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LEGENDRE AND CHEBYSHEV DUAL-PETROV-GALERKIN
METHODS FOR HYPERBOLIC EQUATIONS

JIE SHEN! & LI-LIAN WANG?

ABSTRACT. A Legendre and Chebyshev dual-Petrov-Galerkin method for hyperbolic
equations is introduced and analyzed. The dual-Petrov-Galerkin method is based on a
natural variational formulation for hyperbolic equations. Consequently, it enjoys some
advantages which are not available for methods based on other formulations. More
precisely, it is shown that (i) the dual-Petrov-Galerkin method is always stable without
any restriction on the coefficients; (ii) it leads to sharper error estimates which are
made possible by using the optimal approximation results developed here with respect
to some generalized Jacobi polynomials; (iii) one can build an optimal preconditioner
for an implicit time discretization of general hyperbolic equations.

Dedicated to Professor Ivo Babuska on the occasion of his 80-th birthday

1. INTRODUCTION

We consider in this paper Legendre and Chebyshev approximations of the linear hy-

perbolic equation
(1.1) Ou~+ Oz(au)+bu=f, |z|/<1,0<t<T,

with given initial data and appropriate non-periodic boundary conditions.

There exist a large body of literature on using spectral methods for solving hyperbolic
systems (cf. [10, 4, 3, 9] and the references therein). We refer in particular to the recent
review paper by Gottlieb and Hesthaven [9] for a up-to-date account on this subject.
Previous work can be essentially classified into four different approaches: collocation,
Galerkin, tau (cf. [10]) and penalty (cf. [9]). In this paper, we shall take a different
point of view by proposing a dual-Petrov-Galerkin method.

The dual-Petrov-Galerkin method was recently introduced by the first author in [22]
for solving third and higher odd-order differential equations. The key idea is to choose
the trial functions satisfying the underlying boundary conditions, and the test functions
satisfying the “dual” boundary conditions. This approach enjoys a number of appealing
advantages: (i) it leads to a strongly coercive bilinear form despite the fact that the

1991 Mathematics Subject Classification. 656M70, 35150, 65M12.

Key words and phrases. Legendre polynomials, Chebyshev polynomials, Spectral and pseudo-spectral
approximations, hyperbolic problems, dual-Petrov-Galerkin method.

!Department of Mathematics, Purdue University, West Lafayette, IN 47907, USA. The work of this
author is partially supported by NFS grants DMS-0311915 and DMS-0456286.

2Division of Mathematical Sciences, School of Physical & Mathematical Sciences, Nanyang Techno-

logical University, Singapore 637616.
1
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leading-order differential operator is not elliptic and non-symmetric. (ii) it leads to a
well-conditioned linear system, sparse for problems with constant-coefficients, which can
be efficiently solved; (iii) it leads to optimal error estimates.

The purpose of this paper is to present a Legendre and Chebyshev dual-Petrov-
Galerkin method for hyperbolic equations, and to investigate whether their advantages
for third and higher-order equations would carry over to first-order equations. The fol-

lowing three issues will be addressed:

(1) Stability: We shall show that the dual-Petrov-Galerkin method is always stable
without any sign restriction on the coeflicients a and b.

(2) Error analysis: We shall develop new approximation results based on the special
basis functions which can be regarded as generalized Jacobi polynomials with
index @« < —1 and/or § < —1. We shall then use these new approximation
results to derive sharper error estimates for the dual-Petrov-Galerkin method.

(3) Efficiency: We shall discuss some implementation details of the dual-Petrov-
Galerkin method in frequency space as well as in physical space. In particular,
we shall show that when working in frequency space, the sparse matrix for a
problem with constant coefficients can be used as an optimal (independent of
number of modes) preconditioner for the full matrix associated with a large class

of variable coefficients.

The paper is organized as follows. In the next section, we introduce the spectral and
pseudo-spectral dual-Petrov-Galerkin methods in a general setting and prove their stabil-
ity. In Section 3, we discuss some of the implementation details. Then, in Section 4, we
develop sharp approximation results based on special basis functions which are mutually
orthogonal in weighted (generalized) Jacobi spaces. We then use these new approxi-
mation results to derive, in Section 5, error estimates for the Legendre and Chebyshev
spectral dual-Petrov-Galerkin methods. We conclude with several remarks.

We now introduce some notations which will be used throughout the paper.

Let x () be a weight function in I = (—1, 1), which is not necessary in L (I). We denote
by HJ(I) (r =0,1,---) the weighted Sobolev spaces whose inner products, norms and
semi-norms are (-, )y, || |lry and ||y, respectively. In particular, the norm and inner
product of Li([) = HQ(I) are denoted by | - ||, and (-, )y, respectively. The subscript x
will be omitted from the notations in case of x(z) = 1.

We denote by w®?(z) = (1 — x)%(1 + z)” the Jacobi weight function. In particular,
we use w(z) to denote respectively the Legendre (w(x) = 1) or Chebyshev (w(z) =
(1 — 22)~Y/2) weight function.

For any non-negative integer IV, we denote by Py the set of all algebraic polynomials
of degree < N. We shall use ¢ to denote a generic positive constant independent of any

function and N, and we use the expression A < B to mean that A < c¢B.
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2. THE DUAL-PETROV-GALERKIN METHOD AND ITS STABILITY

2.1. An illustrative example. To illustrate the attractive properties of the dual-
Petrov-Galerkin method, we first consider the following model equation:
o+ adyu = f, (x,t) €I x(0,T],
2.1 _
21) u(—=1,t) =0, te€[0,T]; u(z,0)=mwuo(x), z€l,

where a is a positive constant.

2.1.1. Variational formulation. Define the “dual” approximation spaces:
(2.2) Vn={u€Py:u(-1)=0}, Vy={vePy:v()=0}.
The Legendre or Chebyshev dual-Petrov-Galerkin method for (2.1) is

Find u,, (-,t) € Vi such that for all ¢t € (0,77,
(2.3) *
(Bruy,vy), +a(Opuy,vy), = (froy),, Yoy, € VR,
with un|i=0 = uo N being a suitable approximation to up, and w(x) being either the
Legendre or Chebyshev weight function.

