 sa; O+ "7 Tras

n+ + +1
n+ + +1

=LS) ™ SJs O+

(n+ )Y SnI3; YY)

=as) "t sy, O T

2n + + +1 (n+ )

nin+ +1)
n+ + +1

(08

n+ + +1
i O+ 2n+ + +1
& < (n+ )n -1, +1
s+ s TN a0

=S(n+ IS ) T, ).
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Now we resort to [11], and de“ne the gneralized Jacdi polynomials
(A.8)

2% 3T (O, oz, Zhn no(, )=8 S,
Jy ()= G ;l Jne () 7=, > S1,n no(, )=S8,
Gi ;1 ) Jn’+_ ( )v > Sl, Z,n no(, ):: S ,
J: (), > S1, > S1,n no(, ):=0,

with the normalization coe cient
(n+ +1)(n+ +1)
(A9) ¢, = (n+l)(n+ + +1)°
1, otherwise.

> S1, 77 or > 81, 7",

As it is known in [11], J; ( ),n  no(, ) are mutually orthogonal with respect
to the weight 1S ) (1+ ) forany , > S1 or being negative integers. By
such a de“nition, the generalized Jacobi polynomials maintain most of the recurrence
relations of the classic Jacobi polynomials.

LEMMA A.1. Let , > S1 or negative integers. Then for anyn  no(, ),

(A.10)
Jo ()=(S)"3; (S),

(A11)
d o (ne o+ oaD
(A.12)

T N LR NG R VRN
(51 Og % O = (18 i n(ne + 41  O% O

Proof. (A.10) is an immediate consequence of the de“nition (A.8).
Note that for each admissible integern,

PR ol (D PR A g 3

a1z 3 ()= G 2 IO Z= {0}, > 81,
G 5 Jae () > 81,  Z~ {0},
Ji () > S1, > S1

Thus, by (A.5), (A.6), and (A.13), we get that for 7,

(A.14)

Ji ()=(S1 2* @s )~ @as ) Jae - ()
_(Sy 2+

1S )™ (1S ) It ()

n n+ + +1

=(S1) "2 n+ o+ +1@X S )T WS )T NL TN
n+ + +1_ 4 4

= 2 JIn—1 (),
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while by (A.7), (A.13), we have that for 7=, > S1,

i (D=2 ¢ (S1H” 3z ()

(A.15) & 4y— —1q— —1, +1 N, +1, +1
=2 nc; (S1) Jox ()= ZJn—l’ ()
we also get from (A.10) and (A.15) that for > S1, 7",
< < SN 4y 41 N 41+
m1e) 3 ()=(S1 3y (s)= OV s 2 Dy ),

A combination of (A.14), (A.15), (A.16), (A.5) yields that for , > S1 or being
negative integers,

n+ + +1

(A17) Ji ()= o I O (L)
Hence, a recursive using of (A.17) eventually leads to (A.11).

Moreover, by (A.17) and (A.13), we get that for any Y/
(A.18)

n+ + +1
2
) +12 + +l(n + + +1) J- —-1,— —1( )

n+ + +1

S1 2T (n+ + +1ndp 7 ()
= Snn+ + +1) © () ().

I N

) 9y ()

Further by (A.17), (A.7), and (A.13), we have that forany > S1 and Y/

) 38 O)

=TT Ot )

_ (n+ +1)(n+ +1) = +1q7 +1,— —1
(A.19) =2 (M(n+ + +1) @s ) ", ()
(n+ +1)(n+ +1)
(nN(n+ + +1)

Snin+ + +1) + ()I; ().

=82 (n+ + +1)@QS ) I;7 ()

By using (A.10) and (A.19), we also have that for any > S1 and 7,

) 3 () =(SD” TS ) Iy (S)
(S n(n+ + +1) * (S)I; (S)
= Snan+ + +1) ()3 ().

(A.20)

Now we derive from (A.18), (A.20), (A.19), and (A.6) that forany , > S1 or being
negative integers,

(A.21)
) 3y () =Sn(n+ + +1) 0 ()3 (), nono(, ).
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Finally, we deduce from (A.21) and (A.11) that

) 3 O)
+ o+ o+ _ .. o1 4 —
=, T oo
=sms wn N T T N) T 0 0

S(nS +1(n+ + + ) ~H TR TI() L ()

and conclude by induction that

O 3 O)
_GDTHm(nE ¢ b D)
(r.22) =T hE +1(n+ + +2) B 3 ()

(n+)(n+ + + +1)

=(5Y) (nS +1)(n+ + +1)

(s ()

This ends the proof.
Now let us concentrate on the proof of Lemma 2.2. From the expansion

oo

wi)= w J (),
k=0
we derive
a - L0 a
(A.23) gu v ST w()=S W, d“Jk' ().
k=N +1

Hence, by (A.11) and the orthogonality of the Jacobi polynomials,

gt B 2
gun N ST w ey
oo 2 gt 2
B W d ux s
k=N +1 presral
P (kSu+1)(k+ + o+ +1) we 2094 2
& k k
ien g (KS FD(k+ 4+ +p+l) d ot |
oo 2 2
S N u—z Wk' dd Jk’
k=N +1 oraeth

Using the orthogonality and the de“nition of the projection operator leads to we get
that

d o+a,c+( |
)
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which gives the “rst inequality in (2.10). The second inequality is an immediate
consequence of (2.6). Therefore, we complete the proof of (2.10).

Acknowledgments. The authors would like to thank Professor Claudio Canuto
for stimulating discussions and constructive suggestions regarding this work. The
third author would like to thank Nanyang Technological University for the hospitality
during his visit.

