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LEGENDRE AND CHEBYSHEV DUAL-PETROV-GALERKIN
METHODS FOR HYPERBOLIC EQUATIONS

JIE SHEN1 & LI-LIAN WANG2

Abstract. A Legendre and Chebyshev dual-Petrov-Galerkin method for hyperbolic
equations is introduced and analyzed. The dual-Petrov-Galerkin method is based on a
natural variational formulation for hyperbolic equations. Consequently, it enjoys some
advantages which are not available for methods based on other formulations. More
precisely, it is shown that (i) the dual-Petrov-Galerkin method is always stable without
any restriction on the coefficients; (ii) it leads to sharper error estimates which are
made possible by using the optimal approximation results developed here with respect
to some generalized Jacobi polynomials; (iii) one can build an optimal preconditioner
for an implicit time discretization of general hyperbolic equations.

Dedicated to Professor Ivo Babuska on the occasion of his 80-th birthday

1. Introduction

We consider in this paper Legendre and Chebyshev approximations of the linear hy-
perbolic equation

(1.1) ∂tu+ ∂x(a u) + b u = f, |x| < 1, 0 < t ≤ T,

with given initial data and appropriate non-periodic boundary conditions.
There exist a large body of literature on using spectral methods for solving hyperbolic

systems (cf. [10, 4, 3, 9] and the references therein). We refer in particular to the recent
review paper by Gottlieb and Hesthaven [9] for a up-to-date account on this subject.
Previous work can be essentially classified into four different approaches: collocation,
Galerkin, tau (cf. [10]) and penalty (cf. [9]). In this paper, we shall take a different
point of view by proposing a dual-Petrov-Galerkin method.

The dual-Petrov-Galerkin method was recently introduced by the first author in [22]
for solving third and higher odd-order differential equations. The key idea is to choose
the trial functions satisfying the underlying boundary conditions, and the test functions
satisfying the “dual” boundary conditions. This approach enjoys a number of appealing
advantages: (i) it leads to a strongly coercive bilinear form despite the fact that the
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2 JIE SHEN & LI-LIAN WANG

leading-order differential operator is not elliptic and non-symmetric. (ii) it leads to a
well-conditioned linear system, sparse for problems with constant-coefficients, which can
be efficiently solved; (iii) it leads to optimal error estimates.

The purpose of this paper is to present a Legendre and Chebyshev dual-Petrov-
Galerkin method for hyperbolic equations, and to investigate whether their advantages
for third and higher-order equations would carry over to first-order equations. The fol-
lowing three issues will be addressed:

(1) Stability: We shall show that the dual-Petrov-Galerkin method is always stable
without any sign restriction on the coefficients a and b.

(2) Error analysis: We shall develop new approximation results based on the special
basis functions which can be regarded as generalized Jacobi polynomials with
index α ≤ −1 and/or β ≤ −1. We shall then use these new approximation
results to derive sharper error estimates for the dual-Petrov-Galerkin method.

(3) Efficiency: We shall discuss some implementation details of the dual-Petrov-
Galerkin method in frequency space as well as in physical space. In particular,
we shall show that when working in frequency space, the sparse matrix for a
problem with constant coefficients can be used as an optimal (independent of
number of modes) preconditioner for the full matrix associated with a large class
of variable coefficients.

The paper is organized as follows. In the next section, we introduce the spectral and
pseudo-spectral dual-Petrov-Galerkin methods in a general setting and prove their stabil-
ity. In Section 3, we discuss some of the implementation details. Then, in Section 4, we
develop sharp approximation results based on special basis functions which are mutually
orthogonal in weighted (generalized) Jacobi spaces. We then use these new approxi-
mation results to derive, in Section 5, error estimates for the Legendre and Chebyshev
spectral dual-Petrov-Galerkin methods. We conclude with several remarks.

We now introduce some notations which will be used throughout the paper.
Let χ(x) be a weight function in I = (−1, 1), which is not necessary in L1(I).We denote

by Hr
χ(I) (r = 0, 1, · · · ) the weighted Sobolev spaces whose inner products, norms and

semi-norms are (·, ·)r,χ, ‖ · ‖r,χ and | · |r,χ, respectively. In particular, the norm and inner
product of L2

χ(I) = H0
χ(I) are denoted by ‖ · ‖χ and (·, ·)χ, respectively. The subscript χ

will be omitted from the notations in case of χ(x) ≡ 1.
We denote by ωα,β(x) = (1 − x)α(1 + x)β the Jacobi weight function. In particular,

we use ω(x) to denote respectively the Legendre (ω(x) ≡ 1) or Chebyshev (ω(x) =
(1− x2)−1/2) weight function.

For any non-negative integer N, we denote by PN the set of all algebraic polynomials
of degree ≤ N. We shall use c to denote a generic positive constant independent of any
function and N , and we use the expression A . B to mean that A ≤ cB.
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2. The dual-Petrov-Galerkin method and its stability

2.1. An illustrative example. To illustrate the attractive properties of the dual-
Petrov-Galerkin method, we first consider the following model equation:

∂tu+ a∂xu = f, (x, t) ∈ I × (0, T ],

u(−1, t) = 0, t ∈ [0, T ]; u(x, 0) = u0(x), x ∈ Ī ,
(2.1)

where a is a positive constant.

2.1.1. Variational formulation. Define the “dual” approximation spaces:

(2.2) VN =
{
u ∈ PN : u(−1) = 0

}
, V ∗

N =
{
v ∈ PN : v(1) = 0

}
.

The Legendre or Chebyshev dual-Petrov-Galerkin method for (2.1) is

(2.3)

{
Find uN (·, t) ∈ VN such that for all t ∈ (0, T ],(
∂tuN , vN

)
ω

+ a
(
∂xuN , vN

)
ω

=
(
f, vN

)
ω
, ∀vN ∈ V ∗

N ,

with uN |t=0 = u0,N being a suitable approximation to u0, and ω(x) being either the
Legendre or Chebyshev weight function.

Note that for any vN ∈ VN , we have vN
1−x
1+x ∈ V

∗
N . Hence, by setting ω0(x) = ω(x)1−x

1+x ,
we can rewrite the dual-Petrov-Galerkin formulation (2.3) in the equivalent (weighted)
Galerkin formulation:

(2.4)

{
Find uN (·, t) ∈ VN such that for all t ∈ (0, T ],(
∂tuN , vN

)
ω0

+ a
(
∂xuN , vN

)
ω0

=
(
f, vN

)
ω0
, ∀vN ∈ VN ,

with uN |t=0 = u0,N .

2.1.2. Stability. The key to stability is the following identities which can be derived
directly from an integration by parts:

(vx, v)ω0 =
∫ 1

−1
v2(x)

1
(1 + x)2

dx, ∀v ∈ VN (for ω(x) = 1),

(vx, v)ω0 =
∫ 1

−1
v2(x)

2− x

2
√

(1 + x)5(1− x)
dx, ∀v ∈ VN

(
for ω(x) = (1− x2)−1/2

)
.

(2.5)

Hence, taking vN = uN in (2.4) leads to that for ω(x) = 1,

1
2
∂t

∫ 1

−1
u2

N
ω0(x)dx+ a

∫ 1

−1
u2

N

1
(1 + x)2

dx =
∫ 1

−1
fuN

1− x

1 + x
dx

≤ a

2

∫ 1

−1
u2

N

1
(1 + x)2

dx+
1
2a

∫ 1

−1
f2(1− x)2dx,

and for ω(x) = 1√
1−x2

,

1
2
∂t

∫ 1

−1
u2

N
ω0(x)dx+

a

2

∫ 1

−1
u2

N

1√
(1 + x)5(1− x)

dx ≤
∫ 1

−1
fuN

√
1− x

(1 + x)3
dx

≤ a

2

∫ 1

−1
u2

N

1√
(1 + x)5(1− x)

dx+
1
2a

∫ 1

−1
f2

√
(1− x)3

1 + x
dx.
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4 JIE SHEN & LI-LIAN WANG

The stability of the scheme follows immediately from the above and the Gronwall in-
equality.