N1+ € Vx. Hence, by setting wo(z) = w(ll)%u

we can rewrite the dual-Petrov-Galerkin formulation (2.3) in the equivalent (weighted)

Note that for any v, € Vy, we have v

Galerkin formulation:
{ Find u, (-,t) € Vi such that for all ¢t € (0,77,

(&guN,vN)wO + a(ﬁmuN,vN)wO =(f, ?)N)WO, Yv, € Vn,

with uN|t:0 = UQ,N-

(2.4)

2.1.2. Stability. The key to stability is the following identities which can be derived
directly from an integration by parts:
1
1
(Vg, U)o :/ v2($)72d$, Vv € Vi (for w(z)=1),

(2.5) -1 (1+2)
: 1

Vs V)wg = v (x 2-@ . Yo or w(z) = (1 — 22)"1/2
(v2,0)un = ”N(Hx)s(lﬂ)d’vew(f (@) = (L —a?) 1),

Hence, taking v, = u, in (2.4) leads to that for w(

1, [t -z
2(9t/_1uNwo($)d:z+a/ w? dm_/ fuN1+

1
2 2(1 - )2
d
/1% Tty [ 0o
and for w(z) = Wiprt

16/1u2w(a?)dw+a/lu2 ! da;</1fu idw
27 ) 0 2/ N0 +apd—2) ~Ja TV (4P
1
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The stability of the scheme follows immediately from the above and the Gronwall in-

equality.

2.2. General setup. We introduce in this subsection a general setup and some notations
to be used throughout this paper.
Without loss of generality, we conventionally assume that the variable coefficients a

and b in (1.1) satisfy:

(1) a(#1,t) does not change sign in [0, 7]}

(2) the functions a, ay, b € L>*(I x [0,T]).
To impose boundary conditions, we denote
(2.6) I:=0I={-1,1}, T":={z el : za(z,t) <0}, TT:=T\I".
The problem of interest is of the form
Oru(z,t) + 0, (a(w, t)u(z, b)) + bz, t)u(z, t) = f(z,t), (x,t) €l x(0,T],
u(z,t) =g(t), (x,t) el x[0,T]; u(z,0) =wug(z), =€l

More precisely, the boundary conditions are as follows:

(2.7)

(l)B ’U,(:tLt) = g:l:(t)v if a( ) 0, a(17t) < 0;

i)y u(—1,t) =g-(t), if a(—1,t)>0, a(1,t) > 0;
(2.8)

(i) u(1,t) = g+ (1), if a(—1,t) <0, a(1,t) <

(iv)g no B.C., if a(—1,t) <0, a(1,t) > 0.

Since the non-homogeneous boundary conditions can be easily homogenized by subtract-
ing a simple linear function from the exact solution, we shall only consider, without loss
of generality, the case g (t) = 0.

To formulate the dual Petrov-Galerkin formulation uniformly for the four cases, we

use the notations

-1, if 1el™, . -1, if —1el'™,
(2.9) &= 6=

1, if 1el™, 1, if —1eTl™.
and define the weight functions
(2.10)  wo(z) = w(x)wd”@(a:), wi(z) = (1—22)twe(z), wa(z) =1 —2H)wo(x).
More precisely, corresponding to each boundary condition (i)g-(iv)p in (2.8), we have
(2.11) (i)pa=p=-1; (i)ga=1 B=-1; (i)ga=-1,3=1 (ivsa=3=L1
Hereafter, the conditions or expressions labeled by (i)g correspond to the boundary con-

dition (i) with g4 (¢) = 0 in (2.8), and likewise for (ii)s-(iv)s.

11t will become clear that each time a(+£1,t) change sign, the variational formulation needs to be
changed accordingly.
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For each of the boundary conditions (i)g-(iv)g, we define the “dual” approximation

spaces:

VN ={u € Py :u(£l) =0}, V3 = Pn_o, for

(2.12)

(
Vv ={u€ Py :u(-1) =0}, Vi={vePy:v(l)=0}, for (ii)s;
Vw={uePy:u(l)=0}, Vi={vePy:v(-1)=0}, for (

(

VN = Pn_2, V3 ={vePy:v(£l)=0}, for

One verifies readily that dim(Vy) = dim(Vy), and v Nwé‘ﬁ € Vy for all vy € V.

2.3. Spectral approximation. With the above setup, we are ready to formulate the
approximation schemes. The Legendre or Chebyshev spectral dual-Petrov-Galerkin ap-
proximation to (2.7) is
Find un(-,t) € Vy such that for all ¢ € (0,77,
(2.13) \
(atUN,’UN)w + (8x(auN),vN)w + (buN,vN)w = (f, UN)w’ Yoy € Vy,
with un|i—0 = uo,n being a suitable approximation of ug (to be specified later).
Since for any vy € Vi, we have vyw®? e V5, the scheme (2.13) is equivalent to the
following weighted Galerkin formulation (notice that wy = ww®?):
Find un(-,t) € Vy such that for all ¢ € (0,77,
(2.14)
(8tuN,vN)wO + (8x(auN),vN)wO + (buN,vN)wO = (f, vN)wo’ VUN S VN,
with un|i=0 = wo,n. It will become clear that the dual-Petrov-Galerkin scheme (2.13)
is more suitable for implementation, while the weighted Galerkin formulation (2.14) is
more convenient for stability and error analysis.

The following coercivity property is essential for the well-posedness of the problems
(2.7) and (2.14).

Lemma 2.1. Let
(2.15) A(u,v) = (8x(au),v)wo + (bu,v)wO.