REFERENCES

[1] R. ASkEY, Orthogonal Polynomials and Special Functions, SIAM, Philadelphia, 1975.

[2] C. BERNARDI AND Y. MADAY, Spectral methods, in Handbook of Numerical Analysis, Vol. V,
P. G. Ciarlet and J. L. Lions, ed., Techniques of Scienti ¢ Computing (Part 2), Elsevier,
Amsterdam, 1997, pp. 209 486.

[3] C. BERNARDI, Y. MADAY, AND F. RAPETTI, Discrétisations variationnelles de problémes aux
limites elliptiques, Math. Appl. 45, Springer-Verlag, Berlin, 2004.

[4] J. P. BoyDp, Chebyshev and Fourier Spectral Methods, 2nd ed., Dover Publications, Mineola,
NY, 2001.

[5] D. BraEss AND C. SCHWAB, Approzimation on simplices with respect to weighted Sobolev
norms, J. Approx. Theory, 103 (2000), pp. 329 337.

[6] C. CaNuTO, M. Y. HUSsAINI, A. QUARTERONI, AND T. A. ZANG, Spectral methods, Scienti ¢
Computation, Springer-Verlag, Berlin, 2006. Fundamentals in single domains.

[71 W. S. DoN AND D. GOTTLIEB, The Chebyshev-Legendre method: Implementing Legendre meth-
ods on Chebyshev points, SIAM J. Numer. Anal., 31 (1994), pp. 1519 1534.

[8] M. DUBINER, Spectral methods on triangles and other domains, J. Sci. Comput., 6 (1991),
pp. 345 390.

[9] M. G. DUFFY, Quadrature over a pyramid or cube of integrands with a singularity at a vertez,
SIAM J. Numer. Anal., 19 (1982), pp. 1260 1262.

[10] D. FuNARO, Polynomial Approziamtions of Differential Equations, Springer-Verlag, Berlin,
1992.

[11] B.-Y. Guo, J. SHEN, AND L.-L. WANG, Optimal spectral-Galerkin methods using generalized
Jacobi polynomsials, J. Sci. Comput., 27 (2006), pp. 305 322.

[12] B. Guo AND L.-L. WANG, Error analysis of spectral method on a triangle, Adv. Comput. Math.,
26 (2007), pp. 473 496.

[13] B. Guo AND L.-L. WANG, Jacob: interpolation approrimations and their application to singular
differential equations, Adv. Comput. Math., 14 (2001), pp. 227 276.

[14] B. Guo AND L.-L. WANG, Jacobi approzimations in non-uniformly Jacobi-weighted Sobolev
spaces, J. Approximation Theory, 128 (2004), pp. 1 41.

[15] W. HEINRICHS AND B. I. LocH, Spectral schemes on triangular elements, J. Comput. Phys.,
173 (2001), pp. 279 301.

[16] J. S. HESTHAVEN, From electrostatics to almost optimal nodal sets for polynomial interpolation
in a simpler, SIAM J. Numer. Anal., 35 (1998), pp. 655 676.

[17] G. E. KARNIADAKIS AND S. J. SHERWIN, Spectral/hp element methods for computational fluid
dynamics, Numerical Mathematics and Scienti ¢ Computation, 2nd ed., Oxford University
Press, New York, 2005.

[18] T. KOORNWINDER, Two-variable analogues of the classical orthogonal polynomials, in Theory
and application of special functions (Proc. Advanced Sem., Math. Res. Center, Univ. Wis-
consin, Madison, Wis., 1975), pp. 435 495. Math. Res. Center, Univ. Wisconsin, Publ. No.
35. Academic Press, New York, 1975.

[19] R. E. LyncH, J. R. RICE, AND D. H. THOMAS, Direct solution of partial differential equations
by tensor product methods, Numer. Math., 6 (1964), pp. 185 199.

[20] R. G. OWENS, Spectral approzimations on the triangle, R. Soc. Lond. Proc. Ser. A Math. Phys.
Eng. Sci., 454 (1998), pp. 857 872.

[21] R. PASQUETTI AND F. RAPETTI, Spectral element methods on unstructured meshes: Compar-

isons and recent advances, J. Sci. Comput., 27 (2006), pp. 377 387.
. PRORIOL, Sur une famille de polynomes a deuz variables orthogonaux dans un triangle, C.
R. Acad. Sci. Paris, 245 (1957), pp. 2459 2461.

[23] E. D. RAINVILLE, Special Functions, Macmillan, New York, 1960.

[24] J. SHEN, Efficient spectral-Galerkin method. |. Direct solvers of second- and fourth-order equa-
tions using Legendre polynomsials, SIAM J. Sci. Comput., 15 (1994), pp. 1489 1505.

(=1

[22]

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1650 JIE SHEN, LI-LIAN WANG, AND HUIYUAN LI

[25] J. SHEN, Efficient Chebyshev-Legendre Galerkin methods for elliptic problems, in Proceedings
of ICOSAHOM 95, A. V. llin and R. Scott, eds., Houston J. Math., 1996, pp. 233 240.
[26] S. J. SHERWIN AND G. E. KARNIADAKIS, A new triangular and tetrahedral basis for high-order

(hp) finite element methods, Internat. J. Numer. Methods Engrg., 38 (1995), pp. 3775
3802.

[27] M. A. TAYLOR, B. A. WINGATE, AND R. E. VINCENT, An algorithm for computing Fekete
points in the triangle, SIAM J. Numer. Anal., 38 (2000), pp. 1707 1720.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