2.2. General setup. We introduce in this subsection a general setup and some notations
to be used throughout this paper.

Without loss of generality, we conventionally assume that the variable coefficients a
and b in (1.1) satisfy:

(1) a(±1, t) does not change sign in [0, T ]1;
(2) the functions a, ax, b ∈ L∞(I × [0, T ]).

To impose boundary conditions, we denote

(2.6) Γ := ∂I = {−1, 1}, Γ− :=
{
x ∈ Γ : xa(x, t) < 0

}
, Γ+ := Γ \ Γ−.

The problem of interest is of the form

∂tu(x, t) + ∂x

(
a(x, t)u(x, t)

)
+ b(x, t)u(x, t) = f(x, t), (x, t) ∈ I × (0, T ],

u(x, t) = g(t), (x, t) ∈ Γ− × [0, T ]; u(x, 0) = u0(x), x ∈ Ī .
(2.7)

More precisely, the boundary conditions are as follows:

(2.8)

(i)B u(±1, t) = g±(t), if a(−1, t) > 0, a(1, t) < 0;

(ii)B u(−1, t) = g−(t), if a(−1, t) > 0, a(1, t) ≥ 0;

(iii)B u(1, t) = g+(t), if a(−1, t) ≤ 0, a(1, t) < 0;

(iv)B no B.C., if a(−1, t) ≤ 0, a(1, t) ≥ 0.

Since the non-homogeneous boundary conditions can be easily homogenized by subtract-
ing a simple linear function from the exact solution, we shall only consider, without loss
of generality, the case g±(t) = 0.

To formulate the dual Petrov-Galerkin formulation uniformly for the four cases, we
use the notations

(2.9) α̂ =

{ −1, if 1 ∈ Γ−,

1, if 1 ∈ Γ+,
β̂ =

{ −1, if − 1 ∈ Γ−,

1, if − 1 ∈ Γ+.

and define the weight functions

(2.10) ω0(x) = ω(x)ωα̂,β̂(x), ω1(x) = (1− x2)−1ω0(x), ω2(x) = (1− x2)ω0(x).

More precisely, corresponding to each boundary condition (i)B-(iv)B in (2.8), we have

(2.11) (i)B α̂ = β̂ = −1; (ii)B α̂ = 1, β̂ = −1; (iii)B α̂ = −1, β̂ = 1; (iv)B α̂ = β̂ = 1.

Hereafter, the conditions or expressions labeled by (i)B correspond to the boundary con-
dition (i)B with g±(t) = 0 in (2.8), and likewise for (ii)B-(iv)B.

1It will become clear that each time a(±1, t) change sign, the variational formulation needs to be
changed accordingly.
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For each of the boundary conditions (i)B-(iv)B, we define the “dual” approximation
spaces:

(2.12)

VN = {u ∈ PN : u(±1) = 0}, V ∗
N = PN−2, for (i)B;

VN = {u ∈ PN : u(−1) = 0}, V ∗
N = {v ∈ PN : v(1) = 0}, for (ii)B;

VN = {u ∈ PN : u(1) = 0}, V ∗
N = {v ∈ PN : v(−1) = 0}, for (iii)B;

VN = PN−2, V ∗
N = {v ∈ PN : v(±1) = 0}, for (iv)B.

One verifies readily that dim(VN ) = dim(V ∗
N ), and vNω

α̂,β̂ ∈ V ∗
N for all vN ∈ VN .

2.3. Spectral approximation. With the above setup, we are ready to formulate the
approximation schemes. The Legendre or Chebyshev spectral dual-Petrov-Galerkin ap-
proximation to (2.7) is

(2.13)

{
Find uN (·, t) ∈ VN such that for all t ∈ (0, T ],(
∂tuN , vN

)
ω

+
(
∂x(auN ), vN

)
ω

+
(
buN , vN

)
ω

=
(
f, vN

)
ω
, ∀vN ∈ V ∗

N ,

with uN |t=0 = u0,N being a suitable approximation of u0 (to be specified later).
Since for any vN ∈ VN , we have vNω

α̂,β̂ ∈ V ∗
N , the scheme (2.13) is equivalent to the

following weighted Galerkin formulation (notice that ω0 = ωωα̂,β̂):

(2.14)

{
Find uN (·, t) ∈ VN such that for all t ∈ (0, T ],(
∂tuN , vN

)
ω0

+
(
∂x(auN ), vN

)
ω0

+
(
buN , vN

)
ω0

=
(
f, vN

)
ω0
, ∀vN ∈ VN ,

with uN |t=0 = u0,N . It will become clear that the dual-Petrov-Galerkin scheme (2.13)
is more suitable for implementation, while the weighted Galerkin formulation (2.14) is
more convenient for stability and error analysis.

The following coercivity property is essential for the well-posedness of the problems
(2.7) and (2.14).

Lemma 2.1. Let

(2.15) A(u, v) =
(
∂x(au), v

)
ω0

+
(
bu, v

)
ω0
.

If u ∈ L2
ω1

(I) and ux ∈ L2
ω0

(I), then there exist three real numbers λi (i = 0, 1, 2) with
λ1,λ2 > 0 such that for t ∈ (0, T ],

(2.16) λ0‖u‖2
ω0

+ λ1‖u‖2
ω1
≤ A(u, u) ≤ λ2‖u‖2

ω1
,

where the weight functions ω0 and ω1 are defined in (2.10).
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Proof. We first claim that if u ∈ L2
ω1

(I) and ux ∈ L2
ω0

(I), then u2ω0 ∈ C(Ī). Indeed, for
any x1, x2 ∈ [−1, 1], we have from the definitions of ω0 and ω1 that

|u2(x2)ω0(x2)− u2(x1)ω0(x1)| =
∣∣∣ ∫ x2

x1

∂x(u2ω0)dx
∣∣∣

≤ 2
∫ x2

x1

|∂xu||u|ω0dx+
∫ x2

x1

|u|2|∂xω0|dx

.
∫ x2

x1

(|∂xu|2 + |u|2)ω0dx+
∫ x2

x1

|u|2ω1dx

.
∫ x2

x1

|∂xu|2ω0dx+
∫ x2

x1

|u|2ω1dx.

Here, we used the inequalities: ω0 . ω1 and |∂xω0| . ω1. Hence, letting x2 → x1, we find
that u2ω0 ∈ C(Ī). Thanks to this fact and u ∈ L2

ω1
(I), i.e.,∫ 1

−1

u2(x)ω0(x)
1− x2

dx < +∞,

we have that u2(x)ω0(x) → 0 as |x| → 1. Integration by parts yields that

(2.17) A(u, u) =
∫ 1

−1
(∂xa+ b)u2ω0dx+

1
2

∫ 1

−1
a∂x(u2)ω0dx =

∫ 1

−1
su2ω0dx

where

(2.18) s(x, t) =
1
2
∂xa+ b− 1

2
aω−1

0 ∂xω0.