If u e L2 (I) and uy € L2 (I), then there exist three real numbers \; (i = 0,1,2) with
A1,A2 > 0 such that for t € (0,7,

(2.16) Nollull, + Allull?, < A(u,w) < Aoflul,,

where the weight functions wy and wy are defined in (2.10).
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Proof. We first claim that if u € L2 (I) and u, € L2 (I), then u?wy € C(I). Indeed, for

any x1,x2 € [—1,1], we have from the definitions of wy and w; that
xr2
[u? (29)wo(x2) — u?(z1)wo(z1)] = ‘/ Bx(u2wo)dx‘
xr1

T2 €2
< 2/ \8xu||u\wodx+/ |u|?|Dpwo| da:

1 x1

T2 T2
< / (\azu|2 + ]u\Z)woda: +/ |u!2w1dx
X

1 1
2

2
5/ |8xu|2wgdx+/ lu|?w;dz.
1

x1

Here, we used the inequalities: wy < wi and |0,wp| < wi. Hence, letting x9 — x1, we find
that u?wy € C(I). Thanks to this fact and u € L2 (I), i.e.,

we have that u?(x)wo(z) — 0 as |z| — 1. Integration by parts yields that

1 1 1 1
(2.17) A(u,u) :/ (Opa + b)u*wodz + 2/ a0, (u?)woda :/ sulwodz
-1 =31 -1
where
1 1
(2.18) s(x,t) = 58;,;@ +b— 5% Oz wo-
More precisely, we have from (2.10) that in the Legendre case (w = 1):
1 zTa .
§aa:a +b-— m, for (1),
1
(2.19) s(x,t) = -
Loatb— —" for (i)
2 xT 1 _ J;Q? I
1
SOsa+b+ % for (iv),
and in the Chebyshev case (w = 11_362)
(1 3 za .
§axa+b_§ﬁ’ for (l),
1 1(2—
L WIS Cluk.) U
2 21— a2
(2.20) s(z,t) = ) @2+ )
z)a
ana +b— R for (iii);
1 1 =za .
§a$a+b+§m, for (IV).
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Next, by an argument similar to the proof of Lemma 1.1 in [4], we prove that there exist
three constants A; (i = 0, 1,2) with A1, A2 > 0 such that

(2.21) Ao +

A A
1 < () < 5 2 (z,t) € I x [0,T).

1—a% — —x?’
Indeed, the inequality at the right-hand side in the above relation is obvious so we only
need to prove the one at the left-hand side. Let us consider for instance the case (i) in

(2.19). Indeed, by the continuity of a(z,t) and the condition that a(£1,t) is bounded
za A1
1—-2271 an2
with Ay > 0 and x € I\ [—0,0]. Then, since J,a and b are bounded in I, and 1.2

away from zero on [0, T'], we know that there exists 6 € (0,1) such that —

2

-z
is bounded in [—6,0], we infer (2.21). The other cases can be proved in a similar way.
Finally, the desired result follows from (2.17) and (2.21). O

Remark 2.1. We may even require that the constant Ay > 0. Indeed, if Ay < 0, the
change of variable u — ety in (2.7) leads to the same equation with b(z) replaced by
b(z) — \o (cf. [4]). Hence, the transformed equation will satisfy s(x,t) > 2Ly, z € 1.

1—x2?

We note that the existence and uniqueness of solutions for (2.7) in the weighted Sobolev
spaces that we consider here have been established recently in [13]. We provide below

an a priori estimate which is an immediate consequence of Lemma 2.1:

Theorem 2.1. Let u and uy be respectively the solutions of (2.7) and (2.14). If uy €
L2, (I) and f € L*(0,T; L2, (1)), then we have

(2.22) [ll oo o2, (1)) + Aallwll 2oz, (1)) S Nlwollwo + [1f 1|22 0,7522, (1))
and
(2.23) HUNHLOO(O,T;LgO(J)) + )\IHUNHN(O,T;Lgl (1) S llwo,nllwo + Hf”L?(o,T;L32(I))a

where the weights w; (1 =0,1,2) are defined in (2.10).

Proof. Taking the inner product of the first equation of (2.7) with wou, and using the

fact: wg = wywa, we derive from the Cauchy-Schwarz inequality that
1 A1 1
OIS, + A w) = (f,w)uy < - lulls, + TAIHfIIiQ-
Hence, by Lemma 2.1,
1 A1 1
(2.24) OIS, + S lullZ, < Polllul, + TMHinQ-

Consequently, using the Gronwall inequality leads to (2.22).

Following exactly the same procedure, one can prove (2.23). ]

Remark 2.2. The definition of & and f is different from e~ and et defined in (1.3) of
[4]. Hence, although the approach in this section is similar to that in [4], our variational

formulation, and therefore our scheme as well as its stability and convergence properties,
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is different from theirs. In particular, Theorem 2.1 holds without assuming that the
coefficients a and b satisfy any coercivity condition such as (1.2) in [4]. We note that by
assuming a(z) > 0, a different set of stability conditions involving the weight and a(z)

is derived recently in [16].

2.4. Pseudo-spectral approximation. In practical implementations, the continuous
inner product (-,-), should be replaced by a discrete inner product (:,-)n. (pseudo-
spectral) which is based on a suitable Gaussian-type quadrature.

Let (-,-)n. be the discrete inner product associated, respectively, with the Gauss-
Lobatto, Gauss-Radau (with zp = —1), Gauss-Radau (with y = 1) and Gauss quadra-
ture for the four different boundary conditions (i)g, (ii)s, (iii)s and (iv)s. Let Iy : C(I) —
Py be the corresponding interpolation operator. We recall that (cf. [3])

(2.25) (U, V) Nw = (U, V)0, Yuv € Pynys,

where 0 = 1,0, —1 for Gauss, Gauss-Radau and Gauss-Lobatto, respectively.
It is well-known that one needs to use the skew-symmetric form in a pseudo-spectral
approximation to ensure the theoretical stability for general situations (see [17, 4, 9]).
We denote

1 1
(2.26) An(un,vn) = §<a3wuN + 8$IN(auN),vN>N7w + <(§axa + b)UN7UN>N7w.

The skew-symmetric Legendre or Chebyshev pseudo-spectral dual-Petrov-Galerkin ap-
proximation to (2.7) is:

(227) Find uy(-,t) € Vi such that for all 0 < ¢ < T,
2.27
(Oun,vN)Nw + An(un,vn) = (f,oN)Nw, Yon € Vy.

Lemma 2.2. Let \; (i =0,1,2) be the same as in Lemma 2.1. Then,

(2.28) Xollun |2, + Mllun 2, < An(un, unw®?) < Aollun|2,, Yun € Vi,

wi?

where wé‘ﬁ, wo and wy correspond to any of the boundary conditions in (2.8).