More precisely, we have from (2.10) that in the Legendre case (ω = 1):

(2.19) s(x, t) =



1
2
∂xa+ b− xa

1− x2
, for (i);

1
2
∂xa+ b+

a

1− x2
, for (ii);

1
2
∂xa+ b− a

1− x2
, for (iii);

1
2
∂xa+ b+

xa

1− x2
, for (iv),

and in the Chebyshev case (ω = 1√
1−x2

):

(2.20) s(x, t) =



1
2
∂xa+ b− 3

2
xa

1− x2
, for (i);

1
2
∂xa+ b+

1
2

(2− x)a
1− x2

, for (ii);

1
2
∂xa+ b− 1

2
(2 + x)a
1− x2

, for (iii);

1
2
∂xa+ b+

1
2

xa

1− x2
, for (iv).
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Next, by an argument similar to the proof of Lemma 1.1 in [4], we prove that there exist
three constants λi (i = 0, 1, 2) with λ1, λ2 > 0 such that

(2.21) λ0 +
λ1

1− x2
≤ s(x, t) ≤ λ2

1− x2
, (x, t) ∈ I × [0, T ].

Indeed, the inequality at the right-hand side in the above relation is obvious so we only
need to prove the one at the left-hand side. Let us consider for instance the case (i) in
(2.19). Indeed, by the continuity of a(x, t) and the condition that a(±1, t) is bounded

away from zero on [0, T ], we know that there exists δ ∈ (0, 1) such that − xa

1− x2
≥ λ1

1− x2

with λ1 > 0 and x ∈ I \ [−δ, δ]. Then, since ∂xa and b are bounded in I, and − xa

1− x2

is bounded in [−δ, δ], we infer (2.21). The other cases can be proved in a similar way.
Finally, the desired result follows from (2.17) and (2.21). �

Remark 2.1. We may even require that the constant λ0 ≥ 0. Indeed, if λ0 < 0, the
change of variable u → eλ0tu in (2.7) leads to the same equation with b(x) replaced by
b(x)− λ0 (cf. [4]). Hence, the transformed equation will satisfy s(x, t) ≥ λ1

1−x2 , x ∈ I.

We note that the existence and uniqueness of solutions for (2.7) in the weighted Sobolev
spaces that we consider here have been established recently in [13]. We provide below
an a priori estimate which is an immediate consequence of Lemma 2.1:

Theorem 2.1. Let u and uN be respectively the solutions of (2.7) and (2.14). If u0 ∈
L2

ω0
(I) and f ∈ L2(0, T ;L2

ω2
(I)), then we have

(2.22) ‖u‖L∞(0,T ;L2
ω0

(I)) + λ1‖u‖L2(0,T ;L2
ω1

(I)) . ‖u0‖ω0 + ‖f‖L2(0,T ;L2
ω2

(I)),

and

(2.23) ‖uN‖L∞(0,T ;L2
ω0

(I)) + λ1‖uN‖L2(0,T ;L2
ω1

(I)) . ‖u0,N‖ω0 + ‖f‖L2(0,T ;L2
ω2

(I)),

where the weights ωi (i = 0, 1, 2) are defined in (2.10).

Proof. Taking the inner product of the first equation of (2.7) with ω0u, and using the
fact: ω2

0 = ω1ω2, we derive from the Cauchy-Schwarz inequality that

1
2
∂t‖u‖2

ω0
+A(u, u) = (f, u)ω0 ≤

λ1

2
‖u‖2

ω1
+

1
2λ1

‖f‖2
ω2
.

Hence, by Lemma 2.1,

(2.24)
1
2
∂t‖u‖2

ω0
+
λ1

2
‖u‖2

ω1
≤ |λ0|‖u‖2

ω0
+

1
2λ1

‖f‖2
ω2
.

Consequently, using the Gronwall inequality leads to (2.22).
Following exactly the same procedure, one can prove (2.23). �

Remark 2.2. The definition of α̂ and β̂ is different from e− and e+ defined in (1.3) of
[4]. Hence, although the approach in this section is similar to that in [4], our variational
formulation, and therefore our scheme as well as its stability and convergence properties,
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is different from theirs. In particular, Theorem 2.1 holds without assuming that the
coefficients a and b satisfy any coercivity condition such as (1.2) in [4]. We note that by
assuming a(x) > 0, a different set of stability conditions involving the weight and a(x)
is derived recently in [16].

2.4. Pseudo-spectral approximation. In practical implementations, the continuous
inner product (·, ·)ω should be replaced by a discrete inner product 〈·, ·〉N,ω (pseudo-
spectral) which is based on a suitable Gaussian-type quadrature.

Let 〈·, ·〉N,ω be the discrete inner product associated, respectively, with the Gauss-
Lobatto, Gauss-Radau (with x0 = −1), Gauss-Radau (with xN = 1) and Gauss quadra-
ture for the four different boundary conditions (i)B, (ii)B, (iii)B and (iv)B. Let IN : C(I) →
PN be the corresponding interpolation operator. We recall that (cf. [3])

(2.25) 〈u, v〉N,ω = (u, v)ω, ∀u v ∈ P2N+δ,

where δ = 1, 0,−1 for Gauss, Gauss-Radau and Gauss-Lobatto, respectively.
It is well-known that one needs to use the skew-symmetric form in a pseudo-spectral

approximation to ensure the theoretical stability for general situations (see [17, 4, 9]).
We denote

(2.26) AN (uN , vN ) =
1
2
〈
a∂xuN + ∂xIN (auN ), vN

〉
N,ω

+
〈
(
1
2
∂xa+ b)uN , vN

〉
N,ω

.

The skew-symmetric Legendre or Chebyshev pseudo-spectral dual-Petrov-Galerkin ap-
proximation to (2.7) is:

(2.27)

{
Find uN (·, t) ∈ VN such that for all 0 < t ≤ T,

〈∂tuN , vN 〉N,ω +AN (uN , vN ) = 〈f, vN 〉N,ω, ∀vN ∈ V ∗
N .

Lemma 2.2. Let λi (i = 0, 1, 2) be the same as in Lemma 2.1. Then,

(2.28) λ0‖uN‖2
ω0

+ λ1‖uN‖2
ω1
≤ AN (uN , uNω

α̂,β̂) ≤ λ2‖uN‖2
ω1
, ∀uN ∈ VN ,

where ωα̂,β̂, ω0 and ω1 correspond to any of the boundary conditions in (2.8).

Proof. The proof is essentially the same as that of Lemma 2.1. Thanks to (2.25), we
only need to show

(2.29)
〈
(λ0 +

λ1

1− x2
)uN , uNω

α̂,β̂
〉
N,ω

≤ AN (uN , uNω
α̂,β̂) ≤

〈 λ2

1− x2
uN , uNω

α̂,β̂
〉
N,ω

.

Indeed, we derive from (2.25) and integration by parts that〈
a∂xuN , uNω

α̂,β̂
〉
N,ω

=
〈
∂xuN , IN (auN )ωα̂,β̂

〉
N,ω

=
〈
∂xuN , IN (auN )ωα̂,β̂

〉
ω

= −
(
uN , ∂xIN (auN )ω0 + IN (auN )∂xω0

)
= −

〈
∂xIN (auN ), uNω

α̂,β̂
〉
N,ω

−
〈
aω−1

0 ∂xω0uN , uNω
α̂,β̂

〉
N,ω

,

which along with (2.26) implies that

(2.30) AN (uN , uNω
α̂,β̂) =

〈
(
1
2
∂xa+ b− 1

2
aω−1

0 ∂xω0)uN , vN

〉
N,ω

.
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Hence, (2.29) is a directly consequence of (2.19). �

Thanks to the above lemma, we have immediately the following stability result:

Theorem 2.2. If u0,N ∈ L2
ω0

(I) and f ∈ L2(0, T ;L2
ω2

(I)), then we have

(2.31) ‖uN‖L∞(0,T ;L2
ω0

(I)) + λ1‖uN‖L2(0,T ;L2
ω1

(I)) . ‖u0,N‖ω0 + ‖INf‖L2(0,T ;L2
ω2

(I)).

3. Implementations

In this section, we discuss some of the implementation details of the dual-spectral-
Galerkin method. We note that the slightly more costly skew-symmetric form may not
be necessary since the standard form is often numerically stable, at least for well-resolved
problems (cf. [11, 8, 9]). Hence, we present two implementations below, one uses the
skew-symmetric form (2.27) with basis functions in frequency space, and the other is the
standard pseudo-spectral form with basis functions in physical spaces.

3.1. Implementations in frequency space. To simplify the presentation, we shall
only provide details for the second boundary condition in (2.8). The other cases can be
treated in a similar fashion.

As demonstrated in [20, 21], it is advantageous to use basis functions which are com-
pact combinations of the Legendre and Chebyshev polynomials. Therefore, we set in the
Legendre case

φk(x) = Lk(x) + Lk+1(x), ψk(x) = Lk(x)− Lk+1(x),

and in the Chebyshev case

φk(x) = (1 + x)Tk(x), ψk(x) = (1− x)Tk(x),

where Lk(x) and Tk(x) are respectively the Legendre and Chebyshev polynomials of
degree k. Then, we have for the second case in (2.12),

VN = span
{
φ0, φ1, · · · , φN−1

}
, V ∗

N = span
{
ψ0, ψ1, · · · , ψN−1

}
.(3.1)

Therefore, setting

fj = 〈f, ψj〉N,ω, f̃ = (f0, f1, · · · , fN−1)t,

uN =
N−1∑
k=0

ũkφk, ũ = (ũ0, ũ1, · · · , ũN−1)t,

mjk = 〈φk, ψj〉N,ω, M = (mjk)j,k=0,1,··· ,N−1,

sjk =
1
2
〈aφ′k + ∂xIN (aφk), ψj〉N,ω, S = (sjk)j,k=0,1,··· ,N−1,

qjk = 〈(1
2
∂xa+ b)φk, ψj〉N,ω, Q = (qjk)j,k=0,1,··· ,N−1,

(3.2)

we find that (2.27) becomes the following system of ODEs:

(3.3) M ũt + (S +Q)ũ = f̃ .
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We recall that the discrete inner product 〈·, ·〉N,ω here is associated with the Gauss-Radau
interpolation nodes with x0 = −1.

To avoid severe restrictions on time step associated with explicit time discretizations
of spectral methods, we shall consider implicit schemes for integrating (3.3). After dis-
cretizing (3.3) by a suitable implicit scheme, we need to solve at each time step the
following linear system:

(3.4)
(
αM + S +Q

)
ũ = g̃,

where α = O( 1
∆t) is a constant.

It follows from the orthogonality of Legendre and Chebyshev polynomials thatmjk = 0
for |j− k| > 1. Hence, the mass matrix M is (non-symmetric) tridiagonal and its entries
can be easily determined.

On the other hand, the matrices S and Q are usually full, unless a and b are simple,
low-order polynomials in x.

3.1.1. Case 1: a(x, t) ≡ ā and b(x, t) ≡ b̄ are two constants. In this simple case, we have
from (4.6) and (A.13) that for ω(x) ≡ 1,

sjk = ā 〈φ′k, ψj〉N,ω = ā (φ′k, ψj)ω = 2āδjk,

qjk = b̄ 〈φk, ψj〉N,ω = 0, ∀|j − k| > 1,
(3.5)

while for ω(x) = 1√
1−x2

,

sjk = ā 〈φ′k, ψj〉N,ω = ā (φ′k, ψj)ω = 0, ∀|j − k| > 1,

qjk = b̄ 〈φk, ψj〉N,ω = 0, ∀|j − k| > 2.
(3.6)

Let us denote
s0jk = 〈φ′k, ψj〉N,ω, S0 = (s0jk)j,k=0,1,··· ,N−1,

q0jk = 〈φk, ψj〉N,ω, Q0 = (q0jk)j,k=0,1,··· ,N−1.
(3.7)

Then, we can rewrite (3.4) as

(3.8) (αM + āS0 + b̄Q0)ũ = g̃,

which can be efficiently inverted.
As we demonstrate below, the linear system in this simple case can be used as an

effective preconditioner for the general case.

3.1.2. Case 2: variable coefficients. As observed above, for general variable coefficients
a and b, the matrices S and Q are full. Hence, a direct inversion of (3.4) is not advisable.
However, we shall use Lemma 2.2 to show that (3.4) can be solved effectively by using a
preconditioned iterative method.

Since φkω
1,−1 ∈ V ∗

N , there exists a unique set of {hkj} such that

(3.9) φkω
1,−1 =

N−1∑
j=0

hkjψj , k = 0, 1, · · · , N − 1.
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We denote H = (hkj)k,j=0,1,···N−1 and for v = (v0, v1, · · · , vN−1)t, we define 〈v,v〉l2 :=∑N−1
j=0 v2

j which is the inner product in l2.
Let uN , {ũj} and ũ be the same as before, we have

〈HS0ũ, ũ〉l2 =
N−1∑

k,j,l=0

ũkhkjs
0
jlũl =

N−1∑
k,j,l=0

ũkhkj〈φ′l, ψj〉N,ωũl

=
〈 N−1∑

l=0

ũlφ
′
l,

N−1∑
k,j=0

ũkhkjψj

〉
N,ω

=
〈 N−1∑

l=0

ũlφ
′
l,

N−1∑
k=0

ũkφkω
1,−1

〉
N,ω

=
〈
∂xuN , ω

1,−1uN

〉
N,ω

= (∂xuN , uN )ω0 .

(3.10)

Therefore, by (2.5),〈
HS0ũ, ũ

〉
l2

= ‖uN‖2
ω1
, for ω ≡ 1;

1
2
‖uN‖2

ω1
≤

〈
HS0ũ, ũ

〉
l2
≤ 3

2
‖uN‖2

ω1
, for ω =

1√
1− x2

.
(3.11)

Similarly,

〈
H(αM + S +Q)ũ, ũ

〉
l2

=
N−1∑

k,j,l=0

ũkhkj(αmjl + sjl + qjl)ũl

=
〈 N−1∑

j=0

ũj [
1
2
(aφ′j + ∂xIN (aφj)) + (α+

1
2
∂xa+ b)φj ],

N−1∑
k,j=0

ũkhkjψj

〉
N,ω

=
〈 N−1∑

j=0

ũj [
1
2
(aφ′j + ∂xIN (aφj)) + (α+

1
2
∂xa+ b)φj ],

N−1∑
k=0

ũkφkω
1,−1

〉
N,ω

=
〈1

2
(a∂xuN + ∂xIN (auN ) + (α+

1
2
∂xa+ b)uN , uNω

1,−1
〉

N,ω
.

(3.12)

Hence, thanks to Lemma 2.2,

(α+ λ0)‖uN ‖
2
ω0

+ λ1‖uN ‖
2
ω1
≤

〈
H(αM + S +Q)ũ, ũ

〉
l2
≤ α‖uN ‖

2
ω0

+ λ2‖uN ‖
2
ω1
.

Assuming α+ λ0 ≥ 0 (which holds for most cases since α = O( 1
∆t) � 1, see Remark 2.1

otherwise), we derive from the above, (3.11) and the fact ω0 ≤ ω1 that

(3.13)
1
2
λ1

〈
HS0ũ, ũ

〉
l2
≤

〈
H(αM + S +Q)ũ, ũ

〉
l2
≤ 3

2
(α+ λ2)

〈
HS0ũ, ũ

〉
l2
.