Proof. The proof is essentially the same as that of Lemma 2.1. Thanks to (2.25), we
only need to show

A2
1 — a2

A1
1— 22
Indeed, we derive from (2.25) and integration by parts that

(229) ((ho+ )UNaUNwd’B>Nw < AN(UN,uNwd’B) <{ UN,UNwd7B>

Nw*

<a8xuN, uNwé"B>N’w = <8wuN, Iy (auN)wd’B>N7w = <81uN, IN(auN)wé"B>w
= —(un, Oz In(aun)wo + In(aun)dzwo)
- —<6$IN(auN), uNwOA"B>N7w — <aw0_18$wouN, uNwé‘”é>N’w,
which along with (2.26) implies that

- 1 1 _
(2.30) AN (up, uNwo"ﬁ) = <(§81a +b— 509 lﬁzwo)uN, vN>N,w'
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Hence, (2.29) is a directly consequence of (2.19). O
Thanks to the above lemma, we have immediately the following stability result:
Theorem 2.2. Ifuon € L2, (I) and f € L*(0,T; L2, (1)), then we have
(231 Nunllp=rizz, () + AMllunllzomizz, () S luwonlleo + N Flle20miz2, 1)-
3. IMPLEMENTATIONS

In this section, we discuss some of the implementation details of the dual-spectral-
Galerkin method. We note that the slightly more costly skew-symmetric form may not
be necessary since the standard form is often numerically stable, at least for well-resolved
problems (cf. [11, 8, 9]). Hence, we present two implementations below, one uses the
skew-symmetric form (2.27) with basis functions in frequency space, and the other is the

standard pseudo-spectral form with basis functions in physical spaces.

3.1. Implementations in frequency space. To simplify the presentation, we shall
only provide details for the second boundary condition in (2.8). The other cases can be
treated in a similar fashion.

As demonstrated in [20, 21], it is advantageous to use basis functions which are com-
pact combinations of the Legendre and Chebyshev polynomials. Therefore, we set in the
Legendre case

¢k(z) = Li(z) + L1 (w), Yr(r) = Li(x) — Liy1(2),
and in the Chebyshev case
or(x) = (14 2)T(x), Yr(x) = (1 —2)Tk(2),

where Ly(x) and Tj(x) are respectively the Legendre and Chebyshev polynomials of

degree k. Then, we have for the second case in (2.12),

(31) VN:Span{¢0, (;515"' 7¢N71}7 Vzik/:Span{lﬁO, ¢17"‘ 7¢N71}'
Therefore, setting

fJ:<f7 j>N,oJ) }:(f07f1)"'7fN71)t)

N—-1
Uy = akd)ka U= (/a()vﬂlv'” 7’&N*1)t7
k=0
(3.2) Mk = Pk Vj)Nws M = (M) k=01, N-1,
1
sjk = 5{ady + OeIn(ad), ¥i)Nw, S = (8jk) k=01, N1,

1
qjk = <(§8ma +0)ok, Vj)Nw, Q= (¢jk)j k=01, N1,
we find that (2.27) becomes the following system of ODEs:

(3.3) My + (S+ Q)i = F.
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We recall that the discrete inner product (-, -) v, here is associated with the Gauss-Radau
interpolation nodes with zg = —1.

To avoid severe restrictions on time step associated with explicit time discretizations
of spectral methods, we shall consider implicit schemes for integrating (3.3). After dis-
cretizing (3.3) by a suitable implicit scheme, we need to solve at each time step the

following linear system:
(3.4) (aM + 5+ Q)u =g,

where a = O(%;) is a constant.

It follows from the orthogonality of Legendre and Chebyshev polynomials that m, = 0
for |j — k| > 1. Hence, the mass matrix M is (non-symmetric) tridiagonal and its entries
can be easily determined.

On the other hand, the matrices S and @ are usually full, unless a and b are simple,

low-order polynomials in x.

3.1.1. Case 1: a(x,t) = a and b(x,t) = b are two constants. In this simple case, we have
from (4.6) and (A.13) that for w(z) =1,

Sjk = @ (D, Vi) Nw = @ (D, ¥5)w = 2a;k,
Gk = b (D, V)N = 0, VIj — k[ > 1,
1

while for w(z) = Wapt

(3.5)

(36) sik = 0 (P, Vi) Nw = 0 (P, ¥j)w = 0, Vi —k| > 1,
‘ k=b{op, j)Nw =0, V|j—kl>2.
Let us denote

- 80 = (D1 Vi) Nw, S0 = (80)j k=01, N-1,
q?k = (Ok, Vj)Nw, Qo= (q;‘)k)j,k=0,1,-wN—l'

Then, we can rewrite (3.4) as
(3.8) (aM +aSo + bQo)w = g,

which can be efficiently inverted.
As we demonstrate below, the linear system in this simple case can be used as an

effective preconditioner for the general case.

3.1.2. Case 2: variable coefficients. As observed above, for general variable coefficients
a and b, the matrices S and @ are full. Hence, a direct inversion of (3.4) is not advisable.
However, we shall use Lemma 2.2 to show that (3.4) can be solved effectively by using a
preconditioned iterative method.
Since ¢rwl ™1 € V¥, there exists a unique set of {hg;} such that
N-1

(3.9) drw' =" by, k=0,1,--- N - L
j=0
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We denote H = (hy;)k j=01,-n—1 and for v = (vg,v1, -+ ,vn_1)", we define (v,v)p =

Zjv 01 v] which is the inner product in 12,

Let u,, {t;} and u be the same as before, we have

N-1 N-1
(HSou, @) = ) Gxhigsyin = Y Gxhig (6], ¥5) vwl
k,jl 0 o 1=0
(310) -1 / N— N—-1 N—-1
_ b > :< i, - 1,71>
< ey, Z Ukhijts) Ny, Y irdrw A

=0 7=0 ’ =0 k=0

Therefore, by (2.5),

(HSow, ), = lun|2,, forw=1;

(3.11) 1 o 3 1
ol < (v a) < Sunlz,, torw= L
Similarly,
N-1
(H(aM + 8+ Q)u, @), = Y iighiy(amy + it + 1)y
k=0
N1 ) N-1
= (3wl (a0} + Quln(agy) + (@ + 50+ b)oj), S anhijisy)
- 2 2 - N,w
(3.12) =0 r=0
N-1 1 1 N-1
= < > ﬂj[g(aqb; + 0xIN(adj)) + (a + 583;@ +0)oj], kzo ﬂk¢kw1’_1>N7w
j= =

1 1
= <§(aaxUN +0:In(aun) + (@ + 0.0 + blun, UNwl’_1>N .
w
Hence, thanks to Lemma 2.2,

(@ + o)y 12, + MlluylIZ, < (H(aM +S+Q)a, @), < alluyllZ, + Azlluy 2,

Assuming o+ Ag = 0 (which holds for most cases since a = O(z;) > 1, see Remark 2.1
otherwise), we derive from the above, (3.11) and the fact wy < w; that

1
(313) DA (HSoin ), < (H(0M + 5+ Q)it k), < o (-t M) (H S0, ).

The relation (3.13) indicates that a good preconditioner for aM + S+ Q is Sy ! In
fact, a more robust preconditioner is (3M + Sp)~! for some 3 > 0 with 3 ~ « for a > 1.
In Table 1, we list the number of BCG iterations needed to achieve six-digit accuracy
for solving (3.4) in the Legendre case for the following two test examples using (BM +
So)~! as preconditioner:
e Example I. a(z) = 2 + sin(27z), b(x) = —2mw cos(2nz). (a(x) does not change
sign in (—1,1))
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TABLE 1. number of BCG iterations needed with (3M + Sp)~! as preconditioner

N 8 16 32 64 128 256
Example 1 6 7 T 17 7 7
witha=1,6=0
Example I 4 5 7 11 12 12
with a = 8 =100
Example 11 8§ 16 33 68 125 260
witha=1,6=0
Example 11 3 5 6 8 8 8
with a = 8 =100

e Example II. a(z) = 1+ 2sin(27z), b(x) = —4n cos(2mz). (a(x) changes sign in

Note that in the Legendre case, we have Sy = 2I. Hence, no preconditioner is needed in
this case if we take 8 = 0.

We observe from Table 1 that (i) for Example I where a(z) does not change sign,
the preconditioner is very robust for both @ = 1 and « = 100, and (ii) for Example II
where a(x) changes sign, the preconditioner is only robust when « is sufficiently large
and 3 ~ «. This is consistent with (3.13) where it is assumed that oo+ A > 0.

We note however that although the preconditioner built in the frequency space is quite
robust with respect to IV, it may not be robust with large variations of a and b. For the
latter case, it may be advantageous to use an implementation in physical space which we

shall discuss below.

3.2. Implementations in physical space. Let {mj}j»v:o (with g = —1) be the set
of Legendre or Chebyshev Gauss-Radau points. We set 11 = 1. Hence, replacing
(+,*)w by the discrete inner product (-, )y in (2.13), the standard pseudo-spectral dual-

Petrov-Galerkin method is:

Find u, (-,t) € Vi such that for all ¢t € (0,71,
(3.14)

<8tuN7UN>N7W + <8$(CLUN) + buN7UN>N7W = <f7 UN>N7W’ Yoy € V]T/'
Let QZA)J({L‘) € Py be the Lagrange polynomial associated with {a:j}évzo such that ggj (zg) =

Oj for j,k = 0,1,--- N, and let @Zsj(x) € Py be the Lagrange polynomial associated
with {x]}jv:ﬁl such that () = Orj for j,k=1,2--- | N + 1. Then,

(315) VN = Span{éla ¢227" ’ 7&]\7}7 Vﬁ = Span{’lﬂh ’([}27' o 7'&]\7}7
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and we have

Sjk 1= <<9 (acf)k:) ¢J>Nw
(3.16) = (alaj, )¢ (z;) + Dpalzr, )ok;) pj + a(—1,8)d},(—1)1b;(—1)po,

Gk = (bdr, ) Nw = b(x1, 1)Okipj,
(f 5 Nw = F@j,t)p; + F(=Lt)h;(—1)po
Let us denote
W = diag(p1, p2,- - ,pN), S = (Sjk)jk=12, N> @ = (Qjk)j k=127 N

N
s N ;u]\,(xj,t)gbk(x), u = (u(z1,t),u(zs,t), - u(zn, b)),
g = ($r(=1),dn(~1),-- ,dn(-1))",
£=(flent), f@at), - flan,1)".
Then, (3.14) becomes

(3.18) Wui+ (S+ Q)u=W§f+ f(—1,t)pog.
In a pointwise form, the above equation, after inverting the diagonal matrix W, can be
written as:
Find u, € Py for all t € (0,7] such that
atuz\l (xjv t) + 895((1(.%, t)uN (CC, t)) |I=J»‘j + b(xjv t)uN (xjv t)
(3.19)

= flaj,t) + wj(—l)g—jf(f(—l,t) —a(=1,tu (-1,1)), 1<j <N,

uy(—1,t) =0.
Hence, the dual-Petrov-Galerkin method does not correspond to a pure collocation
method, instead, it is a pseudo collocation scheme with an additional boundary resid-
ual term on the right-hand side.

In Figure 1, we plot the eigenvalue distribution of W~1S for various N, where W and
S are the matrices defined in (3.17) with a(xz) = 1. Tt is clear that for all N, the real parts
of the eigenvalues are always positive, indicating the good stability of our dual-Petrov

formulation.

Remark 3.1. One may solve (3.18) using a suitable explicit scheme, which will be sub-
jected to a usual CFL constraint (see, for instance, [10, 12]). On the other hand, since
(3.18) was derived from a proper variational formulation with a coercive bilinear form, it
may be possible, as in the case of elliptic equations (cf. [18, 5, 19]), to build an optimal
finite element preconditioner which is robust with respect to both the number of points
and the large variations of coefficients a and b. However, this subject and a detailed
study on the robustness of the preconditioning in frequency space is beyond the scope of

this paper and will be investigated elsewhere.
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FIGURE 1. eigenvalue distribution of W15 with a(x) = 1.

4. ERROR ESTIMATES

In this section, we shall present some optimal Legendre and Chebyshev approximation
results measured in strong norms, and perform the error analysis for the proposed dual-
Petrov-Galerkin schemes.

4.1. Legendre case (w = 1). We first introduce the basis functions for the dual spaces
in (2.12). Let

(4.1) @n(2) = Lnt2(x) — Ln(x), ¢n(®) = Ln(z) + Lnt1(2), ¥n(®) = Ln(z) — Lnta (2).
Thanks to the fact: Lj(£1) = (£1)¥, one verifies that ¢, (+1) = ¢n(—1) = ¥, (1) = 0.