The relation (3.13) indicates that a good preconditioner for αM + S + Q is S−1
0 . In

fact, a more robust preconditioner is (βM +S0)−1 for some β ≥ 0 with β ∼ α for α� 1.
In Table 1, we list the number of BCG iterations needed to achieve six-digit accuracy

for solving (3.4) in the Legendre case for the following two test examples using (βM +
S0)−1 as preconditioner:

• Example I. a(x) = 2 + sin(2πx), b(x) = −2π cos(2πx). (a(x) does not change
sign in (−1, 1))
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Table 1. number of BCG iterations needed with (βM + S0)−1 as preconditioner

N 8 16 32 64 128 256
Example I 6 7 7 7 7 7

with α = 1, β = 0
Example I 4 5 7 11 12 12

with α = β = 100
Example II 8 16 33 68 125 260

with α = 1, β = 0
Example II 3 5 6 8 8 8

with α = β = 100

• Example II. a(x) = 1 + 2 sin(2πx), b(x) = −4π cos(2πx). (a(x) changes sign in
(−1, 1))

Note that in the Legendre case, we have S0 = 2I. Hence, no preconditioner is needed in
this case if we take β = 0.

We observe from Table 1 that (i) for Example I where a(x) does not change sign,
the preconditioner is very robust for both α = 1 and α = 100, and (ii) for Example II
where a(x) changes sign, the preconditioner is only robust when α is sufficiently large
and β ∼ α. This is consistent with (3.13) where it is assumed that α+ λ ≥ 0.

We note however that although the preconditioner built in the frequency space is quite
robust with respect to N , it may not be robust with large variations of a and b. For the
latter case, it may be advantageous to use an implementation in physical space which we
shall discuss below.

3.2. Implementations in physical space. Let {xj}N
j=0 (with x0 = −1) be the set

of Legendre or Chebyshev Gauss-Radau points. We set xN+1 = 1. Hence, replacing
(·, ·)ω by the discrete inner product 〈·, ·〉N,ω in (2.13), the standard pseudo-spectral dual-
Petrov-Galerkin method is:

(3.14)

{
Find uN (·, t) ∈ VN such that for all t ∈ (0, T ],

〈∂tuN , vN 〉N,ω + 〈∂x(auN ) + buN , vN 〉N,ω = 〈f, vN 〉N,ω, ∀vN ∈ V ∗
N .

Let φ̂j(x) ∈ PN be the Lagrange polynomial associated with {xj}N
j=0 such that φ̂j(xk) =

δkj for j, k = 0, 1, · · · , N , and let ψ̂j(x) ∈ PN be the Lagrange polynomial associated
with {xj}N+1

j=1 such that ψ̂j(xk) = δkj for j, k = 1, 2 · · · , N + 1. Then,

VN = span
{
φ̂1, φ̂2, · · · , φ̂N

}
, V ∗

N = span
{
ψ̂1, ψ̂2, · · · , ψ̂N},(3.15)
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and we have

wjk := 〈φ̂k, ψ̂j〉N,ω = δjkρj ,

sjk := 〈∂x(aφ̂k), ψ̂j〉N,ω

=
(
a(xj , t)φ̂′k(xj) + ∂xa(xk, t)δkj

)
ρj + a(−1, t)φ̂′k(−1)ψ̂j(−1)ρ0,

qjk := 〈bφ̂k, φ̂j〉N,ω = b(xk, t)δkjρj ,

〈f, ψj〉N,ω = f(xj , t)ρj + f(−1, t)ψ̂j(−1)ρ0.

(3.16)

Let us denote
W = diag(ρ1, ρ2, · · · , ρN ), S = (sjk)j,k=1,2,··· ,N , Q = (qjk)j,k=1,2,··· ,N ,

uN =
N∑

k=1

uN (xj , t)φ̂k(x), u =
(
u(x1, t), u(x2, t), · · · , u(xN , t)

)t
,

g =
(
ψ̂1(−1), ψ̂2(−1), · · · , ψ̂N (−1)

)t
,

f =
(
f(x1, t), f(x2, t), · · · , f(xN , t)

)t
.

(3.17)

Then, (3.14) becomes

(3.18) Wut + (S +Q)u = Wf + f(−1, t)ρ0g.

In a pointwise form, the above equation, after inverting the diagonal matrix W , can be
written as:

(3.19)



Find uN ∈ PN for all t ∈ (0, T ] such that

∂tuN (xj , t) + ∂x(a(x, t)uN (x, t))|x=xj + b(xj , t)uN (xj , t)

= f(xj , t) + ψj(−1)
ρ0

ρj

(
f(−1, t)− a(−1, t)u′

N
(−1, t)

)
, 1 ≤ j ≤ N,

uN (−1, t) = 0.

Hence, the dual-Petrov-Galerkin method does not correspond to a pure collocation
method, instead, it is a pseudo collocation scheme with an additional boundary resid-
ual term on the right-hand side.

In Figure 1, we plot the eigenvalue distribution of W−1S for various N , where W and
S are the matrices defined in (3.17) with a(x) = 1. It is clear that for all N , the real parts
of the eigenvalues are always positive, indicating the good stability of our dual-Petrov
formulation.

Remark 3.1. One may solve (3.18) using a suitable explicit scheme, which will be sub-
jected to a usual CFL constraint (see, for instance, [10, 12]). On the other hand, since
(3.18) was derived from a proper variational formulation with a coercive bilinear form, it
may be possible, as in the case of elliptic equations (cf. [18, 5, 19]), to build an optimal
finite element preconditioner which is robust with respect to both the number of points
and the large variations of coefficients a and b. However, this subject and a detailed
study on the robustness of the preconditioning in frequency space is beyond the scope of
this paper and will be investigated elsewhere.
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Figure 1. eigenvalue distribution of W−1S with a(x) = 1.

4. Error Estimates

In this section, we shall present some optimal Legendre and Chebyshev approximation
results measured in strong norms, and perform the error analysis for the proposed dual-
Petrov-Galerkin schemes.

4.1. Legendre case (ω = 1). We first introduce the basis functions for the dual spaces
in (2.12). Let

(4.1) ϕn(x) = Ln+2(x)−Ln(x), φn(x) = Ln(x)+Ln+1(x), ψn(x) = Ln(x)−Ln+1(x).

Thanks to the fact: Lk(±1) = (±1)k, one verifies that ϕn(±1) = φn(−1) = ψn(1) = 0.
Let Jα,β

k (α, β > −1) be the classical Jacobi polynomial of degree k (see Appendix A for
its properties). The following identities hold (see Appendix B for the proof):

(4.2) ϕn(x) = − 2n+ 3
2(n+ 1)

(1− x2)J1,1
n (x), ∂xϕn(x) = (2n+ 3)Ln+1(x);

(4.3) φn(x) = (1 + x)J0,1
n (x), ∂xφn(x) = (n+ 1)J1,0

n (x);

(4.4) ψn(x) = (1− x)J1,0
n (x), ∂xψn(x) = −(n+ 1)J0,1

n (x).