Let J}' B (o, B > —1) be the classical Jacobi polynomial of degree k (see Appendix A for
its properties). The following identities hold (see Appendix B for the proof):

42 oulo) =~ (1= @), Oupnl@) = @nt 3L (o)
(4.3) bul) = (142194 @), Duda(w) = (n+ 1)J20(a);
(1.4) ba(@) = (1— 2)J2),  Byn(z) = —(n + 1IN (2).

The orthogonality of Jacobi polynomials (cf. (A.1)) implies that {¢,}, {¢n} and {¢,}
are mutually orthogonal in L2_, _,(I), L2, _,(I) and L?_, (), respectively. Hence,
{en}, {on} and {1} can be viewed as extensions of the classical Jacobi polynomials
to the cases with parameters (o, 3) = (—1,-1), (o, 8) = (0,—1) and (o, 8) = (—1,0),
respectively. One also observes that

(4.5) /Iﬁmcpn(m)LmH(x)dx = —/Iwn(x)ameH(m)dx = 20, m.

(4.6) /I Daon (2) 0o (2)dz = — /1 60 (2) Dt ()T = 267
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Besides, as shown in Appendix B, we have

(4.7) /1 o (@) o (@)t M (@) dr = ) )Snny 1212 05
4.8 O ()0 () (z)da = ,u(2)6mn, n>102>0;
T T n,l )
I b
4.9 O 4hy (2) 0 ()P () da = u(2)5mn, n>101>0,
T T n,l )
I b
with
) _ L(n+1+1) @2 ST+i+1)
(4.10) My} = 2(2n + 3)7“” Y [ = 27““ iy

4.1.1. Legendre approximations. We first notice that the polynomial space Vi in (2.12)

for cases (i)g-(iv)p are respectively identical to
()s Vy " ' =span{pr: 0 <k <N -2}, (i)p Vy ' =span{¢y:0<k <N -1},
(iii)s Vy " = span{e : 0 <k < N —1}, (iv)s Vy* =span{Ly: 0 <k < N —2}.
For each pair (o, 3) listed below,
(411) ()ga=p=-1, (i)ga=0, =-1, (l)ga=-1, =0, (iva=0F=0,
we define the weighted Sobolev space
(4.12) wpl) = {u: olu e L2 gn(I), 0<1< r}, r €N,

equipped with the norm and semi-norm
r 1
2
iy, = (S 10bulRasnon ) Tulsy, = 15l unirsrr.
=0

Consider the orthogonal projection ﬂJ"{;’B : Liaﬁ (1) — Vﬁ’ﬂ defined by

(4.13) (Wf\‘,’ﬁu - u,vN)wa’B =0, Yoy € Vﬁ’ﬂ.

Let us first present a very special property of Trf\‘,’ﬁ .

Lemma 4.1. For each pair (o, 3) in (4.11), let (07,3) be the corresponding pair defined
in (2.11). Then

(4.14) (896(#?\‘,’6@& —u), vaé"B) =0, Yoy € Vﬁ’ﬂ,
and
(4.15) (0p(n%Pu — ), i) =0, Vi € Vi

Proof. For each case of (i)g-(iv)s, we notice that
ol A
(ﬂ'f\l,’ﬁu - u)vaa’ﬂ‘ = 0, wo‘”gc{?x (UNwa’B) S V]\Of’ﬁ.

Hence, (4.14) is a direct consequence of an integration by parts and the definition (4.13).
Since any v}, € V3 can be expressed as v} = vyw®’ with vy € Vﬁ’ﬁ, (4.15) follows
from (4.14). O
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We are now in position to state the main approximation properties of these orthogonal

projection operators.

Theorem 4.1. For each pair of (a, 8) in (4.11), and for any u € By, 5(I) with r € N,

(4.16) H@m(wN uU—u H S N THarunawﬁw» 0<m<r.

watm, B+m ~o

Proof. The result with a = 8 = 0 is well-known (see, for instance, [7, 2]). A more general
result (for all & and 3 which are integers) was presented in [15] but the proof was omitted
due to space limitation. For the readers’ convenience, we provide below a detailed proof
for (4.16) with (i) @« = = —1. The other cases can be proved similarly.

For any u € L?_, _,(I), we write

oo
N . 1
(4.17) u(z) = Zungon(x), with 4, = ﬁ(u, On)=1,-1.
= lun,O

So formally we have from (B.1) and (A.1) that

o
! ~ 1—1,l— 1 (1
(4.18) ohulZ i = 3 W22 03 W2,
n=[—1 n=[—1
On the other hand,
o0
() —u(@) ==Y ()
n=N-—1
Hence, by (4.2) and (4.18),
o0
o (ryt e — w2 = > aiull),
n=N-1
(oo}
< Cm,T Z Mnlﬂ)ﬂazz < Cmﬂ"Hazu”wT—l r—1
n=N-1

where by (4.10) and the Stirling formula (see [6]),

(1
Cmr = max Hn,m < N2(m T)
’ n>N—1 (1) ~

g

4.1.2. Convergence of (2.13) with w = 1. Let u and uy be the solutions of (2.7) and
(2.13) (with w = 1), respectively, and set

eN:WN’Bu—uN, eN:u—uN—(u—wN’ﬁ )+ én-
Theorem 4.2. Let unli—o = uoN = TF%’/BUO. For each of the pair (o, 3) in (4.11),
assuming w € L*(0,T;L2 (I)) N L*(0,T; B 5(I)) and du € L?(0,T; B;_/BI(I)) with

integer r > 1, we have

1—r r—1
lun = ullpoo 0,52, (1)) S N (10:05 ull 20, 1,12 N ()

(4.19)
+ H(?xUHLw(O,T;LiaHﬁH (1))) ’
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where wy and wy are giwen in (2.10).
Proof. By (2.7) and (2.14),

wo

(0N, UN)wo + A(éNn,vN) = (3t(7TN u—u),vN)
(4.20)
)

+ (0 (a(ﬂ]\;ﬁu—u)),v]v)wo + (b (7rN u—u),vN )wo’ Yoy € V.

Taking vy = éy in (4.20) and using (2.23) (note: éx(0) = 0), we find that
(4.21) 1enllzoe oz, (1)) + Allenllzorsez, () S Gi+ Ga
with 5

Gr = [0:(my v = w)llL2(0,7:2, (1)

G = [0 (a(ryu — w) +b(my u — W) 20,522, (1)
By (4.16) with m = 0, 1, and the definition of wa(< w®?) in (2.10),

G113 ||at(7TN U_U)HL2(O,T;L2 s(D) ~ SN 00y U||L2 OT5L2 vy pyret (D)

and using the fact a,az,b € L>(I x (O TY)),

1—
Gy < |75 u — ull 2,82 ) SN0l 20 mir2 L )

Hence, plugging the estimates of G; and G2 into (4.21) leads to
1enll Lo o2, (n) + ArllenllLzoriez, ()

(4.22)
S N (11005l 2o e

o'u ) >
L2 e (1) + 0% HLQ(O,T,Lia+Tﬁ+T(I))

Since in the Legendre case, wy = w8 < yoB (cf. (2.11) and (4.11)), using (4.16) (with
m = 0) and (4.22) yields that

lun — ull g or;r2, (1) < HW U — u| oo (01322, (1) T en |l oo 0,7;12 (D)

1 w(

< Hﬁ\?ﬂﬂ - UHLOO(O,T;Liaﬁ( + HeNHLoo(o 7312, (1))

< N (100 ul oo

This completes the proof. O

wir 1 gen () T 1052l oo 0,12 2. rptr (1)))-

Remark 4.1. If a(z) is a constant, the above result can be slightly improved. Indeed,

when taking vy = éy in (4.20) in this case, thanks to Lemma 4.1, we find that the term

corresponding to G2 becomes Go = ||b(7rN’ﬁu - U)HLQ(O,T;LE, (1))- Therefore,

CV,B -r
Ga < Iﬂg}db(fﬂﬂﬂﬂjv u_u||L2(0,T;L2 ) ~ SN0 UHL? OT5L2 yy gy (D))

and

G1 S N7"|0e0zull 2 0,112 watrptr D)

Hence, we have

+ 10zl 20,72 WWU»)‘

luy = ull<orirz, i) S N (10500l 2oraz o)
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4.2. Chebyshev case (w = (1 — 22)'/2). In this subsection, we perform the error
analysis of the Chebyshev dual-Petrov-Galerkin scheme (2.13) with Vi /Vy given by

(1)p-(iv)g in (2.12).

4.2.1. Chebyshev approximations. First, we establish an embedding result associated
with the weights given by (2.10)—(2.11):
wolz) = w(az)wé‘”é(x) — o3/2-8/2 J1/2,-3/2 —3/2,1/2 1/2,1/2
4‘23 ) ) ) b}
(4.23) wi(z) = (1 — 22)wo(z) = W22 /252 =5/2,-1/2 =212

for the cases (i)g-(iv)s, respectively.

Lemma 4.2.

(4.24) ulloy S lulliw, Yue L ()0 HL(T),
and
(4.25) [l S llulliw, Yu e L2 (1) N HL(I).

Proof. We first prove (4.24). The case (iv)g (i.e., w; = w™ Y2712 = u) is well-known (cf.
[3]). For the case (i)B (ie., w; = w5/275/2) we recall the Hardy inequality

(4.26) /0 [ /¢ dy 1—xddx</w z)4dz,

and

(4.27) /0 l—l—x/ Py dy) (1—|—mddaj< /1/) )(1 4 z)%dz,

which hold for any measurable function ¢(z), and real number d < 1. Taking ¥ = d,u
and d = —3 in (4.26) leads to

1 1 1
u?(x — 27524y u?(x — x)75/2 $u2 — )" Y24y
/0 (2)(1 - 2?) ds/ (#)(1 ) s/<a><1 )12

0 0

(4.28) X
u)2(1 — 22)"V2dz.
< /0 (Op)2(1 — )24

A similar inequality holds on the subinterval [—1,0] by using (4.27). A combination of
them yields

lullZ, S 10zully < ulli .-

~

Since the proofs for the cases (ii)g and (iii)g are essentially the same, we will only consider
the case (iii)g. Thanks to (4.28), we have

1 1
/uQ(x)(l—:1:)_5/2(1+:1:)_1/2dxS/ 2(z)(1 — )52
0 0

(4.29) ) / ) /
U2 _1,—121, mu2 —562_123?.
5/0<aw><1 ) ds/owm )12
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On the other hand,

0 0
[ @ -0 e [ 0o

—1 —1
A combination of them leads to the desired result.

The inequality (4.25) can be proved in a similar fashion. O

As in the Legendre case, we need to derive some Chebyshev approximation results in
suitable weighted Sobolev spaces. Let us define the subspaces of H} (1) :
oHL(I)={ue HLI) : u(-1)=0}, °HL(I)={ueH\I) : u(l) =0},
and H&,w(I) = oHL(I) N "HL(I). Below, we shall use V to denote H&W(I), oHL(D),
YHL(I) and HL(I) for the cases (i)g, (ii)s, (iii)s and (iv)g, respectively.
Define the orthogonal projection: 7%  :V — Vy (defined in (2.12) for each case) by
(4.30) (61«(7r]1v7wu —u), dpuN),, + (W}iju —u, vy), =0, Yoy € Vy.

Lemma 4.3. For any u € V N 313/2,_3/2(1) with integer v > 1, we have that for each
case of ()s-(iv)s,

(4.31) Hﬂ-]l\/,wu —al| < NFT| Oyl

yw

wr=3/2,r—3/2: M= 0,1.
If, in addition, u € Li([) with x = wo or wy giwen in (4.23), then

(4.32) HW}VMu — uHX < Nl_rHé?;u|

wr—3/2,r=3/2"

Proof. The estimate (4.31) for (i)g H&w—orthogonal projection, and (iv) HJ}—orthogonal
projection, can be found, for instance in [3], an improvement with the semi-norm in the
upper bound can be found in [14]. The other two cases of (4.31) are stated in Theorem
3.2 of [14]. Then, a combination of Lemma 4.24 and (4.31) implies (4.32). O

4.2.2. Convergence of (2.13) with w = (1 — x2)~1/2,

Theorem 4.3. Let un(0) = uo,v = 7y uo. Ifu € L2(0,T; L, (I)NL®(0,T5 B 35 55(1))
and Oy € L%(0,T; B:}Z _3/2(1)) with integer r > 2, then

o= unllpeo,r502, () + Mllw = unll20mc2, (1)

SN (Hata;iluHL2(0,T;L2

w

(4.33) ,
() T |’85‘7UHL°°(O:T§L2 r—3/2,r—3/2 (1))> )

r—5/2,r—5/2 w

where \1, wo and wy are the same as in Theorem 2.1 (also see (4.23)).