The orthogonality of Jacobi polynomials (cf. (A.1)) implies that {ϕn}, {φn} and {ψn}
are mutually orthogonal in L2

ω−1,−1(I), L2
ω0,−1(I) and L2

ω−1,0(I), respectively. Hence,
{ϕn}, {φn} and {ψn} can be viewed as extensions of the classical Jacobi polynomials
to the cases with parameters (α, β) = (−1,−1), (α, β) = (0,−1) and (α, β) = (−1, 0),
respectively. One also observes that

(4.5)
∫

I
∂xϕn(x)Lm+1(x)dx = −

∫
I
ϕn(x)∂xLm+1(x)dx = 2δn,m,

(4.6)
∫

I
∂xφn(x)ψm(x)dx = −

∫
I
φn(x)∂xψm(x)dx = 2δn,m.
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Besides, as shown in Appendix B, we have

(4.7)
∫

I
∂l

xϕm(x)∂l
xϕn(x)ωl−1,l−1(x)dx = µ

(1)
n,lδm,n, n ≥ l ≥ 0;

(4.8)
∫

I
∂l

xφm(x)∂l
xφn(x)ωl,l−1(x)dx = µ

(2)
n,lδm,n, n ≥ l ≥ 0;

(4.9)
∫

I
∂l

xψm(x)∂l
xψn(x)ωl−1,l(x)dx = µ

(2)
n,lδm,n, n ≥ l ≥ 0,

with

(4.10) µ
(1)
n,l = 2(2n+ 3)

Γ(n+ l + 1)
Γ(n− l + 3)

, µ
(2)
n,l = 2

Γ(n+ l + 1)
Γ(n− l + 2)

.

4.1.1. Legendre approximations. We first notice that the polynomial space VN in (2.12)
for cases (i)B-(iv)B are respectively identical to

(i)B V
−1,−1
N = span

{
ϕk : 0 ≤ k ≤ N − 2

}
, (ii)B V

0,−1
N = span

{
φk : 0 ≤ k ≤ N − 1

}
,

(iii)B V
−1,0
N = span

{
ψk : 0 ≤ k ≤ N − 1

}
, (iv)B V

0,0
N = span

{
Lk : 0 ≤ k ≤ N − 2

}
.

For each pair (α, β) listed below,

(4.11) (i)B α = β = −1, (ii)B α = 0, β = −1, (iii)B α = −1, β = 0, (iv)B α = β = 0,

we define the weighted Sobolev space

(4.12) Br
α,β(I) =

{
u : ∂l

xu ∈ L2
ωα+l,β+l(I), 0 ≤ l ≤ r

}
, r ∈ N,

equipped with the norm and semi-norm

‖u‖Br
α,β

=
( r∑

l=0

‖∂l
xu‖2

ωα+l,β+l

) 1
2
, |u|Br

α,β
= ‖∂r

xu‖ωα+r,β+r .

Consider the orthogonal projection πα,β
N : L2

ωα,β (I) → V α,β
N defined by

(4.13)
(
πα,β

N u− u, vN

)
ωα,β = 0, ∀vN ∈ V α,β

N .

Let us first present a very special property of πα,β
N .

Lemma 4.1. For each pair (α, β) in (4.11), let (α̂, β̂) be the corresponding pair defined
in (2.11). Then

(4.14)
(
∂x(πα,β

N u− u), vNω
α̂,β̂

)
= 0, ∀vN ∈ V α,β

N ,

and

(4.15)
(
∂x(πα,β

N u− u), v∗N
)

= 0, ∀v∗N ∈ V ∗
N .

Proof. For each case of (i)B-(iv)B, we notice that(
πα,β

N u− u
)
vNω

α̂,β̂
∣∣∣1
−1

= 0, ωα,β∂x

(
vNω

α̂,β̂
)
∈ V α,β

N .

Hence, (4.14) is a direct consequence of an integration by parts and the definition (4.13).
Since any v∗N ∈ V ∗

N can be expressed as v∗N = vNω
α̂,β̂ with vN ∈ V α,β

N , (4.15) follows
from (4.14). �
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We are now in position to state the main approximation properties of these orthogonal
projection operators.

Theorem 4.1. For each pair of (α, β) in (4.11), and for any u ∈ Br
α,β(I) with r ∈ N,

(4.16)
∥∥∂m

x

(
πα,β

N u− u)
∥∥

ωα+m,β+m . Nm−r
∥∥∂r

xu
∥∥

ωα+r,β+r , 0 ≤ m ≤ r.

Proof. The result with α = β = 0 is well-known (see, for instance, [7, 2]). A more general
result (for all α and β which are integers) was presented in [15] but the proof was omitted
due to space limitation. For the readers’ convenience, we provide below a detailed proof
for (4.16) with (i) α = β = −1. The other cases can be proved similarly.

For any u ∈ L2
ω−1,−1(I), we write

(4.17) u(x) =
∞∑

n=0

ûnϕn(x), with ûn =
1

µ
(1)
n,0

(u, ϕn)ω−1,−1 .

So formally we have from (B.1) and (A.1) that

(4.18) ‖∂l
xu‖2

ωl−1,l−1 =
∞∑

n=l−1

κ2
n,lû

2
nγ

l−1,l−1
n−l+2 =

∞∑
n=l−1

µ
(1)
n,l û

2
n.

On the other hand,

π−1,−1
N u(x)− u(x) = −

∞∑
n=N−1

ûnϕn(x).

Hence, by (4.2) and (4.18),

‖∂m
x (π−1,−1

N u− u)‖2
ωl−1,l−1 =

∞∑
n=N−1

û2
nµ

(1)
n,m

≤ Cm,r

∞∑
n=N−1

µ(1)
n,rû

2
n ≤ Cm,r‖∂r

xu‖2
ωr−1,r−1

where by (4.10) and the Stirling formula (see [6]),

Cm,r = max
n≥N−1

µ
(1)
n,m

µ
(1)
n,r

. N2(m−r).

�

4.1.2. Convergence of (2.13) with ω ≡ 1. Let u and uN be the solutions of (2.7) and
(2.13) (with ω ≡ 1), respectively, and set

êN = πα,β
N u− uN , eN = u− uN = (u− πα,β

N u) + êN .

Theorem 4.2. Let uN |t=0 = u0,N = πα,β
N u0. For each of the pair (α, β) in (4.11),

assuming u ∈ L2(0, T ;L2
ω1

(I)) ∩ L∞(0, T ;Br
α,β(I)) and ∂tu ∈ L2(0, T ;Br−1

α,β (I)) with
integer r ≥ 1, we have

‖uN − u‖L∞(0,T ;L2
ω0

(I)) . N1−r
(
‖∂t∂

r−1
x u‖L2(0,T ;L2

ωα+r−1,β+r−1 (I))

+ ‖∂r
xu‖L∞(0,T ;L2

ωα+r,β+r (I))

)
.

(4.19)
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where ω0 and ω1 are given in (2.10).

Proof. By (2.7) and (2.14),

(4.20)
(∂têN , vN )ω0 +A(êN , vN ) =

(
∂t(π

α,β
N u− u), vN

)
ω0

+
(
∂x(a(πα,β

N u− u)), vN

)
ω0

+
(
b(πα,β

N u− u), vN

)
ω0
, ∀vN ∈ VN .

Taking vN = êN in (4.20) and using (2.23) (note: êN (0) = 0), we find that

(4.21) ‖êN‖L∞(0,T ;L2
ω0

(I)) + λ1‖êN‖L2(0,T ;L2
ω1

(I)) . G1 +G2

with
G1 = ‖∂t(π

α,β
N u− u)‖L2(0,T ;L2

ω2
(I)),

G2 = ‖∂x(a(πα,β
N u− u)) + b(πα,β

N u− u)‖L2(0,T ;L2
ω2

(I)).

By (4.16) with m = 0, 1, and the definition of ω2(≤ ωα,β) in (2.10),

G1 . ‖∂t(π
α,β
N u− u)‖L2(0,T ;L2

ωα,β (I)) . N1−r‖∂t∂
r−1
x u‖L2(0,T ;L2

ωα+r−1,β+r−1 (I)),

and using the fact a, ax, b ∈ L∞(I × (0, T ]),

G2 . ‖πα,β
N u− u‖L2(0,T ;B1

α,β(I)) . N1−r‖∂r
xu‖L2(0,T ;L2

ωα+r,β+r (I)).

Hence, plugging the estimates of G1 and G2 into (4.21) leads to

(4.22)
‖êN‖L∞(0,T ;L2

ω0
(I)) + λ1‖êN‖L2(0,T ;L2

ω1
(I))

. N1−r
(
‖∂t∂

r−1
x u‖L2(0,T ;L2

ωα+r−1,β+r−1 (I)) + ‖∂r
xu‖L2(0,T ;L2

ωα+r,β+r (I))

)
.

Since in the Legendre case, ω0 = ωα̂,β̂ ≤ ωα,β (cf. (2.11) and (4.11)), using (4.16) (with
m = 0) and (4.22) yields that

‖uN − u‖L∞(0,T ;L2
ω0

(I)) ≤ ‖πα,β
N u− u‖L∞(0,T ;L2

ω0
(I)) + ‖êN‖L∞(0,T ;L2

ω0
(I))

≤ ‖πα,β
N u− u‖L∞(0,T ;L2

ωα,β (I)) + ‖êN‖L∞(0,T ;L2
ω0

(I))

. N1−r
(
‖∂t∂

r−1
x u‖L2(0,T ;L2

ωα+r−1,β+r−1 (I)) + ‖∂r
xu‖L∞(0,T ;L2

ωα+r,β+r (I))

)
.

This completes the proof. �

Remark 4.1. If a(x) is a constant, the above result can be slightly improved. Indeed,
when taking vN = êN in (4.20) in this case, thanks to Lemma 4.1, we find that the term
corresponding to G2 becomes G2 = ‖b(πα,β

N u− u)‖L2(0,T ;L2
ω2

(I)). Therefore,

G2 ≤ max
x∈Ī

|b(x)|‖πα,β
N u− u‖L2(0,T ;L2

ω2
(I)) . N−r‖∂r

xu‖L2(0,T ;L2
ωα+r,β+r (I)),

and
G1 . N−r‖∂t∂

r
xu‖L2(0,T ;L2

ωα+r,β+r (I)).

Hence, we have

‖uN − u‖L∞(0,T ;L2
ω0

(I)) . N−r
(
‖∂r

x∂tu‖L2(0,T ;L2
ωα+r,β+r (I)) + ‖∂r

xu‖L2(0,T ;L2
ωα+r,β+r (I))

)
.
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4.2. Chebyshev case (ω = (1 − x2)−1/2). In this subsection, we perform the error
analysis of the Chebyshev dual-Petrov-Galerkin scheme (2.13) with VN/V

∗
N given by

(i)B-(iv)B in (2.12).

4.2.1. Chebyshev approximations. First, we establish an embedding result associated
with the weights given by (2.10)–(2.11):

ω0(x) = ω(x)ωα̂,β̂(x) = ω−3/2,−3/2, ω1/2,−3/2, ω−3/2,1/2, ω1/2,1/2,

ω1(x) = (1− x2)−1ω0(x) = ω−5/2,−5/2, ω−1/2,−5/2, ω−5/2,−1/2, ω−1/2,−1/2,
(4.23)

for the cases (i)B-(iv)B, respectively.

Lemma 4.2.

(4.24) ‖u‖ω1 . ‖u‖1,ω, ∀u ∈ L2
ω1

(I) ∩H1
ω(I),

and

(4.25) ‖u‖ω0 . ‖u‖1,ω, ∀u ∈ L2
ω0

(I) ∩H1
ω(I).

Proof. We first prove (4.24). The case (iv)B (i.e., ω1 = ω−1/2,−1/2 = ω) is well-known (cf.
[3]). For the case (i)B (i.e., ω1 = ω−5/2,−5/2), we recall the Hardy inequality

(4.26)
∫ 1

0

( 1
1− x

∫ 1

x
ψ(y)dy

)2
(1− x)ddx ≤ 4

1− d

∫ 1

0
ψ2(x)(1− x)ddx,

and

(4.27)
∫ 0

−1

( 1
1 + x

∫ x

−1
ψ(y)dy

)2
(1 + x)ddx ≤ 4

1− d

∫ 0

−1
ψ2(x)(1 + x)ddx,

which hold for any measurable function φ(x), and real number d < 1. Taking ψ = ∂xu

and d = −1
2 in (4.26) leads to∫ 1

0
u2(x)(1− x2)−5/2dx .

∫ 1

0
u2(x)(1− x)−5/2 .

∫ 1

0
(∂xu)2(1− x)−1/2dx

.
∫ 1

0
(∂xu)2(1− x2)−1/2dx.

(4.28)

A similar inequality holds on the subinterval [−1, 0] by using (4.27). A combination of
them yields

‖u‖2
ω1

. ‖∂xu‖2
ω . ‖u‖2

1,ω.

Since the proofs for the cases (ii)B and (iii)B are essentially the same, we will only consider
the case (iii)B. Thanks to (4.28), we have∫ 1

0
u2(x)(1− x)−5/2(1 + x)−1/2dx .

∫ 1

0
u2(x)(1− x)−5/2

.
∫ 1

0
(∂xu)2(1− x)−1/2dx .

∫ 1

0
(∂xu)2(1− x2)−1/2dx.

(4.29)
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On the other hand,∫ 0

−1
u2(x)(1− x)−5/2(1 + x)−1/2dx .

∫ 0

−1
u2(x)(1− x2)−1/2dx.

A combination of them leads to the desired result.
The inequality (4.25) can be proved in a similar fashion. �

As in the Legendre case, we need to derive some Chebyshev approximation results in
suitable weighted Sobolev spaces. Let us define the subspaces of H1

ω(I) :

0H
1
ω(I) =

{
u ∈ H1

ω(I) : u(−1) = 0
}
, 0H1

ω(I) =
{
u ∈ H1

ω(I) : u(1) = 0
}
,

and H1
0,ω(I) = 0H

1
ω(I) ∩ 0H1

ω(I). Below, we shall use V to denote H1
0,ω(I), 0H

1
ω(I),

0H1
ω(I) and H1

ω(I) for the cases (i)B, (ii)B, (iii)B and (iv)B, respectively.
Define the orthogonal projection: π1

N,ω : V → VN (defined in (2.12) for each case) by

(4.30)
(
∂x(π1

N,ωu− u), ∂xvN

)
ω

+
(
π1

N,ωu− u, vN

)
ω

= 0, ∀vN ∈ VN .

Lemma 4.3. For any u ∈ V ∩ Br
−3/2,−3/2(I) with integer r ≥ 1, we have that for each

case of (i)B-(iv)B,

(4.31)
∥∥π1

N,ωu− u
∥∥

µ,ω
. Nµ−r

∥∥∂r
xu

∥∥
ωr−3/2,r−3/2 , µ = 0, 1.

If, in addition, u ∈ L2
χ(I) with χ = ω0 or ω1 given in (4.23), then

(4.32)
∥∥π1

N,ωu− u
∥∥

χ
. N1−r

∥∥∂r
xu

∥∥
ωr−3/2,r−3/2 .

Proof. The estimate (4.31) for (i)B H1
0,ω−orthogonal projection, and (iv) H1

ω−orthogonal
projection, can be found, for instance in [3], an improvement with the semi-norm in the
upper bound can be found in [14]. The other two cases of (4.31) are stated in Theorem
3.2 of [14]. Then, a combination of Lemma 4.24 and (4.31) implies (4.32). �

4.2.2. Convergence of (2.13) with ω = (1− x2)−1/2.

Theorem 4.3. Let uN (0) = u0,N = π1
N,ωu0. If u ∈ L2(0, T ;L2

ω1
(I))∩L∞(0, T ;Br

−3/2,−3/2(I))
and ∂tu ∈ L2(0, T ;Br−1

−3/2,−3/2(I)) with integer r ≥ 2, then

‖u− uN‖L∞(0,T ;L2
ω0

(I)) + λ1‖u− uN‖L2(0,T ;L2
ω1

(I))

. N1−r
(
‖∂t∂

r−1
x u‖L2(0,T ;L2

ωr−5/2,r−5/2
(I)) + ‖∂r

xu‖L∞(0,T ;L2

ωr−3/2,r−3/2
(I))

)
.