Proof. Set éx = 7T]1V7wu —uy and ey = u —uy = (u — W}V,wu) + én. By an argument
similar to the derivation of (4.21), we have
(4.34) 1enllzoe o,z (1)) + Allenllzzo,rszz, () S Wi+ Wa

where .
Wi = ”at(ﬂ-N,wu - u)HLQ(O,T;L?J2 ()

Wa = ||3x(a(71']1v7wu —u)) + b(w}vku - U)||L2(0,T;Lg,2 (1))
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and
w2:W—1/2,—1/2’ w3/2’_1/2, w_1/2’3/2, w3/2’3/2,

for the cases (i)s-(iv)g, respectively. Since wy < w, we derive from (4.31) that

> 2,

- —1
Wi S N0, ull e oz, , s L0

and

Wa S NV 0ull r2o7;2 r=> 1

r—3y2,r—3/2(1)
On the other hand, by (4.32), we have that

||7T]1V,wu - U||L°°(0,T;L50(I)) + )\1||7T]1V,wu - U||L2(0,T;L51 (1))

(4.35) SN (HaguHLOO(O,T;LiTi?)/Q’Ti?)/Q (1) T Ha;u”LQ(O,T;Liri3/2’T73/2 (I)))

]__
<N rHa;uHLOO(O,T;LZT_B/Q a2 (D)
r—3/2,

Hence, using a triangle inequality and the above estimates leads to the desired result. [J

5. CONCLUDING REMARKS

We presented in this paper a Legendre and Chebyshev dual-Petrov-Galerkin method
for hyperbolic equations.

The dual-Petrov-Galerkin method is based on a natural variational formulation for
hyperbolic equations. A distinctive feature of this variational formulation is that the
associated bilinear form for general hyperbolic equations is coercive. An immediate
consequence of this property is that the dual-Petrov-Galerkin method is always stable
without any restriction on the coefficients. Another consequence is that one can build
robust preconditioners as in the elliptic equations. In fact, by working in the frequency
space, we were able to build an optimal (in the sense that for a given accuracy, the
required iteration number is independent of the number of modes) preconditioner, which
is the sparse matrix associated with an equation with suitable constant coefficients, for
the linear system of an implicit time discretization of general hyperbolic equations.

This paper is our first effort in developing robust spectral algorithms for hyper-
bolic equations/systems. In future works, we shall investigate whether the dual-Petrov-
Galerkin framework can be extended to effectively handle hyperbolic systems, and whether
one can build more robust preconditioners using a suitable finite element approximation
of the dual-Petrov-Galerkin formulation. We shall also investigate the numerical and the-

oretical issues of the dual-Petrov-Galerkin method for nonlinear hyperbolic equations.

APPENDIX A. PROPERTIES OF JACOBI POLYNOMIALS

We collect below some relevant formulas of the Jacobi polynomials used in this paper.
The Jacobi polynomials J3*(z) (o, 8 > —1) are orthogonal with respect to the Jacobi
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weight w®? = (1 — 2)*(1 + x)%, i.e.,
(A1) [ 70 @) 75 @) @) = 92
I

with

208 (n + a4+ )T (n + B+ 1)

a,B
(A.2) T Gnta+ B+ )T+ DI(nta+B+1)

There hold the following recursive formulas (cf. Szegé [23] and Askey [1]):

(A.3) T (@) = TP @) = I (@), a, B> 0;

(Ad)  Iw) = el + AT @)+ (o @) @), a8 0
(A5) (1 =)IH9() = g o+ DI — (14 DI @)
(A8) (123" (@) = G Pl B+ DI @) + (0 DI )
(A7) 0, T2 () = %(n Fad B DI ) 1

The Legendre polynomials: Ly () := Jo(z), n > 0, satisfy
(A.8) (2n+ 1)Ly (z) = Oy Lpyi1(x) — OpLp_1(x), n >1;

n(n+1)

(A.9) (1 — 220, Ln(z) = o+ 1

(Ln-1(2) = Ln41(2)), n=1.

The Chebyshev polynomials are defined by

(A.10) Tn(x) = @ = cos(narccos(z)), n >0.
J, 22 (1)
We have that
(A.11) 20T, (x) = Th-1(z) + Tnyi(z), n>1;
(A.12) (1 — 220, Ty (z) = g(Tn,l(m) —Tpi1(z), n>1.
As a consequence,
(A.13) (1= )8 (1 + 2)Ta(@)) = "= 2T 1(2) + Tn(@) — "7 (2).

2

21
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APPENDIX B. THE PROOFS OF (4.2)-(4.4) AND (4.7)-(4.9).

Using (A.7), (A.8) and (A.9), we obtain (4.2). Then, the first result of (4.3) comes

directly from (A.6). Next, we derive from (A.3), (A.4), (A.7) and (4.1) that

dutn(a) D L(n+ 29I (@) + L0+ DI @)
D 2+ 2T @) + 0+ DI - I @)
= (422 @) — (04 DI @) + S+ 1))
(A.4)

=" (n+1)Ja"(x).

Similarly, we can prove (4.4).

Using (A.7), (4.2) and an induction argument, we find that

(B.1) Ohion(z) = (2n + 3)0 " Lig1(z) = kg Ji e ()
with
A (2n+3)I'(n+1+1)
w9 (0 2)
Therefore, (4.7) follows from the orthogonality (A.1) with
1) 2 1-1]-1 L(n+1+1)
M,(l,l = K Vn_iva = 2(2n+ 3)m

Similarly, we can prove (4.8) and (4.9).

il
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