(4.33)

where λ1, ω0 and ω1 are the same as in Theorem 2.1 (also see (4.23)).

Proof. Set êN = π1
N,ωu − uN and eN = u − uN = (u − π1

N,ωu) + êN . By an argument
similar to the derivation of (4.21), we have

(4.34) ‖êN‖L∞(0,T ;L2
ω0

(I)) + λ1‖êN‖L2(0,T ;L2
ω1

(I)) . W1 +W2

where
W1 = ‖∂t(π1

N,ωu− u)‖L2(0,T ;L2
ω2

(I)),

W2 = ‖∂x(a(π1
N,ωu− u)) + b(π1

N,ωu− u)‖L2(0,T ;L2
ω2

(I)),
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and

ω2 = ω−1/2,−1/2, ω3/2,−1/2, ω−1/2,3/2, ω3/2,3/2,

for the cases (i)B-(iv)B, respectively. Since ω2 . ω, we derive from (4.31) that

W1 . N1−r‖∂t∂
r−1
x u‖L2(0,T ;L2

ωr−5/2,r−5/2
(I)), r ≥ 2,

and

W2 . N1−r‖∂r
xu‖L2(0,T ;L2

ωr−3/2,r−3/2
(I)), r ≥ 1.

On the other hand, by (4.32), we have that

‖π1
N,ωu− u‖L∞(0,T ;L2

ω0
(I)) + λ1‖π1

N,ωu− u‖L2(0,T ;L2
ω1

(I))

. N1−r
(
‖∂r

xu‖L∞(0,T ;L2

ωr−3/2,r−3/2
(I)) + ‖∂r

xu‖L2(0,T ;L2

ωr−3/2,r−3/2
(I))

)
. N1−r‖∂r

xu‖L∞(0,T ;L2

ωr−3/2,r−3/2
(I)).

(4.35)

Hence, using a triangle inequality and the above estimates leads to the desired result. �

5. Concluding Remarks

We presented in this paper a Legendre and Chebyshev dual-Petrov-Galerkin method
for hyperbolic equations.

The dual-Petrov-Galerkin method is based on a natural variational formulation for
hyperbolic equations. A distinctive feature of this variational formulation is that the
associated bilinear form for general hyperbolic equations is coercive. An immediate
consequence of this property is that the dual-Petrov-Galerkin method is always stable
without any restriction on the coefficients. Another consequence is that one can build
robust preconditioners as in the elliptic equations. In fact, by working in the frequency
space, we were able to build an optimal (in the sense that for a given accuracy, the
required iteration number is independent of the number of modes) preconditioner, which
is the sparse matrix associated with an equation with suitable constant coefficients, for
the linear system of an implicit time discretization of general hyperbolic equations.

This paper is our first effort in developing robust spectral algorithms for hyper-
bolic equations/systems. In future works, we shall investigate whether the dual-Petrov-
Galerkin framework can be extended to effectively handle hyperbolic systems, and whether
one can build more robust preconditioners using a suitable finite element approximation
of the dual-Petrov-Galerkin formulation. We shall also investigate the numerical and the-
oretical issues of the dual-Petrov-Galerkin method for nonlinear hyperbolic equations.

Appendix A. Properties of Jacobi polynomials

We collect below some relevant formulas of the Jacobi polynomials used in this paper.
The Jacobi polynomials Jα,β

n (x) (α, β > −1) are orthogonal with respect to the Jacobi
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weight ωα,β = (1− x)α(1 + x)β, i.e.,

(A.1)
∫

I
Jα,β

n (x)Jα,β
m (x)ωα,β(x)dx = γα,β

n δmn,

with

(A.2) γα,β
n =

2α+β+1Γ(n+ α+ 1)Γ(n+ β + 1)
(2n+ α+ β + 1)Γ(n+ 1)Γ(n+ α+ β + 1)

.

There hold the following recursive formulas (cf. Szegö [23] and Askey [1]):

(A.3) Jα,β
n−1(x) = Jα,β−1

n (x)− Jα−1,β
n (x), α, β > 0;

(A.4) Jα,β
n (x) =

1
n+ α+ β

{(n+ β)Jα,β−1
n (x) + (n+ α)Jα−1,β

n (x)}, α, β > 0;

(A.5) (1− x)Jα+1,β
n (x) =

2
2n+ α+ β + 2

{(n+ α+ 1)Jα,β
n (x)− (n+ 1)Jα,β

n+1(x)};

(A.6) (1 + x)Jα,β+1
n (x) =

2
2n+ α+ β + 2

{(n+ β + 1)Jα,β
n (x) + (n+ 1)Jα,β

n+1(x)};

(A.7) ∂xJ
α,β
n (x) =

1
2
(n+ α+ β + 1)Jα+1,β+1

n−1 (x), n ≥ 1.

The Legendre polynomials: Ln(x) := J0,0
n (x), n ≥ 0, satisfy

(A.8) (2n+ 1)Ln(x) = ∂xLn+1(x)− ∂xLn−1(x), n ≥ 1;

(A.9) (1− x2)∂xLn(x) =
n(n+ 1)
2n+ 1

(Ln−1(x)− Ln+1(x)), n ≥ 1.

The Chebyshev polynomials are defined by

(A.10) Tn(x) =
J
− 1

2
,− 1

2
n (x)

J
− 1

2
,− 1

2
n (1)

= cos(n arccos(x)), n ≥ 0.

We have that

(A.11) 2xTn(x) = Tn−1(x) + Tn+1(x), n ≥ 1;

(A.12) (1− x2)∂xTn(x) =
n

2
(Tn−1(x)− Tn+1(x)), n ≥ 1.

As a consequence,

(A.13) (1− x)∂x

(
(1 + x)Tn(x)

)
=
n− 1

2
Tn−1(x) + Tn(x)− n+ 1

2
Tn+1(x).
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Appendix B. The proofs of (4.2)-(4.4) and (4.7)-(4.9).

Using (A.7), (A.8) and (A.9), we obtain (4.2). Then, the first result of (4.3) comes
directly from (A.6). Next, we derive from (A.3), (A.4), (A.7) and (4.1) that

∂xφn(x)
(A.7)
=

1
2
(n+ 2)J1,1

n (x) +
1
2
(n+ 1)J1,1

n−1(x)

(A.3)
=

1
2
(n+ 2)J1,1

n (x) +
1
2
(n+ 1)(J1,0

n (x)− J0,1
n (x))

=
1
2

(
(n+ 2)J1,1

n (x)− (n+ 1)J0,1
n (x)

)
+

1
2
(n+ 1)J1,0

n (x)

(A.4)
= (n+ 1)J1,0

n (x).

Similarly, we can prove (4.4).
Using (A.7), (4.2) and an induction argument, we find that

(B.1) ∂l
xϕn(x) = (2n+ 3)∂l−1

x Ln+1(x) = κn,lJ
l−,l−1
n−l+2 (x)

with
κn,l =

(2n+ 3)Γ(n+ l + 1)
2l−1Γ(n+ 2)

.

Therefore, (4.7) follows from the orthogonality (A.1) with

µ
(1)
n,l = κ2

n,lγ
l−1,l−1
n−l+2 = 2(2n+ 3)

Γ(n+ l + 1)
(Γ(n− l + 3))

.

Similarly, we can prove (4.8) and (4.9).
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